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Abstract. The construction of a family of real Hamiltonian forms (RHF) for the special
class of affine 1 + 1-dimensional Toda field theories (ATFT) is reported. Thus the method,
proposed in [1] for systems with finite number of degrees of freedom is generalized to infinite-
dimensional Hamiltonian systems. The construction method is illustrated on the explicit
nontrivial example of RHF of ATFT related to the exceptional algebras Eg and E;. The
involutions of the local integrals of motion are proved by means of the classical R-matrix
approach.
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1 Introduction

To each simple Lie algebra rank g one can relate Toda field theory (TFT) in 1 + 1 dimensions.
It allows Lax representation: [L, M] = 0, where L and M are first order ordinary differential
operators, see e.g. [2, 3, 4, 5, 6, 7]:

d T

d 1

T
whose potentials take values in g. Here q(x,t) € b is the Cartan subalgebra of g, ¢(z,t) = > qréx
k=1

is its dual r-component vector, r = rank g. Hj are the Cartan generators dual to the orthonormal
basis elements €}, in the root space, and

Jo=Y Ea, I(wt)=) e =g,

aEeT aem

By 7y we denote the set of admissible roots of g, i.e. my = {ao, a1,...,a,} where aq,...,q, are
the simple roots of g and «g is the minimal root of g. The corresponding TFT is known as the
affine TFT. The Dynkin graph that corresponds to the set of admissible roots of g is called
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extended Dynkin diagrams (EDD). The equations of motion are of the form:

0*q - —(j,q(x,t))
= g aje ‘I
dxdt

The present paper extends the ideas of [8] and [9] to the ATFT related to the exceptional simple
Lie algebra Eg; for finite Toda chains see [10, 11, 1, 12].

2 The reduction group

The operators L and M are invariant with respect to the reduction group Ggr ~ D}, where h
is the Coxeter number of g. It is generated by two elements satisfying g = g2 = (g192)? = 1
which allow realizations both as elements in Aut g and in Conf C. The invariance condition has
the form [2]:

Ci(U(z,t, k1 (N) = Uz, t,N),  Ci(V(x,t,k1(N)) = V(x,t,A),
Ce(Ul(z,t, 5k (N) = Uz, t,N),  Cu(Vi(z,t,me(N) = V(z,t, ), k=23 (2)

where U(z,t,A) = —igy(z,t) — AJo and V(z,t,A) = —3I(z,t). Here Cj, are automorphisms
of finite order of g, i.e. Cf = C2 = (C102)? = 1 while x;(\) are conformal mappings of the
complex A-plane:

Kk1(A) = wA, ka(A) = A%, k3(A) = (W)™,

where w = exp(2wi/h). The algebraic constraints (2) are automatically compatible with the
evolution. A number of nontrivial reductions of nonlinear evolution equations can be found
in [13, 14].

3 Spectral properties of the Lax operator

The reduction conditions (2) lead to rather special properties of the operator L. Along with L
we will use also the equivalent system:

~ d
Lim(,t, ) = i — igem(x,t, A) = AJo, m(x, £, \)] = 0, (3)
x
where m(z,t,\) = (x,t, \)e?o™ . Here g, is the potential which we choose to be a Schwartz-
type function taking values in the complexified Cartan subalgebra hc C g. This means that the
boundary conditions for ¢ are determined up to the constant vector gy:
r—Fo00

The change of the variables ¢’ = ¢— pp does not affect the potential and the spectral data of E,
but they change the right hand side of the ATFT equations into:

82 (jl T

Ozt =

s 00T @),

where s; = exp[—(«;, po)] obviously satisfy the consistency conditions:

r

T
ng —
Hsj] =exp | — > (njaj,p0) | =1
j=0 7=0
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T
where n; are the minimal positive integers for which ) nja; = 0. In the literature there are
=0
two canonical ways of fixing up the vector pg. The firs‘é one is to put s; = 1 for all j, the second
is to have s; = n; for all j.

The spectral properties of the Lax operator are rather involved due to the fact that both Jy
and I(z,t) have complex-valued eigenvalues. In fact all these eigenvalues are constant and are
proportional to w®, k= 0,1,...,h — 1, where w = €2™/" and h is the Coxeter number of g. As
a result one finds that the continuous spectrum of L(\) fills up 2h rays passing through the
origin:

(v—1)m
G

For such operators one can introduce Jost solutions only for potentials on a compact sup-
port [15, 16]:

A€, argh =

lim \I’(l',t, )\)eiAJoJ:+(i//\)Iot =1, lim (I)(:E,t, )\)eiAJoac—I—(i/)\)Iot =1,

T—00 r——00

where

T
Ip=lim I(x,t) =Y E_o,,  ox€mn(g)
k=0

r—00

Then the corresponding scattering matrix 7'(¢, \) is defined by
T(t,A) = (W(x,t,A) " @(x,t, A).

The compactness of the potential ensures that the Jost solutions ®(x,t, \), ¥(x,t, \) and the
scattering matrix 7'(t, A) are meromorphic functions of A.
The fact that ®(z,t,\) and ¥(x,t, \) are also Jost solutions of M () means that T'(¢,\)

evolves according to:

ar 1

— — — 1o, T(t, \)] = 0. 4

¢ dt )\[ 05 ( ? )] ( )
The limiting procedure to non-compact potentials can be done only for the so-called fundamental
analytical solutions (FAS) m,(x,t,\), A € Q,, i.e. (v —1)n/h <argA < wvm/h. Their construc-
tion is outlined in [15, 16] for generic complex-valued Jp. Our Lax pair is special, because it
satisfies the reduction condition (2) with the Coxeter automorphism [17]:

_ ‘ 1
Cl(X) = C;lXC’l, Cl _ 6271'2Hp/h7 p= 5 Za;
a>0

obviously C} = 1 and Cy(Jy) = w™'Jy. The FAS m,(z,t,\) of (3) are defined only in the
sector (25 and satisfy:

Cr(my(x,t,wA)) = my_o(x,t,\), A€, o

Thus the inverse scattering problem for L(\) can be formulated as a Riemann—Hilbert problem
for my (x,t, \) on the continuous spectrum ¥ = Ui};l l,.

Skipping the details, we remark that equation (4) allows one to show that ATFT possess
generating functionals of the integrals of motion. This can be shown easily if the potential q(z,t)
is such that T'(¢, \) can be diagonalized:

T(t,\) = ug ™ (t, \)D(Nuo(t, \). (5)
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All factors in the above equation take values in the Lie group G with the Lie algebra g and D(\)

is a diagonal matrix. Then there exist a set of functions 74x(\), k = 1,...,r such that:
"L 273, (N)
k
D(\) =exp g H , 6
( ) <k=l (almak) Ofk) ( )

where H,, are the Cartan generators of g corresponding to the simple root «y. Inserting (5)
and (6) into (4) one finds that

dD . dr
E = 07 1.€e. E = 0,
for all k =1,...,r. Obviously all eigenvalues of the scattering matrix 7T'(¢, \) will be expressed

in terms of 7. Each 7;(\) can be expanded over the negative powers of A:

Te(A) = Z 1IN,
s=0

and all the coefficients Is(k) will be integrals of motion.

4 Real Hamiltonian forms

The Lax representations of the ATFT models (see e.g. [2, 3, 4, 18, 6] and the references therein)
are related mostly to the normal real form of the Lie algebra g, see [20].
Our aim here is to:

1) generalize the ATFT to complex-valued fields ¢ C= 7 +iq"t, and to
2) describe the family of RHF of these ATFT models.

We also provide a tool generalizing of the one in [1] for the construction of new inequivalent
RHEF’s of the ATFT. The ATFT for the algebra si(n) can be written down as an infinite-
dimensional Hamiltonian system as follows:

dq}c dpk
—_ = H =L = H
dt {Qka ATFT}a dt {pk, ATFT}a
~ 1 Dl o~ - —(q(z,t),a
HATFT:/ dx (2(29(%,75),]9(%75))—1- E e~ (@@, ’“)>’
> k=0

where ¢(z,t) and p' = 9¢/0x are the canonical coordinates and momenta satisfying canonical
Poisson brackets:

{Pe(2), 45(y)} = kb (z - y). (7)

Next we define the involution C acting on the phase space M as follows:

1) C(F(pr,qr)) = F(C(pr),Clar)),

Here F(p,qr), G(pr,qr) and the Hamiltonian H (py, qi) are functionals on M depending ana-
lytically on the fields gx(z,t) and pg(x,t).
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The complexification of the ATFT is rather straightforward. The resulting complex ATFT
(CATFT) can be written down as standard Hamiltonian system with twice as many fields
7z, t), p(z,t), a=0,1:

ﬁc(l‘,t) = ﬁo(xvt) + iﬁl(l‘,t), ic(x7t) = q_'o(li?t) + i(j’l(a;t),
{Ph(z,1), ) (v, )} = —{pr(z,1), q; (y, 1) } = ;0 (x — v).

The densities of the corresponding Hamiltonian and symplectic form equal
Hirer = ReHarpr(7” +ip". 7" +iq")

1o won 1.4 o S .
= 5% 7%) = S0 + e T cos(7, o)),
k=0

w® = (dp® A7) - (dp' NdG").

The family of RHF then are obtained from the CATFT by imposing an invariance condition
with respect to the involution C = C o x where by * we denote the complex conjugation. The
involution C splits the phase space MC into a direct sum MC = ME ® MC where

ME = My @ iMy, ME =iMy @ My,

The phase space of the RHF is Mg = ./\/l(JCF. By Mg and M we denote the eigensubspaces of C,
i.e. C(ug) = (—1)%uq for any u, € M,.

Then extracting of Real Hamiltonian forms (RHE’s) is similar to the obtaining a real forms of
a semi-simple Lie algebra. The Killing form for the later is indefinite in general (it is negatively-
definite for the compact real forms). So one should not be surprised of getting RHF’s with
indefinite kinetic energy quadratic form. Of course this is an obstacle for their quantization.

Thus to each involution C satisfying 1)-3) one can relate a RHF of the ATFT. Due to
the condition 3) C must preserve the system of admissible roots of g; such involutions can be
constructed from the Zo-symmetries of the extended Dynkin diagrams of g studied in [6].

5 Examples

In this Section we provide several examples of RHF of ATFT related to exceptional Kac—Moody
algebras with height 1. We show that the involutions C in all these cases are dual to Zo-
symmetries of the extended Dynkin diagrams derived in [6].

The examples below illustrate the procedure outlined above and display new types of ATFT.

5.1 Eél) Toda field theories

The set of admissible roots for this algebra is

1
041:5(61—62—63—64—65—66—67-1-68), Qg = e1 + e,
Q3 = €3 — €1, Q4 = €3 — €2, Qa5 = €4 — €3, Qg = €5 — €4,

1
Oéo:—§(€1+62+€3+64+€5—66—€7+€8),

where ayq, . .., ag form the set of simple roots of Eg and «a is the minimal root of the algebra. This
is the standard definition of the root system of Eg embedded into the 8-dimensional Euclidean
space E®. The root space Eg of the algebra Eg is the 6-dimensional subspace of E® orthogonal to
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the vectors e7 4+ eg and eg + e7 + 2eg. Thus any vector ¢ belonging to Eg has only 6 independent
coordinates and can be written as:

5
R 1
q= Z qrex + goes, es = —=(es + e7 — eg). (8)
k= V3
Let us fix up the action of the involution C on a generic vector ¢ in E® by:

4
1
C(Qk):—%k-i-szlqm, for k=1,...,4,

8
1
=k E5qm, for k=5,...,8. (9)
m=

This action is compatible with the Zs-symmetry C* of the extended Dynkin diagram (see Fig. 1)

and reflects an involution of the Kac—Moody algebra Eél), see [21]. Tt acts on the root space as

follows:

4
1
C#ek:—€57k+§ Elem, for k=1,...,4,
m=

8
1
:elg,k—526m, for k=5,...,8,
m=>5

C* a1 = ag, C*as = as, C* oy = oy, k=0,24. (10)
[e70]
s = 0—0—0—0—0
Bo B2 B4 3 B1
3
a1 a3 Qs (673
\V

Figure 1. Eél) — Fz(ll).

The involution C# splits the root space Eg into a direct sum of its eigensubspaces: Eg =
E;f @ E_ with dimE; =4, dimE_ = 2. The vectors:

~ 1 ~ 1 - 1
€1 = 5(65—\/36%), €2 = 5(61+62+63+64), €3 = 5(—61—62+63+64),
~ 1 ~ 1 - 1
6425(—61+62—63+e4), 6525(—614-624-63—64), 6625(\/5654-6'6).
form an orthonormal basis in Eg. The first four satisfy C#¢, = ey, k = 1,...,4, so they span E_;
the last two span E_ because C#Ej = —¢;j, j = 5,6. In terms of e;, the admissible root system

of Fgl) takes the standard form:

SO 1. -
Bo = —e2 — eq, 5125(61—62—63—64),

B2 = €3 — €3, B3 = €, Ba = €3 — ea.

satisfying Bo + 281 + 202 + 4083 + 384 = 0.
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Let us take the complex vector q(x,t) = ¢°(2,t) +iq" (2,t) € Eg (i.e., of the form (8)) and
let p(z,t) = 0¢/0x. Let us denote their projections onto Ey by ¢4 and p respectively. Then
the densities HY, wf for the RHF of AFTF equal:

— — — — — (a0 x
ME = (0,52 (@ 1)) — (7 (2,0, 7 (1)) + e~ THE00)
L (z,1), + V/38)) + 2~ (TH@0:52)
+ 46~ @ @05) cos((7L (2, 1), 85)) + 3o~ @4 @B,
wi = (04 () A 04 (x)) — (07 (x) A OG- (),
If we put ¢_(z,t) = 0 then also p_(z,t) = 0 and we get the reduced ATFT related to the
Kac—Moody algebra Ff) [6].

5.2 Egl) Toda field theories
The set of admissible roots for this algebra is

1

041:5(61—62—63—64—65—66—674—68), a2 = €] + ey,
Q3 = €2 — €1, Q4 = €3 — €2, Q5 = €4 — €3, Qg = €5 — €4,
Q7 = €g — €5, Qg = €7 — €8,
where aq, . . ., a7 form the set of simple roots of E7 and «y is the minimal root of the algebra. This

is the standard definition of the root system of E; embedded into the 8-dimensional Euclidean
space E8. The root space E7 of the algebra E7 is the 7-dimensional subspace of E® orthogonal
to the vector e7 4+ eg. Thus any vector ¢ belonging to E; has 7 independent coordinates and can
be written as:

6
. 1
q= E qrex + qrek, e = 7\@(67 — €g). (11)
=1

Let us fix up the action of the involution C on a generic vector ¢ in E® by equation (9). This

action is compatible with the Zy-symmetry C# of the extended Dynkin diagram (see Fig. 2) and

reflects an involution of the Kac—Moody algebra E;l), see [21]. It acts on the root space as in

equation (10) above.

B2 Ba o B1 Bo

=

Figure 2. The EYY — E{? RHF of affine TFT.

However its action on the root space E7 is different. It splits E; into a direct sum of its
eigensubspaces: E; = E; @ E_ with dimE; =4, dimE_ = 3. The vectors:

- 1 ~ 1
61:7(614‘624‘63"‘644‘65_66_\/56/7)7 €3 = —=(—e1 +eq),

2V2 V2

1 - 1
62:—(—el—62—63—644-65—66—\/56/7)7 6425(—624-63),

2V2
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form an orthonormal basis in E.. Indeed, they satisfy (e;, ex) = 6% and Ctey=cen, k=1,...,4.

In terms of € the admissible root system of Eéz) takes the standard form:

Bo = —e2 — eq, B1 = ez — es, B2 = €3 — éu,
B3 = 2éy, By =€ — ez — €3 — ey,

satisfying Bg + 2031 + B2 + 303 + 284 = 0.
The vectors

- 1 - 1 _ 1
és = —(—e1 +ex+e3—eq), €6=ﬁ(€5+66), 6725(—654-66—\/56'7),

2

span E_ because C#'éj =—¢;,J=5,6,T.

Let us take the complex vector ¢(z,t) = ¢%(x,t) +iq* (2,t) € Er (i.e., of the form (11)) and
let plx,t) = 8(7/ Ozx. Let us denote their projections onto E+ by ¢4+ and pi respectively. Then
the densities HY, W for the RHF of AFTF equal:

HE = 5 (52,1, 5%, 1) — (52,0, 5, 1)) + 20" THEOB) cos((gL (2, 1), 1))

+ 46~ (@3 @0)01) cog ((cfl_(x, t), %(55 + V2¢6 — 57)) + 2¢ (@3 (@:t).02)

+ 6~ (@H@DB5) cos (7L (x, 1), 85)) + de~@H@0P0)
wy = (07 (2) 07+ () — (07 (2) /67 ().

Again, if we put ¢_(x,t) = 0 then also p_(x,t) = 0 and we get the reduced ATFT related to
the Kac-Moody algebra EéQ) [6].

6 Classical R-matrix method and ATFT

There are several methods to approach the Hamiltonian properties of the ATFT, see e.g. [10,
18, 13, 11, 19]. One of the effective methods is based on the well known classical R-matrix [22]
which is introduced by:

{U@NeU(y, 1)} = RO\ 1), Uz, \) @ 1+ 1@ Uy, w)]d(z —y), (12)

where x & , i, kl . In order to a this definition ettecti-

vely we make use of another Lax operator for the ATFT:

Loz ) = z“fli’ U Nz, \) = 0

:—72(]‘71‘ _AZ 7(aJ7(D/2E

7=0

which is gauge equivalent to L (1). Since the Poisson brackets are introduced by (7) the left
hand side of (12) takes the form:

i —(a
{Uz](xa >‘) @ Ukl(yv /'L)} = Z € (on,0)/2 (MHOék & Eak - >\Eo¢k & Hak) (5($ - y)

e
Il
o
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Thus equation (12) becomes an over-determined set of equations for R(A,u) which is solved
by [22]:

1A 4 b ) yhE, @ E_y
R()\,u) 42)\11 ZHk@Hk+ Z( > T

aeA
1
S — h(hn/2)S H,® H »=h2np @ B,
4isinh(hn/2) (COS n/2) ; B k+()§ ©

where h is the Coxeter number of g, n = In(A\/p) and p(«) is the height of the root a modulo h.

,
If @« = ) nqajoj where ng j are integers, then p(a) = ) nq,j.
j=1 =
The relation (12) allows one to derive the Poisson brackets between the matrix elements of
the fundamental solutions T3 (x, ) and T, (x,\) (or the scattering matrix T}, ())) of L which

are defined by:
=0y T
TxD(A) = (T;;)(x, )\)) Zo(xv)\)-

Then

(T (@, M) @ T (y. 1)} = [RON, ), Trg (2, 3) @ Tog (3, )]

bl xo

and
{Too (V) @ T (1) } = [R(A, 1), Tg (N) @ T (1)) (13)

These results hold true for potentials on compact support provided we choose zg large enough
so that ¢, = 0 for |z| > xo.

With Ty, (¢, A\) we can associate a set of generating functionals 7 (zo,A) of the integrals of
motion

_ " 27 (0, A
TxO (t7 )\) = uO 1(:1:07 t7 )\)on ()\)U’O(];Oa ta )\)7 on ()\) = exp <Z MHQIC) .
k=1 ’

Again we can write the expansion

(0, ) Z

An important consequence of (13) is that the functions 74(z,A) are in involution. Indeed
from (13) there follows that:
{trTE (\),tr TP (1)} = 0, (14)

for any pair of integers k,p. Obviously tr7%()\) can be expressed in terms of the invari-
ants 75 () (6) of the scattering matrix 7'(\) € G. Therefore from (14) we find that

{m(20, ), T (w0, 1)} =0, 1< k,m <,

(s)

i.e. the integrals of motion I, are all in involution:

{I:Ei)k, xo’m}—O 0<km<r, s,n>0.
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In order to derive the corresponding results for the RHF of the ATFT we have to use the fact
that the automorphism C induces an automorphism C¥ on the Lie algebra g and on the Lax
operator as follows [23]:

C'(Hj) = Hew(e,ys  C'Ba=Eep(), L), 2,X7) = CY(L(G 2, A))"

These relations allow one to prove that the fundamental solution T, (x,A) and the scattering
matrix Ty, () for the corresponding RHF model has the properties:

(TCL‘O ('Tv /\*))* = Cv(Txo (x7 )‘))) (Txo ()‘*))* = CV(TCL‘O ()‘))7

and as a consequence: (75, (\*))* = 7(\)), where k is defined through C#(ay) = aj.

7 Conclusions

The RHF of the ATFT models related to the exceptional Kac—-Moody algebras Eél) and E(71)
are constructed. These models generalize the ones in [6] since they contain two types of fields
7+ (z,t) and ¢_(z,t) with different properties with respect to the involution C. The models in [6]
contain only fields invariant with respect to C.

We outlined the derivation of the Hamiltonian properties through the classical R-matrix
approach.
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