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Abstract: We show that the properties of uniform, proximal and topological
connectedness of a relator (generalized uniformity) can be characterized in

terms of the well-chainedness of some of its natural symmetrizations.

1. Introduction

In [8] , Mréwka and Pervin proved that a uniformity is uniformly
(proximally) connected if and only if it is well-chained.

Moreover, in [5], Levine proved that a uniformity 2/ on X is well-
chained if and only if X? is the only equivalence in U

Now, as some natural extensions of the above results, we prove
that a relator (i.e., a generalized uniformity) R is uniformly, resp. prox-
imally connected if and only if the relators RVR ™! (R ® R™!) resp.
RV R (R oR™?) are well-chained. Moreover, a relator R on X is
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uniformly, proximally and topologically connected if and only if X? is
the only equivalence in, R*, R#¥ and ’fQ, respectively.

The necessary prerequisites concerning zelators, which are pos-
sibly unfamiliar to the reader, are briefly laid out in the next three
preparatory sections.

2. A few basic facts on relators

If R is a nonvoid family of reflexive relations on a set X, then R
1s called a relator on X, and the pair (R) = (X, R) is called a relator
space [10].

If A and B are sets and z is a point in a relator space X (R), then
we write . .
() B € Intr(A) (B € Clg(A))if R(B) C 4 (R(B)E\OA # 0) for

some (all) R € R; B
(ii) z € intp (z € clr(4)) if {z} € Intg(4) ({z} € Clhg(A)).

If R is a relator on X , then the relators

'R*:{S'CXQ:EJRE'R:RCS},
R#* = {S c X2 :VACX:-HRE'R:B(A)CS(A)}

and / :
7“1:{scX2:vch;ziReR:R(m)CS(z)}
are called the uniform, prozimal and topological refinements of R, re-
spectively. ' _ :

Namely, for instance, R# and R are the largest relators on X
such that Int p# = Ints and int # = int g, respectively.

Finally, if R is a relator, then the relator 2=! — {R7':ReR}
is called the inverse of R, and the relators

RVR™*={RUR™!: ReR}(RORI={RoR™!: ReR})
and .
RVRT={RUS™:R,5eR} (RoR™'={RoS™1:R,5€eR))
are called the strong and proper union (composition) symmetrizations
of R, respectively.

3. Proximally and topologically open sets -

Definition 3.1. A subset A of a relator space X(R) is called
(i) prozimally open (closed) if A € Int(A) (X \A¢ Clg(4));
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(ii) topologically open (closed) if A C int=(A) (clr(4) C A);
(ili) prozimally (topologically) clopen if it is both proximally (topolog-
ically) closed and open.
Remark 3.2. It is easy to see that a proximally open (closed) set is
topologically open (closed). Moreover, a set is proximally (topologi-
cally) closed if and only if its complement is proximally (topologically)
open.
Definition 3.3. A relator R on X, or a relator space X(R), is called
prozimally symmetricif R~ C R#¥.
Remark 3.4. In [12], it has been proved that a relator R is proximally
symmetric if and only if the relation Clg is symmetric. Hence, it is
clear that a subset of a proximally symmetric relator space is proximally
closed if and only if its complement is proximally closed.
Therefore, as an immediate consequence of the second assertions
of Remarks 3.2 and 3.4, we can also state
Proposition 3.5. 4 subset of a prozimally symmetric relator space is
prozimally open (closed) if it is prozimally clopen.

4. Connected and well-chained relators

Definition 4.1. A relator R on a set X is called connected (well-
chained) if

APU(X\A) ¢R <X2: GR”)

forall # A C X (R € R). Moreover, R is called uniformly, prozimally
and topologically connected (well-chained) if the relators R*, R# and
7R are connected (well-chained), respectively.

The appropriateness of these unusual definitions and the validity
of the next fundamental theorems have been established in [2] and [3].
Theorem 4.2. A relator R on X is prozimally (topologically) connected
if no proper nonvoid subset of X(R) is prozimally (topologically) clopen.
Remark 4.3. In [2], it has also been proved that a uniformly directed
relator is proximally connected if and only if it is uniformly connected.
Theorem 4.4. A relator R on X is well-chained (topologically well-
chained) if and only if no proper nonvoid subset of X(R) is prozimally
(topologically) open.
Remark 4.5. Hence, it is easy to infer that a relator is well-chained if
and only if it is uniformly (proximally) weil-chained.
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From Th. 4.2 and 4.4, by Prop. 3.5, it is clear that we also have
Theorem 4.6. 4 prozimally symmetric relator i well-chained if and
only if it is prozimally connected.

Remark 4.7. By Th. 4.9 and 4.4, it is also clear that a well-chained
(topologically well-chained) relator is always proximally (topologically)
connected.

5. Well-chainedness characterizations of uniform
connectedness

To easily gét the main result of this section, we need only prove
Proposition 5.1, IfR is a relator on X and A ¢ X, then the following
assertions are equivalent: 7 . N o

() Ba= 420 (X \ 4)f € 7", b
(ii) Aisa prozimally open subsct of X(RVR™1) (Xx( ¢ O R1)).
Proof. If (i) holds, then there exists an R € R such ,ﬁhat R C E,4.
Hence, since E,4 is an equivalence on X such that Eq(A) = A, it is
clear that - . .
(RURT')(A)CA and (Ro R™1)A) c A.
Therefore, (ii) also holds. ;
Conversely, if (ii) holds, then there exists api B € R'such that

(RURTY)(A)c A ((Ro R™)(4) c 4).
Hence (since R and R~! are reflexive), it is clear that R(A) C A and
R™Y(A) C A. Moreover, it is easy to see that tHe latter inclusion implies
that R(X\ 4) c X \ A. Therefore, we obviously have R C Ey4, and
thus (i) also holds. ¢ , :
Remark 5.2. Because of Prop. 3.5, we may write “proximally clopen”
in place of “proximally open” in the above proposition.

Now, as an immediate consequence of Def. 4.1, Th. 4.4 and Prop.
9.1, we can also state
Theorem 5.3. If R is ¢ relator on X, then the following assertions
are equivalent:

(i) R is uniformly connected; A
(ii) RVR™1 (R @ R™1) is well-chained. p ‘

Hence, because of the equalities (RD)* =7RY, where Oe {*,#, A},
it is clear that we also have
Corolary 5.4. 4 relator R s uniformly, prozimally, resp. topologically
connected if and only if the relators
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R'V(R)™,  RFV(R#¥) resp. RV(R)™?
(RTO R, R*¥0(R*)™!, resp. RO (R)™)
are well-chained.

Remark 5.5. Because of Th. 4.6, we may write “proximally connected”
in place of “well-chained” in the above assertions.

6. An application of Theorem 5.3

In [3], as an analogue of Levine’s [5, Th. 2.2], we have also proved

Theorem 6.1. If R is a relator on X, then the following assertions
are equivalent: . :

(1) R is well-chained;
(i1) X? is the only preorder in R*.

Hence, because of the equalities (RP)* = RY, where [I € {#, 1}
and Remark 4.5, it is clear that we also have
Corolary 6.2. A relator R on X is well-chained (iopologically well-
chained) if and only if X* is the only preorder in R# (7?,)

~ Moreover, from Th. 6.1, by using Th. 5.3, we can also easily derive
Theorem 6.3. If R is a relator on X, then the following assertions
are equivalent: .

(1) R is uniformly connected;

(i1) X2 is the only equivalence in R*.
Proof. If (i) holds, then by Cor. 5.4, R*V(R*)~! is well-chained.
Therefore, by Th. 6.1, X? is the only preorder in (R*V(R*)~1)*. More-
over, if E' is an equivalence in R*, then since E = EUE™!, Eis a pre-
order in R*V(R*)™!. Therefore, by the above observation, £ = X2.
Consequently, (ii) also holds.

To prove the converse implication, note that if A C X, then E4 =
= A? U (X \ 4)% is an equivalence on X. Therefore, if (ii) holds, then
E4 € R” implies E4 = X?,ie, A= 0 or 4 = X. Consequently, ®)
also holds. ¢

From Th. 6.3, because of the equalities ('RD)* =RY, where O €
€ {#, A}, it is clear that we also have
Corolary 6.4. A relator R is prozimally (topologically) connected if
and only if X* is the only equivalence in R¥ (RR).
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7. Well-chainedness characterizations of proximal
connectedness ’

As an analogue of Prop 5.1, we can also prove
Proposition 7.1. If R is a relator on X and A C X, then the following
assertions are equivalent:
(i) A is a prozimaliy clopen subset of X(R);
(ii) Aisa prozimally open subset of X(RVR™) (X(Ro =1)).
Proof. If (i) holds, then there exist R,S € R such that R(A) Cc 4

and S(X'\ 4) c X\ A. Moreover, the latter inclusion implies that
S7HA) c A. Hence, it is clear that i

(RU 5'_1)(A) = R(A)U S_I(A) C*A
and

oL

: (RoSTI)NA) =R(S™1(A) c 4.
Therefore, (ii) also holds. ;
Conversely, if (i) holds, then there exist R,S € R such that
(RUSTH(A)CA ((RoS™M)(A) C A).
Hence (since R and S are reflexive), it is clear that R(A) C A and
S7YA4) c A. Moreover, the latter inclusion impl}es that S(X \ 4) C
C X \ A. Therefore, (i) also holds. 0

Remark 7.2. Because of Prop. 3.5, we may again write “proximally
clopen” in place of “proximally open” in the above proposition.

T

Now, as an immediate consequence of Th. 4.2. and 4.4 and Prop.
7.1, we can also state

Theorem 7.3. If R is q relator on X, then the following assertions
are equivalent:

(i) R s prozimally connected;
(i) RVR™! (Ro R~ is well-chained.

Hence, because of the equalities (RE)#* = RY, where 0 € {#, A},
it is clear that we also have \
Corolary 7.4. A relator R is prozimally, resp. topologica.ll‘:}/ connected
if the relators R# v (R#)™1, resp. RV (R)~? (R# o (R#)-1, resp.
Ro(R)™1) are well-chained.

Remark 7.5. Because of Th. 4.6, we may again write “proximally
connected” in place of “well-chained” in the above assertions.
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8. An application of Theorem 7.3

The advantage of the relator RV R™! over RVR ™! lies mainly in
the next
Proposition 8.1. If R is a relator on X and O € {*,#}, then

(RVR™HE = REn(RY)L,
Proof. It is easy to see that
(RvS8T=R"nsY,
whenever S is also a relator on X. Moreover, in [12], it has been proved
that
(R—I)D — (RD)—I
is also true. ¢
Remark 8.2. Hence, because of the equalities (RP)Y = RY, it is clear
that
(R v (RO)™)F = (RVRT)™ = (RTn(RT)T)7,

whenever O € {*,#}.

Now, by using the first parts of Remark 4.5 and Prop. 8.1, from
Th. 7.3 we can also easily get '
Theorem 8.3. If R is a relator on X, then the following assertions
are equivalent:
(1) R 1s prozimally connected;
(i) R*N(R*)™! is well-chained.

Hence, because of the equalities (RP)# = RY and (RP)* = RY,
where O € {#, A}, it is clear that we also have
Corolary 8.4. A relator R is prozimally (topologically) connected if
and only if the relator R#* N (R#*)™1 (RN (R)™1) is well-chained.
Remark 8.5. Because of Th. 4.6, we may again write “proximally
connected” in place of “well-chained” in the above assertions.

9. A few supplementary notes

Note 9.1. Analogously to Prop. 5.1 and 7.1, we can also prove that a
subset A of a relator space X(R) is proximally open if and only if the
Davis-Pervin relation Ry = A2U(X \ 4) X X belongs to R*. Therefore,
as an important addition to Th. 6.1, we can also state that a relator R
on X is well-chained if and only if X2 is the only Davis-Pervin relation

in R*.
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Note 9.2. In addition to Prop. 5.1 and 9.7, 1t is also worth mentioning
that
ROR™TIC(RVR™)* and RoR™'cC(RVR- ).

But, despite this and Prop. 5.1 and 5.7, the corresponding rela-
tors need not even have the same topologically open sets. Namely, for
instance, if X = {1,2,3} and R, S C X? such that

R(1) = {1}, R(2) = {2, 3}, R(3) = {2, 3},
SW=Xx, s@={2}, 53)=/{3},
then R = {R, S} is a relator on X such that
TRO’R_“I =Trop-1 = {@7 {1}: {2a3}7 X} ’

Trvp-1 = Tryp-1 = {07 {1}1 {13 2}’ {17 3}’ {2, 3}1 X}

Note 9.3. In.a continuation of [12], the second. author proved that
a relator,(tof)ological relator) R is weakly symmetrid, if and only if
the relator R N (R)~! (R o (R)™) is topologically ed';}‘livalent to R.
Therefore, as an important addition to Cors. 8.4 and 734, we can also
state that a weakly symmetric relator (weakly symmetric topological
relator) R is topologically connected if and only if the relator 7%0(7%)_1
(Ro (R)™1) is topologically connected.

To feel the importance of the above statements, note that if R
is a relator on X, then R N (R)~! (R o (R)=Y§*) is the family of all
semi-neighbourhood (neighbourhoods) of the diagonal of X2.

but

!
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