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Abstract: If a finite abelian 2-group is a direct product of two cyclic groups
and also the group is a direct product of its subsets whose orders are either
four or two, then at least one of these subsets must be periodic.

1. Introduction

Let G be a finite abelian group with identity element e. If G is a
direct product of cyclic subgroups of order ¢1,...,t;, then we express
this fact saying that G is of type (t1,...,ts). Let Ay,..., A, be subsets
of G. If each element g of G can be written uniquely in the form

g=01,...0q, a1 € Ay, ...,a, € Ay,
then the product Ai,..., A, is direct and is equal to G. We express
this fact saying that G is factored into its subsets Ay, ..., A, or simply
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that G = Ay ... A, is a factorization of G. If e € A4,...,e € A, then
the factorization is called normed. The n tuple (|41], ..., |A4s]) is called
the type of the factorization. A subset A of G is defined to be periodic
if there is an element g of G such that Ag = A and g # e.

L. Rédei [3] proved that if a finite abelian group is factored into
subsets with prime order, then at least one of the factors is periodic.

Rédei’s theorem suggests the following problem. Given a finite
abelian group G find the factorization types for which one of the factors
must be periodic. In [2] this problem was considered for 2-groups. It
was proved (Th. 3) that if G is of type (2*,2*) and the factorization is
of type (4,2,...,2), then at least one of the factors must be periodic.

In this note we will prove the next extension of the above result. If
G is of type (2*,2#) and the factorization is of type (4,...,4,2,...,2),
then at least one of the factors is periodic. The prof heavily depends
on a result of [1] about the size of an annihilator in a factorization of a

p-group of type (p*, p*).

2. The result

If A is a subset and x is a character of a finite abelian group G,
then x(A) will denote the sum

> x(a).

a€A
The set of all characters x of G satisfying x(A) = 0 is called the anni-
hilator set of A and will be denoted by Ann(A).
Theorem 1. If G = A;...A, is a normed factorization, where G is
a group of type (2*,2*) and |A;| = 2 or |A;| = 4 for each i, 1 < i< n,
then at least one of the factors As,..., A, is periodic.
Proof. Let G be a group of type (2*,2#) and consider a normed fac-
torization G = A; ... A, of G such that |A4;| = 2 or |4;] = 4 for each 1,
1 <4 < n. We may assume that

il == Ay =4, [Aup] == 4s] =2
since this is only a matter of reindexing the factors. We proceed by
induction on s.
If s = 0, then by Rédei’s theorem one of the factors is periodic.

For the remaining part we assume that s > 1. Let A; = {e, a,b,c} and
introduce the elements d,, dp, d. defined by the equations
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a=bedy, b=acdy,, c=abd,.
Note that if d, = e, then A, = {e,a,b,ab} = {e,a}{e, b}. Now s
decreases and by the inductive assumption one of the factors is periodic.
Thus we may assume that d, # e, d,, #e, d. #e.
To the factor AIi of G we assign the subgroup K; of G defined by

K; = ﬂ Ker y.
x€Ann(A4;)
We claim that it may be assumed that K, # {e}. In order to prove this
claim we distinguish two cases depending on A, as whether it contains
a second order element or not.

In the first case suppose that a? = e and denote the subgroup
(dv,dc) by L. Note that I # {e}. We will show that I Ker x for
each x € Ann(A;). Let us consider
(1) 0= x(4) =1+ x(a) + x(b) + x(c).

If x(a) =1, then from (1) it follows that x(b) = x(c) = —1. Hence
x(ds) = x(0)x(a™")x(c™) = x(0)x(a)] " x(e)] ™' =1,
x(de) = x(@)x(a™)x(67") = x()x(a)] " [x(®)] ! = 1.

If x(a) = —1, then from (1) it follows that x(b) = —x(c) and so
x(ds) = x(®)x(a™)x(c™) = x(0)x(a)] " [x()]™* = 1,
X(de) = x(e)x(a™)x(b™") = x(&)x(@)] " x(v)] ™ = 1.

Let us turn to the second case when A, does not contain any
element of order two. Since the group G is of type (2*,2%) it follows
that the product of the subgroups (d,), (d), (dc) cannot be direct.
Thus we may assume that after a suitable reordering of the elements
da, dp, d. the inequality (d,) N (dp,dc) # {e} holds. Let us denote the

subgroup on the left hand side by L. Since L # {e} it will be enough
to show that L C Ker x for each x € Ann(4,). From (1) it follows that

— N

(2) (1+x(@) (1 + x(0)) = (1 - x(dc))x(ab)
(3) (1 +x(@) (1 + x(c)) = (1 - x(ds))x(ac)
(4) (1 +x(®)) (L +x(c) = (1 = x(da))x(be).

Also from (1) it follows that at least one of x(a), x(b), x(c) is equal to
—1. If x(a) = —1, the by (2) and (3) we get x(d.) = x(dp) = 1. If
x(a) # —1, then by (4) we get x(d,) = 1.
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Summing up our argument we may assume that K, # {e}. Simi-
larly, we may assume that K; # {e} foreach ¢, 1 <1 <'s.

Let A, = {e,a}. Note that in the a® = e case A, is periodic, so
we assume that a? # e. This in turn implies that

{e} # (a®) C K.
Similarly, we may assume that K; # {e} for each 3, s +1 < i < n.
Therefore, K; # {e} may be assumed for each factor. By Th. 1 of 1]
this is not possible. The contradiction completes the proof. O
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