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Abstract: In this paper we find several conditions which imply that the inte-
gral operator given by formula (3) preserves the subordination. Our Theorem

generalizes previous results of papers [4] and [6].

Let H = H(U) denote the class of analytic functions in the unit
disc U. For a positive integer n let A, = {f € H; f(2) = z+ap412" 1+
+ any22" ™2 +...}. Let f and g be analytic in U. We say that f is
subordinate to g, written f(z) < g(z), if g is univalent in U, f(0) =
= ¢(0) and f(U) C g(U). Let D = {¢| ¢ analytic in U, p(2) # 0, z €
€U, o(0) =1}, and let B ={h € H(U): h(0) =0, K'(0) = 1, h(z) #
# 0 when z € U\ {0} and h'(2) #0, z € U}.

In [4] the author determines conditions under which

(1) f <g implies An(f) < Arn(yg),

where h € B, K ¢ H(U), A, : K = H(U), An(f) = F and
z 1/8

@) F(2) = [ﬁ [ Poron o

In this paper we consider the integral operator I : A, — A,,
I(f) = F, where
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3) F(z) = [% /0 ’ fﬁ(t)(p(t)t—ldt] v

with Re 8 > 0, p,¢ € D. We determine conditions such that an
implication similar to (1) holds for this operator.

1. Preliminaries

Let o be a real number satisfying |a| < 7/2. A function f € A,
is a-spirallike if
Re [e*2f'(2)/f(2)] > 0.
It is well-known that if f is a-spirallike, then it is univalent. If ¢ €
€ D let K, denote the class of all functions from A, which satisfy the
following condition
2f'(z) | 2¢'(2)

(4) B ) + o(2) < Qpn(2),

where Qg (2) are the well-known ”open door” functions which map
the unit disc on the complex plane slit along the half lines Re w = 0,
Im w| > C,, where

C’n(ﬂ)zRenﬂ [|ﬂ|\/1+2Re B/n +Im ﬁ}.

Lemma 1. Let ¢, € D. Let 8 be a complex number with Re 3> 0
and f € A,. Suppose that -

() | 20/(2)
B + < Qpn(2).
1) et 9
If F = I(f) is defined by formula (3), then F € A,,, F(z)/z # 0 for
zeU.
A more general form of this Lemma can be find in [5].

Lemma 2. Let ¥,{8} denote the set of functions ¢ : C> — C with the

following property: Re t(pi,0) < 0 when p,0 € R, 0 < —%_Ilﬁ{:pg '

n > 1. Let p(2) = B+ any12"T + ... be an analytic function in U. If
¥ € ¥,[0], then Re [¢(p(2),2p'(2))] > 0 implies Re p(z) > 0.
A more general form of this Lemma can be found in [1] and [2].
A function L(z,t), z € U, t > 0 is a subordination chain if L(-,t)
is analytic and univalent in U for all t > 0 and L(z,¢1) < L(z,t2), when
0<1t; <ty
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Lemma 3 [3, p.159]. The function L(z,t) = a1(t)z + ax(t)2? + ...,
with a1(t) # 0 for t > 0 and tli)rgo |a1(t)| = oo is a subordination chain
if and only if

OL/bz
OL/dt

Re [ ]>0, zeU, t>0.

2. Main results

Theorem. Lety,¢ € D, let B be a complex number so that Re B> 0
and let f € K, where

() , 2/)
{fEAlﬂf() e QM)}

If g € A, satisfies

® Re (5505 + ) >
then
(6) (0(2))P < (p(2)) /P g(2)

implies that

(@) YPI(f)(2) < (#(2))P1(9)(2),
where I(f) = F and F' is given by formula (3).
Proof. We denote g1(2) = (p(z))*/Pg(z) and observe that g;(0) =

=0, 91(0) = (¢(0))*/#¢'(0) = ((0))"/? # 0 and
Re (22) —pe (5204 20 5
g1(2) 9(z)  #(2)
from which follows that g; is a spirallike function, consequently it is
univalent.
Let denote G(z) = I(g)(2) and F'(z) = I(f)(2). If we take the
logarithmical derivative of (2) we obtain that

[ + 2]

B:G'(2) , 242 ERTIOIETIO

D Tae T em T mm e Tl e
Let denote .
P =2 D+ B b= g

G(z) ~ o(2)
From (5) and the conditions (3) it follows that
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Re (P(z) + ZQS) ) >0,

from which, according to Lemma 1 we obtain that Re P(z) > 0. If we
set G1(z) = (¢(2))*/PG(z), then G1(0) = 0, G1(0) # 0 and
2G(2) ( 2G' (2) qu’(z))
Re ,6 =Re |f + >0,
G1(2) G(z)  ¢(2)
from which we conclude that G is a spirallike function, consequently
it is univalent. From (3) we obtain that

2)pl/B 2G'(z 29 (2 1/8
91(2) = g()p*/A() = & ,)qu/ﬂ - [’6 g(i)) i §<i>)} '

Let

L(z,t) = (1 +1)

1/8G(2)8"° (2) [ 2G'(2) | qu’(z)} N
B+MYE |7 G(z)  ¢(2) :

By a simple computation we obtain that

zG’ (z) z¢'(z) !

— (1+1) BZG'(Z) ELACN [ﬁ G T ¢(z)]
GG | 20(2)
G(z)  ¢(2) g + 22

BL/Bz
8L/6t

ey (530, )

L
and according to condition (3), it follows that Re ‘za /92

BL /ot

> 0. Taking

into account that
L(z,t)=ai(t)z+..., G(0)#0
it follows that
: . |0L(0,t
Jim s = fm 57
According to Lemma 3 we obtain that L(z,t) is a subordination chain
ie. L(z,8) < L(z,t) when 0 < s < t, z € U. Let denote Fi(z) =
= ¢/B(2)F(z). We can assume that G is regular and univalent on the
closed disc U. If not, then we can replace F(z) by Fi,(z) = Fi(rz) and
G1(z) by G1r(2) = G1(rz) where 0 < r < 1, and G1,(%) is regular and
univalent on U. We would then prove Fi,.(z) < G1.(2) forall0 <r <1
and by letting r — 1~ we have F(z) < G(z). Suppose that F; is not
“subordinate to G1; then there exist 2o € U and (o € U such that

= L /8| =
= Jim 1+ 916/ 0)] = o0
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® Fi(z0) = G1(0), Fi(lz] < |20]) € G1(U),
20F1 (20) = (1 +1)¢oG1 (o),

for more details see paper [2]. Direct computations show that

2Fi(z) _ PzF'(2)$'/P(2) + 2¢/ (2)8' /P~ 1 (2)F (2) _

Fi(z) ¢Y/B(2)F(2) |
©) R, )
F(z) ¢(z)
and .
(10) ﬂzGl(z) 2G'(z)  z2¢'(2)

Gia) ~ 66 Tk -
If we set 2 = 2z in (9) and z = ¢p in (10), then we deduce from (8) that

zoF'(z0) | z0¢'(20) GG’ (o) | Cod'(Co)
FG) e 0T e etz
Because

91(2) = L(2,0) < L(2,t)  for t>0
we obtain that

20 'z VBT 2F'(z)  z¢'(2)]""
F1(70) = (0(20)) £ (20) = £ )(ﬂ?EﬁO)) [ﬁ 5(2)” qf(i))]’ N

1/8 ! ! e
_ G(Co)(;:ggon [(1 +1) (ﬁcocic(:)(’) + ch(c(f)o))]= L(¢o,t) & 9:(U)

which contradicts the assumption f;(z) <g1(2), hence Fi(z) <G1(z). ¢
For ¢ = ¢ =1 we obtain the following:
Corollary 1. If 3 is a complex number with Re (>0,

fek, - {f| fed, g2 Qﬁ(z)}

(2)
ﬂzg/(z)> _ R
9 > 0 (i.e. g is spirallike), then f(z) <

and g € A, with Re (
< g(z) implies that

(ﬁ /0 i fﬂ(t)t“ldt> 7 < (ﬁ /0 i gﬁ(t)t‘ldt) W.

The implication of Cor. 1 was proved in [6], Th. 1 under more
zf’(Z)) S
f(=)

restrictive conditions for § and f, namely: § > 0 and Re <
> 0.
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! A
Example 1. Let g(z) = z/(1+Az), where |A| = 1. In this case zgg(g) _
l
= 1\+/\ , consequently Re (3 (()) > 0, for all i > 0. That in this
case in account to Cor. 1 if f € K; and f(z ) [y B > 0 then

1 1/p 1 -1 1/8
e t
(ﬂ/o P 1dt> < <ﬁ/0 ———(1+)\t)ﬁdz> .

If we take 8 = 1, then this subordination reduces to the following result

/ " pytdt < %ma +A2).

For A = 1 we have f(z) < 13; (i.e. Re f(2) < 3) and f € K1, so that

/ f@®t tdt < In(1 + 2) = w(z).

Because w(U) is the strip in the complex plane given by [Im w| < %,
this result is equivalent with the following: if f € K1 and Re f(z) < 3

then
IIm / f(t)t"ldt‘<—7f.
0 2

Example 2. Let g(z) = Mz, where M € C*, then for 5> 0

!
9'(z) _ B>0.
9(2)
In this case according to Cor. 1if f € K; and f(z) < Mz (ie. |f(2)] <
< |M]) then

(ﬂ /0 i fﬂ(t)t—ldt> e < (ﬁ /0 z(Mt)ﬁt‘ldt> 7 =Mz

i.e.
z 1/B
B (-1 | M]
l(/o fP()e dt> <ﬂ1/ﬁ-
Let h be a function from B, then
_ zh!(2)
f(z)= A e D.

If in formula (3) we let ¢ =1 and ¢(2) = z,’féi‘;), then
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z ! 1/8
Ah(f)(Z)=F(Z)=(ﬂ / fﬁ(t)%%dt) ,

and on account of Th.1 we obtain the following corollary.

Corollary 2. Let 8 be a compler number with Re § > 0. Let h be a
function from B and let f be a function from A, so that

2f'(z) | zh"(2) zh'(2)

B + +1- < Qp(z), zeU
o T HE T R e

and let g be a function from A, so that

. zg'(z)  zh'"(2) _ zh(2) s
Re (8505 + ey 1 hGr) 70 2€T

Then

2R (2)\ /P 2h! () /P
w (Ge7) 0= (56) e zeo
implies that Ap(f)(z) < An(g)(2).

For (8 real, 8 > 0 the author of paper [4] established other condi-
tions under which conclusion (11) is also true.

3. Particular cases

1) If we take h(z) = ze*?, |A\| < 1, then
zh''(2) 1 zh'(z) Az

K (2) T h(z) T 1+ Az
Example 3. Let 8 complex number with Re 8 > 0. If f and g are
functions from A,, so that

zf'(z) Az
b f(z) + 1+ Az < Qp(2), z€U

and
zg'(2) Az
g(z)+1-|—)\z >0, zelU.

Then
(1+ /\z)l/ﬁf(z) < (1+ Az)l/ﬁg(t)
implies that

SV I R PPN BN R
o[ o ta] T <o [0t a]

2) If we consider
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M 1
h(z) = zexp ———%—dt, AeC,
0

then h(0) = 0 and (h(2) # 0 when 0 < |z| < 1 and h'(2) = e)‘zﬂzﬂ
which implies that h/(2) # 0 in U, h'(0) = 1, consequently h € B. A
simple computation yields that % = e** and

zh"(z)  zh'(z) _ Az

W(z)  h(z)
Example 4. Let € C, Re 8 > 0, A € C, and let f and g two
functions from A,, so that

1+

zf'(2)
B 02 +Az<Qp(2), z€U
and
Re (ﬁzg (2) +)\z) >0, zeUl.
9(2)
Then v
()P f(2) < (¥%)/Pg(2)
implies
z e)\t 1/ﬁ z e)\t 1/8
(o[ roa) < (s [ Fo5a)
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