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Abstract. In this contribution we give an explicit formula for the eigenvectors of Hamil-
tonians of open Bazhanov—Stroganov quantum chain. The Hamiltonians of this quantum
chain is defined by the generation polynomial A, (\) which is upper-left matrix element
of monodromy matrix built from the cyclic L-operators. The formulas for the eigenvec-
tors are derived using iterative procedure by Kharchev and Lebedev and given in terms of
wy(s)-function which is a root of unity analogue of I'y-function.
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1 Introduction

In the papers [1, 2] it was observed that the six-vertex R-matrix at root of unity intertwines
not only the six-vertex L-operators, but also some other L-operators (which are called cyclic
L-operators). These L-operators define n-particle Bazhanov—Stroganov quantum chain (BSQC)
by the standard procedure in quantum inverse scattering method: the product of L-operators
defines the monodromy matrix

(1)

An(A) Bn(X)
Tn(A) = Li(A)La(A) -+ Ln(X) = ( ) ;

Crn(X) Dnp(X)

which in turn provides us with commuting set of operators — Hamiltonians of quantum chain.
It was observed by Baxter that the so-called “Inverse SOS” model discovered by him [3] is
equivalent to Bazhanov—Stroganov quantum chain. Thus the same model (which is called the
To-model) has two formulations: the formulation as face model by Baxter and the formulation
as quantum chain (or vertex model) by Bazhanov and Stroganov. The connection between six-
vertex model, mo-model and chiral Potts model gave a possibility to formulate the system of
functional relations [1, 4] for transfer-matrices of these models. This system provides the main
tool for derivation the free energy [5] and the order parameter [6] for chiral Potts model.

The goal of this contribution is to find common eigenvectors of the set of commuting Hamil-
tomians Hy, k = 1,2,...,n, of open n-particle BSQC. These Hamiltonians are defined by the
coefficients of the A, () given by (1):

AnN) =14+ XH| + N°Hy+ -+ \"H,,.

The main idea how to find the eigenvectors is to use iterative procedure. Namely we build
the eigenvectors of A, ()\) using the eigenvectors of A,,_1(A) which is the generation function
of Hamiltonians for open (n — 1)-particle BSQC. This procedure in essential is an adaptation
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of iterative procedure by Kharchev and Lebedev [7] for quantum Toda chain. The mentioned
idea has origin in the paper by Sklyanin [8], where he used separated variables of subsystems to
construct the separated variables of the whole system. The models where the iterative procedure
was realized are relativistic Toda chain [9], Toda chain with boundary interaction [10], periodic
Bazhanov—Stroganov model [11]. It is worth to note that these models do not admit algebraic
Bethe ansatz procedure because in the case of generic parameters these models do not possess
“highest weight vectors”. The method used in this contribution is an evolution of the method
of separated variables (or functional Bethe ansatz method).

At the end of the introduction we would like to mention that the Bazhanov—Stroganov model
at special values of parameters reduces to the relativistic Toda chain at a root of unity. Also
it is worth noting direct (not through the chiral Potts model!) relation [12] between lattice
formulation of the model at N = 2 and Ising model. This relation gave a possibility to find the
eigenvalues [12] and the eigenvectors [13] of the transfer-matrix by means of auxiliary grassmann
field technique.

2 Bazhanov-Stroganov quantum chain

Let w = 2™/N N > 2. For each particle k, k = 1,2,...,n, of Bazhanov—Stroganov quantum
chain (BSQC) with n particles there corresponds N-dimensional linear space (quantum space) Vj
with the basis |v)x,y € Zn, and a pair of operators {uy, vy} acting on Vj by the formulas:

VelNE =W Mk wke = v — k- (2)
The space of quantum states of BSQC with n particlesis V =V, Vo ® --- Q@ V,,. We extend
the action of operators {uy, v} to V defining this action to be identical on Vs, s # k. Thus we
have the following commutation relations
U UL = UpU; , VU = VRV, WUV = w‘sj”“vkuj.
For each particle of BSQC model we put into correspondence the cyclic L-operator

Le()) = < 14+ dogog, )\ugl(ak — brvg) >

k=1,2,...,n, 3
uk(ck — dk'vk) Aagcr + vkbkdk/%k ( )

where {ag, b, ¢k, di, .} are (in general complex) parameters attached to kth particle. In the
papers [1, 2] it was observed that the six-vertex R-matrix

A—wi 0 0 0
ROW ) = 0 wA—p) AM1—-w) 0
0 wl—w) A—p 0
0 0 0 A—wi
2mi/N

at root of unity w = e intertwines not only the six-vertex L-operator, but also the cyclic

L-operators (3):
RO) L VLD (1) = L2 () L () RO ),

where L,gl)(A) = Li(\) @1, L;f)(,u) =1® Li(p). In fact the formulas for L-operators and R-
matrix given in this contribution are close to formulas from the paper by Tarasov [14]. Original
formulas given in [1] and [2] are a bit different (but equivalent). The monodromy matrix for the
BSQC with n particles is defined as

To(A) = Li(A)La(N) -+ - Ln(N) = ( (4)
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and satisfies the same intertwining relation

RO ) TN TP () = TP () T () RO, p).- ()

n

The intertwining relation (5) gives [A,(N), An(v)] = 0. Therefore A, (\) is the generating
function for the commuting set of operators H1,..., H,:

Ay N) =14+ MH{ + NHy+ -+ \"H,,.

We interpret these operators Hy, ..., H, as Hamiltonians of the open BSQC. The simplest
Hamiltonians are

n k—1 n
Hy =) > ! beds H,=
1= ) Vi + u; o = bor) ] vs - ug(cp — dgvg), n =[] s
k=1 1<l<k<n s=l41 7° k=1

At b = 0 and ¢ = 0, the BSQC model reduces to Relativistic Toda Chain (RTC) at root of
unity. The corresponding L-operators are

RTC 14+ Xy /\aku,;l _
Lk) (A)—( —dkuk’vk O y k—1,2,...,n.

As in BSQC model ASTC()\) is the generating function for the commuting set of operators
H {{TC, .., H STC. The simplest Hamiltonians for RT'C are

n n
HMC = Z 2RV — Z ardy vy v, HC = H V-
k=1 1<i<n—1 k=1
Note that these operators H {{TC, oo H ETC are the Hamiltonians of the RTC with open boun-
dary condition and association with the standard operators of momenta p; and positions g
. . - - RTC -
roughly speaking (up to constants) is v = exp p;, and u, = exp g;,. Then H "~ is the exponent
of the total momentum of RTC and HY'C is the Hamiltonian of relativistic analogue of usual
Toda chain.

3 Eigenvalues and associated amplitudes

In this section we give a procedure of obtaining the eigenvalues for open n-particle BSQC
Hamiltonians Hy, k = 1,2,...,n, or equivalently for A, (\).
n
In the case of ap, = by = ¢ = dp = 0, k = 1,2,...,n, we have A,(\) = ][ (1 + »vy).
k=1
We interpret the corresponding Hamiltonians as free (without interaction between particles)
Hamiltonians. Due to (2) the standard basis vectors |y1,72, ..., V) = [11)1®[72)2® - @ |Yn)n €

V are eigenvectors of Ay (A):

=

An()‘)h/la’m? ce 7'77’L> = (1 + %k("'ﬂk”’yl?fmv cee 77n>'

e
Il
—_

We claim that in the general case the spectrum of A, (A) has the form as in the case of
non-interacting particles but with modified amplitudes s, i

=

An Ny, v2s ) = || (U4 5600w™A) [v1,72, -5 m)s Yk € Zn-

B
Il
—
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The corresponding eigenvectors |y1,72,...,7,) are not standard basis vectors of course. To
obtain their coordinates in the standard basis we will use an iterative procedure as was promised
in the introduction. We start from the eigenvectors of open 1-particle BSQC. Then we construct
eigenvectors of open 2-particle BSQC by addition in an appropriate way one more particle. And
so on. In parallel with this procedure we have an iterative procedure of obtaining the amplitudes:

+22d particle +3 particle +ntt particle
(211 := s11) — (»221, 7222) — — (#n1, -+ s %an).
Now we will describe the procedure how to find these amplitudes s, s, m = 1,2,...,n, s =
1,2,...,m. We will need the variables
m,s _ Xm,s _ Cm _ Cm¥m ~ o b s 6
Lo gt = , Tm = 75 Tms = 7 > Lm,s = ’ ( )
’ Am!,s' dm dm Am,s am X m

and variables yz;ss,, Y, Ym.ss Ym,s- Lhe latter are defined (up to a root of 1, which will be fixed

later) by condition that points pzifs, = (1‘% ss,,ym S,) Pm = (TmyYm), Pmys = (Trm,s, Ymys)s P =
(Zm,s, Um,s) belong to Fermat curve ¥ +y» = 1. First, we define s 1 := 3. If we constructed
all the above variables for m — 1 particles, we define the variables ¢, 1, 5652, . .., mm by the
equations

Am1Xm2 " Imm = Xm—1,1%m—-1,2 """ Xm—1,m—1¥m, (7)

i m—1,1

Am Ym—1 ?/zj’; kl;ll meg

y ~ 5= =1, 1=12,....m—1 (8)

Um—10m YmYm—1,1Ym—1,1 s Ym—1.s H ym72,s

— m—1,1

We would like to mention that this iterative procedure has a similarity to iterative procedures
n [15, 16]. To solve these equations we first take N-th power of them. It gives us system of
linear equations

N _N N N N N N
m1%m2 " mom T m—11%m—12"" Zm—1,m—1%m> 9)

%N N H (1= k/ )
dN y y y — 17 — 1y 4 M — ( )

mmllmllH(l_%mQS/ )
s=

with respect to elementary symmetric polynomials in variables {%%71, cee %%m} Solving equa-
tion with coefficients being the values of the mentioned symmetric polynomials we obtain the
values of {%%71, ..., 35 ). The variables {3m1, ..., %mm} can be found up to N-th roots of 1.

We fix their phases in a way to satisfy (7) and (8).
To compare these formulas with the formulas for eigenvalues proposed by Tarasov [14] we

consider polynomials A,,(AY) with zeroes /5y ., s =1,2,..., m, where e = (=1)":

m(AY) :H 1—6%%78)\]\[), m > 2; AL (AY) =1 — e AV, Ao(AN) =1.(11)

Then the relations (9) and (10) can be rewritten compactly as recursion relation for A,,(A\V),
m > 2:

N—dN

c bl dN
A (WN) = | (1 — e AY) + o d% m_]lv mel NN N ) ) A (M)
- 1

Hn—1
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N N N N _ N N N _N N N
Cm_d (bm—l_e)‘ am—lzm—l)(e)‘ cm—lzm—l_dm—l)
N

+ Am—2(AY).(12)

N N
Cm—l_dm—l Hn—1

Indeed, the relation (9) follows from the relation for coefficients in (12) at (AV)™. If we fix
sequentially AV = e/%%_l pl=12,...,m —1, (that is by the zeroes of Am_1(AY)) we obtain
the relations (10). 7

This recursion relation for A,,(AY) can be obtained by means of averaged L-operators [14].
Using

1 —exV AN —e\V (aN — bN)
NN pNGN [N AN NN

we define polynomials A, (AY), Bp(AYN), Cn(AY) and D,,,(\Y) by

( A (AN) B (AY)

Cm()\N) Dm()\N) ) :Ll(AN)£2(AN)"'£m(AN). (13)

In particular, we have

A (W) = (1 = AN ) At (AY) + (B — dY) B (AY),

B (M) = —eAN (al) — 02) A1t () + (B00dD /30 — eXNaly el ) Brno1 (AY). (14)
Excluding B,,—1(AY) from these two relations we get
WVAN /3N — eANal¥ N det L., (AN
B (V) = 2 A () - c;z—izgx)““m‘l(m'

Substituting the right-hand side of this equation with m replaced by m — 1 instead of B, _1(\Y)
in (14) we get (12). Therefore two formulas (12) and (13) for A,,(AY) are equivalent. Summa-

rizing, in order to find amplitudes s¢, 5, s = 1,...,m, for some m, we have to find Am(AN)
using (12) or (13). Then solving equation A,,(A\") = 0 of mth degree with respect to A" and
taking into account (11) we can find %%75, s =1,...,m. This gives us the set s, s up to Nth

roots of 1. At last step, we have to fix their values in a way to satisfy (7) and (8).

It seems to the author that the equation A,,(AY) = 0 can not be solved explicitly in the
case of generic parameters. In the next section, the solution for the homogeneous RTC is given
explicitly. The author does not know other interesting special cases of parameters which admit
explicit solution for the spectrum of A,,(\). As shown in [11], it is possible to give an explicit
solution for the spectrum of B,,()) in the homogeneous case of m-particle Bazhanov-Stroganov
quantum chain.

4 Amplitudes for the homogeneous Relativistic Toda Chain

In this section we sketch the method described in [15] of obtaining the amplitudes for the
homogeneous RTC: a;, = a, b, = 0, ¢, = 0, di, = d, 5, = ». In this case the amplitudes sz, s,

s=1,...,m, can be expressed in terms of solutions of some quadratic equation. Since
1—exNAN —eaV AN
£RTC )\N _ £RTC()\N) — ’ (15)
e (%) —aN 0

we obtain

(AMW)&@”>ZQW%WW-

Crn(AY) Dy (W)
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Applying the fact that 2 x 2 matrix M with eigenvalues p4 and p— satisfies

_ M- MTM I e T

Kt = H— Ky — K-

M™ 1

for matrix LETC(AN) we obtain

m m m m
)a:+—x Cafr —alry

— ; (16)

Am()\N) = (1 — eV AN
Ty — T— Ty — T—

where x4 (AY) and x_ (AN) are eigenvalues of £L(AY). These eigenvalues are roots of characteristic
polynomial 22 — 7(AN)z + §(\Y) = 0:

1
Ty =g (Ti\/72—45>,
where, using (15),

T()\N) :terRTC()\N) :x1+$2:1—6%N)\N, (17)
§(AN) = det LTTO(NY) = 2125 = —eaVaV AN, (18)

Taking into account (17) we rewrite (16) as

:L'm+1 o IL'T+1
Am (AN) I
Ty —T—
Introducing the variable ¢ by x4 /z_ = €l? we find that roots of A,, correspond to roots Om,s

of elm+D¢ — 1 (without ¢ = 0) that is

Gm,s = 2ms/(m + 1), s=1,2,...,m. (19)
Now we need to find an explicit relation between AV and ¢. We have

T4+ V72— 46 =? (7‘— 7‘2—45).
Therefore

7% = 46 cos? g (20)

Taking into account (17) and (18) we consider (20) as quadratic equation with respect to AV:
N2V 52N +26)\N(aNdN +aVdN cos ¢ — %N) +1=0.
The solution AV (¢) of this equation describes the relation between the variables AV and ¢.

Therefore we can translate the zeroes (19) of A,,(AY(¢)) in terms of variable ¢ to zeroes A\ (¢, )
in terms of AV, Finally, taking into account (11) we find

%7]7\7(,3 :E/)‘N(Qsm,s)a s=1,2,...,m.
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5 Eigenvectors and eigenvalues

In order to give explicit formulas for the eigenvectors of A, (\) we remind the definition (see
for example [17]) of wy(s) which is an analogue of I',-function at root of unity. For any point
p = (z,y) of Fermat curve 2V + y» = 1, we define w,(s), s € Zy, by

wp(s) __ Y
wp(s—1) 1—zws’

wp(0) = 1. (21)

The function wy(s) is cyclic: wy(s + N) = wp(s).

We will use the notation |v,) € V1 ® --- ® V,, for eigenvectors of the operator A,(\) of
the BSQC with n particles. These eigenvectors are labeled by n parameters v, € Zy, s =
1,2,...,n, collected into a vector

IYn = (771717 s 7’771,71) € (ZN)n

The following theorem gives a procedure of obtaining the eigenvectors |v,,) of A,(\) from
the eigenvectors |v,_1) € V1 ® -+ ® V1 of A,—1(A\) and basis vectors |y,)n € V. To find
the formula for |v,,_;) we can use the same theorem and so on. At the last step we need the
eigenvectors of 1-particle quantum chain.

From (3) and (4), it is easy to see that the vectors |y1,1)1 € V1, 71,1 € Zy, are eigenvectors
for Ay(A):

ANy = A+ 200" [y1,1)1,

where 011 = 5.
In what follows, the vector v;-* means the vector =,, in which Yn,k 18 replaced by vy, £ 1.

Theorem 1. The vector |y,,) = |Vn1,- -, Yan)
|’7n> = Z Q(7n71"7n)|’7n71> ® |Jn>n (22)

Yn-1€@N)"1

satisfies
AnWn) = [T O+ 200 A) Pra) = TT (0= M Ak) [1a)s (23)
k=1 k=1
n—1
an)\n _ _ ~ n—1,s
Bn (An,k) ’7n> - y ok (1 - xn,kw Tnk 1) (1 - xn,kw’yn’k) < yn kl ) ‘7:k>7 (24>
n s=1

Bu(Wl) =A% 3 H—H’w
Lt

nk; - )\n,s

x (1- a:mkw*%»’fl) (1 — &y pw k) <H y" L l) ) n>1, (25)

Bi(N)]y1) = Aag (1 = Ep00™) [, (26)

if Y1) = =115+ s Yn—1n—1) € V1 ® --- @ V1 satisfies the same relations with n replaced
by n — 1. In the above formulas we used

n—1 n

n—1
WYn=114 " In-1n—1 H H wp" ”(’Yn 1,0 — Vn,k) H wpnfl,l(*’)/n—l,l - 1)
l Lk=1 ~mk =1

Q(‘Yn—l |7n) -

n—1 ’

Wy, (—on — 1) H o=t (Yn—1,5 = Tn—1,1) zH wp,_y (-1 — 1)
=1 Pp— , =1
73)

o
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Wit twpLi (1,1 = Y20 WL (11— 722)

Q(71lr2) = ’
( 1| 2) W, (71’1 — 72,1 — 722 — 1)wﬁ171(71,1 - 1)
n
Am,s = —wiﬁ/m’s/%m,sa On(Yn-1:"n) = 0n = Z’Yn,k B Z Y1l @)
k 1

Proof. We suppose that the formulas (23) and (25) with n replaced by n — 1 are proved. To
prove the action formulas (23) and (25) we use the recurrent relations

Ap(N) = Ap—1(N) (14 Asepvy,) + Bro1(A) up(cn — dpvn), (28)

Bn(\) = Ap_1(N) Mg, (an — bpvg) + Bao1(N) <)\ancn + bndn'vn> (29)
n
which follow from (4).
The action formula for Ap(\): To prove the action formula (23) we act by both sides of (28)
n (22) and use the formulas (23) and (25) with n replaced by n — 1. After shifting in an
appropriate way the variables of summation «,,_; we reduce the problem to verification of
relation
n—1

(H (=M Ang) = [T Q=M A1) (1 + Awu”")) Q(Vn-1l7n)

=1

a n—1 [ n—1 A — )\
=2"=>"1 11 Lo (1= 2p_ggw ) (1 = Fpg w41

Yn-1 1=\ o WAp—1,0 — An—1,s

s#l
n—2
2 _
X ( Yn— 1f> (en = dnw™ ) QYL 1 [7n)- (30)
s=1
Using

- —2

Q(7n£1|7n) n-1 1 “Tn-1,1)(] — F Yn—1,1—1 1 n—2,s

Q(Yn-117n) Yn—1 (1= @1 D = Fpoggw™ 7 H Yn-14
n—11"Tn -

s=1

ﬁ (1 — ik ) An—1.1
Ap— o yn—Lt

M fol 1, 1 -

1

wd, 1—x,won—

Ss#l
which follows directly from (27) and (8), we rewrite (30) as

n—1

H 1 - )‘/)‘nk H (1 - /\/)‘n—l,l) (1 + )‘%nwan)
k=1 =1
n—1 [ n-1 PN 2 O H )\n,k n
n—1,s —An k=1
=) H : _— TT = X/ Ann) -
=1
s#l

n— 1l_ n—1,s )\nfl,l
H )\n—l,s k=1

Taking into account

(31)
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which follows from (7), we obtain finally

n—1

T =220 =TT =2 A) (1 Asew™)
k=1

=1

_ARZ:l nl_[l A=t ! ﬁ(l—A IAnk)
- A1 = An—ts | An—1y n—1,1/ Ank) -
=G ’ ’ k=1

To verify this equality we note that both sides are polynomials in A of degree n — 1 (not n due
o (31)) without free term. Therefore it is sufficient to verify this relation at n — 1 different
values of A\. Taking these values to be A = A,,_1;,1 =1,2,...,n—1, we easily prove the relation.
Thus we proved (23).

The action formula for By, (A, k): Next we show the validity of (24). The action formulas
for By1(\) and Ba(\) can be verified in a direct way. Thus we suppose n > 2.

Excluding B;,,—1(\) from (28) and substituting it into (29) we get

U (cn, — dpvy)Bp(N) = (x\ancn + wbndn'vn> Ap(N)
Hn
ACp, 1, by,
- nntn 1 1 An, . 2
w/\adv<+wdn><+>\ann> 1(A\) (32)

Let us apply (32) to |v,,) for A = A\, , = —w ™k /32, 1, i.e. at the zeros of eigenvalue of A4, (N).
This gives, by virtue of the definitions (6) of xy, s and Z, s:

Up(Cpn — dnvn)Bn()‘n,k)|7n> = _An,kwandn(l - l’n,kw_%i’k_l) (1 - i'n,k‘*"%“k)
<Y QM 1Y) Ant ) Ya) @ o). (33)

'771716(21\7)”71

From (23) we know how to apply A,—1 to |v,_1):

n—1
Hn—1 _
Al braca) = I (1= 0w )y ), 54
s=1 #n.k
Using (2) we find the action of the inverse of the operator w,(c, — d,v,) on |0y )y,
_ ont1y—1
(Un(cn — dpon)) How)n = (cn — duw™ ) oy + L. (35)
Taking into account (27) and (21) we get
" n—1 I N N n—1 nel.s
n . m=Ls n,k—Tn—1,s ’
“ 51;[1 (1 .k “ ) _ snl yn,k
Q(Yn-117n) o dowen = —w ' Q(Yp_1 7 )W' (36)

Finally, using (34), (35) and (36), we reduce (33) to (24).

The action formula for B,(\): From (3) and (4) it is easy to find that the operator By, (\)/\
is a polynomial in A of (n — 1)th order. Due to (24) we know the action formulas for B, (\)/A
at the n particular values of \: A = A\, k =1, 2,...,n. This data is enough to reconstruct
the action of the polynomial B, (\) on |v,,) uniquely. Lagrange interpolation formula gives

B, (A - A=At ) Bu(Ang)
Ny =3 (11 b)),

Ak — A
k=1 \igtk "k = nil

Finally using (24) we get (25). This completes the proof of the Theorem. [
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6 Discussion

In this contribution we applied the iterative procedure of obtaining the eigenvectors for quantum
integrable systems by Kharchev and Lebedev [7] (which has origin in [8] by Sklyanin) to open
Bazhanov—-Stroganov quantum chain. We plan to extend this result (along the line of the
paper [10]) to the case of Bazhanov—Stroganov chain with integrable boundary interaction.
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