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Abstract: The purpose of this note is to provide Feller type strong law of
large numbers for sums of i.i.d. B-valued random variables with multidimen-
sional indices.

1. Introduction

Let {Xs,7 € N7} be a field of independent and identically dis-
tributed (i.i.d.) random variables taking values in a separable Ba-
nach space (B, || ||). N" denotes the positive integer r-dimensional lat-
tice points, r is positive integer. Assume that points of N are denoted
by 7 = (mq,..., M), &t = (n1, ...,n;) etc. and ordered by coordinatewise
partial ordering. For i = (ny,...,n,) € N7, we define S5; = > X5 and

r k<n
|a| = [] ni. Throughout this paper, 2 — co means || — co. Further,
i=1
let {ar,n € N"} be an increasing directed (directed upwards) family of
positive numbers, i.€ am < az whenever m < 7t and ap — oo as n— 0o.
In order to bring into focus the main aim of this paper we start
with a description of Fazekas’ result [2]. Let B be separable Banach

space, 1 < p < 2 and {Xz,7 € N"} beii.d. B-valued random variables.
Assume that E||X:[|?(log™ [ X1])¢! < oo. I Sa/lal'/? 5 0 as A —
— 0o then S;/|7A|'/? — 0 a.s. as 7 — oo. Our main aim is to establish
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the strong law of large numbers with an arbitrary normalizing family
and no moment restriction assuming on a random field {Xz,7 € N"},
which is also a generalization of some results obtained for a field of real
random variables (cf. Gut [3], Klesov [4]). We exploit the concept of
Mikosh and Norvaisa [8], and assume similar properties for normalizing
family of positive numbers {az,7n € N"}.

2. Auxiliary lemmas

In this section we collect some auxiliary results needed later on.
Let {an,n € N"} be a field of positive numbers such that lim ap = oo
X n—oo
and let there exist a sequence Dy, k& > 1 of finite subsets of N" such
that Dy T N7, and satisfies the following conditions:

(A) Set Iy = Dy — Dy_1, k> 1. If i € I, then (7_7,) C Dy,

(B) There are constants d > 1, C;,Cy > 0 such that for every
k.7 € Iy, the relation C1d* < az < C,d* holds;
(C) For every k there exist disjoint rectangles Ey; and an appro-
priate index set Ry such that Iy = |J E;
IER;

k—oo REI;

Conditions (A), (B), (C) and (D) come from Mikosh and Nor-
vaisa [8] and field of numbers satisfying them is said to have the weak
star property. For examples of the weak star property see Mikosh [7],
Mikosh, Norvaisa [8] and the star property see Li, Wang, Rao [5-6].
Lemma 2.1 (Mikosh, Norvaisa [8]). Let {Xa,7n € N"} be a field of
independent, symmetric B-valued r.v.’s. Assume that (A)—(D) hold.
Then the condition

(2.1) > ) P(ISs.ll >ed*) <oo, Ve>0

k leER;

(D) vp lim max d~* i d'|{t € Ri : Ex N (7) #0}] < o
=1

i3 equivalent to the strong law of large numbers

(2.2) Safan — 0, a.s. asn— oo

Lemma 2.2. Let {Xz,7 € N"} be a field of independent, symmetric
B-valued r.v.’s. Assume that (A)—~(C) hold and
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(2.3) I Xz|| € ag a.s. (I_c e N™),
(2.4) Sa/an — 0 in probability.

Then for all p > 0, E“SEH/dka — 0 as k — oo uniformly in l € R.

Proof. Lemma V-1-1 of Neveu [9] implies that, the family {za,n €
€ Nr} converges to @ if the net {zs,7 € K} converges to z for any
infinite linearly ordered subset (K, <) of N7, thus by Lemma 3.1 of de
Acosta [1] E||Sn/axa||P — 0 as & — oco. Then it is easy to see that for
an arbitrary | € Ry, klirr;o EHSEH “p/d’”’ — (. Since for every k, Ry are

. . Pk
finite, therefore lergo%%):E||SEklll /d*P — 0. 0

3. Results

Let M; = card{n € N" : ap < j} and m; = M; — Mj_, for every
integer 7 > 1.
Theorem 3.1. Let {X5,7 € N"} be a field of i.i.d. Banach space valued
random variables and {az,n € N} be an increasing directed field of

positive numbers. Suppose that there ezist jo > 1 and positive numbers
Cs3, Cy such that

(3.1) VisjoMj < CsMj_1, Y i7*M; < Cyj 2 M;.
Then =

(3.2) ZP(IXﬁl > ap) < 00,

(3.3) Sﬁr/laﬁ — 0 in probability

are equivalent to
(3.4) Salan — 0 a.s.

Proof. It is enough to prove (3.2) and (3.3)=>(3.4). We assume, without
loss of generality, that {X,7 € N} are symmetric. Let us put

Y; = X;(|X;] > a3) and To=) Y5

i<n

By the virtue of (3.2) and from the Borel-Cantelli lemma follows




252 Z. A. Lagodowski

(3.5) (52 —Tr)/an — 0 a.s. asn — oo.

Therefore it is enough to prove T;/az — 0 a.s. as i — oo. Let us put
Vet = ([T || - B| Tp. |-

Thus by Th. 2.1 of de Acosta [1] we have

ZP({Q%):IVHde > 6) < Z Z P(le1|/dk > E) <

k=1 k=l lE R},
S EY Y B < EY Y Y Bl <
k=11€Ry k=11€R, ]EEH
C
*Z Y Y B < 2L S Bvael.
k=11eR; jeEx AENT

On the other hand
> E||Vi]*/ak = ZE{HXH I(IX|| < ag)}/ag <
k

<C+CY im

i>1

SC+CY B{IXIPIG-1<|IX] <)} Y i%m

i>1 i>j

lQ bod]

mB{[| X|*I(| X|| <)} <

for some constants C.
Now let us observe that by assumptions and Abel transform we get

Zi_zmi < CZi—SMi < Cj~2Mj.
Hence P29 2]

D BIVilP /e <C+C Yy i MGE{|IX|PIG-1< (X <)} <

k i>1
(3.6)
<C+C ) miP(] |X||>z)<C+CZP(||X||>an) < 0.
i>1
Therefore by the Borel-Cantelli Lemma
. al/d* 8.
(3.7) :lrreljaé):W“I/ —0 as

It follows at once from (3.3) and (3.5) that Ty /ax £ 0and by Lemma 2.2
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(3.8) E”TEk,/dk” — 0 uniformly in | € Ry.
Now, let us observe that (3.7) and (3.8) imply
Tg, /d* — 0 a.s. uniformly in I € Ry

and applications of Lemma 2.1 complete the proof.

Remark. Let us observe that condition (3.2) is essential. However,
it is necessary for (3.4), but (3.3) does not imply (3.2). We will give
appropriate example. Let {X},k > 1} be a sequence of i.i.d. random
variables with probability density function

_ [ K1 +n|z])/(z*In?|z]), for |z] > 2
f(m)_{ L1+4mn2)/(1+1Wn2), for|z|<2 |

where constant k = In?2/(1 + 21n2).

n
It is easy to see that ) X;/n — 0 in probability but condition (3.2) is
=1
not satisfied.

Corollary 3.1. Let a; = |7|'/?, 1 < p < 2 then M; = O(j7(logj)™1)
(cf. Smythe [10]) and (3.1) is satisfied. Convergence of series (3.2) is
equivalent to E|| X |[P(log, || X]™!) < oo.
Thus by Th. 3.1 we can obtain immediately result of Fazekas [2].
The following corollary is not only generalization of Marcinkiewicz
SLLN but give us a better and deeper understanding of strong laws for
random variables with multidimensional indices.
Corollary 3.2. Let ap = ni/Pl e ni/p’, 1<pi<2, 1<,
't = max(pi,...,pr), ¢ = card{i : p; = t,1 <1 < r}. Thus M; =
= O(j*(log, 7)?~") and (3.2) imply E||X||*(log, | X||9!) < co. Then
the following are equivalent:

(i) Sﬁ/ni/m-...-ni/l’raﬂ .. a8 T — 00;
(ii) Sﬁ/n}/pl-...-ni/”’—P»O as N — oo.
Furthermore, let us observe that for r=1 all increasing to infinity, posi-

tive sequences {as, 7 € N"} have the weak star property and assumption

(3.1) implies the well-known Feller condition Y a; >=0(n/a2).
k>n
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Th. 3.1 and corollaries are established for separable Banach space
(B, || ). In what follows we will assume geometric conditions on the
space (B, || []).
Theorem 3.2. Let Banach space (B,|| ||) be of type 2, {Xn,n € N},
{arn,n € N"} are such as in Th. 1 and EX5 =0, n € N". If moreover
(3.1) and (3.2) are satisfied then

Sn/an — 0 a.3. as 7 — oo.

Proof. A family {z;,7 € N"} is said to be Cauchy if for every ¢ >
> 0 we have d(z5,z5) < ¢ whenever 71,7 > k. for suitably chosen
k. in N". Since B is of type 2 one can prove using estimation as in
(3.6) that, {Yz/aa,n € N"} is a Cauchy family. Hence {Yz/as, 7 €
€ N} convergence in L%, then converges almost surely. Further, by
multidimensional version of Kronecker Lemma and arguments as in
proof of Th. 3.1, we deduce the assertion of Th. 3.2. §
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