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Abstract: The notion of D-conformal change in a para-Sasakian and a
special para-Sasakian manifold is introduced by G. Chiiman [4]. The D-
concircular change is a special kind of D-conformal change in a special para-
Sasakian manifold. It is introduced and studied in [2].

In this paper, we introduce the D-conharmonic change, an another
special kind of D-conformal change in a special para-Sasakian manifold. We
obtain the tensor field invariant under this change and discuss the manifolds
for which this tensor field vanishes.

1. A special para-Sasakian manifold and the
D-conformal change.

Let us consider an n-dimensional differentiable manifold M with
a positive definite Riemannian metric g;;. We suppose that M admits
a unit covariant vector field 7; satisfying

(11) Vil = E(_gij + 771'77]')1 E= il,
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where 7; denotes the covariant differentiation with respect to g;; and
indices take the values 1,2,...,n. If we put

& =g*m, ¥i=E, di = gadl,
we have

gij¢;¢g = 9pq — "Ip7g; "‘bij = ‘l,bji, ra,nk(qp:”.) =n—1.

The relations (1.2) show that M is an almost paracontact Rieman-
nian manifold (v, £,7,9). Because of (1.1), it is a special para-Sasakian
manifold [7).

' There is in M an (n-1)-dimensional distribution D defined by a
Pfaffian equation n = 0 and called the D-distribution. Assume in M
two para-Sasakian structures (,€,n,g) and (*¢,*¢, *n,*g) satisfy

(1.3) { |95 = €095 + (27— & )min
| =g, = el mmeetw,  e=1

where « and o are functions. Then (v,§,7,g9) and (*¥,*¢,*n, *g) have
the same D-distribution. The relation (1.3) is called by Chiiman [4] a
D-conformal change of (,£,7m,9). When the function a is constant,
(1.3) is called a D-homothetic change. G. Chiiman proved [4] that if
a para-Sasakian manifold is not special (i.e. ¥? # (n — 1)?), then any
D-conformal change is necessarily D-homothetic. That is why non D-
homothetic D-conformal change occurs only in a special para-Sasakian
manifold.

By the change (1.3), M is also transformed into an almost para-
contact Riemannian manifold. Furthermore, if 1/'; = ;¢ is invariant
under the change (1.3), then a special para-Sasakian M is transformed
into a special para-Sasakian manifold. Hereafter, we consider the D-
conformal change (1.3) satisfying

"/); = VJ.££7 *¢; = *V’; E‘.,

where *v/ is covariant differentiation with respect to *g;; in a special
para-Sasakian manifold M. By [4] we have

(1.4) i = 0p€Pni, Eapé? =1—¢€%, o0;=\j0o, ai=a.
From (1.3) we get
(15) *gji — e—2agij + (e—2a _ e—2a)£i£j (*gij*gjk — 5;:)
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Thus, in a spec1a.1 pa.ra.-Sasaklan manifold, we have the following rela-
tion between *{ -} and { -} (cf. [4]):

(1.6) {2} = {1} + i (6} — mit*) + as(8 — mj&) — oM (g — mimj )+
+e(e?77 — e7)(gij — mim; )€™ + ojmit™.

Let R, jih,.R;j and R denote the Riemannian curvature tensor, the
Ricci tensor and the scalar curvature of the manifold M respectively.

Then the tensor field
(17) Bk]zh Rk]th - (nTNIzz)_%%—_S)(gHb‘;‘ - g.‘i‘ib‘li:)_*_
+.55 [Rui(8} — ;") — Rj(8} — mut™) + (grs — mimi) R~

~(gi — mim) RE] + (g (grimi € — giimeé® + mam:b — mjmi8k)

is invariant under any D-conformal change in a special para-Sasakian
manifold (n > 4) (cf. [4]).

In §4 we shall need the following
Theorem A. ([1]) Let M be an n-dimensional special para-Sasakian
manifold. Then M is transformed into a manzfold of constant curvature
—1 by a D-conformal change if and only if Bk;: =0 (n>4).

Also, we note that in a special para-Sasakian manifold M, we have
the followmg equations

(18) Rkji Ny = Gri?; — 95iMk, IZJ‘I.E‘l = _(n - 1)17.7

2. The D-conharmonic change in a special para-
Sasakian manifold.

In a special para-Sasakian manifold M, the Pfaffian equation 5 =
= 0 is completely integrable. The integral manifolds of 7 = 0 are called
the level surfaces. In a local coordinate system of M, each level surface
N is expressed by parametric equations

zh = z"(ux).

Here and in the sequel the Greek indeces have the range (1,2,...,n—1).

Putting B} = g" we have

(2.1) 7:Bi =0
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while for the induced Riemannian metric g,, on N we have

(2.2) » . Gvu = B:'/B},;.qi.‘iv
23y g = g"* B, B} + £'¢,
where (") = (gpw)*. Also

(2.4) . -~ WuBi =hut,

where v/, is the operator of the covariant differentiation with respect
to gy, and h,, is the second fundamental tensor of N.

It is easy to see that each level surface N is totally umbilical. In
fact, differentiating (2.1) along N and using (1.1), (2.2) and (2.4), we
find h,, = €g,,. Therefore (2.4) can be written in the form

(2.5) VuBl = Egut'.
If we put
B = g*gn BE,
we have
(2.6) BYBj =6 —m;¢%, BYBL=6% Brh=0.

The D-conformal change (1.3) induces in N the conformal change

* _ J2a
(2.7) vy = € "Gupu,
where *g,, = *g,-,-Bf,Bl’; and a is now considered as a function of u* in

N. If this conformal change satisfies a,, = g, ,, where ¢ is a function
of u* and

— 1 w _ w _ L wy
oy =\vo, —oya, + 20 gy, 0y, =\4a, o =g7"a,

then (2.7) is the concircular transformation (cf. [8]). Using this T.
Adati and G. Chiiman in [2] defined and studied D-concircular trans-
formations.

In this paper we suppose that the conformal change (2.7) is con-
harmonic one (cf. [6]), i.e. we suppose that the function a in (2.7)
satisifies

(2.8) ay#g”ﬂ' — 0'

Using this, we shall define the D-conharmonic change in M.
From a, = Bf‘a,- and (2.5), we have (cf. [1])
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oy = BZB;;(vja,- + EapéPygij).
On the other hand, using (2.3), we find
a0 = gt aya,= g"* B} Bjaia; = (¢ — £'¢i)aia; =
= opa? — (apéP)?
and taking (1.4) into account, we get
va,,,,‘, = BiB;[vja; — aja; + 3(apa? — €2 + 1)gjil. »
Therefore
aug™* = (g7 — £&)[Vjo — ejeq + 3(apa? — e +1)gi;] = 0.

Thus, the D-conformal change (1.3) induces conharmonic changes
on each level surface if and only if

(2.9) (g1J - flfJ)[VJaii_ ajo; + ;(apap — €27 + 1)911] = O

Definition. The D-conformal change (1.3) satlsfymg (2.9) is called a
D-conharmonic change.
The condition (2. 9) can be written in the form

99 (Vi — aiej) — Vit 't + (ap€?)? + L(n — 1)(apa® — € +1) = 0,

or, using (1.4), in the form

(2.10) gij(VJa‘ — a;a;) — VjaiEi + (1 — e” )2+
+= (n —1)(apa®? — €% + 1)=0.

On the other hand, differentiating the second equation (1.4) and
using (1.1), we get

(Vja;)fi —Eaj + Ea,-f"nj = —Eaje"
Therefore
(Vi)é'e = —€a;tie”
Substituting this into (2.10), we obtain

(2.11) ' g"-"'(VJozl a;aj) + EoptPe” + (1 — €)%+
(n—l)(a ap—ez"+1)—0

Also, (2.9) can be expressed as follows
Viei(g — £¢7) + 25lavat + (auf?)? + §(n— 1)(1 = €27) = 0,
from which, taking into account (1.4), we get
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(212)  vjeu(g — £¢7) + 252 azat + B — 2¢7 — 230e? = 0.

3. The second access to the notion of the
D-conharmonic change.

Let us consider a function 4 in M. It is, in the level surface N, a
function of the coordinates u*. If this last function satisfies

gt VVA# =0, Au = V;LA’

it is said to be a karmonic functionin N (cf. [6]). Let us search for the
corresponding condition in M. Since

A, = Bj A, A=A
and (2.5), we have
WAy = BLB] ViAi + Eguu A€,
from which, in view of (2.3), we have
g** oAy = (g9 — £°¢7) Vi Ai + &(n — 1) AL

Thus, the function A is the harmonic function on each level surface

if and only if

(3.1) (97 — €7¢) vjdi + &(n — 1)A:{* = 0.
Now, let us consider in M the function
*A = e?P2 4,

where p is a suitable constant and A is a function satisfying (3.1). Let
us look for the condition upon a ensuring that

(3'2) (*gji _ *Ej *&i)* V; *A,- + E_(’n _ 1)*At*£t =0.
We have
(3.3) *A; = e*P*(2pa; A + A;),
(3.4) *v; *Ai = e2P*[(4p*cia; +2p *Vje ) A+2p(aj Ai+ i dj) +*V; Ail-

Using (1.6), we compute
*Vi o = Vi — 2050 + (aymi + ainy)élas 4 (gi5 — mins)owa’—
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—&(e?*77 — e7)(gij = nin; )€ er — ojmi€ten
and
YWV Ai = Vidi — (a4 + 0A;) + (am; + aym; )E0 A+
+(9i; — minj)at A — E(e**77 — €7 )(gi; — min; )€ A — oMt A,
Substituting this into (3.4), we find

*Vi*Ai = e2P*{2pA[Vj0; + 2(p — 1)y + (ajni + aimj)étas+
+(gij — min;)ewa’ — E(e2*77 — €7 )(gij — min; )€ — oymitias]+
+ VJ'A,' + (2p — 1)(a,~A,- + a,-AJ-) + (ajn,- + amj)ftAt+
+(gi; — mimj)Ara’ — E(e2*77 — e7)(gi; — mim; )€1 A: — ojmi L7},

Using (1.3) and (1.5), we have
*gij _ *Ei *Ej = e—2a(gij - Eié’])

(’."g.‘ii :_'*Ej*fi)* V; *Ai —
=P {2pA[Tjai(g" —£¢7) +(2p + n — B)asat — 2(p — 1)(€rer)?—
o —&(n — 1)(e?*% — e%)¢toy]+ _
+ VA9 — £6) + (4p £ n — )atAy — 22p — f'art? A,
—&(n —1)(e?*77 — e%)¢ A, ).
Now, if we use (3.3) and take € = +1 in (1.3), we find

E(n — 1)*A,%¢* = &(n — 1)e??*7(2pa,£T A + A, ¢Y).

Therefore,

Therefore
(*gj‘l _ *EJ*E:)*VJ *A,' + E(n _ 1)*At*£t —
=2pA{ez(”_1)"‘[v_.,-«:x,-(_q‘J —&¢7)+(2p+n - 3)ayat—2(p — 1)(£fay)?—

(3.5) —&(n —})(ez‘.’_." —e%)€a,] + e?P*"7g(n — 1)¢ta, }+
+H{elP02[; 4:(g" — £°¢7) + (4p +n — 3)at Ay — 2(2p — 1)Ea,P A,—
—&(n —1)(e**77 — )P A,] + €272 75(n — 1)¢P A, }.

If we choose the constant p = — 2 and take into account (1.4),
the expression in the second bracket of (3.5) reduces to

PG Ai(g" — £¢7) + &(n — 1)¢*44),
and so, (3.5) becomes
(*g% — ) VA + E(n — 1)*4, ¢ =
= 2pA{* PV Gr04(g7 — E7€7) + 25t anat + B (fay)?—
—&(n—1)(e?*° - e”) o] + &(n — 1)e??* ¢ ay }+
+eX P02 4i(g% — €18) + E(n — 1)€*44],
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from which we find that (3.2) follows from (3.1) if and only if
2P~ ia4(g% — E¢°) + 27 v+
+1_t;12-_le2(p—1)a(£tat)2 _ E('n _ 1)62(p—1)a(e;2a—a . Ca)ftat‘i‘
+é(n — 1)e*P*¢ta, = 0.
In view of (1.4), the last condition can be written as follows
e[ 0;(g7 — EE7) + 2 agal]+
+Eziie2(p—1)a(1 _ e«7')2 - (n _ 1)(e2pa—or _ e2(}':-—1)oz+a'))(]_ _ ea)+
» +(n —1)e?P*=7(1.— €7) = 0,
from which we get (2.12). Thus, we have

Theorem. Let A be a function in M and let *A = e~ "7 %A. Then the
conditions (3.1) and (3.2) are equivalent if and only if the D-conformal
change (1.3) with € = +1 is D-conharmonic.

4. D-conharmonic curvature tensor

Let us denote by *Rkjl-h, *R;; and *R the Riemannian curvature
tensor, the Ricci tensor and the scalar curvature of metric *g respec-

tively. Then we have ([1], (3.18) and (3.19)):

(4.1) Ryt — gkl +0;i8} = Ry — guib? + gjubh+
+oui(6F — niE*) — aji(6F — mé®) + (gri — mami)ed — (955 — mjmi)ak,
(4.2) *Rji + (n —1)"gji = Rji+(n—1)gj — (n — 3)ayi — a,*(g5: —m5m:),

where

(4.3) oz = Vi — ajo; — £e”(a;n; + ainj )+
+3(apo? — €27 +1)(gji — nm:) + (Ee”0p€P — €7 + ).

From (4.2) we get
(4.4) o} = sy iR +n(n —1) — 'R +n(n — 1)]}.
But from (4.3) we find

dt = ajig’ = ¢ (Viai — aiaj) — 28e”¢ia;+
+%(" —1)(apaP — €27 + 1) + (e%0,€P — €27 + 1),

or, using the second equation (1.4),
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attzgj"(vja,-—aja,-)—i—( T —1)2+ %(n — 1)(ap'a?—ez"’+1)+€_e"ap£?.

Thus, for a D-conharmonic change, . accordlng to (2.11) we have
at =0, and so by (4.2)

aj; = 725[Rji+ (n— l)gji] ~ a5 Rii+(n— 1) "gjil-
Substituting this into (41) we find

Rei" = "ni8} + 0558} + T (0B + (n ~ 1) (8] —057€") -
=Ry + (n = 1)g5l(6F — )+
+(*gki - *ﬂk*ﬂi)[*R;-" + ('n - 1)5”’] (*_9_71, _ *nji*ﬂz)[*Rt + (n _ 1)52‘]} _
o= Rk;: — grib} + 9565+ , ‘
g {TRis + (n— 1w (8 — ms€) — [Byi + (n ~ Dgsl (6} — mug*)+
+(grs — mems)[BY + (n — 1)8F] — (gi — mjms)[RY + (n — 1)67].

Let us put- , _ _
| Ey;i" = Ry — guib? + g;ibh+
ﬂ—S{[R’“ +(n— )gki](5h - ﬂlgh) —[Rji +(n— 1)9#](5]; - "kah)"l-
R + (n = 1)8}](gns =) = [RY + (n = 1)6 )95 — myms)},

or

(4.5) Ekjih = Rkjih + 242 (ki) — g5i0%)—

— 2= (grimi€* — gjimet™ + 62mems — Spmimi)+

g [Rui(82 —m;i€") — Rji(8} —mué™) + RE (gri —mami) — RE (i =mimi)]-

Then we have the
Theorem. Let M be an n-dimensional apeczal para-Sasakian mani-
fold and n > 4. Then the tensor field E is invariant under a D-
conharmonic change o
The tensor field E,e ji is called the D-conharmonic curvature tensor
field in a special para-Sasakian manifold n > 3.

k]:

Let us suppose that M is a manifold of constant curvature —1,
i.e.
R,‘:j‘-’,t = g,,,-&}‘ - g,-,-&{;.
Then :
Rji = —(n —1)gjs.

Substituting this into (4.5), we find Ekj‘.h = 0. Thﬁs, if the special

para-Sasakian manifold. is a manifold:of-constant curvature —1, then
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its D-conharmonic curvature tensor vanishes.

Now, we shall investigate the reverse case. To do that, we note
first that contracting (4.5) with respect to h and k, we find -

(4.6) E,;’ = Eji = —5n(n ~1) + R](th 7373).

Using (4.5) and (4.6), we can express the D-conformal curvature
tensor (1.7), as follows

(4.7 B,m = Ep;i" + 25(Bubl — Eji82)+
+(n 2)(n—3)[n(n ]‘)+R](gkanE _gjlnkf )

Now, suppose that E ;" = 0 Then E_,, = 0 too, and from (4.6)
we get. .

48) n(n—1)+R 0.

Therefore, Bkj,-h = 0, from which follows, according Theorem A, that
M can be transformed into a manifold *M of constant curvature —1 by

a D-conformal change (1.3). This change i is conharmonic one. In fact,
for *M we have

th

Bji* = "0uib} = 05i6k,
from which
*Rji = —(n —1)%g;; ~ and *R = —n(n —1).

Substituting this and (4.8) into (4.4), we find o, = 0. But the
D-conformal change (1.3) satisfying a,* = 0 is also D-conharmonic.
Thus, we have ‘ -
Theorem. A necessary and sufficient condition that an n-dimensional
(n > 4) special para-Sasakian manifold may be transformed into a mani-
fold of conatant curvature —1 by a suitable conharmonic trana_forma.twn,
i Elm =0.

Let us denote by K, ,  and K,, the curvature tensor and Ricci
tensor of N respectively. Between tensors of M and N, the followmg
relations are known (cf. [3]):

(49) B:B;B:‘BkvapA = Rkjih - gki6;l + gjiazi
(4.10) B;B;"‘Klly. = Rj; + (n — 1)gj.

Also, in view of (2.2), (2.3) and (2.6), we have
(4.11) 9" = ¢ B!'BY, 9vuB! BY = gij — min;
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and
(4.12) K’ B!BY = R} 4 (n —1)8k.
Now, using (2.6), (4.9), (4.10), (4.11) and (4.12), it is easily proved
that
(4.13) Z,,,* B¢ B!B!B% = E, ..,

where 7, “A is the conharmonic curvature tensor of level surface N ,
i.e. (cf. [6])
ZvaA = wa&A + ;,,.1__3(gUVKAu - gV#KAw + 63le£ - EQKV#)
From (4.13), we have
Theorem. The tensor field Ekji’l of a special para-Sasakian manifold

vanishes if and only if ZW“A = 0 in every level surface, i.e. if and only
if each level surface is conharmonicly flat.
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