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Abstract: The motion of a p-parametrical robot-manipulator is expressed,

its velocity and acceleration operators are found. In particular, three para-

metrical robot-manipulators with only rotational axes are considered. All

robot-manipulators of this type, which have one component of Coriolis accel-
, eration equal to zero at each position are found,

- 1. Introduction

In this paper we shall study the motion of robot-manipulators. We
express the axes of a robot-manipulator using Pliicker coordinates and
we shall calculate the velocity operator and the acceleration operator
for instantaneous position of robot-manipulator.

Let us have the Euclidean space E3 with a system of Cartesian
coordinates (:1:1,:152,1:3). Let P = A+ A% be a straight line in Ej.
Pliicker coordinates X = (Z;9) of the straight line P consist of the pair
(%; 7) where % is the un;t vector of P and § = 4 x 7.

Let r(¢0) be a matrix of the revolution around the line X=A+)z
where ¢ is the angle of revolution. The expression of this revolution is

r(e) = (i 2)

where v is an orthogonal matrix and ¢ is g column matrix. For the
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derivative of r(¢) we have r'(p) = r'(0)r(v) and we can write the
matrix 7'(0) in the following form

0=( 1)

where #'(0) = , ' (O) = I. Here we have used the following identifica-
tion

0 ~I3 Iy I
’)/,(0) = I3 0 T <= | 9 | = 7.
—Ty i 0 I3

The matrix r'(0) can be identified with Pliicker coordinates of the axis
of revolution r(¢) and we have r(0) = x = (%, 7).

A robot-manipulator with p-degrees of freedom is a product of p-
revolutions arpund p-axes yi, x2,. .. Xp which are given'by their Pliicker
coordinates X; = (Zi;9:). The motion of the end-effector of this robot-
manipulator is expressed by the matrix g(1, @a; . .. 39p) = r1(p1) -
r2(92)...7p(p,), where ri(tp1) is the matrix of the revolﬁtidnﬁa‘round Xi-
If ¢; = ;(t) are functions of time ¢ we obtain a one-parametric motion
of the end-effector 9(t) = r1(pa (1)) - ra(p2(t)). .. rp(gap(t))..:fTrajectory
of a point 4 of the end-effector is Alp1,02...0,) = 9(t) AT See [2].

2. Velocity and acceleration opeff/ators for robot-
manipulators

Let Q be the velocity operator of g(t), §'be the acceleration opera-
tor of g(¢). This means that va =A, a4 = A, where v 4 is the velocity
of the trajectory of 4 at A and a4 is the acceleration of the trajectory
of Aat A. Computation yields ) = 997 0=0"+Q2. If we express {2

r
for a p-parametrical robot-manipulator we obtain ) — >~ Yiv; where Y;

=1
is the instantaneous position of i-th axis and v; is the angular velocity
of r;(i(2)); v; = %‘%. For the derivative of Q we have

' - ! " ~t a - dv; ‘.\
Q= (ZIYI "Ui> = 2_;5'5 'W“l‘;Ii’E‘;
We can split the acceleration operator into three parts:

(1) Q2 is the centrifugal acceleration:

P
(2) X7 Yie; is the Euler acceleration where ¢ = 9% is the angular

=1
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afcelcra.tion of ri(i(%));
(3) XY= 3 Vix Y;viv; is the Coriolis acceleration where Yi x
i=1 1< =1
Y; is the cross-product of Pliicker coordinates of ¥; with ¥;. Sce [1].
Let us consider the Coriolis acceleration for 3-paramctric robot.
manipulators with rotational axes X1,X2,X;5. Let the instantaneous
position of these axes be Y1,Y32,Y3. Then the Coriolis acceleration C is
C=Y1 xYaviv2 + ¥1 x Yavjvg + V) x Y3vq0;.
Let 4
}/’1 — (f,;g,), },—2 — (Ii/l,g”), ),:3 — (fl//,z,?'”)-
We define (Y;,1;) = z'y"+y'z" as ascalar product in the 6-dimensional
space of Pliicker coordinates. Let V1 denote the vector space generated
by ¥1,¥,,Y; and V, be its orthogonal complement. It follows that the
Coriolis acceleration has two components: C} into V3, C, into Va.
Let us find all 3-parametrical robot-manipulators with the com-
ponent C; = 0 at all positions. Y1,Y2,Y5 is the base of V1 and therefore
we must have ' :

) (11,C) =0, (¥3,C) =0, (¥3,C) =0. "

(1) leads to
the equation
(¥, Y, x ¥) =0.
We shall ex-
press this con-
o, dition in coor-
dinates. Let us
choose the co-'
ordinate system
(sce Fig. 1) in
the fixed space.
The Plicker co-
ordinates of the -
axes X, Xq, X3

i

z

X
+
!
!
I
I

are:
Fig. 1
—sina; d;cosoy 0 0
A= 0 dsina; |, X,=1{0 0 ,
cosa; d;sin @ 1 0
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—sinas dycos ay
4X'3 = 0 0
cosay  dpsinag
For the instantaneous axes Y1,Y3,Y; we obtain ¥; = X 1, Yo = X5,

—cos@gsinay  dy COS Py COS arp

Y35 = —singp;sinay dy sin vy cos an
COS ary dy sin ay
oY, . d(,Y.
vy xy, ABL vy o

Owa Opa
This shows that (17, ¥3) must be constant with respect to 2. Compu-
tation ylelds .

(Y1,Y3) = —dy sin o cos (3 cos g + dy ¢Os ary sin dip—

—d; cos @y cos y sin ay + dsin oy sin g sin ag + d; sén o] COS arp.

X -
The coefficients by cos s, sinw, must be zero alj‘,d therefore we
have the following conditions '

(2) dsina;sinay =0, dysin a1 cos arg + dg cos o sinay = 0.
There are three possibilities for the axes XN, X,, X 3 of a 3-parametrical
robot-manipulator: / )
(a) If sinay = 0, then d; cos aysinas; = 0. From dy = 0 follows that
the axes X1, X, coincide.
(b) From sinay = 0 follows that the axes Xy, X5, X3 are parallel.
(c) I sina;siney # 0 then d = 0.
From (2) we get
(3) dy cot ay + dy cotay = 0.
It means that the axes X1,X5, X3 have a common perpendicular and
satisfy the condition (3). From these considerations we see the following
Theorem 3. 3-parametrical robot-manipulators with three rotational
azes X1, Xy, X3 have the component Cy of the Coriolis acceleration
equal to zero in the following cases: \
(1) the azes X1, X, or X5, X3 coincide; )
(2) the azes X1, Xq, Xy are parallel; .
(3) the azes X1, X4, X3 have d¢ common perpendicular and satisy (3).
Remark. Let X;,X,,X; be axes of the robot-manipulator from the
case (c). Let us denote by X5 the straight line defined analogically to X,
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with the angle oy substituted by —ay. Then X7, X3 are conjugated po-

lars of the linear complex with axis X, and parameter vy = d;tan o] =
= —dytan as.
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