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Abstract: Let F be the Grassmann (or exterior) algebra of an infinite-
dimensional vector space over a field of characteristic 0 and let E} be the
Grassmann algebra of a k-dimensional vector space. We describe the S,,-
cocharacters and the asymptotic behaviour of the codimensions for the T-
ideals of the polynomial identities for the tensor products E; ® E; and E ® Ej,
k,1 > 2. As a consequence, we obtain a necessary and suflicient condition for

the inclusion of the T-ideals T(Ey ® E;) C T(Ey ® Eyp).

Introduction

Let K(X) be the free unitary associative algebra freely generated
by a countable set of variables X = {z1,%2,...} over a field K of
characteristic 0. For any unitary PI-algebra R we denote by T(R) the
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ideal of K (X)) consisting of all polynomial identities for R; T(R) is called
a T-ideal. Kemer [7] has discovered the structure theory of T-ideals.
It turns out that all T-prime ideals correspond to algebras obtained by
constructions with the n x n matrix algebra M, (K) and the Grassmann
(or exterior) algebra E. The set of T-prime ideals is closed under tensor
products over K. If T(R;) and T(R;) are T-prime ideals, then T(R®
@R, ) is also T-prime. The largest T-prime ideals are T(K ) = T(M; (K)),
T(M,(K)), T(E) and T(EQ®E) with inclusions T(K) D T(M;(K)) and
T(K) > T(E) D T(E® E). The structure of T(K) is very simple, that
of T(E) is also well known [8]. Since T(E ® E) is the minimal T-prime
ideal which is not contained in T(M,(K)), it is an important object in
the investigation of the non-matrix polynomial identities. Popov [10]
has obtained a generating set for T(E ® E) and has computed its S,-
cocharacters. The T-ideals T(E ® E) and T(M,(K)) have some similar
properties and can be treated with the same combinatorial techniques.
The second author [5] has computed the codimensions of T(E ® E)
and jointly with Luisa Carini [1] the Hilbert (or Poincaré) series of
T(E ® E). Recently the first author [3] has described the Z;-graded
polynomial identities for E ® E. ’

In this paper we describe the polynomial identities for the tensor
product Ex ® E; of two finite-dimensional Grassmann algebras and, as
a consequence, the polynomial identities of £ ® E;. The algebras Eg;
and Esi1 have the same polynomial identities and it is sufficient to
consider the algebras Eyr ® Fy; and E® Eq;, k£ > 1 > 1. Since we
work with unitary algebras only, we study the proper (or commutator)
polynomial identities introduced by Specht [11]. Our main result is the
computing of the proper S,-cocharacter sequence of E;; @ Eo; and E®
® Ey;. There exists a simple relationship between the proper and the
ordinary S,-cocharacters [4] and our result allows to obtain also the
usual cocharacters. As a consequence we give a sufficient and necessary -
condition for the inclusion T(Ezr @ Eo1) C T(Ear ® E,p). This holds
fandonly if k41> k' + 1 and Il > I'. We also determine the exact
asymptotic behaviour of the codimension sequences of E,;; ® Ey; and

E® Ea.

1. Proper identities

We fix a field K of characteristic 0. All algebras which we con-
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sider are unitary K-algebras, all vector spaces and tensor products are
also over K. We use the following notation: K(X) is the free associa-
tive algebra generated by X = {z1,z,,...}, K(z,...,zn) is the free
subalgebra of rank m, P, is the space of the multilinear polynomials of
degree n in K(z1,...,z,). For an algebra R we denote by T(R) the
set of all polynomial identities for R.

A self-contained background and references on the proper (or com-
mutator) polynomial identities can be found in [6]. We follow the no-
tation in [6]. We define commutators of length > 2 by

[1,22] = ziadzy = 1292221, [T1 ... ,Tn—1,Zn] = [[z1... , Zn-1], Z4].

An element f(z1,...,zm) € K(X) is called proper if f is a linear com-
bination of products of commutators [z;,,...]...[... ,z;,]. We denote
by I',, the space of the multilinear proper polynomials of degree n. For
a Pl-algebra R we denote

Po(R) = Pr/(Pn N T(R)), Tn(R) = Tn/(I'n N T(R)).

. The vector spaces P,(R) and I',(R) are S,-modules, where S, is the
symmetric group of degree n. Their S, -characters are called respec-
tively the n-th cocharacter and the n-th proper cocharacter of T(R) (or
of R).- The degrees of these characters, i.e. the dimensions

cn(R) = dimP,(R), yn(R) = diml',(R),
are called the n-th codimension and the n-th proper codimension of
T(R).
We fix a partition A = (A,...,A;) of n (notation A F n). We

denote by M (X) the irreducible S,-module corresponding to A and by
T(7) the A-tableau corresponding to 7 € S,,.

(1) T(ry +1) coo | TR=Tp+1)
7(2) T(r1 +2) : : :

7(n)

T(;'g) T(ry .—{—rz)

T(re + 1)
: T,\(T)

T(’;"l)

Let P and = be the row and the column stabilizers of T\(7), respectively.
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Up to a multiplicative constant the element

tar =Y (=1)*pf € KS,, (—1)% = signé

PEP
{3

is a minimal idempotent of K S,, and generates an S,-module M(A) C
C KS,.

Let d = [z1,...]...[...,z,] be a product of commutators of
length > 2 and let

Va= KSn(d) = Sp{ﬂ'd: [:E,r(l),.. ] [ ,:Zt,r(n)] |7r € Sn}

Then I', = ) Vi, where the sum is on all possible products d of length
n. If the polynomial :
¢A:¢)\(m1v"' ,xn):t)\‘rd ‘
is non-zero is Vg, then ¢ generates an S,-submodule M(A) of T,.
Replacing by the same variable z, all the variables of ¢x(zy,...,2,)
whose indices are in the p-th row of T)(r), p = 1,...,r, we obtain a
proper polynomial '

=z, 20)
which is the highest weight vector of the polynomial representation
of the general linear group corresponding to the partition A and the
linearization of fy equals ¢ up to a multiplicative constant.
Lemma 1.1. Ifn>m and p = (p1,... ,4r) and A= (p1+1,... ,vr+
+1,1*~™~") are partitions of m and n, respectively, then

dmM(Y) = — dimM (u)by(n),

where ,(n) € Q[n] s a polynomial of degree m in n and the leading

term of ¥,(n) is equal to 1.

Proof. The dimension of M(A), A F n, is given by the hook formula
dimM(A) = n! T 25 (M),

where h;;(A) is the length of the (4, j)-th hook of the Young diagram of
A, ie. hii(A) = A + A} — (i +7) + 1, where Al is the length of the j-th
column of the diagram. The hooks of A are equal to ,
hii(A)=n—m+1—it4p,t=1,...,rn
h,-l()\)zn—m+1—i,i=r+1,... ,n—m,
hij(A) = hij—1(u), 7 > 1, iv= 1,...,r.

Hence
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dimM(3) = — (m! [ hﬂl(u))(;%:ﬁ [[(n—m+1=itp) =

i=1

= = dmM (), ()

and

gb,,(n)zn(n—1)...(n——m—r+1)H(n—m+1—i+u,-)_1
i=1
is a polynomial of degree m in n with leading term equal to 1. ¢
Proposition 1.2. [4, 5] Let R be a Pl-algebra.

() If Pa(R) =5 m(OM(N), Ta(B)=5 m (1) M(), then m(X)=
=Y m'(p), where for A = (A\1,..., ;) the summation runs over all
partitions p = (p1,... ,pr) such that Ay > 1 > ... > Ar > py.

(ii) The codimension sequence cn,(R) and the proper codimension
sequence Yo(R), n =0,1,2,..., are related by the equality

Cal® =3 (2 )am ()

m=0
(iii) The codimension series c(R,t) = 3 c¢(R)t™ and the proper
codimension series y(R,t) = Y yo(R)t" satisfy the equation
1 t
o(R,t) = T—v(B 7 —)-
Proposition 1.3. [10] T.(EQ® E) = Y M(a + 2,2%,1°) + ¢, M(1"),
where (a 42,251V Fn,a>0,b4+¢>0; e, =0 forn odd and e, = 1
for n even. Here (a+ 2,2°,1°) is a short notation for the partition
(a+2,2,...,2,1,...,1).
\-—\b,_/ \-ﬁcp-d
Since T(Ex ® E) D T(E ® E;) D T(E ® E), we obtain that
I'.(Ex ® Ep) and T'n(E ® Ep) are factor modules of I',(E® E). In order
to obtain the proper cocharacters of Fy ® E; it is sufficient to establish
for which irreducible S,,-modules M(A) CT,(EQE), A = (A1,...,Ar),
the corresponding polynomial fy(zy,...,z,) vanishes on E; ® E;. We
fix the following polynomials fa = fa(z1,... ,Zc41) for A = (a + 2, 1°),
a>0,c21:

f)‘ = Z('—l)a’ma(l) e mo(gp)(ma(2p+1)adr+1x1)
for A = (r +2,1%?);
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fr= Z(—l)’":v,(l) s $a(2p—2)([$a(2p—1), m¢7(2p)]adr+1-"31)
for A = (r+2,1%771); and fa = fa(z1,... , To4etr) for A = (a+2,2%,1°),
a,c20,b6>0: :

fa= Z(-—l)a(—l)r.’lta(l) e To(2p)Tr(1) -+

o Tr(2g-2)([Tr(2g-1)s Tr(2g)]ad 1)
for A = (r +2,2%947112(r—0));

A=) (1) (-1)z4q). ..

+ - To(2p—2) [([$U(2p—1)1 xa(Zp)]a'dzrml)a xr(l)]mr(Z) s Lr(2g41)

for )\.= (2r + 2,229, 12(p—q)—1) and \ = (2r 42,2271, 12(q—p)+1);
fA = Z(—l)a(—l)raia-(l) e

e+ Zo(2p-2) ([Ta(2p—1), Ta2p)> Tr())ad® T )z 2) . Tr(2g41)

for A\ = (27‘ + 3, 229, 12(1"‘9)—1) and \ = (27. + 37 22p—1’ 12(q—p)+1);
fr= Z(‘l)a(“l)r[([xa(l)vxa(Z)]adzrxl)a$r(1)][3’r(2),$r(3),%(3)]><

X To(4) -+ To(2p+1)%r(4) - - - Tr(2g+1)
for A = (2r +2,2%,12(p—9));

o= Z(——l)a(—l)rz‘g(l) e To(2p)Tr(1) - - -

T [(Fr@er1)ad® ™1 e1), To(2pt)]
for A = (2r + 3,2%9, 12(1’—9)); '
= sap(21,... ,22p),
for A = (1%7), p > 1, where

Sm(Z1,. .. ,Tm) = Z(—l)”za(l) o To(m)

is the standard polynomial of degree m. Since the standard polynomial
of even degree is proper, it is easy to see that all the polynomials f) are
also proper. Up to a multiplicative constant the linearization of each
frisequal to @) = tr,d for some 7 € S, and a product of commutators
d and generates a submodule M()) of I, A - n. Some of the fi\’s are
as in the paper by Popov [10] but some of them are replaced by more
convenient polynomials.
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2. Preliminary reductions

Let V be a countably dimensional vector space with basis

{e1,e2,...}. The Grassmann (or esterior) algebra E = E(V) of V

is the algebra generated by e;,ez,... with defining relations e;e; = —
—ejei, ¢, = 1,2,.... The Grassmann algebra Ej of a k-dimensional
vector space is generated by ej,... ,er. Let E® E be the tensor square

of E. We fix generators e; ® 1,e2®1,... of EQl and 1Q&;,1Qé,,...
of 1® E and write the elements u®v € E® F as uv without the symbol

® between u and v.
Lemma 2.1. For §,6 = 0,1,

T(Eak+5 @ Eaige) = T(Ea @ Egt), T(E ® Eoite) = T(E ® Ey).

Proof. By [9, Th. 1], if 4;, A;, B; and B, are Pl-algebras such that
T(Al) = T(A2), T(Bl) = T(Bg), then T(A] ®B1) = T(A2 ®B2) Since
the T-ideals T(Ezt+1) and T(Es;) are equal (see e.g. [2]), this gives
immediately the proof of the lemma. ¢

In the sequel we fix £ > [ > 1 and study the polynomial identities
for B ® E9; and E® E9;. We use an idea from [3]. The algebra F has a
natural Zp-grading F = El% @ El!l, where E% and E are spanned on
the products of even and odd length, respectively. We denote by y and
Y1,Y2,... arbitrary elements of E @ EIl and by Z1,232,... arbitrary
elements of El!l @ El°l ¢ El] @ EII.
Lemma 2.2. The elements y,y1,Y2,... ,21,22,... Satisfy:
(i) YY1, [21,22] and y(z1 0 23) are central in E® E, where 2y 02y =

=z123 + 2223,

(i) yyr =1y, 21y = —yz1, z1(ad"y) = (=2)"y" z;
(iii) [V? 21, 2] = y*7[21, 2], (WP 21, 20] = Yy H (21 0 25);
(iv) Ifzy =y, z=2;,1=2,...,q, then

D (D By Fot) = gy Y (1) 202) - - Zo(e);

(v) z2ad(y + 21) = (—=2) "1y N (2yzs + (=1)" 2122 + 222) = (—
—2)"y" z2 modulo the centre of E® E;

(Vl) 232921 — —Z122%35

(vii) z12921 =0, 2928 = —222y, 23242129 = 21292324, z52% = 2222,

(vill)  yuy; = yyuy, z1uz;vz; =0 for allu,v e EQ E.

Proof. The case (i) is obvious because yy1,[21, 22], y(21 0 22) € El) @

® El%, the centre of E ® E. Since the identity z1y = —yz from (ii) is

multilinear in y and zy, it suffices to consider only the cases y = e;¢;,
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z1 = eg and y = e;€;, 21 = €3, similarly for yy; = y1y. The verification
is trivial. This gives also (iii) and (iv) which are consequences of (i)
and (ii). For example,
[y*"+ 21, 23] =(y° )r[yzl, 22] =y*"(yz123 — 2y21) =
=y*"(yz122 + yzaz1) = 4> (21 0 23).
(v) We use induction on r. For r = 1, zpad(y +2z1) = —2y2q +[22, 21]
= —2yz; modulo the centre El% @ El% of E® E. Let zpad"(y + z1)
(=2)"y" 2, (mod ElYl ® E®1). Then
zad™ (y + 21) =(-2)" [y 22,y + 2] =
=(=2)"(y"[22, ] + ¥ 2221 — 21y " 22) =
=(=2)"(=2y" 22 +y (1) 2122 + 2zm)).

In both the cases r even and r odd, y"((—1)" 1212, 4 2,2, ) € EPIQ El°,
For (vi) it is sufficient to consider the cases z; € {e;, €;},1=1,2,3, and
(6) can be also easily checked. The identities from (vii) are consequences
of (vi); (viii) follows from (ii) and (vii). ¢ .

By the convention of Section 1, for A = (A,...,A;) = (a +
+2,251)Fn,r=b+c+1,a>0,b4+¢>0, 7 €S, and a product of
commutators d we consider the polynomial ¢x(z1,... ,z,) = trrd and
its symmetrization fy(z1,...,2z,). :
Lemma 2.3. If fa(z1,...,2,) 18 not a polynomial identity for Eop ®
® Esq, then '

i

2a+2b+c+2<2k+1),a+b+1<2L

Proof. Every variable of fi(z1,...,z,) is in a commutator. Since
El1 ® El is the centre of E® E, there exist elements y; + 21, ... ,yr +
+ z, such that v A
fTA zf)\(yl +21,... ,yr+21‘) #0

v Bl g Bl 2 ¢ Bl @ B @ Y @ B,
Let a = (aq,...,a,) and let fy () be the homogeneous component of
fa of degree @; in y;, i = 1,...,r. By Lemma 2.2 (viii), fa = Y f (a),
where the summation runs over all & with a; < 2. Using Lemma 2.2
(ii) and (vii) we can write every non-zero f,{a) in the form

(a) yl. yf’ .z?‘ga(zh,...,zjt),

where §; = /\,'—-a,- and o, = ... = a;, =2, aj; = ... = aj, =
= 1. The non-zero element y;* ...y?" is a linear combination of pro-
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ducts em; -+« €mg€ny « - Engi sy where 3,8 > i + ...+ By and en;, €q;
are pairwise different generators of Esr ® 1 and 1 @ Ejj, respectively.
Similarly, we need at least 2s +¢ = a3 + ..., generators for z?l ...
2} ga(2jys- -+ 25,). Therefore

20k +0)>2B1+...+B8)tar+...ar >
>P+(ca+B)+--(ar+Br)=Bi+M+...+ A

Since f; = A —ay > aand A\; +... 4+ A, = a+ 2b+ ¢+ 2, we obtain
2k+1) > 2a+2b+c+ 2. Ifz,-EE[l]@Eg;],thenz = 0. Hence

we need at least one ge'lerator ep for each product 2%. Since f\ *) i
equal to y; 2 ho, l)" 12;hq or yz ?hz for some hg, hq, h2 € Eq; ® Eq,
we need at least A; — 1 generators of 1 @ Ey; for eachz =1,...,r, i.e.

20> -D+...+(A—-1)==a+b+1 0

For a polynomial f(z1,z2,...,2,) € K(X) we denote by f()
the homogeneous component of degree j in z; of the element f(y -+
+ z1,29,..-,27), 7 = 0,1,2. In virtue of Lemma 2.2 (viii), f(y +
4+ 21,22, 5 20) = O 4 FO 4 5O2)
Lemma 2.4. If fi(z1,...,2.) 18 not a polynomial identity for Eoyx @
® E?f:

A=(a+2,2"1° and 2a+2b+c+2=2(k+1),
then fO(y+ 21,22,... ,2,) # 0 for some y € "Ek] ®E£1,], z; € Eglk] ®

® Bl o E} @ EL).
Prooi As in the proof of Lemma 2.3, let

=gyl 2 ez )
be a non-zero homogeneous component of fy(y; + z1,...,yr + 2;) €

€ E2; @ Egy. Since 2(k+ 1) =2a+2b+c+2=a+ A +...+ A, we

obtain from the inequalities
2€k+D 2B+ +B) M+ ) 2
Zht+rt. o HAZat A+ A

that ﬂ] = a, ,32 = ... = ,6,- = 07 l.e. ia)(yl + 21y 5 Yr z,.) =
= FO (421,22, 20) £ 0.0

All the sums in the sequel are on ¢ € S;;,, where the symmetric
group Sy, acts on the set of symbols {d+1,... ,d+m} and the values
of d and t are clear from the context.
Lemma 2.5. The elements z1,2q,... satisfy the following identities:
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(1) Z(—l)azcr(l) <+ Z5(2p) [za(2p+1)7zl] = O;
(11) ZU(2P+1)¥1(—-1)62J,(1) [N Za(2p+1)21 = pZ%SzP(ZQ, ceey Z2P+1);
(iii) E(—-l)”zu(z) < Zg(2p—1) [Za(2p), 21] S —p‘132p(z1, ey Zzp);
(IV) Szp(zl,... ,ZgP)qu(Zl,. - ,qu) = '

= 2D ((p— )) 221 ... 2383 (p—g) (22041, - -+ » 22p), P = 5
(V) 32]1(217 SRS ng) Z(—I)TZT(Z) see zr(2q—1)(zr(2q) o 21) =0, p>¢;
(vi) s2p-1(21,... ,22p—1)82g-1(21,. .. ,22g-1) =

= 824_1(21, “es ,qu_1)32p_1(zj, . ,Zzp_l) =

= (2¢—-1)!pl(p-1)((p—-g)") %2 ... zgq—152(p—q)(22qv ceey Z2p—1),s

p2g;
(V]l) 82P_1(21, ‘e 7z2p—1)32q(zl7 . ,qu) =

=(2p - DN ((g =P (g —p+ 1)) 22 ...

v 2%})—132(?_1’)4'1(22}37 T 722q), p< a4

(Vlll) ,82;._.1(22, PN ,Zzp) o] 32q+1(21, e ,22q+1) =

=(2¢+Dlpi(p~ DN ((p - ip— g — 1)) 723 ... :

e z%q+1(52(p—q)—1(z2q+27 e 73211) 0z1),p>gq.

Proof. (i) Let h = 3 (~1)72,(1) - - - Zo(2p)[2o(2p+1), 21]- Since [2;, z;] are
central elements,

h=277 Z(fl)o[za(l),za(z)] oo [Za(2p=1)s Zo@2p) |[Zo(2p41)s 21] =
=27 (p + 1)71 Y (—1) (2001, Zo(2)] - - -

s [zd(2p—1)7 za’(?p)][za(2p+1)7za(2p+2)]

for zgp40 = 2y and h = (p+ 1) tsgpia(z1,. .., 22p41,21) = 0.

(ii) By Lemma 2.2 (viii) 212, ... zi,,_, 21 =0, ¢ > 1, and the only
non-zero summands of

h-—_— Z (-1) 2501y - .- Zo(2p+1) 21
o(2p+1)#1

are for 1 € {0(1),0(3),...,0(2p — 1)}. Using the identity (vi) from
Lemma 2.2 we obtain

h = pzn Z(—l)”z,(g) o Zo(2p41) 21 = pzfszp(zg, ey Z2p41)-

(iii) E(—l)”za(z) AN z,(zp_l)[z,,@p), 21] =

=27CD Y (1)[20(2), Zo(3)] - - - [Zo(2p-2)s Zo(2p-1) 2029 21] =

=277p71 Y [zo(2), Zo@)] - - - [20(2p-2)s Zo2p-1)][Z0(2)» Za1)] =

1

= —p Syp(21,. .., 22p)-




Polynomial identities for tensor products ... 259

(iv) Let
h=h(z1,...,20p) = s9p(21,... ,22p)21 ... 22 =
= Z(—l)”za(l) e 20(21,)21 c- - 22¢g-
In virtue of the first identity from Lemma 2.2 (vii), the only nen-

zero summands of h are for 1,3,...,2¢ — 1 € {0(2),0(4),... ,o(2p)},
2,4,...,2q € {0(1),0(4),... ,0(2p — 1)} and by Lemma 2.2 (vi) and

(vii)
h=(=1Dp(p-1)...(p— ¢+ 1))* ) (-1)"(2221)(2a23) ...
.- (229229-1) X Zo(2g41) - - 2g(2p)(2122) . . . (229—122¢) =
= (=1)"()*((p — 9)) (2221 22) (2423 24) ...
o (2021 220)82p—0) (Zag s 3 22y) =

= (p')Z((p - Q)!)-—zz% te Z%qSZ(p—q)(z2q+17 s 7z2p)-

Now we extend the action of Sy, trivially on {2¢+1,...,2p}. Fora
fixed 7 € Sy, SopT = S3,. Hence

82],(21, ey Zzp)qu(Zl, P ,qu) =
= Z(—l)”(—l)rzar(l) A zar(zp)z.,.(l) <o Zr(2q) =
= 2 (V) 200y - Zotrlam r(1) - Zr(2g) =
= Z 32;0(21-(1), SR Z‘r(2p))zr(1) - Zr(2q) =
= Z h(zr(1)s -+ 5 2r(ap)) = (20)1h(z1, . .. ) 22p)-
(v) Using the polynomial & defined in the proof of (iv), we obtain
s2p(21, -+ 1 22p) Y (=1)"2e2) - - Zr(2g-1)(2r(2g) © 21) =
= Z(_SZP(ZTQ)’ cer 9 Zr(2¢-1)12%1r(29)) 15 Z2g41y - -+ zZp)z‘r(Z) cee
s Zr(29—1)Zr(29) 21+
+52p(z1'(2)7 <v e 9 27(2¢-1)1 215 Zr(2¢)y Z2g+1y - -+ - 722]1)21'(2) ce

‘e zr(gq_l)zlzr(zq)) ==

= Z(2q - 1)!(P!)2((P - ‘1)!)-223(2) e z12'(2q—1) X
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x(——z,z.(zq)zf + zfzz(zq))SZ(p—Q)(zZﬁl’ coey22p) = 0.
(vi) The non-zero summands of Y {—1)?25(1). - -25(2p—1)21 - - - Z2g—1
are for
1,3,...,2¢—1€{0(1),0(3),... ,0(2p - 1)},
2,4,...,2¢g—2€ {0(2),0(4),... ,0(2p—2)}
and :
821,._1(21, veey 22P_1)21 e Z2q-1 =
=pl(p— D! ((p — q)!)_2z1 e Z2g-182(p—q)(Z2gy - -+ »Z2p—1)21 ... Z2g—1 =
=pllp =D~ D721 220-1) s2(p—0) (220, - -, 22p-1),

(21 . ?2q_1)2 = 21(2’223) e (qu_zzzq_l)(zlzz) P (Z2q_322q_2)2:2q__1 =

= 21(2122)(2223) e (qu_gzzq_z)(qu_zzzq_1)22q_1 = Z% e qu_l.

As in (iv)
Szp—1(21,--- ,z2p—l)32q—l(zla-_" 722q—1) =
= (2q - 1)!3211—1(217 e ,ng_l)‘zl [N Z2q—1-
The calculations for syq—1(21,... ,22¢-1)82p-1(21,... ,22p—1) are
similar.
(vii) is similar to (vi).
(Vlll) 529_{_1(21, e ,22q+1) =
(q + 1)21 Z(—-l)rz.,-(g) <- - 2r(2¢+41) — 4 Z(—l)rzr(g)zlz,.(g) RN z'r(2q+1)7
h1 = s2p—1(22,... y22p) 0 (((g + 1)z122 — qz221)23 ... 22g41) =
= (q + 1)(32}7—-1(22, cee gy 221,)21)(2223 P 22q+1)—
—Q(Zzzl)(32p—1(22, cee s Z21;)2'3. ces 22q+1)+
+(g+ 1)(2122)(z3 - . . z2g+152p-1(22, - - . , 22p))—
“4(52;; 1(22, . 22p)22)(2123 Z2q+1)
Since all elements in the parenticies are of even length, Lemma 2.2 (vii)
gives

hi = (g + 1)z3ho21 — qhazaz1 + (g + 1)hoz122 — q21ha 23,
where hy = 23...2944182p-1(22,... , 22p). As in the proof of (vi)

hy = —z3.. -22q+152p—1(z37 cee 3229415 22,22g42y ¢ -+ ,Zzp) =
= —pl(p — D!((p — ))) "2s2(p—g)(22, 22942, - - - , 22p) 78 ... 2311
Since zz; = —z;22, 1 = 3,...,2¢+ 1, j = 1,2, and the standard

polynomial of even length is central,
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=pl(p— DN(p — 0)")"2(2¢ + 1) X (2252(p—q) (22, 2242, - - - + 22p) 22—
—212232(p-—g)(22,22q+2, e ,ng))Z§ < Z§q+1 =
=pllp—HN(p—))*(2¢ + 1)(p — ¢)x

X(Z§32(p—q)—1(z2q+27 teey Zzp)21 -

2 2 2 _
T 212 S2(p—q)—1(%2g42,- -+ ,22p))23 - - - 22441 =

=pllp =D (P - ) *(2a+ (o~ 9)73 - -

. 25 11(S2(p—g)—1(22g42, - - - 5 22p) © 21).
Hence .
s2p—1(22,. .. y22p) 0 82g41(21, -+ , 22¢41) =

= (2¢+Dlpl(p—DI(p— )p— g — 1)) "2

.. z§q+1(32(p_q)_1(z2q+2, ceey29p)021). O

Lemma 2.6. Let A = (a+2,2%,1°), a > 0, b+c'> 0 and let fin(za,y---,
Thtet+1) be the polynomials from Section 1. If f)") f(')(y+z1,z2,
Zhtet1), Y € E[l] ® Ey,], z; € Egkl ® E[O] ® E[O] ® EE], then there e:ust
nON-2€T0 constants o from Q such that
() FP =0, £ = a2 289, (22, .. s z2p41), A = (2r +2,1%P);
(11) §2) = axy2r+1 232P(z27 . 7Z2P+1); A= (27' + 37 12P);'
(iii) il) = aAy2T+1(32p_1(z2, ‘e ,ng) o] Zl); A = (27‘ + 2, 12P—1);
(iv) ff\l) = axy?2so,(21,. .- y22p), A= (2r +3,1%P71);
(V) fA = aAy2rzf quSZ(p q)(22q+11 cer az2p);

= (2r 4 2,229-1 12(p-9));
(vi) f(z) =0, f(o) = axy* "z 2y sa(p- q)(22q+1, +»72p);

A =(2r + 3,221 120~ q>)

(vii) ,(\1) =opy? iz %...22q+1(32(p_q);1(22q+2,... ,22p) 0 21) for

A= (2r42,220,12r~01) g4

(1) 2r+1.,,2 2
N =y T2 .. .z2p52(q_p)+2(21,22p+1, ce. y22¢41) for

A= (2r 42,2271 12(q—p)+1)
(vit)) f = any? 22 . 2 sapa) (21 g4 se - 5 22p) foT
A =(2r +3,2%, 12(P ~0-1) and
: §1) = Ot,\yzr+2 z2p(32(q—p)+l(z2p+1a . ,22q+1) o z1) for
= (2r +3,2%71 12<4—P)+1)
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(ix) f(z) =0, f(O) . 2( 27'-;-2222’ see Z%q+132(p——q)(22q+27 <es 3 22p41 ))
A=(2r +2,2%9,1%P 9)
(x) (2) = any?H1z2
= (2r + 3,2%, 12(1' g
Proof Let z; = y+zl, T; = z,, i>1,andlet i = fa(Z1,--+ s Toget1)
for A = (a +2,2%,1°), a,b,¢ > 0. -
() fr=22(-1)° ZTo(1)-- mﬂ(Zp)(zcr(Zp-}-l)a‘d %) =

— 22ry2v' Z(_l) .1:0.(1) v za-(zp) [Za(2p+1)7 Y+ 21]

and f§2) — 22ry2r Z(_l)aza(l) .o Z5(2p) [zﬁ(zp_*_l),zl] = 0 by Lemma
2.5 (i);
O = oyt N (C1)(Zeq) - - Botzn) VYZoapty)
| o(2p+1)#1
and by Lemma 2.2 (iv)

§0) — _92r+2p,2rtl Z(_l)"za(z) cov 2g(2p)Y%o(2p+1) =

g+132(p q)(Z2q+27 -,22p+1),

= 22r+2py2r+232p(229 con 7;2p+1)'
(i) Since zpad? ™ 2(y 4 z) = —22r 1 2rHl(_Oyzy + 29 0 1), We
obtain that
f§2) — _221‘+1y21‘+1 Z (___1)0'20(1) . za(Zp)(ZU(2P+1) o] 21) =
o(2p+1)#£1
= __22r-'}-1y21‘+1 Z ('—1)020(1) e
o(2p+1)51

. -zd(2p)(2za(2p+‘1)21 - [Za(2p+1), 21])
and the identity follows from Lemma 2.5 (i) and (ii).
(iii) fa = 2(=1)7%0q1) - - - Fo(2p-2) ([Zo(2p-1), Zoap|ad?™ 1 21) =

=-2 Z(—l)aza’@) .« 2g(2p—1) [[za(Zp)7 y]a‘dzr:’h y+ Zl],
(1) — 22r+2 2r+1 Z(_l)a’z”(z) L za(2p—1)(za(2p) o Zl)-

Since Z( 1) z,,.(z) . Zg(2p—1) 18 central, we obtain for some ay # 0,
oy € Q’

£V = ¥ 1Y (1) (2002) -+ - Zo(ap-1)Zo 221+

+2124(2p)20(2) - - - Za(zp—l)) = aA(Szp—l(zz, s ,Zzp) Y 21)

(iv) As in (iii)




Polynomial identities for tensor products ... 263

=2 D (=125 - 2oap-1)[[20(2p), ylad> 1y, 2] =

_ _22r+3y2r+2 Z(_l)azo’@) ce e Zo(2p—1) [z,(zp), Zﬂ =

2r+282p(2'1, [ ,Zzp)

= oy

by Lemma 2.5 (iii).
(v) For r =0, f = 282p(21,- -+ ,22p)824(21,. .. , 224). Let r > 0.
The non-zero summands of f) are for 7(2¢ — 1) = 1 or 7(2¢) = 1 and

(2) = -2 Z( 1) ( 1) Za-(l) ZG‘(2p)z1'(2) -
- Z1(2¢-1) [[ZT(Zq) ) y]a‘d r—ly, 21] =

22r+1 Ir Z( 1) ( 1) 2&(1) 20(21,)2.,.(2) M Z.,.(Qq_l) [z,.(zq), 21].
By Lemma 2.5 (iii) and (iv),

N W

27,2 2 ‘
=0y 27 ... 23,52(p—q) (22941, - -+ 5 Z2p)-

(i) £ = ~2s0p(21, -+, 22p) T(=1) 202y - ..
<0 Zr(2¢-1) [zr(2q) ad2r+1y7 Zl] =

= 222yt (o1, ... s 22p) Z(—l)rzr(z) -+ Zr(2-1)(2r(29) © 1)

and f(z) = 0 by Lemma 2.5 (v).

i ) = —2%pysap—1(zs, ... ) 22p)2r(2) - - - Zr(2¢—1)(2r(29)8d* T 2y) =

= 2%r+e y2r+332p 1(22, sen ,22p)32q—1(22~; teey qu)

and we apply Lemma 2.5 (vi).
(vii) £ = —2 S(~1)7(=1)"20a) - .

- Zo(ap=1) (2o 2)2d" T Y), 2r )2 2) - - Zr2g41) =
— 22r+2y2r+1 Z("‘l)a("l)"’za(z) L

-+ Zo(2p-1)(Zo(2p) © Zr(1))2r(2) - - - Zr(2041) =

= 22r+2y2r+1(32p_1(22, ey ng) o} 82q+1(21, sy Z2q+1))

and we apply Lemma 2.5 (viii). For p < ¢,
82q+1(21, .o ,22q+1) = —82q+1(22, cee 9 22py 21, Z2p41y 0y 22q+1)
and we apply Lemma 2.5 (vi).




264 0. M. Di Vincenzo and V. Drensky

(viii) £ = 2 33(-1)7 (1) 20(z) - - -
‘ - Zo(2p-1) [(20(2) 80> ?Y), 21)27(2) - - - 27 (2g41) =
= _22r+3y2r+2 Z(—l)”z,(z) <+ 20(2p-1) [Za(z,;), 21]32q(22,- o ,22q+1)-
For p > q we apply Lemma 2.5 (iii). and (iv). Let p < q.
f)(\l) = —22r+3y2r+2[32p—1(22, cee 722p)9 Z1]52q(22, cen 122q+1) =

= _22r+3y2r+2[52p-—1(z27 e 722p)32q(22,--- ,22q+1),21]-
By Lemma 2.5 (vii)

321’—1(227 teey z2p)32q(22, cee 22q+1) =
=(2p - D)’ (¢ - g—P+ 1)) "4 ...

2 .
e Z2p52(q_1,)+1(22p+1, e ,229+1).

Bearing in mind that z;22 .. .,zgp =—z2... zgpzl, we obtain

[s2p—1(22,... ,22p)824(22, ... , 22g41), 21] =
= arz5 ... 255 (82 (g—p)+1(Z2p+1s -+ - > Z2g41) O 21)-
(ix) fr = =4 3 (~=1)7(=1)"[(20(2)ad* T y), 2r ()] [22(3)» ¥ Zo(3)] X
XZg(4) + + - Za(2p4+1)Zr(4) - - - Zr(2g+1) = f§0).
Hence fgz) = 0. v
§0) = _92rHy a2 Z(—l)a(—l)r(%@) 0 27(2))(24(3) © 2Zr(3)) X

XZ;,(:4) . za(2p+1)zr(4) ‘e zT(Zq-}-l) =
= 2%y Aree Z(—l)”(f—1)7(%(2)Zr(z)zr(a)za(3)+
+27(2)20(2) 20(3) 2r(3) T 27(2)20(2)%r(3)Z0(3) T

+25(2) 2r(2) 20(3) 27(3))Z0(4) - - Za(2p+1) Zr(4) -+ * Zr(2g+1)-
Since 3,(—1)"z,(2)2-(3) and Z(—l)”za(z)z,(g) are central elements, we
obtain

D (D)7 (-1) (2002 2r(2)2r(3)20(3) T Zr(2)70(2) Za(3) Zr(3)) X
XZg(4) -+ Za(2p+1)77(4) - -+ Zr(2q+1) =
= 232}1(227 cee 7Z2p+1)32q(z2; ree _z2q+1) -

=2020)!1(p"2*((p — )) %23 ..  Z344152(p—q) (Z2g425 - - - > Z2p+1)-
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D (17 (=1) 202) 20 (2) 20/(3) 2r(3) Zo4) - - - Za(ap41)2r(a) - - - Zr(ag41) =
= Z(—1)”T(Zar(2)2r(z)2ar(3) c e Zor(2p41))7r(3) - - - Zr(2g41) =
=(P+1) )2y s2-1(2r(3); -+ Zr(2pt1))223) - - Zrizgi) =

=@+ plp—- D (-2 > 22y
. .zf(2q+1)32(P_q)(z2q+2, ey Zopg1) =
=29 e+ D p-(p— ) 7?7 ... qu+132(p—q)(z2q+2a cee s Z2p41);

2D (1) 2 @) o) 213 Z0() -+ - Zoapt1) 2 (a) - Zr(ag 1) =

=— Z(—1)”Zr(3)(zar(z)zr(z)zar(a) ce Zor(2p+1))Zr(4) - - - Zr(2g+1) =
= —(p+1) ) 2r(3)222)52-1(2r(3)1 - - - 1 Zr(2p41))2r(4) - - - Zr(2q41) =
=(p+1) Z 220y Z2(3) - - Zr(2q41)S2p—1(22(3)s - - - » Zr(2pt1)) =
=2 p+ DI e = D(p~ DN 7725 - - 254 1520—-0) (220425 - - - » Z2p41);
3 = 22 () + (p+ e — DD((2 — 9)!) X
Xzo... z%q+132(},_q)(22q+2, cer 3 Z2p41)-

2 o T
(X) fi ) = ET(2q+1):;£1(_1) (_1) Za(1) -« ‘217(2113)?<

XZr(1) - - - Zr(2q) [(z,(2q+1)ad2’+1y), Za’(2p+1)] =

— _22r+1y2r+1 Z (_1)0(_1)1-20(1) o
7(29+1)#1

<+ Zo(2p) Zr(1) - - - Z1(29)(Zr(2g+1) © Zo(2p+1)) =
= _22r+1y2r+1 E (—I)T(ZT(I) e z'r(2q+1) o 32p+1(zla ey 221,.{_1));

r(2q+1)#1

Y. (Vzq) - zragrn =
r(2q+1)#1

= 82q+1(21, e 722q+1) - qu(ZZ, SN ,qu)zl;

82p+1 (21, -+« 3 Z2p41) 0 S2g41(Z1y -+ » Z2gH1) =
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=2(2¢ + Dp+ Dp!((p — ¢)1) 7222 .. .zgqﬂsz(p_q)(zgﬁz, ey Z2pt1);

Sop+1(21, ..+ y22p41) 0 (S24(225- .. , 22¢41)71) =
= (32p+1(21, cee ’22p+1) o 21)32q(227 722q+1) =
=2(p+1)z3sop(22,- .. , 22p+1)824(22, - - - 5 Z2g41) =

= 2(2q)'(p + 1)‘p'((p - q)!)_zzf e Z§q+132(p_q)(22q+2, ey 22p+1)-
Hence

(®) — _92r+2y2r41((2g 1 1)1(p + 1)1p!((p — g)!) -
—20)p+ )P ((p— ))2)2] ... 25 1152 (p—g) (Z2g42s - -+ Z2p41) =
= 92321020\ (p 4 1)Ipl((p — q)1) 222 . ..

s z§q+152(p—q)(z2q+2) cee az2p+1)- 0
The results of Lemma 2.6 can be summarized in the following way.
Lemma 2.7. (i) Ifa+ b+ 1=c¢=0(mod2), then .

(2) __ a2 2 ]
V= oaytzy L zp g Sc(Zb4, -y Zbdet1);

(ii) Ifa+b+1=1, ¢c=0(mod?2), then

(2) (0) 2.2 2 .
N = 0, f/\ = a)‘y“"" Z9 v 2b+13c(zb+2, ‘e ,Zb+c+1),

(iii) Ifa+ b+ 1=0, c = 1(mod2), then

(1) 1,2 2 )
y = oy Tz oz seri (21, 22y - 2ot

(iv) Ifa+ b+ 1=c=1(mod2),
)(‘1) = oy 2] 2p 1 (Sc(Zbt2y o s Zoged1) © 21).
Proof. The assertion (i) follows from Lemma 2.6 (ii), (v) and (x); (ii)
is a consequence of Lemma 2.6 (i), (vi) and (ix); (iii) is derived from
Lemma 2.6 (iv), (vii) and (viii); (iv) from Lemma 2.6 (iii), (vii) and

(viii). ¢
3. Cocharacters and codimensions

In this section we prove the main results of the paper.
Theorem 3.1. Let h;j(\) denote the (i, 7)-th hook of the Young diagram
of the partition \. If k > 1> 1, then
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T(E2k ® Ex) = Y M(X) +e.M(1"),

where €, =1 for n even and n < 2(k+1) and €, = 0 otherwise and the
summation is over all partitions A = (a+2,2%,1°) of n such that a > 0,
b+c¢>0, hi2(A) =a+ b+ 1 <2l and one of the following conditions
holds:

(1) hll(A) + hlg(}\) —1=2a + 2b +c + 2 < 2(k + l),
Proof. Let M(1") C T'»(E2r ® E21). Then n is even, for example
n = 2p,

32?('7:1) v 7‘7:211) =277 Z[xa(l)a ma(2)] s [xa(2p—1)7 xa(Zp)]

generates M(1") and s,(ui,... ,u,) # 0 for some u; € Far @ E31. As
in the proof of Lemma 2.3 we need at least n different generators e;

and €; for the elements uq,... ,up, l.e. n < 2(k +1).
If n <2(k+1), then it is easy to see that
52;1(61: <+ 9 €2k, él) s 362(p—k)) =

= (‘Z) (2k)'(2(p - k))'61 .o ezkél ax éZ(p—k) 7é 0.

Let M(a +2,2%,1°) C T'w(Ear ® Eq1), a > 0, b+ ¢ > 0. In virtue of
Lemma 2.3,2a +2b+c+2<2(k+{)anda+b+1< 2L

First, let a + 541 < 2/ and 2a + 2b+ ¢+ 2 = 2(k + ). Hence
¢ = 0(mod 2). By Lemma 2.4 f) = 0 is a polynomial identity for Eqj ®

® Ey; if and only if f§2)(y+zl,z2, iy Zhpet1) =0forally € E£1,3®E£1,],
z;i € Eglk] ® Eg;] @Eg;c] ® Ey,] If hia(A) =a+b+1=0(mod2), then

Lemma 2.7 (1) gives

(2) 2 2
A = aAyazl ...Zb+13c(zb+2,... ,Zb+c+1).

Lety=e1€1+...+€qé4, 21 = €at1tEatly--e  2pp1 = €atbt+1+E€atbtil-
We use even number of generators from each set {er,...,e2x} and
{€1,... ,€x}. Hence we still have available even numbers of elements
iIl each set and Sc(ea+b+27- . 762k7€a+b+27- ‘e ,621) # 0 If h12(>\) =
= 1(mod 2), then by Lemma 2.7 (ii) fiz) = 0,i.e.fy = 01is a polynomial
identity for Ey; ® Eo.

Now, let a4+ b+1 <2l and 2a+2b+ ¢+ 2 < 2(k + ). Depending
on the parity of ¢ + b+ 1 and ¢ we consider four different cases.

(1) a+b+1 = ¢ = 0 (mod 2). The proof in this case is similar to the
case 2a+2b+c+2 = 2(k+1) and f/(\2) # 0 for suitable y, 2; € Eqr ® Eq;.
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(2)a+b+1=1, c=0(mod2). By Lemma 2.7 (ii),

f,(\o) = ay* 2z, --Z§+15c(2b+2,--- » Zbtct1)-
Clearly a+b+1<2l—1and 2a+2b+c¢+2 <2(k+11—1). Hence
we use a + b+ 2 generators of both Ey;, ® 1 and 1 ® Ey; for y = e16; +
+...+ €a+zéa+2, Z9 = €443 + éa+3, eov 3 2p41 = €gq4b42 + €a+b+2 and we
still have even sets of generators {€q4p+3,--- €2k}, {€atb+3,:-- »€21}
in order to obtain sc(zp4+2,--- » Zbtct1) # 0.
(3)a+b+1=0,c=1(mod2). By Lemma 2.7 (iii)
f§1) = aAy“'Hz% e Z§+ISC+1(21, Zht2y oo ,Zb+c+1)-
Let y = €1€1 +... + €at1€at1, 22 = €ap2 + €atay- -+ 5 Zb41 = €atbir +
+ Eatbt1- Then we have left 2k — (a + b+ 1) = O(mod 2) elements
€atbt2,--- €2k and 2l—(a+b+1) = 0 (mod 2) elements €,4p42,-. - , €21
Since 2a + Zb +c+2<2(k+1)—1, we can choose 21, 2542, -+ , Zb4ct1

in such a way that scy1(2z1, 242, -, Zbpet1) 7 0 and f,s\l) 75 0.
(4)a+b+1=c=1(mod2). By Lemma 2.7 (iv)

§1) = axy*z] . Zb+1( Sc(Zb+2y -+ 5 Zbtet1) 0 21).

Againy =e1€1+...+€aq1€at1, 22 = €at2+€aq2,..., 2841 = €atbi1 +
+ €a+b+1 and we have on disposal odd number of elements ezqp42,. ..,
eak € For ®1 and €44p42,... ,€21 € 1@ Ey. Since e;oe; =0,¢;0€; =
= 2¢;€; and

Som+1(Z1y -+« s Tomt1) = Z( T som(T1ye e s iy et s Toma1 ) Ti,
it is easy to see that

82(p+q)+1(6i1, P ,e,-zp, €j15--- ,ei2q+1) 0 6,‘2P+1 =

p+gq -~ -
= ( P )32}7(61'17 cre 3 €y, )(52Q+1(ej1’ e 7ei2q+1) o 6i2p+1) =

p+q - .
= 2( p )(2p)!(2q + Dle;, ... Cigpyr €41 -+ Cingpn

and fﬁl) # 0.0
Remark 3.2. Using the proper cocharacters of Ez; ® E2; we can obtain
the ordinary cocharacter sequence. For example

FO(EZ ® E2) = M(O), FZ(EZ ® Eg) = M(lz),
T3(E; ® By) = M(2,1), Tu(E; ® E;) = M(2%) + M(1*)
and I',(E2 @ E3) = 0 for all other n. Applying Prop. 1.2 (i) we obtain
forn>6
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P.(E; @ E;) = M(n)+2M(n —1,1) + 2M(n — 2,2) + 2M(n — 2,1%)+

+2M(n ~3,2,1) + M(n —3,13) + M(n — 4,2%) + M(n — 4,1%).

Corollary 3.3. Let k > 1> 1, k' > 1I' > 1. Then T(Eax ® Ey) C
CT(Eww QEqp) ifand only if k+1> k' +1' and I > ',
Proof. Since the S,-module I',(F ® F) is a sum of pairwise non-
isomorphic irreducible submodules, T(E2x ® Eo1) C T(Ezp ® B9y ) if and
only if I'x(Ezp ® Ear) is isomorphic to a submodule of ', (Ezx ® Eo)
for all n. '

Let k4+ 1>k +I' and | > I'. Applying Th. 3.1 we obtain that
every irreducible submodule of I',(E,x ® Eqr) participates in the de-
composition of I'y(E3r ® Ey;), ie. I'n(Eop ® Eop) C T'y( B2 ® Eqp) and
T(Eq @ Eq1) C T(Eqpr ® Eqyp).

Let T(Ezk ® E2I) - T(Egk/ ® Egll). Hence Pn(Egkl ® Egll) C
C T'n(Esr ® Ey) for all n. Since

M(2b+1, 16) = ]1/[(22", 12(k'_ll)) C F2(k'+l’)(E2k’ &® Ezp),
Th. 3.1 gives 2b+c+2=2(k"+ 1) <2k +1), b+ 1 =2I' < 21, i.e.

E+I>KE+U, 121, 0
Theorem 3.4.. Let | > 1. Then

To(E®Ey) =Y M(a+2,2",1°) + e, M(1"),

where the sum is over all partitions (a+2,2%,1°) of n, such that a > 0,
bt+c>0anda+b+1<2l;e,=1 forn even and €, =0 for n odd.
Proof. Considering I',(E @ Ey) and I'z(Eqx ® Eo) as Sp-submodules
of I'n(E @ E) we obtain
To(E @ Eyr) = UgsiTy(Eox ® Ey).

Hence by Th. 3.1 M(1") C To(E ® Ey) for n even. Let A = (a +
+2,2%,1°) - n and let k be large enough. Then the condition h11(A)+
+ h12(A) =1 < 2(k 4+ 1) from Th. 3.1 is satisfied automatically and
M(X) C To(Eqx ® Ey) if and only if hjs(A) =a+b+1 <2l ¢
Theorem 3.5. Let k> 1> 1.

(i) The codimension sequence c,(Ear ® Eyp) is a polynomial with
rational coefficients of degree 2(k + 1) in n.

(ii) For n > 0

| cn(E ® En) = 2" &i(n) + mi(n),

where {i(n) and mi(n) are polynomials with rational coefficients in n,

degfi(n) = 21, degmi(n) < 41 — 1 and the leading term of £(n) is equal
to ((2D)N)~1.




270 O. M. Di Vincenzo and V. Drensky

Proof. (i) Let A = (a+2,2%,1°) F n and let M()) C T'n(E2x ® Ez1). By
Th. 3.1, hll(A) + hlz(A) -1< 2(]6 + l) Since n < hu(A) + hlg()\) -1,
we obtain that n < 2(k + ). Similarly, M(1") C I'z(Eq: ® Eg) if and
only if n is even and n < 2(k + ). Hence I'y(x+1)(E2x ® Egi) # 0 and
I'.(E2: ® Eg) = 0 for n > 2(k+1). Equivalently, ¥a(k+1)(E2x ® Ez) > 0
and v, (E3r ® Eg1) = 0 for n > 2(k + 1) and the assertion follows from
Prop. 1.2 (ii).

(ii) By Th. 3.4, Tn(E @ Ey) = Y, M()\) + e, M(1"), where X =
=(a+2,2%1)Fn,a>0,b+c>0,a+b+1<2land e, =0,1. The
dimension of M(1") is equal to 1. By Lemma 1.1, for fixed a + 5 +1

dimM(a+2,2%,1°) = a4(n) = dimM (a+1,1%)ne 0414 )

(a+b+1)!
where 1¥,3(n) € Q[r] and degiqp(n) = a + b+ 1. Hence for n > 4l
Tn = 7n(E X E2l) =E&n + Z ¢ab(n)7
a+b+1<4l
Yi(n) = Y as(n) is a polynomial of degree 2/ and with leading term
21
~ 1 :
n = an Z dimM (2] — p,17).

p=0

n+m

The polynomials ( Bl ), m =0,1,2,..., form a basis of Q[n] and we
rewrite ¥;(n) in the form

Pi(n) = 22’: Tm (n ;;m>

m=0

for some v, € Q and

21
o1 = (2D, = ZdimM(2l - p,17).

p=0

Therefore

21 ot m
Y = Zy%( o )+€n,n24l,

m=0

2l
Tn =Vn+ Zvin(n;m) +5n7 Un EQ) n <4l’
m=0
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‘ 2l 4l-1
¥(t) = W(E® Eg,t) = Z Z v (n —;m)t" + Z Upt™ + 21&2” =

n>0 m=0 m=0 n>0
i

21
_ Ym
N R O wrd

where 8;(t) € Q[t] and degf;(t) < 4/ — 1. Applying Prop. 1.2 (iii) we

obtain

o(t) = c(E ® Byt t) = Y ca(E® Ex)t" =

Y A=t)m 1 t 1 1
8 _
Z(1~2t)m+1 T-t'\1-¢ Tty

1-Hm _@+@-a)m 1 1
(1 —2t)mFtl ~ gm(1—2t)mtl  gm(l —ofym+t (1 —Zt)

where p,(t) € Q[t], degp, () < m. Similarly

1it0i (1t_t> = (1__1_}'> , () =D mt™ € Qlt],

degmi(t) < 41— 1.

Hence
20—1 41-1

721 Tim 1
t = —_ =
() = sa 2t)2’+1+2(1 2t)m+1 +2(1—1¢)m+1 )
20-1
— Ta2i n+2l " n+m n
S (O 2 (im)

4l-1
n+m 1
m " o
+y o7 ( - )) +35

-m=0

and cq = Ei(n)2" + 1i(n), n > 0, where &(n), mi(n) € Qln], degéi(n) =
= 2l, degmi(n) < 4l — 1 and the leading term of £;(n) is equal to
21

Yar _ 1 . B ,
2220 — 221(21)! g;dlmM@’ p,17).

Using the hook formula it is easy to see that
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21
) 2p—-1 . -
dimM (21 — p, 17 =< ) dHmM (21 — p,1P) = 2211
(21 - p,17) ’ ) (20 ~p,17)

p=0

and this completes the proof of the theorem. ¢
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