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Abstract: In this paper we deal with a generalization of Bleimann, Butzer
and Hahn operators which is obtained by replacing the binomial coefficients
with some general ones satisfying a suitable recursive relation. We present
their decomposition as sum of elementary operators and study the conver-

gence of these new operators together with some quantitative estimates.

In 1996 M. Campiti and G. Metafune [5] presented and deeply
studied a generalization of the classical Bernstein operators. Their work
took its motivation from the development of the study of connections
between approximation processes and evolution problems through semi-
group theory. In some cases the introduction of new types of operators
became necessary, for a unified treatment of this subject see [3].

Let C[0,00) be the space of continuous functions on the unbounded
interval [0,00) and let f € C[0,00). Bleimann, Butzer and Hahn [4]
introduced a linear and positive operator defined by
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L) (Lnf)@) = (1+z)" Z,v(n_“l)(:)'k, n> 1.

It is important to mention that this finite sum arises in a natural
way and not as a truncation process of an operator defined by means of
an infinite sum, as would be possible for the Favard, Meyer-Konig and
Zeller, Szasz-Mirakyan or Baskakov operators. The operator in question.
was further studied by many other authors both of its new properties
were found and some generalizations were given. We recall here [1], [2]
representing some of the most recent papers in this direction.

The purpose of this note is to apply the conception of Campiti
and Metafune for the operator defined by (1) and examine the main
properties of this new approximation process. Actually, we replace
the binomial coefficients by general ones satisfying similar recursive
properties, more exactly the sequences of the constant value 1 at the
sides of Pascal’s triangle are replaced by arbitrary values. We obtain a
decomposition of the Bleimann, Butzer and Hahn operator as a sum of
elementary operators. Also, we prove that the sequences of the linear
operators obtained here, converge towards an operator multiplied by
an analytic function.

1. Construction of the operators

Let’s take two sequences of real numbers a = (an)n>1, f =
= (Bn)n>1 and introduce the coefficients a,,  which satisfy the following
recursive formulae:
(2) An0 = Cn,  Gnn=Ffn, n2=1
On+1l,k = On,k + Qn k-1, 1<k<n.
We observe that these numbers are determined uniquely by the
sequences « and B. Also, if a; = B; =1 for 1 <7 < n then ap = (Z)

for every k € {0,1,...,n}. We consider the operators LR having the
form:

(3) (LEPf)(z) = (1 +2)” Z“nkxf< k+1)

where f belongs to C[0,00). We can make the following remarks:

(i) L) is a linear operator and depends linearly on the given
sequences «, J;
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(ii) if o, B are non-negative then Lgf”ﬁ ) becomes a positive operator
as well;

(iii) L&Y is identical to the Bleimann, Butzer and Hahn operator;
(iv) if M is an upper bound for the sequences a and § then L,(f"ﬁ ) f<
< ML,f for any positive f € C[0, 00).

In order to investigate our operator we shall need the following
relations which are verified by L, see [4]. For any z > 0:

(Lneﬂ)(w) =1, n>1
(4 (Lneo(w):wm(ljx) | "1
(Znea)(2) — 27| < 22 n> N(z)

where N(z) = 24(1 + z) and e, are the three test functions ex(t) =
=tk k=0,1,2.

2. Results

Firstly, we point out a decomposition of L( B )

erators. ,
Theorem 1. For f € O[O oo) and n > 1 the followz'ng identity

(L) £) () = Zam (Umnf)(z) +Zﬂm(anf( )

holds, where

in elementary op-

Z (n kml 1) (1::_’;)11 f (n_l,f,ﬂ) y m<n

(5) (Um,nf)(m) = k=1
(1+2)~"(0) en
and )
(6) (Vm,nf)(-'ﬂ) = ; (n “m 1) (H—m)“ f (n IIZ+1> m<n
z"(1+z) " f(n), m=n.

Proof. Our purpose is to determine the elementary operators Up, n,
Vin,n which are associated to the sequences o and .

At the first step, we choose § = 0 and o = §,,, m > 1, where
0m = (0m,n)n>1, Om,n being Kronecker’s symbol. We obtain Uy, f =

= L,({s""o) f and the coefficients aﬁ,k = a%ﬂ’o) have the following form:




168 0. Agratini

(m,0) _ 1, n=m, k=0
.k -—{ (";T;l), n>m, 1<k<n-—m
and in all other cases: n < m; n=m, k> 1, n > m, k=0 and
k > n — m = 1; the coefficients vanish. The above identities and (3)
lead us to (5).

At the second step, we choose o = 0 and § = d,,, m > 1, where

Sm = (6mm)n>1. It results Vi o f = LE*™) f. In this case, the numbers

Qn,k = a,(g’km) are indicated below:
Jom _ [ L n=m, k=n
™ "o, n>m, m<k<n-1

and in all other cases: n<m; n=m, k<n—-1;n>m, k<m-1
and k = n; the coefficients vanish. By (3) we get (6). ¢

Taking f = ep in (5) and (6) we easily obtain the following useful
identities:

) (Unimeo) (@) = {

r(l+z)"™ Y, m<n

(1+z)" ", m=mn
z™ T —m—l, m n
(8) (Vin,neo)(z) = { wn((ll_;l—m))—n m : n.

Substituting (7) and (8) in Th. 1, we can state:
Lemma 1. The following identity

n—1
(LEPeo)(@) = 3 (amz+Bma™)(1+2) "™+ (an +faa™) (1 +2) ™,
m==1

holds.

In what follows, we consider that the sequences o and [ are
bounded and under this assumption we can introduce the functions
u, v, w, where

omT Bmzx™
(9) u(e) :4;1 E Ll mz>_:1 1+ o)+
and w(z)=u(z)+v(z), z>0.
Also, we shall use the modulus of continuity of a function f defined as
w(f,8) == sup{|f(z) — f(¥)|: ©>0, y> 0, [s—y| <6}, 632 0.

In order to estimate the convergence of our operator we need the

following result.

Lemma 2. If f € C[0,00) and M = max {sup,,>; |0, 5up,>1 |Gnl}
then: B -
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(L&) f)(2) - £@)(TEPeg) (@) <
) )e(#5)
(2)

it is clear that

(10)

<M <1+2x(1+w)2+2nm2 (

Proof. By using the property of M and the relation (

(11) ol < 32}

On the other hand, we recall a known property of w: for every § > 0,
1

(12) #0) - @) < (14 (o - )?) wl£,0)

Finally, starting from (4) we can deduce:

(Ln¥a)(z) = (Lneo)(z) — 2z(Lner)(z) + &*(Lneo)(z) <

13 2 n
(13) S2:1:(1—}—:1:) —|—2m2< z ) 7
n+2 z+1
where ¥, (t) = (t — )%, t > 0. |
By using (3), (11), (12), (13) we can write successively:

(LR £) (@) = () (TEPeo) ()] <

<3 famel () - 1) <
< 2 1kl P\ T <

k=0
n n :Ek 1 & ‘ 9
SMk:o <k><_f+T) (”ﬁ (m—m> )w(f,5)=

=M (14 55 (Enha)(@) ) wl1,8) <

< M{l—i— 51—2 (W+2x2 (ﬁ)n»w(f,&).

Taking 0 = 1/+/n, the relation (10) follows. ¢
Lemma 3. For any = > 0 the following inequality

(B e0)) - w(o)] < T2 A

holds, where w is defined at (9) and
A(n) = max { sup |om — o), sup |Bm — ,Bn|} .
m>n

m>n

n)

Proof. We remind that our general hypothesis is the sequences o, 3 are
bounded.
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For z > 0, by using Lemma 1 and the expression of w, we can
write successively:

(LEPeo)(z) — w(@)| =

O - Om T ,ann-i_l - Bmz™ o
@+ —mgﬂ(l Tt ) m:ﬁ:ﬂ(l +a)mT|
0o oo k
_ _ OntkT T __ z —n—-1 __
= |ap Z(1+m)k+m </3nw Zﬁmuc <1+m) > (1+=z)
k=1 k=1
[e's) oo k
p— O{n — an+k Vel _ z —n—1 <
= o >0 L n S (g o) (725 ) [ 0)
k=1 k=1
oo ' k
T T 14 gntt
<A —_— T — = —+——A(n).
< (n)g:-:l((l—i—l')k—*—m (1_|_$> ) (1 + z)n+t \(n) %

Theorem 2. Let f € C[0,00). If the sequences o and 3 converge then
(14) lim L f = wf,
uniformly on any interval [a,b] C (0,00), where w is defined at (9).
Proof. In concordance with Lemmas 2 and 3 we can write:
(L&A £) () — w(w)f(2)] <
< (LD £)(2) - £(@)(TEPeo) (@) + £ @) (LEPea) () — w(x)| <

<M <1+2x(1+9:)2—|—2n:c2 (ﬁ—l)n> w (f, %) +

1+ znt! 1
T AW < Kalt)o (£, + AW Sl

where Kn(b) = M (1+2b(1+b)2 + 2nb? (Hll)") Respect with n,

K, (b) is bounded and the convergence of o and (3 implies that A(n)
tends to zero, consequently (14) follows. ¢

We notice that choosing & = 8 = 1, the relation (9) implies
w(z) = 1 and thus we arrive at the well-known result nli)ngo L.f=TF,

the convergence being uniform on each compact subinterval of (0, co).
Returning at Th. 1, we are able to present a property of elementary

operators Uy, , and Vi, ,; it will be shown that (Unmn)n>1, (Vmn)n>1

define a pointwise approximation process on C[0, o).

Theorem 3. If f € C[0,00) and U n, Vinn are defined by (5) respec-

tively (6), then we have:
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(1) Hm (Unm,nf)(2) = qragmer f(2),

(11) hm (Vm nf)(z) = Wﬁf(m)
for z > 0 and any natural number m > 1.

Proof. By using (5) and making the changes n — m — 1 := p and
k —1:=1 we can write:

m (Um,nf)(m) =

- i 3 () i (o) -
C T (I3 f)(a),

T Tr o o
where L is obtained from Bleimann, Butzer, Hahn operator substitut-
ing the knots i/(p — i + 1) with (i +1)/(m +p — i + 1). Following [2]
we can prove that pl_iglo(L;f)(a:) = f(z) at each point z € [0, co]. This

implies the aimed conclusion. We shall omit the proof of the second
identity because it follows a similar technique.
Putting lim (Up,nf)(@) = (Unf)(z) and lim (Vinnf)(a)
n o0 n [o,]
= (Vimf)(z), as a consequence of Ths. 1 and 3, results the natural
relation

> (Unf) (@) + (Vi f) (@) = f(z). O

m=1
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