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Abstract� The paper is related to the article ���
 It is proved that a sequence

of L���
 spline approximations of a given continuous function f in the interval

� a� b � converges in this interval uniformly to f �cf
 ����


�� A sequence of L����spline approximations of a
given function f in the interval � a� b �

In the interval � a� b � of �nite length L 
 b � a � � let
us consider a �real� function x� 
 f�x��� Let n � � be a posi�
tive integer� We divide the interval � a� b � into n equal intervals
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by the dividing points a 
 x
���
� � x

���
� � � � � � x

�n�
� � x

�n���
� 



 b� We have x
�i�
� 
 a � �i � ��h� i 
 �� �� � � � � n � �� where h 



 L�n� We denote f�x
�i�
� � 
 x

�i�
� and� further� Pi 
 �x

�i�
� � x

�i�
� �� i 



 �� �� � � � � n � �� For every n � � we have x
���
� 
 f�a�� x

�n���
� 



 f�b��
Through the points P�� P�� � � � � Pn� Pn�� we �t an unclosed in�

terpolation L����spline �see ���� Section ��� whose i�th arc PiPi��� i 


 �� � � � � � n� is parametrized with the aid of the polynomials

�����
xj 
 P �i�

xj
�t� 
 ��� t� t�� t�� �AT

ij

�j 
 �� ���

where

����� AT
ij 
 C �

�
x
�i���
j � x

�i�
j � x

�i���
j � x

�i���
j � b

�i�
j � b

�i���
j

�T
�

����� C 

�

��

�
��
�� � � �� 
m� �
m�

� ��� �� �� �
m� �
m�

� �� �� � �
m� 
m�

�� � �� � 
m� 
m�

�
��

�see ���� formula ����� for Q 
 �� p 
 ��� where the parameter t varies
in the interval � ��� � �� For j 
 � and i 
 �� or i 
 n� we choose

x
���
� 
 a � h� or x

�n���
� 
 b � h� Further� it is possible to choose

the values x
���
� and x

�n���
� more or less arbitrarily� and we put P� 



 �x
���
� � x

���
� �� Pn�� 
 �x

�n���
� � x

�n���
� ��

In the matrix ����� m� is a real number di�erent from zero� Fur�

ther� b
���
j � b

���
j � � � � � � � � b

�n���
j are vectors from the vector space V � whose

components satisfy� for j 
 �� �� the following system of linear equa�
tions�

���
�

��m�b
���
j � cjb

���
j 
 zj �


m�b
���
j � ��m�b

���
j � 
m�b

���
j 
 p

���
j �


m�b
���
j � ��m�b

���
j � 
m�b

���
j 
 p

���
j �

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �


m�b
�n�
j � ��m�b

�n���
j � 
m�b

�n���
j 
 p

�n�
j �

djb
�n���
j � ��m�b

�n���
j 
 uj�

Here� the real numbers cj� dj satisfy the inequalities jcjj � ��jm�j� jdj j �
� ��jm�j� Further� zj � uj are arbitrary real numbers� and for k 
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 �� �� � � � � n we have

����� p
�k�
j 
 �Pk���Pk���Pk�Pk�����Pk���Pk�����Pk���Pk���

�see ���� Section ��� For k 
 n we put Pn�� 
 �x
�n���
� � x

�n���
� �� where

x
�n���
� 
 b� �h� further� it is possible to choose the value x

�n���
� more

or less arbitrarily�

By ����� we easily verify that for j 
 � we have p
�k�
� 
 �� k 



 �� � � � � � n� Further� we put z� 
 �� u� 
 � in the system ���
� �for
j 
 ��� Since the corresponding matrix of the system has a dominant
main diagonal due to the mentioned constraints concerning the numbers
c�� d�� i�e� the matrix is regular� the system possesses only the trivial

solution� b
�k�
� 
 �� k 
 �� �� � � � � n � �� By ������ ����� �for j 
 �� we

then have

�����
x� 
 P �i�

x�
�t� 
 ��� t� t�� t�� � C �

�
������

a� �i � ��h
a� �i � ��h

a � ih
a� �i � ��h

�
�

�
������ 



 a � ih�
h

�
�

h

�
t�

where P
�i�
x� is a function with de�nition domain � ��� � � and range

� a � �i � ��h� a � ih �� For the inverse function �P
�i�
x� �

�� �� a � �i �
� ��h� a � ih ��� ��� � � we then have

����� t 

h
P �i�
x�

i��
�x�� 


�

h
�x� � a�� ��i � ���

Upon substitution of ����� into ����� �for j 
 �� we then obtain

����� x� 
 P �i�
x�

� �P �i�
x�

����x�� 
 r�i�n �x�� 


	
��

�

h
�x� � a��

���i� ���



�

h
�x� � a�� ��i � ��

��
�



�

h
�x� � a� � ��i� ��

���
�

�C �
�
x
�i���
� � x

�i�
� � x

�i���
� � x

�i���
� � b

�i�
� � b

�i���
�

�T
�

where r
�i�
n 
 P

�i�
x� � �P

�i�
x� �

�� is a function with domain � a��i���h� a�
� ih ��
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For the chosen number n a given x� �� a� b � we determine
the number i 
 ��x� � a��h� � �� where the square bracket denotes the
integer part of the respective real number� If x� runs through the interval
� a� b�� the i assumes the values i 
 �� �� � � � � n� We have i� � 
 ��x� �
�a��h� � �x��a��h � ��x��a��h��� 
 i� i�e� a��i���h � x� � a�ih�
We put

�����

�

h
�x� � a� � ��i � �� 
 �

x� � a

h
� �

hx� � a

h

i
� � 



 �
nx� � a

h
�
hx� � a

h

io
def


Dx� � a

h

E
�

In the interval � a � �i � ��h� a � ih� it is then possible to represent
����� in the form

������

x� 
 r�i�n �x�� 







��
Dx� � a

h

E
�
Dx� � a

h

E�
�
Dx� � a

h

E��
�

�C �
�
x
�i���
� � x

�i�
� � x

�i���
� � x

�i���
� � b

�i�
� � b

�i���
�

�T
�

Hence� for i 
 n this yields

������ r�n�n �b� 
 lim
x��b�

r�n�n �x�� 



 ��� �� �� �� � C �
�
x
�n���
� � x

�n�
� � x

�n���
� � x

�n���
� � b

�n�
� � b

�n���
�

�T





�

��
��� �� ��� �� �� �� �

�
x
�n���
� � x

�n�
� � x

�n���
� � x

�n���
� � b

�n�
� � b

�n���
�

�T




 x
�n���
� 
 f�b��

By the symbol rn we denote a function rn �� a� b �� R� with the
following properties�

������
rnj�a��i���h�a�ih� 
 r�i�n for rn for i 
 �� �� ���� n�

rn�b� 
 f�b��

By the symbol rnjI we denote the restriction of the function rn to the

interval I 
 
� a��i� ��h� a� ih�� By ������ we have rn�b� 
 r
�n�
n �b��
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�� Estimate of the norm of the inverse matrix of
system 	��
�

Under the assumption that jc�j � ��jm�j� jd�j � ��jm�j the matrix
A 
 �akh� of the system ���
� �for j 
 �� has a dominant main diagonal�
i�e�

�����
min
k

n
jakkj �

X
h�	k

jakhj
o




 minf�jm�j� ��jm�j � jc�j� ��jm�j � jd�jg 
 q � ��

For the operator norm of the respective inverse matrix A��� i�e� for a
norm induced by the �rst norm of a vector� the inequality kA��k � q��

holds�
This can be easily proved� Let us put b 
 �b

���
� � b

���
� � � � � � b

�n���
� �T �

p 
 �z�� p
���
� � p

���
� � � � � � p

�n�
� � u��T � Then the matrix representation of this

system is A � b 
 p� consequently b 
 A�� � p� Let

kbk 
 max
k

���b�k��

��� 
 ���b�m�
�

���� � � m � n� ��

Then

kpk 
 kA � bk 
 max
k

��� n��X
h	�

akhb
�h�
�

��� � ��� n��X
h	�

amhb
�h�
�

��� 



���ammb

�m�
� �

X
h�	m

amhb
�h�
�

��� � jb
�m�
� jjammj �

��� X
h �	m

amhb
�h�
�

��� �
�
��b�m�
�

�� ��amm

�����b�m�
�

�� X
h�	m

��amh

�� � kbk�min
k

n
jakkj�

X
h �	k

jakhj
o

 kbkq�

Hence it already follows that

����� kA��k 
 sup
p�	�

kA�� � pk

kpk

 sup

A�b�	�

kbk

kA � bk
� q���

�� Uniform convergence of L����spline approxima�
tions of a given continuous function f in the interval
� a� b �

Let f be a continuous function in the interval � a� b � of �nite
length L 
 b � a � �� Then it is uniformly continuous in this interval�
Thus� to a given � � � there exists � � � such that for all points
x��� x

��
� �� a� b � whose distance jx�� � x��� j is less than � we have
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����� jf�x���� f�x��� �j �
��

�
�

We put

����� n� 
 max

�
��



�L

�

�
� �

�
�

where the square bracket denotes the integer part of the respective real
number� We divide the interval � a� b � into n � n� equal intervals
of length h 
 L�n� By Section � it is possible to choose the second

coordinates of the points P� 
 �a � h� x
���
� �� Pn�� 

 �b � h� x

�n���
� ��

Pn�� 
 �b��h� x
�n���
� � more or less arbitrarily� Thus� we shall assume

that

�����

���x���� � f�a�
��� � ��

�
�
���x�n���

� � f�b�
��� � ��

�
����x�n���

� � x
�n���
�

��� � ��

�
holds� Further� by ������ ������ we have �see ������

���
�
kpk 
 max

n
jz�j� jp

���
� j� jp

���
� j� � � � � jp

�n�
� j� ju�j

o
�

� maxfjz�j� ju�j� ����g�

By ������ ������ ���
�� we then have

�����

jb
�k�
� j � kbk 
 kA�� � pk � kA��kkpk � q��kpk �

�
maxfjz�j� ju�j� ����g

minf�jm�j� ��jm�j � jc�j� ��jm�j � jd�jg

for k 
 �� �� � � � � n��� In what follows we shall assume that jz�j � �����
ju�j � ����� jc�j � �jm�j� jd�j � �jm�j� Then we have maxfjz�j� ju�j� ���
��g 
 ����� minf�jm�j� ��jm�j � jc�j� ��jm�j � jd�jg 
 �jm�j� and thus
we have� by ������

����� jb
�k�
� j �

�

�jm�j
for k 
 �� �� � � � � n� ��

For n � n� �see ������ and z �� a� b�� we have for the respective

i 
 ��z�a��h�� �� � jx�k���� �zj � � for k 
 i� i��� i��� i��� By ������

������ we then have jx
�k���
� � f�z�j � � ���� for k 
 i� i��� i��� i���

For these numbers k we thus have

����� x
�k���
� 
 f�z� � �k��� where j�k��j �

��

�
�

By ������� ������ for the function rn �see ������� in the interval � a �
� �i � ��h� a� ih� we have�
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rn�x�� 
 r�i�n �x�� 




��
Dx� � a

h

E
�
Dx� � a

h

E�
� h
x� � a

h
i�
�
�

�
�

��

�
��
�� � � �� 
m� �
m�

� ��� �� �� �
m� �
m�

� �� �� � �
m� 
m�

�� � �� � 
m� 
m�

�
�� �

�
�������

f�z� ��i��

f�z� ��i

f�z� � �i��

f�z� � �i��

b
�i�
�

b
�i���
�

�
�������








��
Dx� � a

h

E
�
Dx� � a

h

E�
�
Dx� � a

h

E��
�

�
�

��

�
����
��f�z���i��� ��i� ��i����i�� � 
m�b

�i�
� � 
m�b

�i���
�

�i������i����i����i�� � 
m�b
�i�
� � 
m�b

�i���
�

�i��� �i� �i����i�� � 
m�b
�i�
� � 
m�b

�i���
�

��i��� ��i� ��i����i�� � 
m�b
�i�
� � 
m�b

�i���
�

�
���� �

For x� 
 z we thus have

����� rn�z� � f�z� 




�

��

n
��i�� � ��i � ��i�� ��i�� � 
m�b

�i�
� � 
m�b

�i���
� �

�
Dz � a

h

Eh
�i�� � ���i � ���i�� ��i�� � 
m�b

�i�
� � 
m�b

�i���
�

i
�

�
Dz � a

h

E�h
�i�� ��i ��i�� ��i�� � 
m�b

�i�
� � 
m�b

�i���
�

i
�

�
Dz � a

h

E�h
��i�� � ��i � ��i�� ��i�� � 
m�b

�i�
� � 
m�b

�i���
�

io
�

Since �� � h�z � a��hi � � �see ������� i�e�

�����
���Dz � a

h

E��� � ��

����� implies� applying ������ ������ ����� that

������ jrn�z� � f�z�j �
��

��

��

�
�

��jm�j

��

�

�jm�j

 �

holds for all n � n� and arbitrary z �� a� b�� Since for every n � �
we have rn�b� 
 f�b� �see �������� ������ is valid for all n � n� and
arbitrary z �� a� b �� Consequently� the following theorem holds�
Theorem� Let f be a function continuous in the interval � a� b � of �	

nite length L 
 b�a � �� and let � � � be given� Then for the sequence
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�rn�n	� of L���	splines ������� each of which is constructed in the prece	

dent sense for an arbitrary chosen number m� �
 �� further for arbitrary
chosen numbers jz�j � ����� ju�j � ����� jc�j � �jm�j� jd�j � �jm�j �see

���
� for j 
 �� and arbitrary chosen values x
���
� � x

�n���
� � x

�n���
� in ������

������ is valid for su�ciently large n and arbitrary z �� a� b �� i�e�

the sequence converges uniformly to the function f in the interval �
� a� b �� In other words� for almost all n the mentioned L���	spline

approximations ln 
 f�x�� x�� � R�ja � x� � b� x� 
 rn�x��g of the

curve l 
 f�x�� x�� � R�ja � x� � b� x� 
 f�x��g lie in its Euclidean

neighbourhood with diameter ���
Analogous conclusion can be derived for a case of continuous vec�

tor function f 

 �f�� f�� � � � � fm��� �� a� b �� Rm���m � � integer�
Example�Consider the function x� 
 f�x�� 
 �����x�� � x� in the
interval � �� �� ��L 
 ��� For x��� x

��
� �� �� �� � we have jf�x��� �

� f�x��� �j 
 jx�� � x��� jj������x
��
� � �x��x

��
� � x��

�
�� � �j � �����jx�� � x��� j �

for jx�� � x��� j � � 
 ������������� we then have jf�x��� � f�x��� �j � ����
�see ������� Then for the sequence �rn�n	� of L����splines ������� each
of which is constructed in the sense of the derived theorem� we have

������ jrn�z� � f�z�j � �

for all n � n� 
 maxf�� ������ � �g �see ������ and arbitrary z ��
� �� �� �� For instance� for � 
 ��� we have n� 
 ���� Since the
estimate ������ is in a sense �rough�� we may expect inequality ������
to hold for all z �� �� �� � for substantially smaller n� � ��
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