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Abstract. We use a dual mesh numerical method to study a non-local parabolic problem
arising from the well-known thermistor problem.
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1 Introduction

In this work we propose a dual mesh numerical scheme for analysis of the following non-local
parabolic problem coming from conservation law of electric charges:

ou fu) .

T k() V) = A—T i ax)o: T,

g1~V 0T <A i 0x0 ]

u=0 on 00x]0;T], u/i—p = up in €, (1)

where V denotes the gradient with respect to the z-variables. The nonlinear problem (1) is
obtained, under some simplificative conditions, by reducing the well-known thermistor problem
(cf., e.g., [13, 14, 15]), which consists of the heat equation, with joule heating as a source, and
subject to current conservation:

w =V - (k(w)Vu) + () [Vo]*, V- (o(w)Vy) =0, (2)

where the domain Q C R? occupied by the thermistor is a bounded convex polygonal; ¢ =
o(z,t) and u = wu(z,t) are, respectively, the distributions of the electric potential and the
temperature in €2; o(u) and k(u) are, respectively, the temperature-dependant electrical and
thermal conductivities; o(u)|V|? is the joule heating. The literature on problem (2) is vast
(see e.g. [2, 6, 7, 8, 9, 10, 11, 16, 17]). With respect to numerical approximation results to
problem (2) we are aware of [1, 11, 12, 18]: in [18] a numerical analysis of the non-steady
thermistor problem by a finite element method is discussed; in [12] the authors study a spatially
and completely discrete finite element model; in [11] a semi-discretization by the backward Euler
scheme is given for the special case k = Id; in [1] a box approximation scheme is presented and
analyzed. A completely discrete scheme based on the backward Euler method with semi-implicit
linearization to (2) is presented in [12] for the special case k(u) = 1. Existence and uniqueness
of solutions to the problem (1) were proved in [10].
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Finite volume methods emerged recently and seem to have a significant role on concrete
applications, because they have very interesting properties in view of the subjacent physical
problems: in particular in conservation of flows. An equation coming from a conservation law
has a good chance to be correctly discretized by the finite volume method. We also recall that
these schemes have been widely used to approximate solutions of the heat linear equation, semi-
linear or parabolic equations. Since we consider data f with lack of regularity when compared to
previous work, we need a new way to discretize (1). We present a dual mesh method capable of

MW which is a noticeable feature of (1), by generalizing the
(./ o f(u)dz )
results of [1]. A box approximation scheme for discretizing (1) with the case k being different
from the identity is obtained. Speed of convergence is directly related with regularity of the
continuous problem. When one increases regularity of the second term and data, the solution
see its regularity increasing in parallel, and precise speed of convergence can be established.
In the existing literature (see e.g. [5, 12]) the error estimates for both the finite element or
volume element method are usually derived for solutions that are sufficiently smooth. Because
the domain is polygonal, special attention has to be paid to regularity of the exact solution.
We give sufficient conditions in terms of data and the solution u that yield error estimates (see
hypothesis (H1) below).

The text is organized as follows. In Section 2 we set up the notation and the functional
spaces used throughout the paper. Section 3 introduces a box scheme model for problem (1),
and existence and uniqueness of the solution of the approximating problem (12) is obtained from
the fixed point theorem and equivalence of norms in the finite dimensional space 52. Finally,
in Section 4, under some regularity assumptions, we prove error estimates.

handling the non local term

2 Notation and functional spaces

Let (-, -) and ||-|| denote the inner product and norm in L?(Q); Hj(Q) = {u € H*(),u/0Q = 0};
|| < |lss Il - [|s,p denote the H*(2) and the W*P(€2) norm respectively; 1}, denote a triangulation
of ; T" be the set of vertices of a quasi-uniform triangulation T},; and {52} hso Pe the family
of approximating subspaces of H}(f2) defined by

Sh={v e Hj(Q) : v/e is a linear function for all e € Th} -

In the remainder of this paper we denote by ¢ various constants that may depend on the data
of the problem, and that are not necessarily the same at each occurrence. We assume that the
family of triangulations is such that the following estimates [4] hold for all v € Sp:

[vllgg < ehr=Pm2maxdOp=t )l 0<r<p<1, 1<pg<o,
1
[0]l0.00 < €[ Inh[>[[o]s. (3)
Let Py : L*(Q2) — SY be the standard L2-projection. One has [4]:

lv = Pyl + hllv = Pyolli < ch?|Jollo,
v = Ppollo < chllvllz,  [[Pavlliee < clv

1,00 (4>

We construct the box scheme Bj, (dual mesh) employed in the discretization as follows. From
a given triangle e € T}, we choose a point ¢ € € as the intersection of the perpendicular bisectors
of the three edges of e. Then, we connect ¢ by straight-line segments to the edge midpoints of e.
To each vertex p € T, we associate the box b, € By, consisting of the union of subregions which
have p as a corner (see Fig. 1). For the piecewise constant interpolation operator Iy, defined by

I, : C(Q) — L*(Q), Iy =v(p), on b,€ By, VpecTh
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Figure 1. Construction of the dual mesh.

we have the following standard error estimates [1, 3]:

¢ Holl < |[Iwoll < elloll, Vv e Sg,
v — Iyo|| < chlv|y, Yove St (5)
We denote by Ny (p) the set of the neighboring vertices of p € T, 9b = I—lpETh 0b,, 0b, =

Llpeeny, (o) 1L pps }, Where Tppe = 0by () Obps (see Fig. 1). Let loy : 0b — R™ be defined as follows:
for p € T,Lfb and b, € By,

lov/Tppe = lp—p x| for px e Ni(p).

For b € By, we denote the jump in w across 9b at x by [w]gp(x) = w(z + 0) — w(xz — 0), where
w(x £ 0) are the outside and inside limit values of w(x) along the normal directions for 9b.

We now collect from the literature [1, 3] some important lemmas and trace results, that are
needed in the sequel.

Lemma 1. Assume that By is a dual mesh. If v is a piecewise linear function, and x is not
a vertex, then

ov
[Ihv]/abp (x> = %lab/Fpp*, T € Fpp*7 Vb€ Bp,

where n 1s the unit outward normal vector on Ob.

The h-dependent norms are defined as follows:

1
2
[voll1n = (Z Hfhv]z\2> and  [vflon = [nv]l-

ledb
Lemma 2. There exists a constant ¢ > 0 such that

Vol < Jlollin < el Voll, Vo e Sy,
cHoll < llvllon < cllvll, Vo e Sp.

Lemma 3. For any a € C(Q)) there exists a positive constant ¢ such that
ou
S / astlyo| < cllullloll, Y u,v e S, (6)
o on
beBy,

Moreover, if there exists a constant ag > 0 such that a > ag in €1, then

cHl3 < — Z / a@Ihv, Voue Sy (7)
beB), O on
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Let Qn : H*(Q) — 52 be defined by Qru — ipu € Sg, and

—Z/ G (8)
b on

beBy,
where iy, : C(Q) — SY is the Lagrangian interpolation operator and u € H?(Q).

Lemma 4. Assume that a € L*(Q2), with a > ag for some constant ag > 0. Then, there exists
¢ > 0 such that for u € H*(Q)

lw = Qnully < chljullz- (9)
Moreover, if u € H?(Q)WhH*(Q), then
2)- (10)

Lemma 5. For each b € By, one has

1@null1,00 <

1
h2 ([0l 2oy < ¢ (lvllz2y + Blollaw), Vo e H'(b).

Throughout this work, we assume that the following hypotheses on the solution and data of
problem (1) are satisfied:

(H1) u € L>®(H} (2
(H2) ¢! <k(s) <
(H3)
(H4)

)ﬂHQ( ), ur € L*(H'(Q));

there exist positive constants ¢1, co and v, such that v < f(&) < ¢1|¢] + ¢o for all £ € R;

£(&) = FEN+ k(&) = K] < cl§ =&

3 Existence and uniqueness result for the box scheme method

Let u be the solution of (1). Integrating over an element b in By, we obtain:

[ [l = [ vien, )

We consider a box scheme defined as follows: find uy, € 5’2 such that

A
Iu,]v k:u — —fuh,lv, Voes, 12
i Iy bzs;/a O L T i Lo ()

where u"(0) = Pyug and I, is the interpolation operator.

Theorem 1. Let (H1)—(H4) be satisfied. Then, for each h > 0, there exists to(h) such that (12)
possesses a unique solution u" for 0 <t < to(h).

Proof. We begin by proving existence of solution. We define a nonlinear operator G from S}
to SY as follows. For each u € S, w" = G(u") is obtained as the unique solution of the
following problem:

A
(Iyw, Inv) — —Iv_— W), L), Yovesy. 13
et i) = 2 IR U Py a1 e
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We remark that G is well defined. Using v = w"

and (H3), and Holder’s inequality, we can write:

as a test function in (13), hypotheses (H2)

= — [ Tpw™))? + ef|w"||? < c(f(uh),lhwh) < c/ (|uh| + 1) | Thw"|
< cllu” |2 | Ihw" || 2 + el Inw"|| < ellu® 1] Tnw® 1 + el Tyw" |
c
< Sl 1§ + cllu® |} + c.
Thus, we have
d
0w * + ellw® [T < el|u®|[F + e (14)

Integrating (14) with respect to ¢ and using the equivalency of ||I - || and || - || in S} (see (5))
yields

t t
12+ [ Tt1E < clmPaolP+e [ R de+et
0 0

t
< c||uo||2+c/ ||uh\|%dx+ct.
0

Define now the following set

t
D= {uh & S+ [ 1R < e uol? + 1)}.

We can easily see that D is closed subset of L>(0,t, L?(£2)) with its natural norm. We conclude
that there exists t > 0 such that G(D) C D. To obtain that G has a fixed point w" = G(w"),
we prove that G is a contraction. Conclusion follows from Banach’s fixed point theorem. For
this purpose, let v/ and u} € S? x SY such that Guf = wf* and Gul = wh. We have, from the
equation (13) verified by wf and w}, that

(Ih(wlt th Inv) — Z/ab IIhv—i— Z/

beBy, beEB),
A (P, ) — 2 (F(uh), Tho).

" (o f(uh) do)’ (o £ ) )’
On the other hand, one has

8

1 2

— E ul Ihv + g / ul Ihv
/8b 1 ab 2

beBy, bEB
o h
= — Z / Ul Ih’U+ Z / 1))%[}1?}.
beB,, 7 b beB), n

Schwartz inequality implies that

) h
S [ ) = k() Gt > —ellwl | 3 k= o | ol

beBy, beB,

By Lemma 5, we have

1
h2 Z lu} = ubllo,op < ¢ Z [ul — U2HL2 () T hlluf = ub|| g 1) < clluf — u|)1.
beBy, be By,
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Thus, from the inverse estimate (3),

owh h
Z k(uf) = k(u3)) 5 2 I = —e(W)ljwf | lluf = |l o] (15)
8b n
On the basis of hypotheses (H1)-(H4), we have:

A N ooy A

o tyan)? )y
= A ult) — f(ud), v
" sy any 0 I

1 1
“((fﬂfwf)dz)f ( ) ) tie)

BN (Y el ) (o )+ FOD) (ot o
< cfluy —ug| [lof + A P () )2( (u) FRE (f (uz), Inv)

< cllut — b o]l + el Il 2oyl — bl oo

(f (u3), Inv)

< cllut — b o]l < ellut — b1 olls. (16)

It follows from (15) and (16) that

h
(Ih (wlt th Ihv Z /ab ul w2) Ihv

beBy,
owh
< c(h)uf = u|lloll — Z k(ur) = k(up)) 5 2w < e(h)ur —uz|allols. (17)
beB;y,
Now, using v = w} — wh as a test function in (17), we obtain from (7):
1d 2
5 gz 1n (Wt = ws) |7+ cllwt = wif < e(h)fjut — uplly[lw) — whlr- (18)
With use of the Holder’s inequality and equivalency of ||I}, - || and || - ||, integration of (18) with

respect to time gives:

[ =) < el =) < et [k = o) .

Thus G is a contraction. We prove now uniqueness. Following the same arguments as before,
we have

h
(In(uly — ud), Inv) — Z/@b 7)11#)SC(h)Hu?—ungHvH- (19)

beBy,

Choosing v = uf — u% as test function in (19), using again (7) and integrating, we obtain

[k o) < ) [ 1t o) P,

which gives, by Gronwall’s Lemma, uniqueness of solution. |
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4 FError analysis

In this section we prove error estimates under certain assumptions on regularity of the exact
solution wu.

Theorem 2. Under assumptions (H1)-(H4), if (u,u”) are solutions of (11)~(12) for 0 <t <
to(h), then

|ul — ul| oo 2y + |l — ull 21y < ch.

Proof. From (11) and (12) we obtain

— Pyu
(Ih(u —Phu t,IhU beZBh /(% h )Ih’U
_ A o ) A . Phu u) ;
" o any ) +b§3;/ "
— /ab (k(u) — k(uh))g’:ilhv + ((I — Ph)ut,fhv) + ((I — Ih)Phut,Ihv). (20)
beB),

We now estimate, separately, the terms on the right-hand side of (20). We have from (6) and (4)
that

O(Pru —u
> /abk(uh)( M=) | < ell Pl ol < ehlfula ol < el (21)
beBy,

, 2
1 h
on > <chzllofu | Y lu—u"Fa ] - (22)

beBy,

h
< dlloll Z(/&m—w

beBy,

By Lemma 5, inverse inequality (3) and (4), we have:
h h
Dol —ulfan <2 ) lu" = Poullgop +2 ) 1Phu —ullg o
beBy, beBy, beBy,
<c(h? + |u" — Pyul?). (23)

Consequently, we obtain from (23) that

> /Bb (k(u) — k(uh))gz.fhv < c(h+ [|u" = Pyul))|jv]s. (24)

beBy,

Based on our earlier development in (16), we also know:

a4 1)~ (g el =l (25)
of Q

Let v = u" — Pyu be a test function in (20). Using Lemma 3, it follows from (21)—(25) that

1d

5 g7 1In (" = Prw)|[* + cllu” — Pyul}
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< clju" — ul||u" = Pyulls + ch||u” — Pyullr + c(h + |[u" — Pyul]) |u" — Pyl
+ (|1 = Pa)uell + 12 = In) Pyue)Ju" — Pru]
(H(I Py)ugll + |[( — In) Pyue ) | u" — Pyull
+ (A [lu" = Poull)llu — Prully + | Pyu — ul|lu” — Pyl
)

By properties (4) and Cauchy’s inequality, it follows:
d 2
aHIh(“h — Pyu) H + c||ul = Pyul]? < ¢||Pyu — ul|1||u® — Pyul
+e{h+ (I = Payuell + (I = In) Pauel] + i = Praa]|} [ = Pyully
c
<P+ (1 = Paywelf + (T = In) Prol|* + Ju = Prul|*} + S [lu” = Pul}
c
< e{h? + B2 |3 + ch?|| Phug||?} + ellu” — Pyul* + §||uh — Pyul)3.
Hence,
d 2 2
%th(uh — Pyu)||” + cHuh — Pyu|; < ch? + ¢||u” — Pyul®. (26)

Integrating (26) and applying Gronwall Lemma and using again the equivalency of || - || and
11, - ||, we get that

t
|u — Pyul?® + c/ |u” — Pyul|? < ch?.
0

Then, by the triangular inequality, we conclude with the intended result. |

Under more restrictive hypotheses on the data, it is possible to derive the following error
estimate.

Theorem 3. Assume (H1)-(H4). If k(s) = 1 and up € HL(Q) N H?*(Q), then
|ul — ul| oo (p1y < ch.

Proof. From equations (11) and (12), we have:

(Ihut ut,Ihv Z o On Ihv—i—Z/ —Ihv

beBy,

A A
—fuh,fv ——(f(w), Ipv).
o sty O = a1

Using the definition (8) of @y, we get
u thu)
(Ihut ut,Ihv bGZB /ab

A A
= ————— (f(u"), ) — ——(f(u), Iyv),
U tamyany O G a1

and it follows that

—Q
(1 = Qua) o) = 3 [ ) Q)

beBy,
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; W), Iy —* w), Ipv
(o ) dz)? 7 (f(u"), Inv) (fo(u)dx)Q(f( ), Iv)
+ ((I = Qn)ug, Inv) + ((I — In)Qnug, Ihv). (27)

In order to estimate the right hand side of the last inequality, we treat both terms separately.
By similar arguments to those used in (16),

A (P ) — 2 (F(u), T)| < ellu® — ul o]

(Jo f(uh) dz)’ (Jo f(u) dz)

Taking a function test v = (u" — Qpu); in (27), by (9) and (10) we have

1 n (" = Quu)e® = > / Qhu) In(u" — Quu),

beBy,
< c{h+1I(I = In)Qnue|l + (I — Qu)uel + |Qnu — v ||} In(u" — Q)|
< c{h + chlluellz + chl|Quully + | Qnu — u” || |11 (u — Quue|
< c{h+ | Qpu — u"|| }In(u" — Quu)|

1
< ol 4 el Quu — w2 + 511" — Quan)”. (28)

Integrating (28), we arrive to

t
I — Quull? < c (h? A QhurP)

t
<efiy / e — @huu%) — ch? + cllu" — QuullZagzrs ey

and Theorem 2 gives
lu" — Quull? < ch®.

On the other hand, by triangular inequality, (9) and the regularity of the exact solution u, we
have

I =} < 2[lu" — Quull} +2/|Quu — ul|? < ch?|ull3 + ch? < ch®.

We conclude then with the desired error estimate. [ |

5 Conclusion

In this paper a dual mesh numerical scheme was proposed for a nonlocal thermistor problem.
We have showed the existence and uniqueness of the approximate solution via Banach’s fixed
point theorem. We have also proved H'-error bounds under minimal regularity assumptions.
We only obtain first-order estimates: higher order estimates are difficult to obtain due to the
nonstandard nonlocal term. Optimal error analysis to the present context, under appropriate
smoothness assumptions on data, can be derived by application of the techniques of [5], but this
needs further developments.
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