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Abstract: Recently, the notion of distributional chaos for a continuous map
® from a metric space (M,d) into itself has been introduced. In the case
of a compact interval it has been proved that & is distributionally chaotic
if and only if it has positive topological entropy. So, the following natural
question arises: Is this property true for a general compact metric space? In
this paper we show that the answer is negative, by presenting an example of a
(triangular) map which is distributionally chaotic but has, not only zero topo-
logical entropy, but also zero sequence topological entropy for any increasing

sequence of positive integers.
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1. Introduction

In the last decades several different definitions of chaos have been
proposed. Among them the definition of Li and Yorke [5] seems to
capture our intuitive notion of the meaning of chaotic behaviour. In
an inessentially modified version of the original one, it is the following:
a map f of a metric space (M,d) into itself is chaotic if it admits a
scrambled set, i.e. a subset S of M containing at least two points, such

that, for any z,y € S with = # y,
hmmf d(f”( Y, fM(y)) =0 and hmsup d(f™(z), f*(y)) >

Nevertheless chaos in this sense is not stable since arbitrary small per-
turbations of chaotic functions can destroy Li-Yorke chaos.

Among other definitions of chaos we mention that of Devaney [1],
and that which assumes positive topological entropy, as the character-
ization of a chaotic map. In [7] these different definitions of chaos are
critically examined in order to determine whether or not they satisfy
some natural requirements: the conclusion suggested by the authors is
that only positive topological entropy appears to satisfy all the criteria.

However, the numerical value of the topological entropy can be a
quite misleading indicator of the actual extent of chaotic behaviour. To
avoid this disadvantage, in [6] the following new notion of distributional
chaos was introduced and, for spaces with finite diameter, a related

measure of chaos.
Let ® be a map from a metric space (M,d) into itself. For any

pair (z,y) of points in M, we define a sequence dzy by:

Szy(m) = d(®™(z), @™ (y)), m=0,1,---.
Next, for any pair (z,y) and any positive integer n, define the functions
F(n) on the real line by

F(”)() —#{m 0<m<n-1 and 6&gy(m) <t},

where #S is the number of elements in the set S. Each F,,SZ)
left-continuous distribution function.
Now consider the functions Fyy and Fy, defined by

Fpy(t) = hmmfF(“)( t), Fp,(t)= hmsupF(h)( t).

For any pair (z,y), Fzy and Fy;, are distribution functlons with Fgy (t) <
< Fy,(t) for all real t We normahze these functions to be left-contin-
uous and then adopt the convention that Fyy < Fy, means Fyy(t) <
< Fy,(t) for ¢ in some non degenerate interval.
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We shall refer to Fy, as the lower and F;, as the upper, distribu-
tion functions of z and y relative to the map ®.
Definition [6]. A function ® mapping a metric space (M, d) into itself
is distributionally chaotic (briefly d-chaotic) if there is a pair of points
(z,y) in M such that Fy, < Fgy- If M has finite diameter djz, the
measure of chaos of @ is the number p(®) given by

[ 0]
u(®) = sup = [ (7 0) ~ Fuy(9) d
z,yeM WM Jg

The main relation between positive topological entropy and dis-
tributional chaos is given by the following
Theorem 1 [7]. A continuous function f mapping a compact interval
into itself is d-chaotic if and only if it has positive topological entropy.

So, the following natural question arises: Is Th. 1 still true for a
general compact metric space?

In the present paper we exhibit an example showing that for tri-
angular maps of the square, d-chaoticity is not equivalent to positive
topological entropy.

2. Construction of the example

For any increasing sequence A of positive integers and any contin-
uous function ®, h4(®) will denote the corresponding sequence topo-
logical entropy of ® (see [4]). Note that if A is the sequence of all
positive integers, then hy4 is just the usual topological entropy h.

We recall that a triangular map of the square is a continuous map
F : I? = I? of the form F(z,y) = (f(2),9(z,9)) = (f(2),9:(%)),
where I :=[0,1] and g, : I — I is a family of maps depending continu-
ously on z. The map f of the corresponding dynamical system is called
the base for F.

We will consider triangular maps G : I? — I? with a linear base
and such that G(0,y) = (0,y) for all y € I, i.e. maps such that (z,y) —
— (A, g2(y)) and go = Id, where A € (0,1) is fixed. Denote the class
of such maps by 7. As proved in [2], any G in 7, has zero topological
entropy.

In the proof of the next theorem the following notation will be
useful: Given a fixed A in (0,1) and an increasing sequence {n;};>1 of
positive integers, let G; for each 7 > 1, be a restriction to the rectangle
[A™,1] x I of a function in 7, such that, for all y € I,
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!

Gz(lvy) = (/\ay) and G'i()‘nivy) - (/\ni+17y)7 i = 1,2 T

k
Next, let s = an and let {[Gl, Gg,--- ’Gk+1]}k>1 be the sequence
j=1
of functions recursively defined by
’ [Gl] = Gl:
and for any k > 1, [G1,Ga," - ,Grt1) is the function defined on the

rectangle [AS+1,1] x I by
[Gl, G?n e ,Gk](l’,y), T € [)‘ska 1]7

[G1,Go, ,Gk+1](w,y) { W;l(Gk+1(¢k($,y))), rec [Ask+1,)\sk],
where @ is the function defined on [Askﬂ,)\sk] x I by pr(z,y) =
= (/\_Ska:,y).

Finally, if G* is the identity map on {0} x I, we denote by
[Gl, Gz, <. ] the map G given by (hmk_,oo[Gl, Gg, rer ,Gk]) U G™.
Moreover, if the portions G}, are chosen so that G = [G1,G2, - -] is
continuous on {0} x I, then G € T>.

Our result is the following
Theorem 2. There exists G € Ty such that:

(i) G has a two-point scrambled set, .
(ii) G has no scrambled set with more than two points,
(iii) ha(G) =0 for any sequence A,
(iv) for v = (0,0) and v = (0,1),
Fu@t)=0, FEf@) >t te(0,1),
where F,, and F*, are the lower and the upper distribution
functions of u and v relative to G.

Proof. Instead of a map from 7, we will construct a topologically
conjugate map G defined on [0, 00] x I(where co stands for +00) by
G(z,y) = (z +1,9:(y)) if = < oo, and G(c0,y) = (00,y). Moreover,
we may assume that [0, 00] x I is equipped with the metric |(z1, y1) —
— (22, y2)| = max {|A" — A7 |, ly1 — y2|}, which makes [0, co] x I home-
omorphic to I? with the usual metric. This will simplify our notation
and, on the other hand, will not change the considered properties (in-
cluding the sequence topological entropy), since they are invariant with
respect to homeomorphic transformations, cf. [4].
For any integer k > 1 define continuous maps pg,vx : I — I by

pr(t) = max{0,¢ — 1/k}, vg(t) =min{2t,¢+1/k,1}, tel.

Then .
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pp(I)=[0,1—i/klfor 0<i<k, (Vioul)I)=Tfor0<i<k—1
For any positive integer k define a map Gy, on [0, 2k] X I by Gr(z,y) =
= (z +1, gr,o(y)) where

max{0,y + hg(z)} if z€][0,k]

9r.a(y) = { min {y + ke (z) min{ky,1},1} if z € [k, 2]
and the function hy(z) is piecewise linear and connects the points
(0,0),(1,-1/k), (k — 1,-1/k), (k + 1,1/k), (2k — 1,1/k) and (2k,0)
(note that g, = Id for z = 0, k, 2k, gk .(y) = px(y) for z € [1,k — 1],
and gz,o(y) = vx(y) for z € [k + 1,2k — 1]).

The map Gy has the following phase diagram (with k = 7) in
which we depicted the trajectories going through the points of the seg-
ments ([0, 1] U [k, k+1]) x {i/k}, 0 < i < k and [k, k+ 1] x {1/(k2%)},
1 <4 < k—1. All trajectories are piecewise linear, except for the tra-
jectory of the segment [k, k+1]x {1/(k25~1)} in the interval [2k, 2k +1]
(see Fig. 1).

1-1/2k T3
1-1/k

2/k
1/k

Finally, let

1<Ek(l)<k(2)<---
‘be a sequence of integers (characterized below) and let G = [Gy(y),
Gr(2), - -]- Clearly G is continuous and topologically conjugate to a
map of 7.
Put n(0) = 0, n(i) = 2(k(1) + k(2) + - -+ + k(5)) for i > 0, and
choose the sequence {k(7)};>¢ so that

k(i) divides k(:+1) and k(?:z—)l) — 0 monotonically.

In [2] it has been proved that the function G satisfies (i)—(iii).
We now prove (iv). Let ¢ € (0,1); we have to prove that F,,(f) =

= 0. To do this take j such that p := k(j) > %5 and let s; = n(:) +
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+—k(i—:u,i2j. Foralln =n(i)+¢t 1 <t < %Jr—ll,iZj,Wehave
|IG™(u) — G™(v)| > 1— % > t. Thus we get

0< Fit(h) < Si < k(i+1)
To prove that F* (t) > t for t € (0,1), it is enough to show that
this inequality holds on a dense subset of (0,1). Fix an integer j >
> 1 and consider the points of the form m/k(j), 1 < m < k(j), and
let r; = n(i) + k(i + 1), i > j. The number of integers n = n(z) +

, . . mk(i+1

—lilt,l <t < k(i + 1), for which |G™(u) — G™(v)| < 75y is mk((j’; ) 1,
thus

-0 as 11— o00.

m ml;c((z-i)—l) _ m
FéZ"’(k(j))z Doy s oo

Since the points m/k(j), 5 > 1, 1 < m < k(j) are dense in (0,1), the
proof of the theorem is complete. ¢

Remark. In the paper [3] some other examples of distributionally
chaotic triangular maps with zero topological entropy are constructed;
all these examples have base maps of 2*° type. The example presented
here is of special interest since the function G not only has zero topolog-
ical entropy but also has zero sequence topological entropy and, more-
over, its base map is linear.
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