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1 Introduction

The theory of one- and multi-parameter approximate transformation groups was initiated by
Ibragimov, Baikov, Gazizov [1, 13]. They introduced the notion of approximate Lie-Béacklund
symmetry of a partial differential equation with a small parameter € and develop a method, which
allows to construct approximate Lie-Bécklund symmetries of such an equation (a perturbed
equation) in the form of a power series in ¢, starting from an exact Lie-Bécklund symmetry of
the unperturbed equation (for ¢ = 0). Similar ideas were suggested independently by Fushchych
and Shtelen (see, for instance, [5] and the bibliography therein). The main purpose of this paper
is to extend these methods to approximate nonclassical Lie-Backlund symmetries.

Nonclassical symmetries appeared for the first time in the paper by Bluman and Cole in
1969 [2]. Since then this theory was actively developed in papers of: Olver and Rosenau [3] (non-
classical method), Clarkson and Kruskal [4] (nonclassical symmetry reductions (direct method)),
Fushchych’s school ([5] and the bibliography therein) (conditional symmetries and reductions of
partial differential equations), Fokas and Liu [6] (the generalized conditional symmetry method),
Olver [10] (nonclassical and conditional symmetries). Nonclassical Lie-Bécklund symmetries for
evolution equations were considered in the paper by Zhdanov [7]. This paper also contains
a theorem on reduction of an evolution equation to a system of ordinary differential equations.
The notion of nonclassical Lie-Bécklund symmetry is a very wide generalization of the notion of
point symmetry. Nevertheless, in many cases, nonclassical Lie-Backlund symmetries enable to
construct differential substitutions, which reduce a partial differential equation to a system of
ordinary differential equations. This fact is used for finding new solutions of partial differential
equations, which cannot be found with the help of the classical symmetry method.

The method of approximate conditional symmetries for partial differential equations with
a small parameter was suggested by Mahomed and Qu [8] (point symmetries), Kara, Mahomed
and Qu (potential approximate symmetries) [9]. In this paper we develop the method of approxi-
mate nonclassical Lie-Bdcklund symmetries. In [1], Baikov, Gazizov and Ibragimov constructed
approximate Lie-Backlund symmetries of the Korteweg—de Vries equation u; = uu, + €ugyps,
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starting from exact symmetries of the transport equation u; = uu,. In this paper, we extend
this construction to approximate nonclassical Lie-Backlund symmetries.

We will consider a particular class of evolution partial differential equations with a small
parameter given by

up = uuy + eH (t, T, u, Uy, Uy, - - ).

This class contains both integrable and nonintegrable equations. We consider such equations
as perturbations of the transport equation u; = wu, and construct approximate nonclassical
symmetries of these equations, starting from exact nonclassical symmetries of the transport
equation. Using these approximate nonclassical symmetries and the reduction theorem, we
find approximate conditionally invariant solutions of equations under consideration. As an
example, we find approximate solutions of the KdV equation with a small parameter and of
some nonintegrable equations.

2 Nonclassical Lie-Backlund symmetries

Recall the definition of classical Lie-Backlund symmetries (here we will consider symmetries
given by canonical Lie-Béicklund operators):

Definition 1. An operator
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where

C = C(tv $, "LL, uxa uwm .. ')7
will be called a classical Lie—Bécklund symmetry for a partial differential equation of evolution
type

ug = F(t, z,u, ug, Ugg, - - -),
if

X(u — F)|, _p=0. (1)

Here D, and D; are the total differentiation operators:

Dt == at + 8uut + 8u£uxt + au“ua:mt +--,
Dy = D? = Dy(Dy), Dywy = D3 = D,(D,,) etc. The equation (1) is the determining equation
for Lie-Backlund symmetries.

Definition 2. An operator

0 0 0 0

X = + (Dy) —— + (D) —— + (D)) —— + - - 2
where n = n(t, z, u, Uy, Ugy, . . .), will be called a nonclassical Lie-Bécklund symmetry for a partial
differential equation

up = F(x,u, ug, Ugg, - - .),
if

X(ui— F)|,, _p =0. 3)

’]7 =
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The equation (3) is the determining equation for nonclassical Lie-Bécklund symmetries. This
definition is well known and can be found in the paper by Zhdanov [7].
Theory of approximate point symmetries was developed by Baikov, Gazizov, Ibragimov in [1,
13]. They proposed to consider point symmetries in the form of formal power series
0 1 n
Now we introduce approximate nonclassical Lie-Backlund symmetries.

Definition 3. An operator
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where 1 = n(t, x, u, Uy, Ugy,...), kK = 1,2,...,n will be called an approximate nonclassical Lie—
Bécklund symmetry (in the nth order order of precision) for an evolution partial differential
equation with a small parameter:

up = F(t,z,u, ug, Ugg, . ..) + €G(t, T, U, Uy, Ugg, . . .) + 0(€)
if
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The equation (5) is the determining equation for approximate nonclassical Lie-Bécklund
symmetries.

Recall that, by definition, the equality a(z,e) = o(eP) is equivalent to the following condition:

a(z,¢)

lim
e—0 &P

=0.

Here p is called the order of precision.
We will use the following theorem on stability of symmetries of the transport equation [1].

Theorem 1 (Baikov, Gazizov, Ibragimov). Any canonical Lie-Bdcklund symmetry

X - %% + (D.1) 6(; + (D) ;ut

of the equation

up = h(u)uyg, (6)
gives rise to an approrimate symmetry of the form (4) of the equation

up = h(w)uy + eH (t, 2, u, Uy, Ugg, - . ) (7)
with an arbitrary order of precision in .

In other words, the equation (7) approximately inherits all the symmetries of the equation (6).
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3 Approximate conditionally invariant solutions
Now we introduce the definition of approximate conditionally invariant solutions:
Definition 4. An approximate solution of an equation

up = F(t,z,u, ug, Ugg, . ..) + €G(t, T, U, Uy, Ugg, . . .) + 0(€)

written in the form of a formal power series

m .

;1

= E e'u
i=0

is called conditionally invariant under an approximate nonclassical symmetry X (in the nth
order order of precision), given by formula (4), if

> () -t
As an example, we consider approximate nonclassical symmetries of the KdV equation
Up — Uy — EUgpe = 0. (8)

Take the exact nonclassical Lie-Bécklund symmetry of the transport equation:

0 o0
XB

It is easy to check that this is not a classical Lie-Backlund symmetry.
The corresponding approximate nonclassical Lie-Béacklund symmetry of the approximate
KdV equation (8) is written in the form

X = (%+671]>aau + (D$(%+e}7>>8ix (Dt(”er))ait

+ (Daca:a; <7% + 6717>) 9 . (9)

OUgan

Io

From the determining equation (5) for X, it follows that

0
50 N = Uy,
51'Q1—u1—u21+u281+3uu 0.
—|—(3u2 + dUpUsgs ) 0 7]+(10u Upgr + DUzpUgzzs) 2 )
xUzza zxUzzx xUzzax
Jd 1
Ugzrarx

Whence we get

1 Upt + 1 Ugy Uplggy — SUgT> ummu — 10Uz UgrUpre + 15u
77:_F U,I‘+Ut, » T T3 5
Uy uy U

7
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1,2 3
L o Uzpy — {UzaUzzax 7 uxl'Qumcx 3ul
+ = + 5 — 3 1
4 uy ug 4wy 4 u

where F' is an arbitrary function.

1 0 . .
Note that the order of n equals the sum of the orders of 7 and the perturbation G' minus
one. Here we consider an approximate conditionally invariant solution of the KdV equation (8)
in the form:

u=u’ + eu' + o(e).

Conditional invariance under an approximate nonclassical symmetry (9) in the first order of
precision is written as

1 (u° + eut) + en (u® + cu') = o(e). (11)

To compute an approximately invariant solution in the zero order of precision, we use the
following reduction theorem [7].

Theorem 2. Suppose that an equation

oNu
oxN

is conditionally invariant under a Lie-Bdcklund operator (2). Let

ut:F(t,x,u,ux,um,...,u]v), unN =

u = f(t,a:,Cl,CQ,...,CN)

be a general solution of the equation n(t,x,u,u,...,un) = 0. Then the Ansatz
u= f(t,z,01(), p2(t), ..., on (1)),
where ¢;(t), 7 = 1,2,...,N, are arbitrary smooth functions, reduces the partial differential

equation uy = F' to a system of N ordinary differential equations for the functions ¢;(t), j =
1,2,...,N.

There is a nice consequence of this theorem.

Corollary 1. Suppose an equation
up = F(t,z,u, ug, Ugg, . ..) + €G(t, T, U, Uy, Ugg, . . .) + 0(€)

admits an approximate Lie-Backlund operator X, given by the formula (4) with n = 1. Let
w=f(t,x,C1,Cor...,Cx),  u=g(t,x,Ch,...,Cninr)

be a general solution of the equation
(% + 5717) (8 + 5111) = o(¢).

Then the Ansatz

u=f(t,z,01(t), pa(t), ..., on(t))
+ 2’59(t7 Z, (pl(t)7 902(75)7 s 7()0N(t)a ¢1(t)7w2(t)7 s 7¢M(t))7

reduces the equation uy = F+eG into a system of N+M ordinary differential equations for ¢;(t),
j=12,....N, and Yr(t), k=1,2,..., M.
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Example 1. Take a nonclassical symmetry (2) (n = 9]) of the transport equation

Up = Ulg, (12)
where

0

N = Ugg.

Applying the operator (2) to the equation (12) in the zero order of precision, we have %(uo) =0,
whence we get v’ = Az + B.
By Reduction Theorem, we substitute

u’ = A(t)x + B(t)
to the transport equation (12) and get
A= A2 B = AB.

A general solution has the form:

1 b
= - ) B = )
t+a t+a
where a, b are constants.
Thus we get
ul = b .
t+a

Take ?17 as in (10) with
F(u) =pe".

where p is a constant. From (11) it follows that

1 p b—x
— ——etta = 0

u
and
b—x
u' = p(t +a)etta + Cx + D.

Take the approximate solution

b— 71
u= e (Ot + e + CHa+ DY)
t+a
and substitute it into the KdV equation (8). We get three first order ODE for C(t), D(t), p(t):
. 2C - bC—-D -2
C=—-"2 D= . =2
t+a t+a t+a

A general solution of the system can be written as

_ a8
b(t + a)?’

c1
(t+a)?

Cgt + coa + c3

) = tra?

D(t) = p(t) =

where c1, co2, c3 are constants.
Finally, we get the following solution of the KdV equation in the first order of precision:

b—=x < €] b-z c3T cot + coa + 63>
€

u

— t+a
iva  \ixa® T Thrap (t+a)?
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We use the following proposition to construct nonclassical symmetries.

Proposition 1. Let

0
X:Tl%—i_? n:n<t7x7u7u$7u$$7"->7

be a classical Lie-Bdcklund symmetry for a first order PDE
F(t,z,u,uy,u;) = 0. (13)
For any function f = f(t,z,u, Uy, Ugg, .. .), the operator

*8
Tou

is a nonclassical Lie—Bdcklund symmetry for (13).

X =1 n=fn,

Example 2. Now we consider an example of finding symmetries of the KdV equation with
a small parameter (8) and construct its approximate solution. We have a classical Lie-Béacklund
symmetry

_ 09
_”au

0

0
)8u

duy

0

X + Dy (n) 2 + Dy (1) -

of the transport equation (12), where

Io
S
7 N
S
8
_|_
\‘H~

Uzt + 1  Ugg UgUpzz — 3“337

Uy ud’ ud '
By Proposition 1, 1) = uztzz: — 3u2, is a nonclassical Lie-Bicklund symmetry of the transport
equation (12). Now we take operator (9). Applying the operator X to the equation (8), we get
the following equations in the zero and first orders of precision in e:

o. 0 _ 2
€1 N = UglUpgy — gy,

el'gl—u ] ugl 0 +3uu il—i—(3u2 + 4ugu )Ll
0 1
+ (10U Ugzz + 5uxuxxa:m) 5 + (10u2,,p + 15Usptigzrs + 6UUsrzs)
Urzre auxwzxw

0

1
5 N+ uzpptizrre
Ugrrrre

From the last equation, we find

L _p (u B G 3u2,  15U3, + Ugprett? — 100gp Uy iygs

Uy ud’ ud

Y )

7
Uy

_ 105u4 uxmmu 105umuxuxm + 15umummu + 10%: -

9 )
uzzx

945ud, — 126003, Uy Uars + 280U Uz US4y 4 210U, Usrra s — 21 UgsUgrrra U

Uzza
11
Uy,

_35u§umumx+ummu§> 1 ( 13 17 ) .
+ | U

Uy + ZUggzzzr T | — 77 UzaUzzrrr — = UzzrUzzx
ull 14 6

6
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N <395 9 157 o >u2 25 ud g | 15U,
€T

UpzU UppUzzae
g4 Uretlszs T Tpa e T 8 ul’

where F' is an arbitrary function. The invariance condition of a solution
0 1
U=u+eu+---

in the first order of precision is written as

0 1\ /0 1
(n+en) (u+eu) = ofe). (14)
If we substitute %, 717 to the equation (14), we obtain in the zero and first orders of precision by &

. 0 1
equations for w and w:

e (1) =0,

1 10 01 1 0 1,0
€ Uglzgy + UgUgzy — OUgg Uz + 77(“) =0.

We find
b=oVP2tt—w—2—1

and substitute it in the second equation:

1 1 1
3
o femw te 43— L2t —a) 2=, (15)

VE+t—z A2+t —x)5/2 (t2 +t —x)3/2

where c is a constant, depending on the choice of F'. The equation (15) is an ordinary differential
equation and has the following solution:

1 2c Fg(t)
=———+ Fi(¢t — L (VR +t— .
U 15(t2+t—x)2+ 1(t) + ﬁ—kt—x%_ 3(t) V2 + T

. 0 1, . . . . .
If we substitute u = u + eu in (8) we obtain a system of ordinary differential equations for

finding Fl(t), Fg(t), Fg(t)l
F1:_2F37 FQZ_Fla F3:07
which has the solution:

F, = —2At + B, Fy = At?> — Bt + C, F3 = A,

where A, B, C are arbitrary constants, ¢ = i. Finally, we find the solution of (8):

u=2Vt2+t—x—2t—1

+el (P +t—a)?+ (24t +B)+ ———— + AV 2+t —z ),
(G +t-aP 4 Vet AVE s

where A, B, C are arbitrary constants.

Example 3. Now we consider an example of finding of symmetries of the nonintegrable equation

U = Uy + uim (16)
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and construct its approximate solution. Using the criteria of integrability, it can be checked that
the equation (16) is nonintegrable [11].
As in Example 2, take a nonclassical Lie-Béacklund symmetry of the transport equation (12)
. 0 . . . .
with ) = UpUzee — 3u2,. Applying the operator, given by (9), to the equation (16) we get in the
zero and first orders of precision by e:

o. 0 _ 2
€1 N = UglUpgy — IUgpy,

1 01 1 01 o 01 0 1 0 1

e an — Uy — 8 —n T n+ 3uxum87mn + (SUix + 4uxuxm) mn
0 1 a 1
Ugrrr oL T—
0 1
+ (35Uxx:vu;m:xac + 21UzgUsrrar + 7u:vu;m:a:) P) n
Ugrrrrr

From the last equation, we find

2
Ugl + 1 Uy UpUgge — UL, 15u3 U, + ummu — 10ULp U Ug gz

717:—F<U,$+’U,t, y T T g s )

Uy ud’ ud ul

4
105u,, umxmu 105umuxumx + 15umummu + 10u$ p—
9
u(l?"l?"l?

945u, — 126003, Uy Usrs + 280Uy Ui uT,, 4 210U, Urrra s — 21UgsUsrrra U
11
ux

)

3 4
- 35Ux UgrrUzrre T Uzzrrrs Uy,
11
Uz

1
Ug + 5 UggrUzrarrrs

51 3 35, .,
- %urmmurzuzxwxx - %u;m;umzmxxr - 11 UprrUzazzx | Uy

32 9 113 3 18 ¥ _9

11 %% 33
695 150 _ 405 _ 81 _
< 143 ixuizx - 143 ixuxxa:x> 13 + — 143 ;E;xuxzxux4 — muzzuz5

where F' is an arbitrary function. Now we find an approximate solution of the equation (8) in

0. 1 : . e . e .
the form u = u+eu+ o(g). The invariance condition in the first order of precision is written as:

(% + 6717) (8 + 5111) = o(e). (17)

: 0 1 . . . .
If we substitute 7, 1 to the equation (17), we obtain in the zero and first orders by ¢ equations

0 1
for v and wu:

€0 (1) =0,
1 0 01
el UgUzzy T UzUzzz — Gua:muarx =+ 7]( ) 0.

From the first equation, we get

W=+t —x—2 1,
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and, substituting this expression into the second equation, we obtain

1 1 1
Upzr Sy Uz

— 3
VBTt 2 AP+t—2p2 S At—2)P

where ¢ is a constant depending on the choice of F'. The equation (18) is an ordinary differential
equation and has the following solution:

1 ¢ /9 ~9/2 At? — Bt+C
= — (24t - + (24t +B)+ ———— + A2+t — . 19
u=7g5 7) ( N ! (19)

te(P+t—z) " =0, (18)

If we substitute u = t + cu in the equation (16) we obtain the system of ordinary differential
equations for finding Fy(t), Fa(t), F3(t) :

Fy=—-2F;, [F=-F, [F3=0,
which has the solution:

F) = —2At + B, Fy = At? - Bt + C, F3=A.
Therefore, the solution v has the form:

=22+t —z—2—1

405 - At> - Bt+C
+5<64(2+t—x) 9/2+(—2At—|—B)~l—tQth—i_+A\/t2~l—t—x>,
— X

where A, B, C are arbitrary constants.

Remark 1. One can show that the approximate symmetries constructed in the above examples
remain stable in any higher order of precision. However, we do not know whether any non-
classical symmetry of an evolution partial differential equation with a small parameter is stable
in any order of precision.

4 Conclusion

The methods developed in this paper can be applied to larger classes of partial differential
equations with a small parameter, not only to the evolution ones. For instance, in the paper [12]
it is shown that classical approximate Lie-Béacklund symmetries of the Boussinesq equation with
a small parameter can be constructed, starting from the exact Lie-Backlund symmetries of the
linear wave equation. It is quite possible that these results can be extended to non-classical
approximate symmetries of the Boussinesq equation.

From the other side, one should note that stability property of approximate classical symme-
tries holds only for a very restricted class of partial differential equations with a small parameter,
mainly, for those, which have very nice symmetry properties in the zero order of precision. The
class of non-classical symmetries is much larger than the class of classical symmetries. Therefore,
one can hardly expect to have some general theorems on stability of non-classical symmetries.
This means that we will have to investigate separately stability properties of non-classical sym-
metries in each particular case.

All the computations have been made with the help of Maple.
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