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Abstract: It has been established by Daboussi that if f is a complex valued

multiplicative function such that |f(n)| < 1 and « is an arbitrary irrational

number, then lim — 37 f(n)e?™® = 0. If W stands for the union of finitely
T—oo n<mz

many convex bounded domains in C and if A is the set of those additive char-

acters x such that x(1) = €>™4 and x(i) = €278 where at least one of A and

B is irrational, we prove that, given x € A, then for every multiplicative func-

tion g : Z[i] \ {0} — C such that |g(a)] < 1, lim > g9(B)x(B) =0,
T— 00 [fEVV[ BELW

where the convergence is uniform in g.
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1. Introduction

Let G = Z[i] be the set of Gaussian integers, U = {1,—1,4,—i}
the set of units of G and set G* = G \ {0}. We say that a function
g : G* — C is multiplicative if g(¢) = 1 for each € € U and if g(aya0) =
= g(o)g{as) for each coprime pair ap,as € G*. We say that the
integers a; and awo are associates if a1 = eag for some unit e. Let M
be the set of multiplicative functions defined on G* and let M* be the
subset of M made of those g € M satisfying |g(a)| < 1 for all o € G*.

Let x be an arbitrary additive character, that is a function x :
. G — {z:|z| = 1} for which x(0) =1 and x(a1 + a2) = x(a1)x(az2)
for all a1, aw € G. We shall say that x is periodic if there is some v € G,
v # 0, for which x(y) = 1. Let N be the set of nonperiodic characters.

Using the standard notation e(u) = €™, we set x(1) = e(4) and
x(i) = e(B), and denote by A the set of those x’s for which at least
one of A and B is irrational. Clearly N'C A.

Let W be the union of finitely many convex bounded domains in
C. Given z > 0, we denote by zW the set {zz : z € W}. With the
Lebesgue measure | - |, we have

lzW| = 22 |W].
It is known from Gauss that the number of Gaussian integers located
in W is equal to mz?|W |+ O(z) as  — oo.
Daboussi (see Daboussi and Delange [1]) proved that if f: N — C

is a multiplicative function such that |f(n)] £ 1 and «a an arbitrary
irrational number, then

1 .
manéo - T;xj(n)e(na) = 0.

Further generalisations have been obtained by Daboussi and De-
lange [2], Dupain, Hall and Tenenbaum [3], Kétai [6], Indlekofer and
Kétai [5], as well as Goubain [4].

In this paper, we prove the following analogous result.
Theorem 1. Let W and A be as above, and let x € A. Then, for every
g e M,

1
Hm

z—oo |z W]

> 9(B)x(B) =0,

BexW
where the convergence is uniform in g.
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The proof is based on a simple version of a Turdan—-Kubilius type
inequality which we express as Lemma 1.

2. The key lemmas

Lemma 1. Let o = {p1, p2,... , pr} be a finite set of Gaussian primes,
with |p1] < |p2| < ... < |pr|, such that no two of them are associates.
Set

Z

Then, for all z > 1,

and  wp(a) = Z 1.

pER

IPJ

(2.1) D (wela) — Ap)* < e [W]Aga® + ¢ Z x,
a€zW 1/03[
where ¢1 is an absolute constant and where co is a constant which may
depend on W.
Proof. One can proceed as Turdn did (see for instance Kubilius [7],
Chapter 10, Lemmas 10.1 and 10.2). We omit the details. ¢
Let V be a convex domain in the complex plane.

Lemma 2. Let xy € A. Then

1
2.2 lim = Y x(7) =0
(2.2) Jim - ) x(7) =0

yezV

Proof. Let € > 0 and €1 be arbitrary small positive numbers. We can
approximate V by a finite family of squares I;, i = 1,2,... , h, each of
area 2 such that I; U, U...U I, C V, interior(l; N I;) = @ for i # 7,
and |V \ (UL, 1;)| < e1. Such a family of I;’s clearly exists.

Let I, = [u,u+¢€) X [v,v + €) be one of these squares. Since

- Y am={ X xo S Xy,

vyExl, zu<m<z(ute) zv<n<z(vte)

and either A or B is irrational, it follows that L,(z) = O(x), where the
constant in the O(...) may depend on A or B. This proves (2.2). ¢
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3. Proof of Theorem 1

Let p be as in Lemma 1 and set

(3.1) T(z) = ) g(B)x(H),

BeExW

(3.2) Ti(z):= > g(p7)x(p),

pyEzW
pEp

(3.3) To(z) = > g(p)g(x(ev).

pyExW
PER

Since g(py) = g(p)g(7), if p does not divide v, it follows that for each
positive constant c,

2
cr

(3.4) [Ta(2) - I<Z#{pﬁ€wW}<cx?‘leJ[4 < e

PER

- Furthermore, since
Ti(@) = Y 9(B)x(B)wp(B),
pBexW
it follows from Lemma 1 that for some positive constant cs,

[ApT(@) ~Ti(@)] < Y |we(B) — Apl <

peEW

(3.5) p
> <011W|Ap:l: —}—cg( | !> > (CB$2[W|)1/2

We now proceed to estimate (3.3). Let

a(y) =g(y),  b(y) = Z 9(p)x(p7)-

P
PE

~alr-lm

Thus
Ta(z) = Y a(n)b(y),

Y

T
where the 4’s run over the set of Gaussian integers U ( ;W)
p
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Thus, by using the Cauchy—Schwarz inequality, we have [T (z)| <

< S22 where By = X Ja(9)[? and s = 3 [b() 2.
It is 1mmediate that

(3.6) Y < 22

| Indeed, if W is covered by the disk of radius s centered at the origin,
then all the v’s occurring in ¥ satisfy |y| < Tpe]» Which proves (3.6).
On the other hand,

(3.7) Z doo1+> 0 > ol x(01)x(057),

p,feefw v#j YESy 5
. w w
where 5, ; = z ﬂ I Let
po ' pj
(3.8) Boi= Y x(ov—=py)v).

YESy,;

Observe that x*(y) = x((pv — p;)7) is an additive character which,
furthermore, belongs to A. Indeed, if we write
pv—p; =k+Li#0, v =m+ ni,
then
x"(m + ni) = x(((mk — In) + (nk + fm)i) =
= e (A(mk — In) + B(nk + ¢m)) = e ((Ak + Bl)m + (Bk — Al)n).

If x* §_f A, then both Ak + B{ and Bk — A/ are rationals, which implies
that A and B are rationals, a contradiction.

W ~W
Furthermore, observe that — ﬂ — is a collection of finitely many

convex domains. Whence, by Lenl;ma 2p,jwe have that
(3.9) B, ; = o(z?)

Thus it follows from (3.7) that

(3.10) Yo < cz®/A, + o(z?
Consequently

T
lim sup I—Q(—Qx—)—[ < e/ A,

T— 00 Z

Thus, from (3.4),
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lim sup |T’;(9 )l ! A + cy/Ap,
and so, by (3.5),
T
(3.11) lim sup | (;:)I 4+ =

< .
T ml? VA

Let 0 < € < 1 be arbitrary. Then we can choose a finite set of Gaussian
primes p1, p2, ... , pr such that

T—+00 x

L 1
Z <lpal L pal <00 <yl and Z |py > 5

Thus the right-hand side of (3.11) is less than 250. We therefore obtain
that the left-hand side of (3.11) equals zero, which concludes the proof
of Th. 1. ¢

References

[1] DABOUSSI, H. and DELANGE, H.: Quelques propriétés des fonctions mul-
tiplicatives de module au plus égal & 1, C.R. Acad. Sci. Paris Série A 278
(1974), 657-660.

[2] DABOUSSI, H. and DELANGE, H.: On multiplicative arithmetical functions
whose module does not exceed one, J. London Math. Soc. (2) 26/2 (1982),
245-264.

[3] DUPAIN, Y., HALL, R. R. and TENENBAUM, G.: Sur I’équirépartition mod-
ulo 1 de certaines fonctions de diviseurs, J. London Math. Soc. (2) 26 (1982),
397-411.

[4] GOUBAIN, L.: Sommes d’exponentielles et principe de hyperbole, Acta Arith.
73 (1995), 303~324.

[5] INDLEKOFER, K. H. and KATAI I.: Exponential sums with multiplicative
coefficients, Acta Math. Hung. 51 (1989), 263-268.

[6] KATAI I.: A remark on a theorem of Daboussi, Acta Math. Hung. 47 (1986),
223-225.

[7] KUBILIUS, J.: Probabilistic Methods in the Theory of Numbers, Amer. Math.
Soc. Translations of Math. Monographs 11, 1964.





