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Abstract: We prove that any tolerance of an algebraic atomistic lattice L
with a regular kernel is a congruence. Moreover the lattices TolL and ConL

satisfy the same identities involving the pseudocomplementation.

1. Introduction

It is a known fact that the tolerance lattice (TolL) and the con-
gruence lattice (ConL) of a finite atomistic lattice coincide. In general
this assertion is not true in the infinite case, however we show that if L
is an atomistic algebraic lattice then any tolerance of L, whose kernel
is a principal ideal, is a congruence.

It is also well-known [1] that TolL and ConL are pseudocomple-
mented lattices. Let T* (or 8*) stands for the pseudocomplement of a
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T € TolL (or of a 6 € ConL). Bounded pseudocomplemented lattices
considered as universal algebras (L, A, V,*,0,1) satisfying the identity

(i Aza AL ANzp)*V

Ly:
(Ln3) V(ZTAZa Ao ANZ) Voo V(i Aza AL AT =1

form an equational class for any n € N. Any equational class of dis-
tributive bounded pseudocomplemented lattices coincides with one of
these classes (see [7]). Our principal result is the following:

Main Theorem. If L is an atomistic algebraic lattice, then ConL
satisfies the identity (L, ) for some n € N if and only if Tol L satisfies
the same identity.

2. Preliminaries

The lattice L with 0 element is called atomistic if any = € L is the
join of atoms below z. The set of all atoms of L is denoted by A(L)
and for x € L let A(z) = {a € A(L) | a < z}. Clearly, A(z Ay) =
= A(z) N A(y) and A(z) U A(y) € A(z Vy) for all z,y € L. Let (]
stand for the principal ideal generated by z € L.

An element a € L is called standard if zA (aVy) = (zAa) V(zAy)
holds for all z,y € L. The standard elements of L form a sublattice
denoted by S(L) (see [4]).

Remark 2.1.The following simple facts can be found e.g. in [4] or [5].

(i) s is a standard element of L iff the relation 8(s) = {(z,y) €
cL?|zVvy=(xAy)Va, for some a < s} is a congruence
of L.

(ii) For any si1,s2 € S(L) we have 0(s1 V s2) = 0(s1) V 0(s2),
0(s1 A s2) = 0(s1) AO(s2) and O(s1) 0 §(sz) = 6(s2) 0 8(s1).

Let T'(a,b) stand for the principal tolerance generated by the pair
(a,b) € L?, a # b. For the identical and the unit relations on L, we
write A and 57, respectively. If ' € Tol L, then for any a,b € L we have
(a,b) € T < (aAb,aVDd) € T and (a,b) € T,a <z £ b= (a,z),(z,b) €
€ T (see [2]). Clearly, ConL & TolL and for any 61,02 € Con L their
greatest lower bound in TolL is the same as the “meet” ;A 03 € Con L.
However this is not true for the “join” operation; denoting by 73 U 7%
the least upper bound of Ty, Ty € Tol L in TolL, we have 6:U6y < 0;,V6s
for all 81,0, € Con L. If TolLL = ConL, then L is called tolerance-trivial.
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Lemma 2.2. Let L be a lattice with 0 and s € S(L). Then

() 0(s) = T(0,5),

(ii) For every si,s2 € S(L) we have 0(s1) U 0(s2) = 0(s1) V 0(s3).
Proof. (i) Obviously, 6(s) € TolL and (0,5) € 0(s). Take any T €
€ Tol L with (0,s) € T. Then we have (0,a) € T for each a < s,
whence we obtain 0(s) = {(z,y) € L? | zVy = (z A y) V a, for some
a<s}S{(r,y) e L?| (zAy,zVy) € T} =T. Hence §(s) = T(0, s).

(ii) In view of the above (i) we get 8(s1) V (s3) = 0(s1 V s3) =
= T(0, 51 V s3). On the other hand, (0,51) € 6(s1) and (0, s3) € O(s3
implies (0,51 V s2) € §(s1) L 6(s2), whence we obtain T(0,s; V s5) C
€ 0(s1) U0(s2) S O(s1) VO(sz) =T(0,s1V s3), and this proves (ii). ¢
Remark 2.3. An easy consequence of the above (ii) is that

O(s1)U...U0(s,) =0(s1) V...V 0O(sy), for allsy,...,s, € S(L).

Let T denote the transitive closure of a T € Tol L, it is well-known
that T € Con L and that T(0) = {z € L | (0,z) € L} is an ideal of L
(see [8]). For an atomistic algebraic lattice L we shall make use of the
following notations: A(T) = A(L)NT(0) = {a € A(L) | (0,a) € T}
and wr = \{a | a € A(T)}.

Remark 2.4. It is easy to check that for any family T; € Tol L, i € I,
we have A </\ Ti) = N A(T;).

iel el

The following result will play an important role in our develop-
ment:

Proposition A ([9], Prop. 1.11). For each T € Tol L we have A(T) =
= A(wr) and wr is a standard element of L.

A lattice L with 0 is called a pseudocomplemented lattice if for
each z € L there exists an z* € L such that forany y € L, yAz =0 &
SySo* Hz*vae* =1forall z € L, then L is called a Stone lattice.
A lattice L is said to be a 0-modular if, for any a,b,c € L, a < ¢ and
bAc=0imply (aVb)Ac=a (as given in [10]). According to [1], TolL
is a pseudocomplemented 0-modular lattice for any lattice L.

3. Tolerances with a regular kernel

Definition 3.1. We say that a tolerance T € Tol L has a regular kernel
if T'(0) is a principal ideal of L.

Clearly, if L satisfies the ascending chain condition then any tol-
erance of it has a regular kernel. (Indeed, in this case any ideal of L is a
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principal ideal [3].) It is also obvious that any congruence 6(s) induced
by a standard element s € L is a tolerance with a regular kernel.

Proposition 3.2. If L is an atomistic algebraic lattice, then any toler-
ance T with a reqular kernel is a congruence of L induced by a standard

element of L.
Proof. Let T € Tol L be a tolerance with a regular kernel. As T'(0) =
= (u] for some u € L, Prop. A gives A(wr) = A(T) = A(u) implying
u = wp. Thus (0, wr) € T, whence by Lemma 2.2(i) we get 6(wr) =
Conversely, take (z,y) € T. Then (z Ay,z Vy) € T and for each
a € A(zVy)\ A(z Ay) we get that (0,a) = ((zAy)Aa,(zVy)Aa) €T,
ie. a € A(T). Since A(T) = A(wr), we have a £ wr. Hence we
obtain ¢ = \/{a | a € A(zVy)\ Az Ay)} £ wr. Now the relations
(0,9) € (wr) and zVy = (z Ay)Vqimply (xVy,zAy) € O(wr), that
is (z,y) € O(wr). Hence T < 0(wr), and this proves T = (wr). ¢
A tolerance (congruence) ¢ is called complete, if for any (a;, b;) €
€ v, 1 €I, we have

(\/ai, \/bz> € and (/\az-, /\bz> €
iel i€l iel el
(see e.g., [11]).
Corollary 3.3. (i) Any atomistic lattice L satisfying the ascending
chain condition is tolerance-trivial.

(ii) Any complete tolerance of an atomistic algebraic lattice L is
a congruence induced by a standard element of L.
Proof. (i) As any lattice with 0 satisfying the ascending chain condition
is an algebraic lattice (see e.g., [3]), L is an atomistic algebraic lattice.
Since all T € Tol L now have regular kernels, we get TolL & Con L, i.e.

TolL = Con L.
(i) If T € Tol L is a complete tolerance, then wr = \/{a € A(L) |

| (0,a) € T} € T(0), whence T(0) = (wr]. Therefore T' has a regular
kernel, and so Prop. 3.2 gives (ii). ¢

4. Pseudocomplements in the tolerance lattice

In what follows let L denote an atomistic algebraic lattice. On
the set A(L) we define a relation R as follows: for a,b € A(L), (a,b) €
€ R < 0(0,a) AH(0,b) # A. For any set B & A(L) let R(B) = {z €
€ A(L) | (b,z) € R for some b € B}. In [9] we proved the following:
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Proposition B ([9], Prop. 3.2). For anyT € Tol L, T* is a congruence
and we have T* = 0(s) for s =\/{a |a € A(T*)} € S(L) and A(T*) =
= A(L) \ R(A(T)).
Corollary 4.1. For arbitrary T1,T, € TolL, A(Ty) = A(Ty) implies
TF =T},
Proof. A(Ty) = A(T,) implies R(A(T1)) = R(A(T»)), whence in view
of Prop. B we get A(T7) = A(T5) and this gives T} = T%. ¢

For any pseudocomplemented lattice £ its Boolean part is defined
as B(L) ={z € L]z =z**}. (B(L),A,Y) is a Boolean algebra, where
a Y b is defined to be (a* A b*)* (for more details, see [6]). Now we
formulate the following

Corollary 4.2. B(TolL) and B(ConL) are the same Boolean alge-
bras.

Proof. Clearly, B(Con L) & B(TolL). Takeany T' € B(TolL). AsT =
= (T*)*, Prop. B gives T' € Con L and T = T** implies T' € B(Con ).
Hence we get B(TolL) = B(ConL) and obviously the corresponding
Boolean algebras are the same. {

Proposition 4.3. Let L be an atomistic algebraic lattice. If TolL 1s
a complemented lattice, then L is tolerance-trivial, Con L is a Boolean
lattice and any ¢ € Con L is a factor congruence of L.

Proof. Take any T' € Tol L. Denoting the complement of T by 1", first
we prove that (T7)* = T'. Since TAT' = A implies T' < (T")* and since
Tol L is 0-modular, we obtain (T7)* = (TUT")A(T')* = T. Now Prop. B
gives T' = 6(s) € Con L for some s € S(L), i.e. we get that TolL =
= Con L. Since Con L is distributive and complemented, it is Boolean.
Let ¢ € Con L, then ¢ has a complement ¢’, moreover ¢ = 6(s;) and
¢ = 0(sy) for some s1,52 € S(L). As in view of Remark 2.1(ii) we
have 6(s1) 00(s2) = 0(s2) 06(s1), ¢ and ¢’ permute, therefore they are
factor congruences of L. ¢

5. The proof of the main result

To prove our Main Theorem we need the following
Lemma 5.1. ([9], Lemma 1.12). (i) For each T € Tol L, A(T) =
= A(T).

(ii) For any o; € ConL, i € I we have
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iel iel iel i€l

Corollary 5.2. For any T € Tol L we have (T)* = T*.

Proof. As the above (i) gives A(T) = A(T), by applying Cor. 4.1 we
deduce (T)* =T*. ¢

Proof of Main Theorem. First, assume that Tol L satisfies the iden-
tity (L,) and consider 61,6s,...,0, € ConL. As (ConL,A,") is a
subalgebra of (Tol L, A,* ), we can write

QLA A .. ANO)N (5 AO A AO) V.. V(L AO A .AOL)" 2

(B AOa AL A LI (OF AOaA ... AOg) L. .. U1 AO2A.. . NOZ)* =V,

and this proves that ConL satisfies the identity (L,).
Conversely, assume that ConL satisfies (L,) and consider 71,
Ty,..., T, € TolL. AsT; € ConL, 1 <i < n, we have:

(Tl/\Tz/\.../\Tn)*V

V(T)* AT A ATV V(T AT A A (Th)*)* = V.

_ Let us introduce the notations: S =T1ATaA... A T, B =
= (T1)*AT2A.. ATy, P =T1AT2A.. .A(Tp)*. Since by Cor. 5.2 we

V(3
have TF = (T1)*, Ty = (T2)*,...,Ti = (Tn)*, in view of Remark 2.4
and applying Lemma 5.1 we obtain

AT AT A ATy) = [AT) =
i=1

= ﬁA(TZ-) = AT ATaN...ANTy) = A(Bo),

=1

.........................................................

AT AT A AT =AT 1 AT A ... A (Th)*) = A(Br)-

Now, Cor. 4.1 gives that (Ty AToA.. . ATR)* = B, (ITAT2A. . A
AT)* =B, oo s(Th AT A ... NTE)* = B;,. Since in view of Prop. B
there exist sq, 81, ..5n € S(L) such that 8§ = 0(so), B = 0(s1),-.-, 8, =
= 0(sy), by Remark 2.3 we have S5 USTU... UG, =B5VLI V...V Gy,
Summarizing the above results we can write:
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(Ti ATy N .. AT U
UITY AT A AT U UM AT A AT =
=F5UB L. UG =BV OV VB =
=(T1ATaA...ATp)*V

V(T )*AToA .. AT)*V .. V(T ATy A A (TR)) =V,
thus Tol L satisfies the identity (L,). ¢
Corollary 5.3. Let L be an atomistic algebraic lattice. Then Tol L is
a (not necessarily distributive) Stone lattice if and only if ConL is a
Stone lattice.
Proof. Substituting n = 1 in (L,) we obtain the Stonean identity
z*Vzt =19
Corollary 5.4. If L is a weakly modular atomistic algebraic lattice,
then Tol L is a (not necessarily distributive) Stone lattice.
Proof. Since the congruence lattice of a weakly modular atomistic al-
gebraic lattice is a Stone lattice (as noted by [9]), our assertion is an
immediate consequence of Cor. 5.3. {

Problems. Let L denote an atomistic algebraic lattice.
1) Under what conditions TolL is distributive ?
2) Under what conditions we have Con(TolL) 2Con(ConlL) ?
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