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Abstraet: This paper presents the short proof of Fermat’s two-square theo-
rem given by Jdnos Bolyai about 140 years ago.

The two-square theorem — which sais that all prime numbers of
form 4k + 1 are the sum of two squares — is considered by the history
of mathematics to belong to P. Fermat (1601-1665). The theorem has
been proved for the first time by L. Euler (1707-1783) in 1754, but
mathematicians are still interested in it. In the last decades, and more-
over, in the last years many works have been published, the authors of
which attempted to give shorter and more simple proofs ([1], [2], [6],
7], [8], [11], [12]). |

It probably sounds surprising, but Janos Bolyai, who is known
as the inventor of non-euclidean geometry, was also engaged with Fer-
mat’s theorem, and proved it in many ways. Three of these proofs have
already been presented in [9], but as a result of the most recent exam-
inations of his manuscripts, a fourth short proof appeared, too. In this
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proof he applied the theory of complex integers, which has also been
worked out by him independently of Gauss [9], [10]. In the followings
we will present this proof. '

Janos Bolyai starts from the theorem, that if p is a prime number

of form 4k 4 1, then there exists such an integer z, that $2;1 is an
integer. By writing this fraction in the form Lﬁ%ﬂ, he proves first,
that p as complex integer cannot be a prime number ([3], 1332/1). So

= (a + bi)(c+ di), where a, b, c and d are nonzero integers. But then
p = (a — bi)(c — dz'), sop? =p-p=(a®+ bz)(c + d?), and because
a?+b% > 1 and ¢+ d? > 1, it results p = a2 + b2 = c? —|—d2 (13],
1333/1%).

Bolyai noted this proof in a letter addressed to his father in the
middle 1850’s. Before him, only G. Eisenstein (1823-1852) proved Fer-
mat’s theorem using complex integers, in 1844, but Bolyai did not
know Eisenstein’s work. By comparing Eisenstein’s proof ([4], [5]) with
Bolyai’s above presented procedure, we can easily conclude, that the
two proofs are different.

Finally we remark, that Bolyai’s 140 years old thoughts can be
found nowadays in many school-books.
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