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Abstract. In this paper, we introduce a new differential-difference operator T¢ (£ € RM) by
using projections associated to orthogonal subsystems in root systems. Similarly to Dunkl
theory, we show that these operators commute and we construct an intertwining operator
between T and the directional derivative J¢. In the case of one variable, we prove that the
Kummer functions are eigenfunctions of this operator.
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1 Introduction

In a series of papers [3, 4, 5, 6], C.F. Dunkl builds up the framework for a theory of differential-
difference operators and special functions related to root systems. Beside them, there are
now various further Dunkl-type operators, in particular the trigonometric Dunkl operators of
Heckman [7, 8], Opdam [14], Cherednik [2], and the important g-analogues of Macdonald and
Cherednik [13], see also [1, 11].

The main objective of this paper is to present a new class of differential-difference opera-
tors Ty, £ € RN with the help of orthogonal projections related to orthogonal subsystems in
root systems. In other words, our operators follow from Dunkl operator after replacing the
usual reflections that exist in the definition of the operator with their corresponding ortho-
gonal projections. Several problems related to the Dunkl theory arise in the setting of our
operators, in particular, commutativity of {7¢, £ € RN } and the existence of the intertwining
operators.

The outline of the content of this paper is as follows. In Section 2, we collect some definitions
and results related to root systems and Dunkl operators which will be relevant for the sequel.
In Section 3, we introduce new differential-difference operators Ty and we prove the first main
result. In Section 4, we give an explicit formula for the intertwining operator between Ty and
the directional derivative. In Section 5, we study the one variable case. Finally, in Section 6 we
study the cases of orthogonal subsets in root systems of type Ay_1 and By.

2 Dunkl operators

Let us begin to recall some results concerning the root systems and Dunkl operators. A useful
reference for this topic is the book by Humphreys [9]. Let o € RV¥\{0}, we denote by s, the
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reflection onto the hyperplane orthogonal to «; that is,

(z,a)

Sa(x) =2 —2

)

|o?

where (-,-) denotes the Euclidean scalar product on RV, and |z| = \/(z, z).

A root system is a finite set R of nonzero vectors in RY such that for any o € R one has
sa(R) =R, and RNRa = {£a}.

A positive subsystem Ry is any subset of R satisfying R = Ry U {—R+}. The Weyl group
W = W(R) (or real finite reflection group) generated by the root system R C R is the
subgroup of orthogonal group O(NN) generated by {s,, @ € R}. A multiplicity function on R is
a complex-valued function x : R — C which is invariant under the Weyl group W, i.e.,

k(o) = k(ga), Vae R, VgeW.

Let £ € R, the Dunkl operator D¢ associated with the Weyl group W (R) and the multiplicity
function k, is the first order differential-difference operator:

F(@) = f(sa2)

(z,q)

(Def)(@) = 0ef(x) + Y wla)(a,é)

acER

(1)

Here ¢ is the direction derivative corresponding to § and s, is the orthogonal reflection onto
the hyperplane orthogonal to a.

The Dunkl operator D is a homogeneous differential-difference operator of degree —1. By
the W-invariance of the multiplicity function x, we have

g 'oDiog=Dy, VgeW(R), ¢cRY.

The remarkable property of the Dunkl operators is that the family {Dg, £ € RN} generates
a commutative algebra of linear operators on the C-algebra of polynomial functions.

3 Operators of Dunkl-type

Let R be a root system. A subset R’ of R is called a subsystem of R if it satisfies the following
conditions:

i) If « € R, then —a € R';
i) f o, € R and o+ B € R, then o+ 5 € R'.
A subsystem R’ of a root system R in RY consisting of pairwise orthogonal roots is called

orthogonal subsystem. In this case the related Weyl group W(R’) is a subgroup of Zév . For
a vector a € RV \ {0}, we write

To(T) = (@, a)

=z — BE a, :EE]RN,

for the orthogonal projection onto the hyperplane (Ra)* = {x, (z,a) = 0}, so that the reflec-
tion s, with respect to hyperplane orthogonal to « is related to 7, by

1
T = 5(1 + Sa)-
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The hyperplane (Ra)*t is the invariant set of 7,. If (o, 8) = 0, then the orthogonal projec-
tions 7, and 73 commute. The conjugate of orthogonal projection onto a hyperplane is again
an orthogonal projection onto a hyperplane: suppose u € O(N) and a € RV\{0} then

UTQU ' = Ty

Let R be a root system and R’ a positive orthogonal subsystem of R. For ¢ € RV, we define
the differential-difference operator T¢ by

[(@) = f(rar)

(z,q)

(Tef)(x) = O f () + Y wla)a,€)

a€R’!

(2)

where « is a multiplicity function on R’. For j = 1,..., N denotes Te; by T;. The operator T¢
can be considered as a deformation of the usual directional derivatives and when x = 0, the
operator T¢ reduces to the corresponding directional derivative. Furthermore, there is overlap
between the notations (2) and (1). In fact, the operator (2) follows from Dunkl operator after
replacing the reflections terms that exist in (1) by orthogonal projection terms.

Example 1. In the rank-one case, the root system is of type A; and the corresponding reflection
s and orthogonal projection 7 are given by

s(xz) = —u, T(z) = %(1 +s)(z) =0.

The Dunkl-type operator T, associated with the projection 7 and the multiplicity parameters s
(k € C) is given by

x) — f(r(x
T f(@) = (o) + T I gy g S
Example 2. Let R = {£(e; £ e2), Le1, £ea} be a root system of type Bs in the 2-plane and
R’ = {e1 - e} be a positive orthogonal subsystem in R. The related Dunkl-type operators to R’

and to the positive parameters (K1, k2) are given by

f@y) = f((x+y)/2,(x +y)/2) n @f(af,y) —fl(xz—y)/2,(x —y)/2)

leam“‘ﬁl T —y T4y 3
Ty = 8, — 1Y) = f((w;r_y;/?, @+9)/2) | F@y) - f((mx—ij;/?’ (& —y)/2)

We denote by TTIV the space of polynomials and by ITY the subspace of homogenous polyno-
mials of degree n.

Let R = {aq,...,a,} be a positive orthogonal subsystem of a root system R. Consider the
operator p; defined on ITV by

f(x) = f (7o)

, 1=1,...,n.

It follows from the equality

i) =~ [ ong (120, ) at

oy 2 a2

that T is a homogeneous operator of degree —1 on IV, that is, Tef € Y |, for f € IIY, and

n—1»
leaves S(R) (S(R) is the Schwartz space of rapidly decreasing functions on R) invariant.
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Proposition 1. The operators p; (i =1,...,n) have the following properties:

i) fori,j=1,...,n, we have [p;, pj| = 0;

i1) if a is an orthogonal vector to o, then [Oy, pi] = 0, where the commutator of two operators
A, B is defined by [A, B] := AB — BA.

The family {a1,...,a,} is orthogonal, then there exist scalars &1, ..., &, and a vector ge RN
orthogonal to the subspace Ray & - - - & Ra,, such that

£=Y Gai+&.
=1

This allows us to decompose the operator T¢ (2) associated with R’ and the multiplicity para-
meters (K1,...,Ky) in a unique way in the form

n
Te = &To, + 0z
i=1
We now have all ingredients to state and prove the first main result of the paper.
Theorem 1. Let {,n € RY, then [T¢, T,] = 0.

Proof. A straightforward computation yields

n

[Te, Tyl = Y &njlTos Toy) + (0505 + Y &ilTai, 03] — il T, Ol.

ij=1 i=1
On the other hand,

[To;s Ta;] = [Oa; + Killvillpis Oa; + kjllellps]
= [Ous Oa;] + Kl [|[Oay, pj] — Kill il [Oa s pi] + Kirsjllcsll ||l [ps, ps]

and
Ty 0] = [0u, 0] + illaul [, B,
From Proposition 1, we get
[Te;;Te,] =0 and [Tai,ﬁg] =0
This proves the result. |

One important consequence of the Theorem 1, is that the operators Ty, ,...,Ty,, generate
a commutative algebra.

4 Intertwining operator

In this section, we give an intertwining operator between T¢ and the directional derivative 0.
Consider a positive orthogonal subsystem R’ = {a;,...,a,} composed of n vectors in a root
system R, and kK = (K1,...,kp) € C" and £ € RY. The associated Dunkl-type operator T
with R’ and x takes the form

(Tef) (@) = Oef(z +Z%%£ J@) = J7ey)

(z, )
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Let h: R® x RY — RY be the function defined by

where t = (t1,...,t,) € R* and x € RV,
We define
1

W@ =g [ ) g

where w(t) = ﬁ (1—t;)% 1 and T'(k) = [T I'(~;).
Jj=1 j=1

Theorem 2. Let f € C®(RY), then we have

Te o xuf(x) = Xk 0 Ocf(2).

Proof. For j = 1,...,n, we denote by 6; the orthogonal projection in R" with respect to the
hyperplane (Re;)1 orthogonal to the vector e; of the canonical basis (e1,...,e,) of R". The
orthogonal projection ¢; acts on R" as

Qj(t) = (th s 7tj—170atj+17 s 7t'rL)
The system R is orthogonal, then for j = 1,...,n, we have

Ta].’IJ ak)

h(t, Ta;T) = Ta;o + Z (tx — 1) PAE

n

—x— <$’aj>ocj + ) (1) <x’ak>0¢k = h(b;t, z).

o 7 2 a2

Let f € C®(RY) and ¢ € RY. The mapping x — h(t,z) is linear on RY, then we can write

Oe(F(h(t, 2))) = Dngre) f(h(t, %)) = Def (h(t, x) +Zt ) fv J>

O f (At ).

Hence,
1 1
Oexx (f)( ):F(K)/[Ow Oe(f(h(t, z)))w(t) dt = r(/z.;)/w O f(h(t,x))w(t) dt
1 (6ay) - o
") 2 gl /[o,un“a 1)0a; f (h(t, z)w(t) dt.

Since we can write

0 (h(t,) = 7 00, 1 (0t 2)

and
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we are lead to

eyl | B
= Kj <x aj) /[Ol]n(f(h(fg](t),x)) f(h(t, $)))w(t) dt
o2
—r;T(K) (:L‘ jaj> (s () (@) = X (f) (T, T)).

This, combined with the last expression of J¢(xx f)(x), yields

900 1)) = Ok = 3o () (@) = Xl (750

Therefore,

Te(xwf) (@) = xx(0f)(2). u

5 The one variable case

The specialization of this theory to the one variable case has its own interest, because everything
can be done there in a much more explicit way and new results for special functions in one
variable can be obtained. In this setting there is only one Dunkl-type operator T} associated up
to scaling and it equals to

F@) = £(0)

X

Tof(x) = f'(z) + K (4)

This operator leaves the space of polynomials invariant and acts on the monomials as
T.1=0, Teaz™ = (n+ k)21, n=12....
Its square is given by

T2f(x) = '(x) + 22 f/ (@) + - IO IO HEE D o)

2 T

Consider the confluent hypergeometric function (see [15, § 7.1])

M(a,b;z) = Z (a)n 2"

= (b)n n!’
where (a),, is the Pochhammer symbol defined by

_ T(a+n)
D= i

This is a solution of the confluent hypergeometric differential equation
2y (2) + (b= 2)y'(2) = ay(2).
This function possesses the following Poisson integral representation (see [15, § 7.1])

1
Ma, b 2) = F(a)rr((?_a) /0 Pl — et e R(b) > R(a) > 0. (5)
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Theorem 3. For A € C and k > —1, the problem

has a unique analytic solution M, (i\x) given by

M (idx) = M(1,k + 1;i)\z). (7)

Proof. Searching a solution of (6) in the form f(z) = >  a,z". Replacing in (6), we obtain
n=0

(o] o0
Z(n + 14+ R)aps1z" =i\ Z anx™.
n=0 n=0
Thus,
i\ (A"
AN d = "7 [ |
Il = e M T,

Remark 1. Multiply the equation (6) by = and differentiating both sides, we see that a func-
tion u of class C2 on R, is a solution of the equation (6), if and only if, it is a solution of the
generalized eigenvalue problem

au” + (5 + Du' = i\(zu + ).
Proposition 2. The function My(z) defined by

n

 Mu(2) > z
M“(Z)_F(n+1)_§r(m+1+n)

satisfies the following properties:

(1) My(z) is analytic in k and z;
(11) Mo(z) = €*;

(791) for R(k) > 0, the function My(z), possesses the integral representation
' 1zt
My (z) = / (1—t)" " e*dt;
I'(k) Jo

(iv) for R(k) > 0, we have
‘M,({”)(z)‘ < |z|"e®), n €N, z € C,
i particular,

M, (iAx)| < 1, Az eR;

(v) for R(k) >0, and all x € R*,

lim M, (iAx) = 0.

A——+o00
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Proof. (i) and (ii) are immediate. (iii) follows from (5). For n € N, we have

Zn

1
M) (2) = ) /0 (1 — )"t e dt.

So we find
s R(2)t R(z)
MM ()| < 2 [ (1= )R eREtar < |z]eRE),
I'(k) Jo
This proves (iv). (v) follows from (iii) and the Riemann-Lebesgue lemma. [

Definition 1. We define the Kummer transform on L!(R) by

VX eR, Fe(f)N) = /Rf(x)l\/[,ﬁ(z)\x)(:c) dz.

When k = 0, the transformation Fy reduces to the usual Fourier transform F that is given by
FOW = [ fa)e da,

Theorem 4. Let f be a function in L'(R) then F.(f) belongs to Co(R), where Co(R) is the
space of continuous functions having zero as limit at the infinity. Furthermore,

1Fe()lloo < [1f]1-

Proof. It’s clear that F,(f) is a continuous function on R. From Proposition 2, we get for all
T € R¥,

lim f@)M,(iAe) =0  and | f(@)Ma(ide)| < [f(2)].

A—00

Since f is in L' (IR), we conclude by using the dominated convergence theorem that F,(f) belongs
to Cp(R) and

1Fe(Flloe < M1 f1I1-

We now turn to exhibit a relationship between the Kummer transform and the Fourier transform.
The crucial idea is to use the intertwining operator x.. We denote by C*°(R) the space of
infinitely differentiable functions f on R, provided with the topology defined by the semi norms

[ fllna = sup ‘f(k)(if) ) a> 0, n € N.
0<k<n

z€[—a,a]

In the rank-one case the intertwining operator (3) becomes

1
(@) = g [ =0 e ©)

This operator is a particular case of the so called Erdélyi-Kober fractional integral I7°, which
is given by (see [10])

1

1
0 ) (2) = —— 0 f(ta )
(I f) (@) w)/ou D1 f(tR)dt, 80, yER
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It was shown in [12, § 3], that the Erdélyi-Kober fractional integral has a left-inverse

DI f=f,  feC®R), (10)
where
D7,6 _ f[ 5+ k—i—l’i I’Y+5,n—6
Pt dx ’

and n = [d] ([d] denotes the ceiling function the smallest integer > §).
As a consequence of Theorem 2, we deduce that the operator x, (9) has the fundamental
intertwining property

d
T, o = XxO—.
kO Xk = Xk dz
We regard it as a second main result since it allows us to move from the complicated operator T
defined in (4) to the simple derivative operator d%. [

Theorem 5. Let k > 0, the operator x, is a topological isomorphism from C*°(R) onto itself
and its inverse x; ! is given for all f € C*(R) by

X

—1 ) = 0,x ) = - . T d k+1,n—kK T
X2 (@) = D (x) j1:]1<y+ &) )

where n = [K].

Proof. Let a > 0 and f € C*°(R). For z € [0,a], t € [0,1] and [ € N, we have the following
estimate

1
(1 =) fO(@t)] < [ flloa(t =)' and / (-t tde =,
0 K

By the theorem of derivation under the integral sign, we can prove that

xef €CP®)  and el <~ e

I'(k+1)
Then x, is a linear continuous mapping from C*°(R) onto its self. From formula (10) the
operator

K < . d K n—k
D =1] (]—}—:c(i:E) o I*th

j=1

is a left-inverse of x,.. This shows that y, is injective and D%* is surjective. So it suffices to
prove that D%* is injective.

Let f be a function in C*°(R) such that D%%f = 0. Then the function g = I"tLn=rf ¢
C*°(R) is a solution of the linear differential equation

jli{(l%—j#—:cij) y(x) =0.

Since, the last differential equation has a unique C*°-solution, which is equal to y(x) = 0, it
follows that g = 0.

From (10) the operator I"*1* has a left-inverse, then f = 0. This shows that y, is a bijective
operator. |
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Let k > 0, we define the dual intertwining operator 'y, on D(R) (D(R) is the space of
C*°-functions on R with compact support) by

t 1 Hoo k—1,—K
(%) @) = 75 /| (t— )" fsen(@)t)dt,  z € R\ {0}

Proposition 3. The operator ', is a topological automorphism of D(R), and satisfies the
transmutation relation:

/(xﬂf dx—/f 'veg) (@) dz, € CF(R),

Proof. Let f € C*°(R) and g € D(R), we have

[ engterar = / o s gt

// Vel f(—t) dtg(—z)z ™" da.

Using Fubini’s theorem and a change of variable, we get

[ en @) as = o /+°° [t s

/ / fa 4 t) " g(—a) daf(t) dt
Therefore,

[ en@ste iz = o= [ /t| — ) g (sign(t)e) def (1) dt

. / F(0) (Prug) (1) . n
R

Proposition 4. Let k > 0, the Kummer transform F, satisfies the decomposition

Felf)=Fo'xulf),  feDR).

Proof. The result follows from Proposition 3. |

6 Multivariable case

6.1 Direct product setting

In this subsection, we consider the direct product of the one-dimensional models, which means
that the Weyl group of the corresponding subsystem of root system is a subgroup of Z' .
We denote by 7 (for each k from 1 to N) the orthogonal projection with respect to the

hyperplane orthogonal to ey, that is to say for every z = (z1,...,zy) € RV
€, ek
Tk(x) — 4= <|6k|2>€k = (5131, s 71"671707 Th41,--- 7$N)'

Let k = (k1,k2,...,KN) € CN. The associated Dunkl type operators T; for j =1,...,N, are
given for z € RN by

T f(z) ) + Z Ki (n(z)) (

.’L' el> €k7€l>
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f(ﬂf) _f(xlv"'7xj*170733j+1a'-->$N)
xj '

= ajf(.%) + Kj

These operators form a commuting system. The generalized Laplacian associated with Tj is
defined in a natural way as

N
Ae=D T
j=1

A straightforward computation yields

N
A —A—FQZK] 18f Z/ﬁ; —I—I-ij -lajf<l'1,...,xj_1,0,$j+1,...,xN)
7j=1 7j=1

N
+Z /i —R] f(.CU)—f(.iCl,...,xj_1,0,$j+1,...,$]v)).
7j=1

This operator will play in our context a similar role to that of the Euclidean Laplacian in
the classical harmonic analysis. Obviously, the trivial choice of the multiplicity function x = 0,
reduces our situation to the analysis related to the classical Laplacian A.

Let x = (k1,...,6n) € (0,00)N. For z, A € RY, we consider the function M, (A, x) which is
given as the tensor products

Mnj (’L)\].’L’])

I
=F

Theorem 6. For A\ = (\1,...,\y) € CV, the function M. (), z) is the unique analytic solution
of the system

Teu(z) =i\ Eu(z),  w(0)=1, veéech,

6.2 Dunkl-type operators associated to an orthogonal subsystem
in a root system of type An_1

Let R be a root system of type Ay_1
R={£(e;—ej),1<i<j <N}

Define a positive orthogonal subsystem R’ = {aq, ... ,a[N/z}} of R by setting:
o = €91 — €9;, i=1,...,[N/2].

We denote by 7; (for each j from 1 to [IN/2]) the orthogonal projection onto the hyperplane

perpendicular to «;j, that is to say for every x = (z1,...,2N) € RN
7ir = (T1,. .., 21, T2, .-, TN),
where To;_1 = To; = %(xgi_l +x9;), 4 = 1,...,[N/2]. The vector ¢ € RV can be decomposed

uniquely in the form

[N/2]

£=) &leai1—e2)+ £,
i=1

where §A is an orthogonal vector to the linear space generated by R’ = {au, ..., N9}
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A straightforward computation shows that the operator T¢ (£ € RM) associated with R’ and

the multiplicity parameters (£1, . .. K N/Q]) has the following decomposition
[N/2] 2[N/2] '
Te= Y &Ta +0;= > (-1 g T+ 0,
i=1 i=1
where
and

f(x) — f(rix)
Toi1 — T

(pif)(x) =

The intertwining operator (3) becomes

xdfﬂ@::niyﬁm”ﬂhmx»w@ym

where

v,
h(t,z) =z + Z : 2 (z2i—1 — 2:)(€2i-1 — €2i).

=1

Proposition 5. Let A = (\1,...,Ay) € CV, and xk = (K1, -, Knyg)) € (0,00)IN/2 The
following eigenvalue problem

has a unique analytic solution M,(\,x) given by

(N/2] .
My(A,z) = /X020 TT M, (;(Mj—l = Agj) (2251 — %‘)) :
j=1

Proof. According to Theorem 2, x, is an intertwining operator between T and J:. So, the
function x, (7)) is the unique C>-solution of problem (11).
Since we can write
(N/2]
(At z)) = (A h(0,2) + > 5 Qi1 = Aoj) (a1 — o),
j=1

<~

we are lead to

[N/2]
i(A\h(0,2)) 5 > ti(Aej—1—A2j)(w2j—1—m2;)
(& 2 ANERY) J J J
M\ x :/ e =1 w(t) dt
(.2) D(k)  Jjpymre Q
o) 11 L ( ) )
_ _iMA(0 2(Noj_1—Xo;) (T2 _1—T2; Ki—1
= e VY e2'\"2j J J i1 — )% dt..
1 ) fon (-t dy
If we now use (7) and (8) we get
A [N/2] ;
Mg(\ z) = MO TT My, (2()\21'1 — Agj)(w25-1 — x2j)> : u

j=1
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6.3 Dunkl-type operators associated to orthogonal subsystem
in root system of type By

Throughout this subsection R is a root system of type By which is given by
R={te;+ej,1<i<j<N; +e;1<i<N},

and R’ is a positive orthogonal subsystem R’ in the root system R given by
R ={af = ey 1 Fey, 1 <i<[N/2}.

Denote by T (for each i from 1 to [IN/2]) the orthogonal projection onto the hyperplane per-

pendicular to ali, that is to say for every z = (21,...,zy) € RV

Tiix = (1:1, R ,@5_1,@5, ces ,xN),
where @5_1 = Ti = %(:L‘gi,l + 9;). In this case, the Dunkl type operator T associated with R’

T + +
and the multiplicity parameters (/<c1 s Ry /2]) takes the form
LN f(@) = f(7; @) f(@) = f(r] @)

T, =0 . —] + + a-‘r, J
In particular, for i =1, ... ,2[N/2] we have

T;=0; — (71)i”7¢+1 Prig1, T "Ctﬂ Pt‘il .

[ 2 [ 2 } [ 2 } [ 2 ]
where
f(@) = f(r;"2)
(D) = T2,
T2i—1 T T2
The operator T has also the following decomposition
2[N/2)
Z (é. 1+1] 1)Z+1£[_1L1]>1-1L +E§N8N7
2
where
[N/2] . .
1 if N is odd
= +a++ . +efnen, and £ = ’
; Zz; Srai e Snew 0 if N is even.

Proposition 6. Let A = (\,...,A\y) € CV and

+ + € (0, 00)21N/2),

k= (k ,...,K,[N/2],K,_,...,I€[;V/2])

The following eigenvalue problem

has a unique analytic M, (X, z) given by

[N/2]

M,{()\,x) _ ei(/\,h(O,x» H MN; <;()\2j_1 — )\Qj)(xgj_l — xgj)>

Jj=1

N | .

X M+ < (Azj—1 4 Agj)(w2j-1 + 9623‘)) :
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