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Abstract: A finite system of generators is determined for the algebra of
simultaneous conjugation invariants of m-tuples of n X n matrices, over an

infinite base field of positive characteristic.

Throughout this paper K is an infinite field of characteristic p >

> 0, and let n, m be fixed positive integers with n > 2. Take an

mn?-variable commutative polynomial algebra

Knpm:=Klz,;;|1<i,j<n, r=1,...,m],
and form the generic matrices
X = (Trij)ij=1s T=1,...,m,

contained in the n x n matrix algebra M(n, K, ,) over Kpm. The
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coefficients o;(A) of the characteristic polynomial of an n x n matrix
A over a commutative ring are defined by the equality

det(A] — A) = A" — o1 (A" 1+ L+ (=1)"on(A)]
where A is a commuting indeterminate and I is the identity matrix.
Note that o; is the trace and o, is the determinant. We may form a
product X;, ... X;, in M(n, K, m), and the characteristic coefficients
oi(Xi, ... Xs,) (=1,...,n) are elements of K, . Our main object
of study is Ry, the unitary K-subalgebra of K, ., generated by

(1) {O-J(X'Ll Xzs)llﬁjﬁna SENa 1S7’1a)'&8§m}

Denote by Ty, r,, the unitary R, ,-subalgebra of M (n, Ky, ) generated
by Xl,. e ,Xm.

Identify K, ,», with the coordinate ring of the space My, =
=M(n,K)®...®M(n, K) of m-tuples of n xn matrices, by identifying
T, ;; with the function which maps (Ai,...,An) to the (i, j)-entry of
A,. Then X, is identified with the map M, , — M(n, K), given by
(Ai1,...,A,) — A,. The general linear group acts on M(n, K) by
conjugation and on My, ,,, by simultaneous conjugation. Donkin proved
in [5], [6] that R, ., coincides with the algebra of GL(n, K)-invariant
polynomial functions M, , — K. Consequently, from properties of
the trace function it follows that T}, ., coincides with the GL(n, K)-
equivariant polynomial maps M, ,, — M(n,K). Therefore R, is
called the ring of matrix invariants, and T, ,, is called the ring of matrix
concomitants.

Being the ring of invariants of a reductive group, the algebra R,
is finitely generated. The aim of the present paper is to determine a
finite generating system of Ry, . In the case when char(K) = 0 the
solution of this problem is well known, we refer to [8] for a survey. An
adaptation of a well known argument to the present situation allows us
to give an upper bound for s in the generating system (1), see Lemma 1.
The resulting finite generating system is refined further with the aid of
a new relation between the characteristic coefficients, see Lemma 2.

Let us recall the notion of T-ideals. Take a set Y;, = {v1, ... ,¥m}
of non-commuting variables, and denote by K (Y;,) the free associative
K -algebra without unity generated by Y,,. The elements of K(Y,) are
non-commutative polynomials in the variables yi, ... ,ym with coeffi-
cients from K, and having zero constant term. An ideal I of K(Yy,)
(I is assumed to be a K-subspace) is called a T-ideal, if f(y1,... ,¥m) €
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€I, uy,...,um € K(Yp,) imply that f(uy,...,un) € I. In other
words, a T-ideal is an ideal I of K(Y;,) which is stable with respect to
all K-algebra endomorphisms of K(Yy,).

A theorem of Kaplansky [9] asserts that if B is a finitely generated
K-algebra such that ™ = 0 holds for all z € B, then B is nilpotent. In
other words, there exists a natural number N (depending on n,m, K)
such that the T-ideal {yT'}r of K(Y,,) generated by y? contains all
words ¥;, ... Yiy. Denote by N(n, m, K) the minimal such N, that is,

N(n,m,K) :=

=min{N | Vi, ... ,iv €{1,...,m}: i, ... yiyn € {¥7}1}
Elementary linear algebra arguments show that N(n,m,K) =
= N(n,m, L), if L is another infinite field of characteristic p. There-
fore we shall write N(n,m,n) instead of N(n,m,K). An explicit up-
per bound for N(n,m,p) was given by A. J. Belov [2], who proved
that N(n,m,p) < n®m"™*!. This bound was improved in [10], showing
N(n,m,p) < $nbm™.

We need to recall the formula of Amitsur [1] expressing the char-
acteristic coefficients of a sum of matrices as a polynomial of charac-
teristic coefficients of products of the summands. Let S be the free
semigroup generated by k variables z1,...,z;. We say that mi, mq €
€ S are equivalent if one is obtained by cyclic permutation from the
other. For a word w = z;, ... z; define the length of w as l(w) := r,
and v(w) = (v1,...,v,) € NE, where v; is the number of appearances
of z; in w. We have [(w) = v1 + ... + vg. We call a word indecom-
posable, if it is not a power of a word of smaller length. Let Sy be a
set of representatives of equivalence classes of indecomposable words.
Assume now that z1,...,2; are n X n matrices over some commuta-
tive ring C, and let Aq,..., Ay be commuting indeterminates over C.
For v = (vy,...,vg) € N§ write A := A¥* ... A¥*. By [1, Th. A] for
j=1,...,n we have

O'j()\lzl + ...+ )\kzk) =

— Z(_l)j—(il—l- ..‘—}—i,.)/\ily(wl)-%— +ir1/(wr)0_i1 ('wl) ..oy (,wT)
where the sum ranges over all subsets {wl, ..., wy} € Sy and numbers
i, .ot €41, ..., 7} with égl(wy) + ... + 4. l(w,) = 5.

The polynomial algebra K, , is graded in the usual way. The
algebra R, ., is a graded subalgebra, since it is generated by homoge-
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neous elements. Denote by R* the maximal ideal of R, ,,, generated
by the homogeneous elements of positive degree. A set of homogeneous
elements generates R, ,, as a K-algebra if and only if its image mod-
ulo (R*)? generates R*/(R*)? as a K-vector space. We shall call the
elements of (R1)? decomposable, since they can be removed from any
system of homogeneous generators of R, ,,.
Lemma 1. The invariant o;(X;, ... X;,) is decomposable if
s> N(n,m,p). v
Proof. The idea of the proof is well known: it goes back to [7], [11],
[12] (see [8] for history). Set N := N(n,m,p), and take an arbitrary
monomial X;, ... X;,Z of X;,...,X,, whose degree is greater than
N. We shall show that o;(X;, ... X;,Z) is contained in (R1)2.

By the definition of N there exists a finite set

{w® = (w5, i, wg) [ a € A}
of triples of elements of K(Y,,) and coefficients {c, € K | @ € A} such
that

(3) Yiy - Yin = ), Caw (w) ws

acA
holds in K(Y,,). Make the substitution y; — X; in (3) to get the
equality

Xiy .. Xipy =

@ =3 s (X, X (Xa, o, Xo) "0 (X, -, Xom)
aEA

in Ty, . Apply the Cayley-Hamilton Theorem for the matrix W, €
€ T m, where Wy := w§(Xy,...,Xn). Since any characteristic coef-
ficient of W, is contained in RT, we conclude that the nth power of
W, is contained in the ideal R* - T}, , of T}, . Therefore (4) implies
that X;, ... X,y € R" T, m, hence it can be written as ), r;u;, where
ri € Rt and u; € T, ;. By formula (2) the jth characteristic coeffi-
cient of X;, ... X;yZ = >_rmu;Z can be expressed as a polynomial in
the elements r; and the characteristic coefficients of certain products of
the elements u;Z, such that in each term at least one r; and one u;Z
appears. It follows that o;(X;, ... X;,Z) € (RT)? for all non-trivial
monomials Z. ¢

For d € {1,...,n} denote by R, ,(d) the unitary K-subalgebra
of Ry m generated by all the elements of the form o;(X;, ... X;,) with
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j < d. Denote by |%] the lower integral part of %. The following
lemma may be viewed as a replacement of the multiplicative property
of o,, = det for certain other characteristic coefficients.

T

Lemma 2. As an R, (| 3])-algebra, Ry, , is generated by the elements

o;(X;) with |n/2]+1<j<n, 1<i<m.

Proof. Observe that the expression (2) is independent from 7. So the
formula (2) remains valid if j > n, and we evaluate opy1,0n42,.--
identically zero. Indeed, for j > n we may identify M(n,C) with
the subalgebra of M (7, C) consisting of matrices with zero entries out-
side the upper left n x n block. If o; (i = 1,...,75) denotes the ith
characteristic coefficient function on j X j matrices, then the restric-

tions U”"‘l‘M(n,C’)’ G"“’M(n,c)’ R ’Uj!M(n,C) are identically zero, and

01| M0y O pn,cy 3Fe the characteristic coeflicient functions on
n X n matrices.
Now choose s € {|%] +1,...,n}. Then 2s > n, and the special

case j = 2s and k = 2 of (2) gives the identity
(5) 0= Z(_l)i1+ +z'r)\z'1u(w1)+ ...—{—iru(wr)cri1 (wl) ... 0 (,wr)

where the sum ranges over all subsets {w1,... ,w,} C Sp and natural
numbers %1, ..., % < n with i1l{(w1)+ ... +i.l(w,) = 2s. It follows that
the coefficient of A A§ in (5) is zero, that is, for all zq,...,2x € M(n,C)
we have

(—1)*tlos(z122) — 05(21)05(22) =
= Z(—l)i1+"'+irail (w1) ... o, (wy)

where the sum ranges over all subsets {wy,... ,w,} C So and natural
numbers i1 ... ,i, < § with i1l(w1) + ... + i l(w,) = 2s.

Formula (6) implies that if U,V € Ty ,, are non-trivial monomials
in X1,...,Xm,and s > | 2], then 0,(UV) is contained in the Ry, (s —
— 1)-subalgebra generated by o5(U) and o4(V). Applying induction on
the degree of U we get that for any monomial U, o4(U) is contained in
the R, m(s — 1)-subalgebra generated by 0,(X1),...,0s(Xm). Conse-
quently, Ry, m(s) is generated as an Ry, (s — 1)-algebra by o,(X1),. ..

. ,05(Xp,) for all s = 5] +1,...,n. This proves Lemma 2. ¢

Combining Lemma 1 and 2 we obtain the following:

Theorem 3. The algebra R,, m, 1s generated by ;(X;), ox(Xi, -.. Xi,),

&

where 2] +1 < j<n, k< |%], s < N(n,m,p), 1 <d,ig,... .0 <

(6)
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< m. In particular, R, ., is generated by its elements of degree <
< [3IN(n,m,p).
Proof. Lemma 2 asserts that Ry, , is generated by the elements o;(X;),
or(Xi, ... X)), where j > | 2] +1, k< [5],s€N, 1 <4,4q,...,4, <
< m. By Lemma 1 the elements o (X;, ... X;,) with s > N(n,m,p)
are decomposable, hence they can be omitted from this generating sys-
tem. ¢
Theorem 4. Assume that char(K) =p > |%|. Then Ry, m, is generated
by o5(Xs), tr(Xs, ... Xy,), where [5] +1 < j < n, s < N(n,m,p),
1 < 4,i1,...,1s < m, and we use the usual notation tr := o1. In
particular, Ry, m is generated by its elements of degree < N(n,m,p).
Proof. Since p > | %], we may apply the Newton formulae in order to
express the characteristic coefficients o1 (A),...,01z|(A) by traces of
powers of A for A € Ty, . Hence Ry, (5 ]) is contained in Ry, (1),
and by Lemma 2 we get that R, ,, is generated by the elements o;(X;),
tr(X;, ... X;,), where j > |2] +1,s €N, 1 <4,i,...,4, < m. By
Lemma 1 the elements ¢r(X;, ... X;,) with s > N(n, m,p) are decom-
posable, hence they can be omitted from this generating system. ¢

It is shown in [4] that if p < m, then tr(X; ... X;,) is not de-
composable in R, ,,. More generally, it is proved in [3] that if p” < n
with some positive integer r, then o;(X; ... Xp,) is not decomposable
in Ry m for j =1,...,p" — 1. In particular, if p" < n with r € N, then
R, m is not generated by its elements of degree < m(p” —1). The main
result of [13] could be applied as well in order to get a lower degree
bound for the generators of Ry, ., in terms of the numbers N(n, k, p).
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