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Abstract: The aim of this paper is to give a characterization of iteration
groups defined on the unit circle S!, continuous with respect to the iterative
parameter. Such groups are named quasi-continuous. The problem of the em-
beddability of a given function T : S — S! into quasi-continuous iteration
groups is also considered.

Let S* = {z € C: |z| = 1} be the unit circle. A set L C S* is
said to be an open arc if

L= (3[71,2132) = {627rit 1t e (tl,tQ)},
where t1,t2 € R are such that t; <ty <t; +1 and z; = >™1 75 =

= 2™ Similarly we define (z1,z2], [21,22), [%1,22], but with one

different detail: ¢; < t9 < t; + 1. Each of these four will be called an
arc in this paper.

Let L be an arc or L = S! or L be a singleton. Let us introduce
the following:
Definitions (see [3], also [6]). A family {T%,t € R} of functions T% :
: L — L is said to be an iteration group on L if
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T'oT* =T  fort,seR.

If for every € L the mapping h, : R — L given by h,(t) :=
;= T%(z),t € R is continuous then the iteration group is said to be
quasi-continuous.

If, moreover, all functions T are continuous then the quasi-contin-
uous iteration group will be called a continuous iteration group.

The general construction of quasi-continuous iteration groups of
real functions is given in [6]. On the base of these results we give a
construction of quasi-continuous iteration groups on the unit circle.

Given an iteration group {7%,¢ € R} on S* and z € S! put

C(z) == {T"(z),t € R},

B(z) :={t e R: T"z) = z},
and
p(z) :=inf{t > 0:T(z) ==}, (inf(:=oco).
p(z) is called the period of the point z.
For any mapping 7' : S — S we also put
Ap ={z e S': T(z) = z}.
We begin with some elementary properties of iteration groups on
the circle.
Proposition 1 (see also [2]). Let {T%,t € R} be an iteration group on
St then
(i) for z,y € ST we have C(z) = C(y) or C(z) N C(y) =0,
(ii) T°[SY] = T*[S'] forteR,
(iii) TO[TO[Sl} = IleO[Sl].
Proof. To prove (i) fix t € R, z,y € S! such that = # y. Suppose that
- C@)NC(y) #0, ie. there exist t1,ty € R such that T% (z) = T (y).
Then
TH(z) =T " (z) = T (T (2) =
=T'""(T"(y)) = T"""1*%2(y) € Cly).
Thus, C(z) C C(y). In the same way we can show that C(y) C C(x).

In order to prove (ii), fix a t € R. First, take an z € T°[S!] and
let y € S* be such that z = T°(y). Then

z=T(y) =T (y) = THT () € T*[S).

If 2 € T*[S], then there exists a y € S* such that z = T%(y), and
consequently
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z=T"(y) =T (y) = T%(T*(y)) € T°[SY).

The proof of (iii) is trivial. ¢
Remark 1. Let {T%,t € R} be a quasi-continuous iteration group on
S'. Then for every x € S*, C(x) is either a singleton or the circle or
an arc.
Proof. Since for every z € S*, C(z) = hz[R] and the function A
: R — S is continuous, the set C (z) is connected, and our assertion
follows. ¢ .

The following lemmas are similar to Th. 1.13 in [2] but these ones
give more facts and work with another assumptions.
Lemma 1. Let {T*%,t € R} be a quasi-continuous iteration group on S*
and z € St. Then

(i) the following three conditions are equivalent

(a) p(z) =0,
(b) C(z) = {z},
(c) B(z) =R;

(i) the following three conditions are equwalent

(a) 0<p(z ) < 00,

(b) C(z) =

(¢) B(x) is a nontrivial cyclic subgroup of R.
Proof. First, note that if B(z) # 0 then B(x) is a closed additive
subgroup of R, so it is either R or a cyclic subgroup of R. This together
with the definitions of C(z) and p(z) gives (i).

Next, we prove (ii). To do this, let us first assume that B(z) =

= {nto,n € Z} for a positive to. Then hg|,.,) is one-to-one. Indeed,
assuming h;(s) = h,(p) for some p, s € (0,tg) we get

z=T") =T""() =T*(T*(z)) = T™*(T*(z)) = T"*(z),
since 0 € B(z). Then p— s € B(z), so p = s. Next, note that h(0) =

= h,(to) = z. From this, Remark 1 and the fact that hzl(o,t0) is @
continuous injection we have

C(z) = ha[R] = ho[(0,20)] = S™.

Conversely, assume that C(z) = S*. Then B(z) # R, and there
exists a ¢ € R such that z = T%(z). Therefore B(z) # 0. If B(z) = {0},
then h, is easily seen to be one-to-one, which contradicts the known
fact that there does not exist a continuous injection from R onto S? (see
for instance [2]). Consequently, B(z) is a nontrivial cyclic subgroup of
R. The rest of the proof is immediate. ¢
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Lemma 2. Let {T%,t € R} be a quasi-continuous iteration group on S*.
If z € St and p(z) = oo then one of the following conditions occurs:

(H1) z #£ T°%(z) and B(T°(z)) =R,

(H2) = # T°%(z) and B(T°(z)) = {0},

(H3) z = T°(z) and B(z) = {0}.

Proof. Let us assume that z € S! and p(z) = co. Then B(z)NR* = §.
Thus, B(z) = 0 or B(z) = {0}. Assuming B(z) = () we have T%(z) # =
for every t € R, so z ¢ C(z). Note that for y = T°(z), C(z) = C(y).
Obviously, T°(y) = y, so 0 € B(y). If B(y) is a cyclic nontrivial
subgroup of R, then by Lemma 1, S! = C(y) = C(z), contrary to
z ¢ C(x). Hence B(y) = R or B(y) = {0}. If B(z) = {0}, then
z=T%z). O

Lemma 3. Let {T%,t € R} be a quasi-continuous iteration group on
St. Letx € S, then

(i) if (H1) then C(z) = {T%(z)}, p(z) = oo and the function hy is

constant,

(i) of (H2) then C(z) is an arc such that x & C(z) and p(z) =
(iil) 4f (H3) then C(z) is an arc such that z € C(z) and p(x)
Moreover, the following three conditions are equivalent

(a) (H2) or (H3) occurs,

(b) hg is a homeomorphism,

(¢) C(x) is an arc.

Proof. Fix an z € S! and put y := T°(x). Let us first assume that
z # T°(x). Then B(z) =0 and, by Lemma 1, p(z) = co. If B(y) =R
then, by Lemma 1, {T%(z)} = C(y) = C(z), and consequently h, is
also constant. If B(y) = {0}, then h.(s) = h,(p) implies h,(s) = hy(p),
and consequently s = p. Therefore h, is one-to-one, and Remark 1 now
shows that C(x) is an arc with ¢ C(x). Next, assume that (H3)
holds true. Then A, is an injection, and consequently C(z) is an arc
with € C(z). Moreover, Lemma 1 now shows that p(z) = co.

From Lemmas 1, 2 and the proved part of Lemma 3 it follows
that conditions (a) i (c) are equivalent. Moreover, it is obvious that
(b) implies (¢). To complete the proof let us assume that (¢) holds
true. Then there is an open arc L such that C(z) C L. Let g be a
homeomorphism from L onto R. Since A, is one-to-one, the mapping f :
R — R given by f := goh, is a continuous injection, and consequently
f is a homeomorphism. Therefore so is hy. ¢
Corollary 1. Let {T%,t € R} be a quasi-continuous iteration group on
S! and x € St. If C(z) is an arc, then it is an open arc.

b

o0
o0
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From Lemma 1, Prop. 1 and Remark 1 we have
Remark 2. Let {T* t € R} be a quasi-continuous iteration group on
St. If there exists an zo € S such that 0 < p(zg) < oo, then 0 <
< p(x) < co for every z € S*.

We can now prove the following

Theorem 1 (see also [2]). If {T%t € R} is a quasi-continuous iteration
group on S, then for every z € S*, {T%|g(w),t € R} is a continuous
iteration group on C(x).
Proof. Fix z € S and ¢ € R. First, suppose that 0 < p(z) < oo.
By Lemma 1 we see that C(z) = S'. Moreover, from Prop. 1(iii) we
‘conclude that 7% = Idg:. Therefore, by Th. 1.19 in [2], we deduce that
{T*,t € R} is a continuous iteration group on S*. :

Now, assume that p(z) = 0 or p(z) = co. The proof is completed
by showing that T*|¢(,) is continuous. If the orbit contains only one
point our assertion follows. By Lemma 1 we only need to show the
continuity of Ttlc(m) in the case when the orbit is an arc.

Since C(x) is a metric space, it is sufficient to show that for every
sequence (Yn)nen Of elements of C(z) such that y, — y € C(z), we
have T"(y,) — T*(y). Fix such a sequence and an n € N. Since C(z) =
= C(y), we can find s, s, € R such that y, = T*(y) and y = T°(z).
Thus

yn =T (y) = T(T"(x)) = T ().

Since y, — y, we have T5»T5(z) — T*(x), i.e. ha(sn+ ) — hz(s). By
Lemma 3 we see that h, is a homeomorphism, so s, — 0. Hence and
from the fact that hy is continuous we obtain

T (yn) =TT (y)) =T~ (y) = T*(y). O
The general form of continuous iteration groups on the unit circle

is well known (see for instance [5]), but we will remind it. We first need
to prove
Theorem 2. Let {T* t € R} be a quasi-continuous iteration group on
St. If there exists an To € S such that 0 < p(zg) < oo then

(i) for everyt € R, either Tt = Idg: or T(z) # = forz € S,

(ii) T° = Idgl, .

(iii) T* s a homeomorphism for t € R.
Proof. Assume that Ap. # () for an a # 0. Fix an ' € Ara. Then
T%(z') = z'. We claim that C(z’) C Are. Indeed, let y € C(z'). Then
- there exists a u € R such that y = T%(z’). Thus
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T*(y) =T*(T"(z")) = T*(T°(a")) = T"(2) =y,

and consequently y € Ar.. By Remark 2 we see that 0 < p(z') < oo
and Lemma 1(ii) now shows that S! = C(z') C A7a. Consequently,
ATG = Sl.

Next, by Lemma 1(ii), 7°[S'] = S?, since S* = C(zo) C T°[SY].
By Prop. 1(ii) and (iii), T° = Ids: and T*[S'] = S* for every ¢t € R.
Hence T o T = Idg1, so T* is invertible. Consequently, by Th. 1,
every T" is a homeomorphism from S* onto S*. ¢

Th. 2 lets us to use Th. 2 in [5]. Thus, the general form of quasi-
continuous iteration groups {T%,t € R} on S such that 0 < p(zg) < oo
for an zp € S is given by

T'=3"10Quo0d, teR,

where ®: §' — S is an orientation preserving homeomorphism, a € R
and

Qa(z) :=€*™ .z, zeS
From now on we assume that

(1) p(z)=0 or p(r)=oc0 foranze S

Lemma 4. Let {T%,t € R} be a quasi-continuous iteration group on S*
satzsfymg condition (1). If there exists an s # 0 and an o € S' such
that T (xo) = xo, then T%(zo) = xo for every t € R.
Proof. From Remark 2, Lemmas 1, 2 and 3 it follows that either C(xz)
is an arc or C(zg) = {zo} or C(zo) = {T%(z0)}. Clearly,

T*(zo) = T°"°(z0) = T°(T*(x0)) = T°(x0),
since T (zo) = xo, 80 hy, is not a homeomorphism. Thus, by Lemma 3,

C(zo) is not an arc. Finally, C(zo) = {zo}. ¢
Put

(2) A={zecS": VteR Tiz)=z}.

By Lemma 4 we have

Remark 3. Let {T% t € R} be a quasi-continuous iteration group on
St and let condition (1) hold true. Then for everyt € R\{0}, Ar: = A.
Moreover, A C T°[S].

We can now formulate

Theorem 3. Let {T%,t € R} be an iteration group on S satisfying
(1) and let A be given by (2). Then {T*,t € R} is quasi-continuous if
and only if either T°[S] = A or there ezists a family of open pairwise
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disjoint arcs {Lp, : Lo N A =0, n e M}, where ) # M C N, such
that

(3) T°1S" = |J LanuA
neM

and for every n € M, {T%.,t € R} is a continuous iteration group
on Ly, such that all Tt|L, : L, — Ly, are bijections.
Proof. Suppose that {T%,¢ € R} is a quasi-continuous iteration group.
In view of Lemmas 1, 2, 3, Remark 2 and Cor. 1, condition (1) shows
that C(z) is an open arc or a singleton for every x € S!. Assume that
TO[S'] # Aand fix z € T°[S*]\ 4, ¢ € R. By Lemmas 1, 2, 3 and Prop.
1, C(z) is an arc with € C(z), and therefore h,, is a homeomorphism.
Thus, for every y € C(z) there exists an s € R such that s = h71(y).
Moreover,

T'(y) = T"(ha(s)) = THT*(2)) = T""*(z) = ha(t + 5),
and consequently T*(y) = hq(t 4+ h7'(y)). Hence we infer that T%|c(y)
is continuous and one-to-one. Clearly, T*[C(z)] = C(z). Consequently,
putting

{L,, neM}:={C(z), =zeT°[S'\A4},

we obtain, in view of Prop. 1(i), a family of open pairwise disjoint arcs
such that for every n € M, AN L, =0 and (3) holds true.

Conversely, we show that h, is continuous for every z € St. In-
deed, we see at once that this is true for z € T°[S1]. If z € ST\ TO[S1]
then we have h, = h, with y :=T%(z) € T°[S*]. O

Now, on the base of Th. 3 we give the general construction of
quasi-continuous iteration groups on S! satisfying condition (1).
Theorem 4. The following construction gives the general form of quasi-
continuous iteration groups on St satisfying condition (1).

1° Let {L,,n € M}, where M C N (we admit M = () be a family
of open pairwise disjoint arcs.
2° For every n € M let {F* t € R} be a continuous iteration group

on Ly, such that all functions F’ are one-to-one and Fyo(z) = x

for x € L,,. (Such groups are given by the formula:

F'(z)=h(t+h" (=), z€L, teR,

where h : R— Ly, is a homeomorphism (see [1], p. 248-9).)
3° Let A be an arbitrary (if M = ( then, moreover, non-empty)
subset of S*\ U,e s Ln-
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4° Put
J = U L,UA
neM
and let a be an arbitrary function defined in S* such that a[St] =
=J anda(z) =x forx € J.
5° Define

4)  THz):= { a(z) for zca"l[4], tcR,

Ft(a(z)) for zea '[L,), teR, neM.

Proof. Tt is easy to check that the family of functions T% defined by
(4) is a quasi-continuous iteration group on S*' for which (1) holds.

Conversely, we will show that every quasi-continuous iteration
group satisfying (1) can be obtained in the above manner. Assume
that {T* ¢ € R} is such a group and define A by (2) and a := T°. From
Th. 3 it follows that either A = T°[S'] # ) or there are a non-empty
set M C N and a family of open pairwise disjoint arcs {Ln,n € M}
such that (3) holds true and A € S\, cpq Ln- If T°[S'] = A, then
T =T° for t € R. Therefore (4) holds true with M := ). In the later
case, we put F! =T fort € R, n € M. Prop. 1(iii) and Th. 3
complete the proof. ¢

We can now consider the problem of the embeddability of a given
function into quasi-continuous iteration group. Recall that a function
T:L— L, for L C 8!, is said to be embeddable into a quasi-continuous
(continuous) iteration group if there exists a quasi-continuous (contin-
uous) iteration group, defined on L, {T%,¢t € R} with T! =T.
Theorem 5. A function T : S' — 8! is embeddable into a quasi-
continuous iteration group if and only if one of the following occurs

(i) T is an orientation — preserving homeomorphism and either T™ =
= Idg1 for a positive integer m or the set {IT™(x),n € N} is dense
in S for every x € ST,
(ii) there exists a non-empty set M C N and a family of open pairwise
disjoint arcs {Ly, : L, N Ar = 0,n € M} such that
TS = |J L.UAr
neM

and for everyne€ M, T : Lp, — Ly, is a continuous bijection,
(iii) T[S!] = Arp.
Proof. Let {T%,t € R} be a quasi-continuous iteration group such that
T = T. First, suppose that 0 < p(zy) < oo for an zy € ST. By Th. 2
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we infer that the iteration group {T%,t € R} is continuous and T is
either without fixed points or the identity mapping. Th. 3 in [5] now
shows that (i) holds true. Next, assume that (1) is satisfied. By Prop.
1(ii), Remark 3 and Th. 3 we see that (ii) or (iii) holds true.

Conversely, assume first (i). Then, by Th. 3 in [5], T is embed-
dable into a continuous iteration group on S'. Assume now that (ii)
or (iil) occurs. In the first case fix, moreover, an n € M and note
that since T'|,, is a continuous bijection, T|_ is embeddable into a
continuous iteration group {F%,¢ € R} such that all functions F! are
one-to-one (see [1], p. 248-9, and [4]). In the later case, we define
M :=0. Put J:=T[5'] and A := Ap. Clearly, T|;: J — J is a
bijection and, if (iii) occurs, A is non-empty. Defining a := (T|;) 1o T
we see that a maps S* onto J and a(z) = = for £ € J. By Th. 4 the
family {T%,t € R} of functions T* given by (4) is a quasi-continuous
iteration group such that, as one can check, T' = T. ¢
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