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Abstract: Let K be a field containing Q, and let f,h : K — K be additive
functions satisfying a functional equation
A (am”+b> =™~ f(z)

ab
= fi Z\ {0 d GLy(K).
cx™ 4+ d (cz™ + d)? or mEZ\{0} an (c d) € GLa(K)

Under mild additional assumptions, it is proved that the function F(z) =
= f(z) — f(1)z is a derivation.

In a series of papers, most of them together with Ludwig Reich,
we characterized field homomorphisms and derivations among additive
functions by functional equations, see [1], [2], [3], [4].- In this note, I
use the methods derived in [4] to give a characterization of derivations
by functional equations which arise from the differentiation of Mdobius
transformations.

Theorem. Let K be a field containing Q, n € Z\ {0} and
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ab
Ly(K
(c d) € GLy(K)
such that one of the following conditions is satisfied:
1. ¢=0, n#1.
2.d=0, n# —1.
3. cd # 0 and (c"'d)? = e™ for somee € K.
Let f,h : K — K be additive functions, and suppose that the
functional equation
n n—1
(1) p (9% +b _ f(z)
cx™ +d (cz™ + d)?
holds for all x € K* satisfying cx™ +d # 0. Then the function F :
: K — K, defined by
(2) F(z) = f(z) - f(D)z,
15 a derivation. Moreover, we have
h(c™'b), if d=0,
(3) f(1) =< h(dta), if c¢=0,

Before we give the complete proof of the Th., we treat the special
cases arising under the conditions 1. and 2.
Lemma. Let K be a field containing Q, n € Z\{0,1},a € K*,be K,
and let f,g : K — K be additive functions satisfying the functional
equation
(4) h(az™ +b) = 2"~ f(z)
for all z € K*. Then the function F : K — K, defined by F(z) =
= f(z) — f(1)z, is a derivation. Moreover, we have h(b) = 0 and
f(1) = h(a).
Proof. For £ € K* and any t € Q*, we have

h(a(tz)™ 4+ b) = t"h(az™) + h(b) = (tz)"~'f(tz) = "z f (),
and consequently ‘
t" [h(az™) — " f(z)] = —h(b) .

Since this equation holds for all ¢ € QX, we obtain h(b) = 0 and
h(az™) = z"7'f(z). Now we define g : K — K by g(z) = h(az)
and apply (1], Th. 2 to the pair (f,g). ¢
Proof of the Theorem. If ¢ = 0 or d = 0, the assertions follow by the
Lemma. Thus we suppose that cd # 0, and we may assume that ¢ = 1.
Then the decomposition
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az™ + b D
T rd —a—m, where D =ad—-0+#0,
yields the functional equation
D z" f(z)
5 h = h(a) —
(5) (a:” +d> @) - vz

valid for all z € K* such that cz” +d # 0. If z € K* and 2" +d # 0,
then (ez™!)" 4+ d = dz ™™ (2" +d) # 0 and
D D D
wm+d  d  (ex~)r+d°
Applying (5) to this identity, we obtain
1) - ) (D) i ey
zm 4 d)? d ((ez=1)m + d)?

and consequently
2% ea™) + 7o) = (204 )

Q :

z

(z" + d)?
for all z € K™ satisfying 2" +d # 0. If z € K* and z” +d # 0, then
there are infinitely many ¢ € Q* such that (¢tz)™ +d # 0, and for these
values of ¢ we may replace = by ¢z in (6) and obtain

tnmn—l 9 1 1 _ 4 D

o 1 d)? [2?e™ flez™") + f(z)] = (2a+~g> :
This is only possible, if h(2a + —g—) =0 and z2e ! f(ex™?!) + f(z) = 0.
Hence we get the functional equation
(7) —e ' flez™l) =272 f(2) ,
valid for all z € K* satisfying ™ +d # 0. If z € K* is arbitrary, there
exists some ¢ € Q™ such that (tz)™ 4 d # 0. We replace = by tz in (7),
divide by ¢ and see that (7) is valid for all z € K*. Now we define
g: K — K by g(z) = —e~1f(ex) and obtain the functional equation
glz™!) =z72f(z) forall z € K* .

By [1], Th. 2, the assertion follows. ¢
Corollary. Let K be a field containing Q, n € Z\ {0} and

(Ccl 2) € GL2(Q)
such that one of the following conditions is satisfied:
l. ¢=0, n#1.
2. d=0, n# —1.
3. cd # 0 and (c~'d)? = €™ for some e € Q.
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Let f : K — K be an additive function. Then f is a derivation if

and only if
g az™ +b\ _ (ad —bc)nz" ' f(x)
(®) / (cm”—l—d) B (cz™ + d)?
holds for all z € K* such that cz™ +d # 0.
Proof. If f is a derivation, then f | Q = 0 and (8) follows from the
elementary properties of a derivation.

Suppose that (8) holds. By the Th., we must prove that f(1) = 0.
If z € Q% and cz™ + d # 0, then (8) implies

ax™ + b (ad — be)nz™

9) cz™ + df(l) ~ (czm +d)? f(l) ’
since f is Qlinear. Now (9) holds for infinitely many z € Q, and
therefore f(1) = 0 follows. ¢
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