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Abstract: This paper deals with the construction of so-called LQJ',-splines
based on Lienhard’s interpolation method [see Lienhard].

1. Generalization of Lienhard’s interpolation
method

Let @ > 1 be an integer. In the space R™ (m > 1 integer) let n
distinct points P; = :z:g’) (i=1,...,n;7=1,...,m) be given. The sym-

bol :cg-i) denotes also the corresponding ordered m-tuple of coordinates,
or rather the vector which has these coordinates. Thus, the elements
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of the set R™ are either pionts or vectors, according to which of the
notions corresponds more to our conception in the given context. As
a rule, we use the notion of a point in situations when location in the
space R™ is discussed while the notion of a vector indicates that we are
interested in the direction.

We shall look for polynomials in the real variable ¢ of degree at most
K (not determined as yet)

(1.1) P(‘)(t)-—Za(‘)t" (i=1,..,n—1)
such that
(1.2) PO (-1) =2, PO (1) = 2+
L oTe] pli+1)
(1.3) e ()'Z{J GHX(-1) (¢=1,..,Q).

Conditions (1.2) guarantee that the interpolation arc parametrized with
the aid of the functions P,(:) (t) ( =1,...,m) passes through the sup-
porting points (nodes) P;, P;y;. Conditions (1.3) guarantee the fluent
transition from arc to arc, in the first till the @ derivatives. To sat-
isfy conditions (1.3) we have to know the values of the first till Q-th

derivatives of the functions P; )(t) at the points P;, P4, :

; @ d (i+1)
(_ﬁpgg( 1) = Dz; P()(l) Dz,

O R

Eap(')( ~1) = D%, dtQP(')(l) DY,

(3 _ Dl:cg.‘.),Dzz(') DQz(‘) Dm("‘*’l) Dlz (1+1)

by convention, Dz;

Dzmgﬂ-l) yeery D Qz(*1) ig the motation of these va.lues. The manner
of their determination will be discussed in Section 2. By (1.2), (1.3)
we have 2Q) + 2 definite conditions for every polynominal (1.1). With
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their aid each of these polynomials is thus uniquely determined as a
polynomial of degree at most K = 2Q + 1:

2Q+1

(1.5) P(t) = E al ek,

For the g-th derivative of the function Pg)(t) we have

2Q+1

(16) - P(’)(t) = kE k(k—1) ... (k—q+1)a{Pt*.

If we substitute the values ¢ = —1, 1 into (1.5), (1.6), we obtain (taking
into account (1.2), (1.4)) the following system of 2Q +2 linear equations
for the 2@ + 2 unknown coefficients a?,.) of the polynomial (1.5):

2Q+1

D (-1ka =2,
k=0

Y (-1 k(k=1) ... (k—g+1)aly = D12,

(1.7) (9=1,2,...,Q)
2Q+1
Z o) = o{+D),
2Q+1 . 3
3 k(k—1) ... (k- q+1)al) = DIEH,
k=q
(¢=1,2,...,Q).

We introduce the matrices

(1.8) Ay =(a$3,...,a8)0.),

i 1 i+1 i+ i
(19) X = (o0, Def ., DD, D, .. D)
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1 * +1
—(z() X‘u’ S' )) t'+1,j)"

(1.10) = (Dz(') D%g")),

The matrix of the coeffients of system (1.7), which is necessarily regular
in consequence of the uniqueness of the determination of the desired
polynomials, is denoted by the symbol Ag; it is a matrix of type (2Q+
+2,2Q + 2). Then the solution of system (1.7) is expressed in matrix
notation by the relation

(111) AL = Ag' o X3

Here the superscript T denotes the transposed matrices to matrices
(1.8), (1.9), and Aal is the inverse matrix of Ag. By (1.11) we then
have for polynomials (1.5) the expression

(1.12) PO(t) = (P(t)) = (L1, ,129+1) 0 AT.

Here we have identified the type (1,1) matrix (P;S:)(t)) with the element
PY(#).

2. Determination of the values Dox{", Dox{*"

Values of the first till the Q-th derivatives of the functions Pg)(t)
at the points P;, P;y; (cf. (1.4)) are determinated as follows: In the
plane with the rectangular coordinate system %,s; we construct the
points (2h,z(’+h)) —Q +p < h <Q— p, h integer.
Here the ﬁxed chosen integer p satisfies the inequality 0<p<
< Q—1. According to Fig. 1 the points determine uniquely the follow-
ing polynomial of degree at most 2Q) — 2p:

2Q—-2p

(2.1) 0pRO(W) = Y onbiith.
k=0
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With the aid of this polynomial we put

o d9 i ;
D% = —20pRO(0) = Q(Q - 1) ... 3.29,b5D.

5
m
i
| ! i
. 1Y oli +1) (i+2) -
TS CRRED ¢ i Lyl +Q-p)
T O R
i
l s .
I { !
2 ‘ 20-2p ¢

Fig. 1
The originality of Lienhard’s interpolation method consists precisely in
this approach to the determination of the values (2.2). The method |
yields the "missing” values of the derivatives in the mentioned manner
from the auxiliary polynomials (2.1). In brief, we will speak of the Lo,
interpolation method.

Since every coefficient of the polynomial (2.1) is a certain linear com-
i-Q+p)  _(i+Q-7)
yeoes T
D:vg-i), N DQ:cg.i) is also a certain linear combination of the same val-
ues. Therefore, there exists a matrix Bg , of type (Q,2Q —2p+1) such

that we have (see (1.10))

bination of the values :cg- , every derivative

IEERE L

kg (i-Q4+ i+Q-
(2.3) X5 = (a9, +9Py o BT
Then

(2.4) (=30, X5) =
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(" )

T
By

P

i-Q+ i+Q— i+ Q—p+1
(zg_ Q p),___’mg Q p),mg_ P ))o

1 Q_p+11

\o 00 /

~ where the unit in the first column stands in the (@ — p + 1)-st row.
Analogously we have

i+1 *
(2:5) (2§, X1 5) =
/0 0...0 \
T
_ . (i-Q+p) (i+Q—-p) _(i+Q—p+1) By,
= (=3 yerer T = )o 1 Q. Q-p+2
\o /

where the unit in the first column stands now in the (@ —p+2)-nd row.
Employing (2.4), (2.5) it is then possible to express (1.9) in the form

Xij _ (mgj—QﬂJ), . ’x§i+Q—p)’z§i+Q—p+l)) o

Q+2
(0 0 0...0 \
BT
(2.6) o o
T —
1 0 | BE, Q-p+1
0 1 Q-p+2
\o 0...0 0 /
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Substitution of (2.6) into (1.11) yields

(i-Q+p)
(=7
T _
(27) A‘I»J _Cva o (i+Q—p) ?
.
2
\w§i+Q—p+1)/
where T Q-p+1 Q-p+2
0 ... 1 0 ... 0
(1 o)
BQ,p :
—~1 . :
(28) Cop=45" o | o ... ¢ 1 ... 0]Q+2.
E : BQ)P
\ 0 )

3. Grouping of nodes

In the case of a unclosed interpolation curve we construct groups
consisting of 2Q — 2p + 2 points each from the given nodes P, ..., P,:

Group 1: PQ_p+1,...,P3,P_2,P1,P2,P3,...,PQ_p+2,
(3.1) ] Group 2: PQ_p,...,Pg,Pl,Pz,P;;,P.g,...,'PQ__p_{.a,

Group (n-1): Pa_gip—1,-..sPu—s,Po_z, Pu_s, Pa,
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In this grouping we replace the eventually "missing” points by those
points which are obtained by the "mirror image” of the given points
with respect to the point P;, or to the point P,.

For instance, for n = 3, Q = 2, p = 0 we form the following groups of
six points each:

Group 1: P;,Pz,Pl,Pz,Ps,Pz,
Group 2: P, P, Py, Py, Py, Py

If formula (2.7) is applied to group 1 now, we obtain by (1.12) the
polynomials P,(})(t) (7 = 1,...,m) which parametrize the arc P, P,.
Similarly we obtain the other arcs.
Then the unclosed interpolation curve P, P, ... P,_; P, is composed of
these arcs.

In the case of a closed interpolation curve PP, ... P, P, we construct
the nodes as follows:

Group 1: Pp_Q4pt1y-++yFPn-1,Pn, P1, P2, Ps,..., P43,
Group 2: Pn_Q+p+2, e ,Pn,Pl,Pz,Pg,P4, v ,PQ_p+3, (32)
GI'O'llp 3: Pﬂ—Q+P+3" .- ,Pl,Pz,Ps,P4,,P5,... 7PQ—p+41‘ i

.........................................................

In this grouping we replace the eventually "missing” points by those
points which follow in one or other direction the point P;, or P,.

4. The interpolation method L,,

In formula (1.11) we have in this case

2 1 2 -1
1 (-3 -1 3 ~1°
4 0 -1 0 1
1 1 -1 1

(4.1) A;l‘ =

To determine matnx By, of type (1.3) (cf. (2.3)) we fit ,tht:; pblynomial
l,oRi’,.)(t) (cf. (2.1)) to the points (2h,z§'+h)), h = -1,0,1, and put
D:cs.’) =1,0 bg.'l) in accordance with (2.2). Then we obtain (¢f. (2.3))
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(4.2) Xij = (zgx—l)’zg_s),zg_-ﬂ)) o Bg:o,
- where
1
(4.3) - Byg = Z(—I,O,l).

By (2.8) and with the aid of (4.3) we than have

2 1 2 -1 0 400
1 (-3 -1 3 -1 1 [ -1 o010

(44 Cu=7| ¢ 5 ¢ 1 ° 1 0 01 0
1 1 -1 1 0 -1 0 1

Multiplication of these matrices and substitution into (2.7) yield

(i-1)

-1 9 9 -1 ”z,)
r_ | 1 -11 11 -1 z;’
-1 3 -3 1 z{_,-m

J

Example 1. In the plane R? let us consider the points P, = (0,0),
P, =(2,3), Ps = (15,—6), Py = (2,-10), Ps = (10,5). In Fig. 2 the
unclosed interpolation curve P, P, Ps P, Ps is shown. The parametric

equations of the individual arcs of this interpolation curve are obtained
using formulas (4.5) and (1.12) (for Q@ = 1).
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Flg 2 :
It can be shown that in the cases of the mterpola.tmn methods L2 0
and L, ; we have

-9 =75 450 450 -75 9
-13 81 -562 562 —81 13

1 |-10 78 -68 -68 78 -—10
(46)  Cao= 768 18 -—106 228 —228 106 —18 |’
1 -3 2 2 -3 1
\ -5 .25- -50 50 -25 5
and : .' |
-2 18 18 -2
3 -25 25 -3
L, 1 | 2 -2 -2 2
(4.7)' . 202',1‘—3—2' -4 12 -12 4.

respectively.
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5. An alternative determination of the values

Dex(?, Dax{+Y

Instead of (2.3) we now put

where Mg = (m;,...,mg) is a non-zero constant matrix ' while

bg.l), . ,b§"+1) are vectors which are undetermined as yet. It can be

shown that
‘ ( L \ . { zgi—Q+p) \
(_t'+§:2~p)
(5.2) A7 = Cow || Do | - ° m;lq—ru) ’
. A J 1
\ - / \ é; )
b;

where Cgq,p is the matrix (2.8), and further

(00

0
T .
| Mo
(53) |
Do=43"0 | o 0 | Q+2
0 R
. MT
: 2
\ 0 )

Here A-! is the inverse to the matrix Ag of the coefficients of the
system ?1.7). ‘ ~
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6. The unclosed interpolation Lg, — spline

According to (5.2) the relation
(6.1) PO(t) = (1,8,4%,...,429+1) o AT

(see (1.12)) yields, upon dlfferentla.tlon and substitution of the values
t =1, —1, the relation

d — P{tD (1)

&
4% e
(6.2) P(1) = —— P

for ¢ =1,...,Q (cf. (1.3)). Further differentiation and substitution of
the values t =1, —1 yield

do+1

dt@+1 P(l) (1) =

(6.3)

= —O(a§ NP, o) b ) 4 gy (MY,

9

+1
d? P(1.+1)

(6.4) T B (-1 =

- F(mgi-%pﬂ)’ e 7z§'i+q-p+2)) — g2(M )b§-i+1) —~ h(M )b§i+2);

here F' and G are certain linear combinations of the values in the
parantheses while f, gl, g2, h are certain linear forms of the point
M = (mq,...,mq) € R®. Since we wish to construct an interpolation
spline of degree 2Q) + 1, we compare expressions (6.3), (6.4). Then we
obtain the following equahty between vectors of the space R™:

(6.5) f(M)b(I) + g(M)b(H-l) + h(M)b(H'z) — p(i)

where g = g1 + g2, F+ G = P; %) Let the form g differ from zero at
least at one point, let us denote

(6.6) Y1 = {M € R%|g(M) # 0}.
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For i = 1,...,mn — 1, (6.5) is a system of n-1 linear equations in the

unknown bg-l),...,bg-"+1). Therefore we add to the system (6.5) the
following boundary conditions (one as the first equation, the other as
the last equation):

(6.7) g(MID + e = 25, d;5 + g(M)BY =

where c;,d;, z; and u; are real numbers. Then the resulting system will
be of the form

g(M)bg-l) + cjb§-2) = z;,
FOOE + (M + h(M)B) =iV,
(6.8) FOED + gD+ h(ME = 5P,

FOMBTT 4 g(MB™ 4 (MBI =p(nD)
it + g(MBY) =y,
The matrix of the coefficients of system (6.8) is

g(M) ¢ 0 . 0 0 0

(M) g(M) h(M) ... 0 0 0
(6.9) EQupii = | «vvverieeiiiiiiiii e e
0 0 0 ... f(M) g(M) h(M)
0 0 0 ... 0 & gM)

Assume that the set
(6.10) Y = {M e R |g(M)| > |f(M)| + |h(M)]}

is nonempty. Then this set is a part of the set (6.6). For an arbitrary
point M € Y and for

(6.11) lej| < lg(M)], |d;] < |g(M)]

the matrix (6.9) has a dominant main diagonal, i.e. it is regular. Then
the system of equations (6.8) is uniquely solvable.
Then the individual arcs of an unclosed interpolation spline
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P1 P2 P,, 1P, are constructed as follows We form groups of 2Q—-
—2p + 2 points each of the given nodes Py, P,,..., P, (see (3.1)). If
formula (6.5) is applied to the first group of points and to the vectors
bgl),bgz), we obtain, by (6.1), the polynomials P,(,:)(t) 7=1,...,m)
which parametrize the arc P, P,. Similarly we obtain the other arcs.
The desired interpolation splixie P P,...P, P, is then composed of
the mentioned arcs. To be more exact, we shall speak of the so-called
Lq p-spline of degree 2Q + 1 since we have started from the Lg , Lien-
hard interpolation method in the derivation (see Section 2). The be-
haviour of this spline may be modified by the choice of the feasible
point M € Y (see (6.10)), the feasible numbers c;, d; (see (6.11)) and
the numbers 2;,u;.

In contradistinction to the LQ+1,p mterpola.tlon method which uses
polynomials of degree at most 2Q + 3 and which guarantees the continu-
ity of the first till (Q+1)-st derivatives (see (1.3) forg = 1,...Q+1) the
Lg p-spline has identical properties (with reference to the derivatives)
while polynomials of degree at most 2Q) + 1 are sufficient.

Example 2. In the plane R? let us consider the same nodes as in
Example 1. The unclosed interpolation L, ¢-spline P, P, P3P, P; for
my =1/12, ¢; = d;j = z; = u; = 0 is shown in Fig. 3.

" Fig.3
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7. The closed interpolation Lg -spline

When constructing the closed interpolation Lg p-spline
PP, ... P, P, we group the nodes Py, P,,..., P, according to (3.2). To
the equations (6.5) fori = 1,...,n — 1 we add an additional equation
for i = n and two boundary conditions

(7.1) bg-l) — b§ﬂ+1)’ bg-z) — b§n+2).
Acéording to (6.5), for © = n and (7.1) we have
" =

= F(z{"" ) Grt9mrt)y 4 galn@te) | p(ntmetl)y

“s ey J'
O+ g (U 1 D 4 BN,

whence we obtain

J

= F(a{P™ D Gty g ()Y — m(a)b?

3 H
Le. dOF1P{P(1)/dt+! = d9+1 P{(—1)/dt+? (see (6.3), (6.4) for i =

=n).

_G(z(.n—Q+p)’ e ,x§n+Q-—p+1)) + f(M)bgn) + g1 (M)b§n+1) =

Further, by (6.2) we have, for i = n, qu,(,?)(l)/dtq = qu,(,})(——l)/dtq
for ¢ = 1,...,Q. Instead of system (6.8) for the case of the unclosed
interpolation Lg ,-spline we now have the following system of equations:

g(MP? + (M) = p{)

FOORD + gl + h(M) =7,

FOOEY + g(MPP + r(MBD =,

() T SRR
2 FOMBY 4 g(M)bﬁ-"; - h(M)b(ﬁ-":)’ =p§-")“”,

R(M B + FORY + g =p{M

The matrix of coefficients of system (7.2) is
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g(M) RM) O ... 0 f(M)
(M) g(M) RM) ... 0 0
(7.3)  Fomi=| 0 f(M) gM) ... 0 0

K(M) 0 0 ... f(M) g(M)

For an arbitrary point M € Y (see (6.10)) the matrix (7.3) has a dom-
inant main diagonal, i.e. it is regular. Then the system of equations
(7.2) is uniquely solvable.

Example 3. In the space R? let us consider the points P; = (5,0,0),
P, = (10,5,5), Py = (0,10,15), P, = (-5,3,8). The closed interpo-
lation L ¢-spline Py P, P3Py P; for m; =1 /12 is shown in axonometric
projection in Fig. 4. For the sake of simplicity, the symbol P; is also
used here to denote the axonometric projection of a node while the
symbol P] denotes its axonometric first projection.

R

<0

Sy

n

Fig. 4

Example 4. Let us construct a closed L3 o-spline P, P,P; P, P, with
the same nodes as in Example 3. For chosen m; = 1/12, my = 1/4 the
constructed curve is shown in axonometric projection in Fig. 5.
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Fig. 5
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