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Abstract: We define the A — k-free integers as a common generalization
of the k-free and unitarily k-free integers in terms of Narkiewicz’s regular
A-convolutions. We establish asymptotic formulae concerning arithmetical
functions involving A — k-free integers if A is a cross-convolution, investigated
in our previous papers.

1. Introduction

I. First we list some of the more important symbols and definitions
we need in this article.

f,g: arithmetical functions,

p € P: a prime,

n € N: a natural number,

¢(n): Euler’s arithmetical function,
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w(n); the number of the distinct prime divisors of 7,
~v(n): the core of n (the product of the prime divisors of n),
A(n): a set of the positive divisors of n,
A-divisors of n: the elements of the set A(n),
A-convolution: (f * 49)(n) = ZdeA(n) f(d)g (”/d) ‘
regular A-convolution (W. Narkiewicz [7]): the set of arithmetical
functions is a commutative ring with unity with respect to ordinary ad-
dition and the A-convolution, the A-convolution of multiplicative func-
tions is multiplicative, the function I, defined by I(n) =1 for all n €
€ N, has an inverse pu4 with respect to the A-convolution and p4(p®) €
€ {—1,0} for every prime power p%; ‘
pa: the generalized Mobius function in the deﬁmtlon above,
D-convolution: Dirichlet convolution with D(n) = {d € N: d|n},
U-convolution: unitary convolution with U(n) = {d € N : d||n} =
={deN:dn,(d,n/d) =1}, :
t = t4(p®): the type of p® with respect to a regular convolution
A, i.e. that divisor of a, for which A(p*) = {1,p?,p%,...,p"} for all
i€ {0,1,...,a/t}.
cross-convolution: a regular convolution A such that for every
p €P, ta(p®) =1 for every a € N or t4(p®) = a for every a €N,
Py =P :={peP:ts(p*) =1} for a cross-convolution A4,
- Qa=Q:={peP:ts(p®) = a} for a cross-convolution A,
(P), (Q): the multiplicative semigroups generated by 1 and P or
Q, for a cross-convolution A,
np,nQ: an element of (P) and (Q), respectively, such that n =
=n an,
o*,(n): the sum of r-th powers of the unitary divisors of 7,
(r(s) = [Ler (1 —1/p° )~* for some T C P,
¢(s) := (p(s) the Riemannian Zeta function.
ITI. New definitions and symbols '
n is an A — k-free integer (for a regular convolution A and for
k € N, k > 2): the greatest k-th power A-divisor of n is 1;
a4 k: the characteristic function of the set of A — k-free integers,
oyfn)= Y aar(d)d
deAi(n)
the sum of s-th powers of the A — k-free A;-divisors of n (for a regular
convolution Ay).
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ITI. Assertions

Assertion 1. (W. Narkiewicz [7]) An A-convolution is regular if and
only if A(mn) = {de : d € A(m), e € A(n)} for every coprime pairs
m,n € N and t4(p*) ezists for every prime power p®.

Some further assertions which can be verified easily:

Assertion 2. The D and U-convolutions are cross-convolutions, Pp =
=P,Qp=0,Py =0 and Qu =P
Assertion 3. For a regular convolution A the function pa is multi-
plicative and for all prime powers p® we have
) = { ~1, ifta(@®) =a
pAP) = 0, otherwise.
pp = p is the classical Mobius function and py(n) = (=1)*™ is the
Liouville function.
Assertion 4. If A is a cross-convolution, then A(n) = {d € N :
:d|n, (d,n/d) € (P)}.
Assertion 5. Let A be a regular convolution. An integer
n=pi'py’...pp"
is A — k-free if and only if for the type t; = to(p{*) of p}* one of the
following conditions holds:
(1) k ftik f2ti,... .k fa; for alli€ {1,2,...,7},
(i) ai/t; <k/(k,t;) —1 foralli€ {1,2,...,7},
(iii) a; +1t; < [k,t;] foralli € {1,2,...,7}.
The integer n is D — k-free if it is k-free, i.e. a; < k for every i €
€ {1,2,...,7} and it is U — k-free if it is unitarily k-free or k-skew, i.e.
k fa; for everyi € {1,2,...,7}.
Assertion 6. If A is a cross-convolution, then a4 k(n) = ap x(np) -
-ayk(ng) for every n € N. Hence if A is a cross-convolution, then n
is A — k-free if and only if np is k-free and ng is unitarily k-free.

For further results see also P. J. McCarthy [6], V. Sita Ramaiah [8]
(regular convolutions), [13], [14], [15], [16], [17] (asymptotic properties
of arithmetical functions defined by cross-convolutions) and E. Cohen
[2], [3] (unitarily k-free integers).

2. Results

Our main result is the following theorem: -
Theorem. Let A be a cross- convolutzon and let k € N, k 22ueN
and s > 0. For an arbitrary ¢ € (0 ) we have
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\ C s *
Z apk(n)n’ = s -?-,Ii fA’k(u)xs-l_l +O(z /g —<(u)),

n<lz
(n,u)=1

where

and .
. -1 -
1 1 p—1 )
u:” 1—-— ” 1—— II 1—-— .
fax(w) ( p) ( p’“) ( p(p* — 1)
plu plup plug

Remark 1. The following are some properties of far and Cy:
far(n) = far(y(n)) <1for all n € N and

_ Ga(k) ( 2 1 )
CA,k = —— 1-— "y + %+1 |
¢p(k) ple—g pF - pht
The Theorem has important corollaries.
Corollary 1. The asymptotic density of the A—k-free integers coprime
to u is Carfax(u). The asymptotic density of the A — k-free integers
5 CA,k-'
Remark 2. If A and A; are two cross-convolutions and A(n) C Ay(n)
for every n € N, then a4, x(n) < agx(n) and Cy, x < Cyy for every
n,k € N,k > 2. In particular,
1 p—1
= ————<Cuar < = 1 ——
O = gy = O = o g( mhn>
for every cross-convolution A.
Corollary 2. Let A and A; be cross-convolutions with Ps, = Py,
Qa, = Q1 and let k e NNk > 2,u € N and s > 0. For an arbitrary
e € (0,1/k) we have

C
> ol = ZE £ ug,)aH 4 O g (w),

n<z
(n,u)e(Pr)

with
1, if Q is finite
o) = {

o*_c(u), otherwise.

Corollary 3. Let A and A; be cross-convolutions and let k € N, k > 2
and s > G. Then
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s+1

s+ 1 + O(Rk,s(x))v

T
E UAN =CarFan ks——

n<z
where

Baanks =C(s+1) ] (1_p31+1+ (p—1)(p* ~1) )X

PEQNQy PPt - 2p+1)

: 1 PF(p-1)
X H (1 ISR + S+2(mk __ )
PEQI\Q P Pt - 1)

and Rye(z) = ™% (s + 1/k > 1), zlogz (s + 1/k = 1),
z(s+1/k<1).
Remark 3. The Theorem is a generalization of some known results as
e.g. L. Gegenbauer [5] (A = D,u = 1,s = 0), D. Suryanarayana [9],
Th. 1 (A= D,s=0), E. Cohen [3], Th. 4.2, [4] (A=U,u=1,s = 0),
2], Th. 6.1, Cor. 6.1.1 (A=U,u=1,5 =0,k = 2).

For A= D and A = U the error terms can be improved, see [10],
[11].

Special cases of Cor. 3 were investigated in the literature, see for
example E. Cohen [2], Cor. 5.1.1 and J. Chidambaraswamy [ ], Cor.
B/(ii), case A=D,A; = U,k =2,s > 1.

3. Proof of the Theorem

The proof of Theorem is based on the following 4 lemmas.
Lemma 1. If A is a cross-convolution and k € N,k > 2, then

aae(n)= > pad= > pa(d)
dkcA(n) d*e=n
(d,e)e(P)

holds for every n € N.
Proof. By the multiplicativity it is enough to prove that

Darppe #(d), HpeP
aAk(Pa)z{ dk|p

D ak|pe bu(d), fpeQ
for every prime power p®, see Assertions 6 and 4. O
Lemma 2 ([12], Lemma 2.1). Ifs > 0 and u € N, then for every
€ € [0,1) we have
s __ ¢(U) s+1 s+e *
2 = et O (W),

n<lz
(n,u)=1
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Lemma 3. Let A be a cross-convolution, k € Nk > 2 and u € N.
Then we have

Z pa(n)é(ng) 1 H(l—-}—>—l‘H (1__ p—1 )
nfng  Cp(k) ol P*) o p(p* — 1)
(n u) 1 o ? pJu

Proof. The series is well defined as 3.2, 1/ n? is a majorant series.
Furthermore

Z MA(”)¢(”Q) ((n,u))

k :
el n nQ
with ,
1, ifn=1
RS B
0, fn>1

has an Euler-product representation. O
Lemma 4 ([4]). Ifk € N,k > 2, then for every ¢ € (0,1/k) we have

o*_e(n -
> = = o),
n< V= '

Proof of the Theorem. Observe that for a cross-convolution A we
have (m,n) € (P) if and only if (m,~(ng)) = 1. Therefore, by Lemmas
1, 2, 3 we obtain

Z agk(n)n’® = Z pa(d)d*ee® = Z pa(d)ds Z o —

n<z dke=n$z ’\7_ ega:/dk‘
(n,u)=1 (d’,ce)G(P) (d u)=1 (euv(dg))=1
(d¥e,u)=1

- B o (% ()™ 0 () or-stmtaan)) -

d< ¥z
(d,u)=1

2o +16(u) (d)(dQ) S+ b
o e g o X (@) et —elurtda)) | =

T (s+1)u » f a5
(dyu)= (d, )=
d’(u) ( 1 ) ( ) s+1
= - +
~ s+ Dutr(®) | #) A D)
pfu ‘
s 1 * s4e *—5 d
+0 (m +1 Z d_k) +0 (a —e(uw)az*t Z UTE()> .
a> bz : d< ¥z ‘

We apply Lemma, 4 to derive the error term. {
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Proof of Cor 1. We apply the Theorem for the spec1a1 cases s = 0
and s = 0,u = 1, respectively. {

Proof of Cor. 2. As (n,u) € (P1) if and only if (n,v(ug,)) = 1 and
Fak(u) = fak(v(u)), this is an other special case of the Theorem. ¢
Proof of Cor. 3. As k

ZUAls )22 Z aA’,k(e)es,

n<z d<z e<z/d
(e,d)E(Py)
it -can be derived from Cor 2 The series
Z fax(ng,)
i . ] ‘ ns+1 .

is well defined as Yoo 1 /ns"‘1 is a majorant series and we apply the
Euler product representation to derive the final form of B4 4, ks O
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