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Abstract: The Hosszi type functional equation

flty—zoy)+flzoy)=f(z)+ fly)
is solved, where zoy :=In{e®* +e¥) (z,y€R) and f: R—> R

1. The functional equation

(L1) f:R=R: flz+y—zy)+flzy) =f@)+fy) (z,9€R)
was first presented by M. Hosszi at the International Symposium on
Functional Equations held in Zakopane (Poland) in October 1967. (1.1)
is referred to as the Hosszii equation. Its connection with the theory of
additive functions is expressed by the following (Dar6czy [3]; cf. also
Blanusa [2], Davison [5], Swiatak [8])
Theorem 1. Let a function f : R = R be a solution of the Hosszi
equation (1.1). Then there exists an additive function A : R — R such
that
(1.2) f(@) = A=) + £(0)
forallz € R.
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The function A : R — R is said to be additive if it satisfies the
Cauchy functional equation A(z +y) = A(z) + A(y) (z,y € R) (Aczél
[1], Kuczma [7]). In the following we define a binary operation o on R by
(1.3) zoy:=In(e® +e¥)
for all z,y € R. Now we consider the functional equation

(14) f:R>R : f(z+y—zoy)+ flzoy) = f(z)+f(y) (z,y €R).
Equation (1.4) is called a Hosszd type functional equation.

2. The extension theorem (Daréczy—Losonczi [4], cf. Kuczma [7])
plays an important role in the theory of additive functions. Now let
D C R? be an arbitrary nonvoid set. We define sets Dy, Dy, D3 C R as
follows :
Dy :={z € R| there exists a y such that (z,y) € D},

Dy :={y € R| there exists an z such that (z,y) € D},
Dy:={zeR|z=z+vy, (z,y) € D}.

Let D* := D1UD,U D3. We say that a function g is an additive function
on D if g : D* — R satisfies the functional equation

(2.1) 9(z +y) = g(z) + g(y)

for all (z,y) € D.

Theorem 2 (Extension theorem). Let D C R? be a nonwvoid, open, and
connected set. If a function g is an additive function on D then there

exist a unique additive function A : R — R and constants a,b € R such
that

g(z) = A(z) +a for all z € Dy,
(2.2) g(z) = A(z) +b for all x € Da,
g(z)=A(z)+a+b for all z € Dj.

In our investigations we need the following elementary lemma.
Lemma. Let

23) D:={(y,v) |u>0,In(l—e™) <v<—-In(l-e™}CR.
If (u,v) € D is arbitrary then there exist £ € R and y > 0 such that

(2.4) u=zoy+y—In(e —1)— (zoy)o (y—1In(e’ — 1)),
(2.5) V=ZT+Yy—Toy.

Proof. Let (u,v) € D be fixed. We define

(2.6) z:=In ———AA_e st y:=1InA,

where
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oy \ 3
2.7) A= <eu—'1> .

Since u > 0, we have A > 0. Furthermore, A > 1 because the assertion is
equivalent to the inequality v > In(1 — e™), thus y > 0. The inequality
v < —In{l — e™) implies A > ¢, therefore z € R. Substituting (2.6)
and (2.7) in (2.4) and (2.5) we have that z € R and y > 0 defined by
(2.6) and (2.7) are solutions of the system of equations (2.4), (2.5). ¢
3. Now we consider the Hosszi type functional equation (1.4),
where the binary operation o is defined by (1.3).
Theorem 3. A function f : R — R satisfies equation (1.4) if and only
if there exists an additive function A : R — R such that

(3.1) f(z) = A(=) + £(0)
forall x € R.

Proof. If f has the form (3.1) then (1.4) is valid. Now suppose that
[ :R — R is a solution of (1.4). We define a function

(3.2) Gz, y) = f(z) + fly) = fzoy)
for all z,y € R. By the associativity of the operation z oy (z,y € R),
we have

(3.3) Gz oy,2) +Glz,y) = Gz, 0 2) + Gy, 2)
for all z,y,z € R. We define
(3.4) g(z) :== f(z) — f(0) ifzeR.

(3.3) and (3.2) imply
gzoy+z—(zoy)oz)+g(z+y—zoy)=
=g(@+yoz—z0(yo2))+gly+z—yo2)
for all z,y,z € R and

(3.6) g(0) =0.

Ify>0then z:=y—1In(e? —1) € R and y + z — y o 2 = 0. Substituting
this in (3.5), by the associativity of the operation o and by (3.6) we have

g(@oy+y—In(e'—1) - (zoy)o(y—In(e’ - 1))) +
+9(z+y—zoy)=g(z+yoz—zo(yoz)) =
=g@+y+y—In(e! = 1)~ (z0y)o(y—In(e’ - 1))).
This equality implies

(3.7) g9(u) +g(v) = g(u+v)
for all u,v € R, with the following notations:

(3.5)
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(3.8) u:=zoy+y—In(e —1)— (zoy)o(y—In(e — 1)),

(3.9) vi=T+y—z0Yy.

By the lemma we know that (3.7) is true for all (u,v) € D, where D C R?
is defined by (2.3), that is, g is an additive function on D. It can be
easily seen that D is a nonvoid, open, and connected set in R? and
Dy = D* = R Th. 2 implies that there exists an additive function
A: R — R such that g(z) = A(z) + bif z € D, =R, but by (3.6) b =0,
ie., g(z) = A(z) for all z € R. From (3.4) the assertion of our theorem
follows.O

4. In this section we give some corollaries of Th. 3. In the following
R, denotes the set of the positive real numbers.
Corollary 1. A function F' : R, — R is a solution of the functional
equation

(41)  Flz+y)+F (%) =F(@)+F(y) (z,y€R)
if and only if the function L : Ry — R defined by

(4.2) L(z) := F(z) — F(1) (z e Ry)

satisfies the logarithm functional equation

(4.3) Lzy) = L(z)+ L(y)  (z,y eRy).

Proof. If the function L : Ry — R satisfies (4.3) then the function
F(z) := L(z) + F(1) (z € R,) is a solution of (4.1). Now suppose that,
F:Ry — R is a solution of (4.1). We define

(4.4) Fit) =F()  (teR).
Then f:R — R and by (4.1) we have
flt+s—tos)+ f(tos)=F( ™) + F(e") =

= F( e’ ) + F(e' + €°) = F(e') + F(e®) = f(t) + f(s)

el + e’
forallt,s € R, i.e., f is a solution of the Hosszi type functional equation
(1.4). Th. 3 implies the existence of an additive function A : R — R for
which f(t) = A(t) + f(0) (¢t € R), therefore by (4.4) we have
F(z) = f(lnz) = A(Inz) + f(0) = A(lnz) + F(1)
for all z € R;. With the notation L(z) := A(lnz) (z € R,), equations

(4.2) and (4.3) are true. This completes the proof of the corollary. ¢
Cor. 1 implies
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Corollary 2. A function F : R, — R satisfies the functional equation
1 1
4s)  Fery-F@-r)=F(3+1)  @yer,)
if and only if '
(4.6) F(zy) = F(z) + F(y)
holds for all z,y € R,..

Proof. (4.6) implies (4.5). If F : R, — R is a solution of (4. 5) then
with the substitution £ = y = 1 we obtain F(1) = 0. Putting z = 1 and

y = 2 in (4.5) we have

1 1 1 1
(4.7) F(E-l—g) —F<E> ——F(;) = F(z +y).
From (4.5) and (4.7)

F (%) 4 F @) = _F(z) - F(y)
follows, thus, with y =1,
(4.8) F (E) =-F(z) = (z€Ry).
By (4.8)

rn)=r (50 - ()

Ty zy z+y

that is, function F': R, — R is a solution of (4.1). f(1) = 0 and Cor. 1

imply the assertion. ¢
Remark. Cor. 2 was also proved by Heuwers [6] using a different method.
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