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one ◦-vertex. It is a well-known [14] that from such a triangulation one can construct a branched
covering B : Tω → CP1 with precisely three branch points 0, 1, ∞:

B : Tω −→ CP1, B(P◦Λ) = 0, B(P•Λ) = 1, B(P?Λ) =∞.

This is where Zhegalkin zebra motives meet dessins d’enfants. In the works on dessins d’enfants
on Riemann surfaces of genus 1 one wants to find on the torus a structure of elliptic curve over
a number field such that the branched covering map is a morphism of varieties, called a Belyi
map. We will not elaborate on dessins d’enfants, but refer instead to [14, 16, 18].

The map B induces unramified coverings of C \ {0, 1} = CP1 \ {0, 1,∞}:

Tω \
(
P◦Λ,P

•
Λ,P

?
Λ

) B−→ C \ {0, 1} B̃←− R2 \
(
P◦,P•,P?

)
.

One can normalize the formulas describing B̃ such that the s(ẽ)t(ẽ)-diagonals of the quadrangles
are mapped to the line <z = 1

2 in C while the midpoints of these diagonals are mapped to the
point 1

2 . Every path in C \ {0, 1} starting at the point 1
2 can be lifted uniquely to a collection of

paths in R2 \
(
P◦,P•,P?

)
starting at the midpoints of the s(ẽ)t(ẽ)-diagonals.

The fiber B−1(1
2) can be identified with the set EΛ. The monodromy action of the fundamental

group π1

(
C\{0, 1}, 1

2

)
on EΛ is then exactly the permutation action described by the superpotential

[F ]Λ = (EΛ, σ0, σ1). This is illustrated in Fig. 7.
Lifting the figure-∞-loop which starts at 1

2 in direction NW yields a collection of paths known
as zigzags. It is evident from Fig. 7 that these correspond to the orbits of the permutation σ1σ0.

1
2

0 1
σ0 σ1 σ2 = σ−1

1 σ0

�
�
�
�

@
@

@
@b r-�

�-

�
�

�
�

A
A
A
A

�
�
�
�

�

-

�'

&

$

%
Figure 7. P1 \ {0, 1,∞} = C \ {0, 1}.

〈fig:C01〉
Zigzag paths are visible in the quadrangle tiling as paths which enter and leave the quadran-

gles at opposite sides; see Figs. 4 and 6. Through every quadrangle pass two zigzag paths which
one can let over/under cross as indicated in the left-hand picture in Fig. 8. The zigzag paths
form an alternating strand diagram in the sense of [5, Definition 1.10].

Zigzag paths play an important role in the literature on dimer models and are used to
formulate consistency conditions [5, 6, 7, 11, 12]. Because not all dimer models which come
from Zhegalkin zebra functions do satisfy these consistency conditions we will not say more
about zigzag paths.

Instead we focus on the lifts of the arrows 0 ← 1
2 and 1

2 → 1 and 1
2 ↑ ∞ shown in the

right-hand picture in Fig. 8 as the vectors qw(e), qb(e) and qt(e), respectively. Obviously,
qt(e) = 1

2ω(e). Proposition 5.3 and formula (2.55) explicitly give the vectors qw(e) and qb(e).
Plan of the paper. In Sections 2 and 3 we give more details on, respectively, the toric

geometry and the non-commutative algebraic geometry behind Section 1.2. In Section 4 we
attempt to put the results of Sections 2 and 3 into a mirror symmetry perspective. Section 5
describes how one can solve some practical matters (by computer). Formula (5.1) in Section 5.1
is basically computer code for evaluating the Zhegalkin zebra function F and drawing the picture


