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1 Introduction

The study of (2, 3, 5) distributions, that is, tangent 2-plane distributions (M,D) on 5-manifolds
satisfying the genericity condition [D, [D,D]] = TM , dates to Cartan's celebrated �Five Variables
Paper� [9]. That article (1) resolved the equivalence problem for this geometry, (2) in doing so
revealed a surprising connection with the exceptional complex Lie algebra of type G2, and (3)
(nearly) locally classi�ed complex (2, 3, 5) distributions D whose in�nitesimal symmetry algebra
aut(D) has dimension at least 6. Besides its historical signi�cance and its connection with G2,
which mediates its relationship with other geometries [7, 19, 20, 21, 22, 27, 28], [29, Section 5],
this geometry is signi�cant because of its appearance in simple, nonholonomic kinematic systems
[5, 6]. It has enjoyed heightened attention in the last decade or so [2, 3, 11, 12, 14, 15, 24, 25,
30, 33, 34, 35, 36, 37], owing in part to its realization in the class of parabolic geometries [8,
Section 4.3.2], [31, 32], a broad family of Cartan geometries for which many powerful results are
available.

In the current article we classify locally all homogeneous real (2, 3, 5) distributions with mul-
tiply transitive symmetry algebra, so again those for which dim aut(D) ≥ 6. Our motivation for
carrying out this classi�cation is twofold: (1) It gives a canonical list of examples with favorable
symmetry properties; this list is exploited in work in progress about real (2, 3, 5) distributions.
(2) It is independently interesting, in part because of the appearance of several distinguished
rolling distributions; see Section 7.

Our method is standard: Any homogenous (2, 3, 5) distribution (M,D) can be encoded in an
algebraic model (h, k; d) in the sense that the original distribution can be recovered (up to local
di�eomorphism equivalence) from and hence speci�ed by the model data. Here, h := aut(D) is
the (in�nitesimal) symmetry algebra of D, k is the isotropy subalgebra of a point u ∈M (so, in
our multiply transitive setting, dim k = dim ≥ 1), and d ⊂ h is the subspace corresponding toDu.
Given any real algebraic model, its complexi�cation (h⊗C, k⊗C; d⊗C) is a complex algebraic
model, and conversely the given real algebraic model can be recovered from an appropriate anti-
involution φ : h ⊗ C → h ⊗ C admissible in the sense that it preserves the �ltration k ⊗ C ⊂
d⊗ C ⊂ h⊗ C.

We thus brie�y summarize in Section 4 and record in Tables 2�4 in Appendix B the classi-
�cation of complex (2, 3, 5) distributions. For each distribution in the classi�cation we give an
explicit algebraic model in terms of abstract Lie algebra data. Most of these distributions were
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identi�ed by Cartan [9], but Doubrov and Govorov found much later that Cartan's list omitted
the model we here call N.6 [12].

In Section 5 we classify for each complex algebraic model (h, k; d) with dim h = 6 (these
are recorded in Table 4) the admissible anti-involutions of h up to a notion of equivalence that
corresponds to di�eomorphism equivalence of the homogeneous distributions and record the
corresponding �xed real Lie algebra data. Together with the real algebraic model OR with
maximal symmetry (unique up to equivalence) and the pre-existing classi�cation of the models
with dim h = 7 [17, Theorem 2], here denoted N.7•Λ, this yields the main result of this article:

Theorem A. Any multiply transitive homogeneous real (2, 3, 5) distribution is locally equivalent

to exactly one distribution in Tables 5�10, modulo the given equivalences of parameters.

In Section 6 we give algorithms for identifying, in both the complex and real cases, a multiply
transitive homogeneous (2, 3, 5) distribution given in terms of an abstract algebraic model among
the distributions in the classi�cation; this amounts to constructing su�ciently many invariants
to distinguish all of the models. Finally, in Section 7 we identify many of the distributions in the
real classi�cation as rolling distributions, that is, 2-plane distributions on 5-manifolds de�ned on
the con�guration space of two surfaces rolling along one another by the kinematic no-slip and
no-twist conditions.

2 The geometry of (2, 3, 5) distributions

A (2, 3, 5) distribution is a tangent 2-plane distribution D on a 5-manifold M satisfying the
genericity condition

[D, [D,D]] = TM.

Here, for distributions E,E′ on M , [E,E′] :=
∐
u∈M [E,E′]u, where [E,E′]u ⊂ TuM is the vector

subspace {[X,Y ]u : X ∈ Γ(E), Y ∈ Γ(E′)}. Implicit in the notation [D, [D,D]] is the condition
that [D,D] has constant rank; for a (2, 3, 5) distribution, rank [D,D] = 3. We will work in both
the smooth and complex categories. In both cases we will always assume that M is connected.

2.1 Monge (quasi-)normal form

Any ordinary di�erential equations of the form

z′(x) = F (x, y, y′, y′′, z) (2.1)

de�nes a 2-plane distribution on the (partial) jet space J2,0
(
F,F2

) ∼= F5 (F = R or F = C).
We can prolong any solution (x, y(x), z(x)) to a curve (x, y(x), y′(x), y′′(x), z′(x)) in F5, and
by construction any such curve is tangent to the 2-plane distribution DF ⊂ TF5 de�ned in
the respective jet coordinates (x, y, p, q, z) as the common kernel of the canonical jet 1-forms
dy − p dx and dp− q dx and the 1-form dz − F (x, y, p, q, z) dx de�ned by (2.1). Conversely, the
projection to xyz-space of any integral curve of this distribution to which the pullback of dx
vanishes nowhere de�nes a solution of this o.d.e. The distribution DF is spanned by

∂q and Dx := ∂x + p∂y + q∂p + F (x, y, p, q, z)∂z

� the latter is the total derivative � and computing directly shows that DF is a (2, 3, 5) distri-
bution i� ∂2

qF vanishes nowhere.
Goursat showed that, in fact, every (2, 3, 5) distribution arises locally this way and hence can

be speci�ed locally by some function F of �ve variables. Such an o.d.e. (or, by slight abuse of
terminology, the function F itself) is called a Monge normal form of the distribution.
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Proposition 2.1 ([18, Section 76]). Let (M,D) be a real (complex) (2, 3, 5) distribution and

�x a point u ∈ M . There is a neighborhood U ⊆ M of u, a di�eomorphism (biholomorphism)
Ψ: U → V ⊂ J2,0(F,F2), and a smooth (complex-analytic) function F : V → F for which TΨ ·
D|U = DF .

3 Homogeneous distributions

3.1 In�nitesimal symmetries

An in�nitesimal symmetry of a (2, 3, 5) distribution (M,D) is a vector �eld ξ ∈ Γ(D) whose
(local) �ow preserves D, or equivalently for which Lξη ∈ Γ(D) for all η ∈ Γ(D). We denote the
Lie algebra of in�nitesimal symmetries, called the (in�nitesimal) symmetry algebra, by aut(D),
and we say that (M,D) is in�nitesimally homogeneous if aut(D) acts in�nitesimally transitively,
that is, if {ξu : ξ ∈ aut(D)} = TuM for all u ∈ M . This article concerns (in�nitesimally)
multiply transitive homogeneous distributions, that is, in�nitesimally homogeneous distributions
for which the isotropy subalgebra ku < aut(D) of in�nitesimal symmetries vanishing at any
u ∈M is nontrivial, or equivalently, for which dim aut(D) ≥ 6.

3.2 Algebraic models for homogeneous distributions

Fix a homogeneous (2, 3, 5) (real or complex) distribution (M,D) with transitive symmetry
algebra h := aut(D), �x a point u ∈M , and denote by k < h the subalgebra of vector �elds in h
vanishing at u and by d ⊂ h the subspace d := {ξ ∈ h : ξu ∈ Du}. Then, k ⊆ d, [k, d] ⊆ d (we call
this property k-invariance), and dim(d/k) = 2. The fact that D is a (2, 3, 5) distribution implies
the genericity condition d + [d, d] + [d, [d, d]] = h. We call the triple (h, k; d) a (real or complex)
algebraic model (of (M,D)).

Given an algebraic model, we can reconstruct D up to local equivalence: For any groups H,
K with K < H and respectively realizing h, k (for the groups that occur in the classi�cation, we
can choose K to be a closed subgroup of H), invoke the canonical identi�cation Tid ·K(H/K) ∼=
h/k to take D ⊂ T (H/K) to be the distribution with �bers Dh·K = Tid ·KLh · (d/k), where
Lh : H/K → H/K is the map Lh : g ·K 7→ (hg) ·K; by k-invariance this de�nition is independent
of the coset representative h, and by genericity D is an H-invariant (2, 3, 5) distribution. Via
the above identi�cation, [D,D]id ·K = (d + [d, d])/k.1

We declare two algebraic models (h, k; d), (h′, k′; d′) to be equivalent i� there is a Lie algebra
isomorphism α : h → h′ satisfying α(k) = k′ and α(d) = d′. Unwinding de�nitions shows that
equivalent algebraic models determine locally equivalent distributions.

4 Multiply transitive homogeneous complex distributions

Cartan showed that for all (2, 3, 5) distributionsD, dim aut(D) ≤ 14, and that equality holds i� it
is locally equivalent to the so-called �at distribution ∆ [9]; his argument applies to both the real
and complex settings. We call the corresponding (complex) algebraic model O (see Section 4.1).
In this case, aut(D) is isomorphic to the simple complex Lie algebra of type G2 � we denote it
by g2(C) � and we say that D is (locally) �at. Cartan furthermore claimed to classify up to local

1Conversely, a triple (h, k; d), where h is a Lie algebra, k < h is a Lie subalgebra, and d ⊂ h is a subspace for
which h ⊃ k and dim(d/k) = 2, together satisfying the k-invariance and genericity conditions, determines up to
local equivalence a homogeneous distribution via this construction. The symmetry algebra of this distribution
may be strictly larger that h, however; for example, for D.6λ we have dim h = 6, but for the excluded value λ = 9,
the resulting distribution ∆ is �at, so dim aut(∆) = dim g2 = 14.
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equivalence (and implicitly in the complex setting) all distributions D with dim aut(D) ≥ 6.2

Doubrov and Govorov found (much) later, however, that Cartan's classi�cation misses a single
distribution up to local equivalence (we denote it N.6) [12, 37].

In this section, we brie�y summarize the classi�cation of multiply transitive homogeneous
complex (2, 3, 5) distributions D up to local equivalence.

Theorem 4.1 ([9, 12]). Any multiply transitive homogeneous complex (2, 3, 5) distribution is

locally equivalent to exactly one distribution in Tables 2�4, modulo the given equivalences of

parameters.

In these tables we record for each such distribution (1) an explicit algebraic model (h, k; d) in
terms of abstract Lie algebra data, (2) a Monge normal form F realizing the distribution, (3) an
explicit isomorphism h ∼= aut(DF ), and (4) a basis of h adapted to the algebraic model, which
we exploit in the real classi�cation.

In Section 5 we use this list of complex algebraic models to classify the real algebraic models.

We use the convention that the undecorated Fraktur names g2, glm, slm, som, spm refer to
real Lie algebras, and we denote their complexi�cations by glm(C) and analogously. By mild
abuse of notation, for any element v of a real Lie algebra g we also denote by v the element
v ⊗ 1 ∈ g⊗ C.

Remark 4.2. Our convention for labeling the non�at distributions D in the classi�cation refers
both to the dimension of aut(D) and to a particular discrete invariant. The fundamental curva-
ture quantity of a (2, 3, 5) distribution (M,D) is a section A ∈ Γ(S4D∗) [9, Section 33], and its
nonvanishing is a complete local obstruction to local equivalence to the model O (Section 4.1) [9,
Sections 36�39], hence the epithet �at. At each point u ∈M the Petrov type (or root type) of Au
is the multiplicities of the roots of Au; if D is real, we instead use the multiplicities of the roots
of Au ⊗ C. If D is in�nitesimally homogeneous, the Petrov type is the same at all points, and
among multiply transitive homogeneous distributions only Petrov types D (two double roots), N
(a quadruple root), and O (A = 0) occur.

4.1 The �at model O

Denote by g2 the split real form of g2(C), take q < g2 to be the (parabolic) subalgebra of elements
�xing an isotropic line in the standard representation of g2 (cf. [5, Section 4]), and denote by
q+ < q the orthogonal of q with respect to the Killing form on g2. Then, de�ne the subspace
g−1

2 := {ξ ∈ g2 : [q+, ξ] ⊆ q}. The Killing form bracket identity and the Jacobi identity together
give

[
q(C), g2(C)−1

]
⊆ g2(C)−1 (in fact, equality holds), and inspecting the root diagram of g2 �

or just using the explicit realization g2 < gl7 (see Appendix A) � gives that dim
(
g−1

2 /q
)

= 2 and[
g−1

2 ,
[
g−1

2 , g−1
2

]]
= g2, so

(
g2(C), q(C); g−1

2 (C)
)

is an algebraic model, O, of the complex �at distribution.3 See Table 2 for details.

The �at distribution can also be realized in Monge normal form by F (x, y, p, q, z) = q2, or
equivalently, by the so-called Hilbert�Cartan equation z′(x) = y′′(x)2 [10, 23].

2Cartan's classi�cation is restricted to distributions for which the Petrov type of the distribution is the same
at all points; this condition holds automatically for locally homogeneous distributions. See Remark 4.2.

3This is a special case of a much more general construction [8, Section 3] related to the realization of (2, 3, 5)
distributions as so-called parabolic geometries [8, Section 4.3.2], [31].
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4.2 The submaximal models N.7Λ

If dim aut(D) < 14, then in fact dim aut(D) ≤ 7 [9, 26];4 distributions for which equality holds
are sometimes called submaximal. All submaximal complex distributions are homogeneous, and
they �t together in a 1-parameter family, for which several convenient Monge normal forms have
been found, including [9, Section 45]5

FI(x, y, p, q, z) := q2 + 10
3 Ip

2 +
(
I2 + 1

)
y2, I ∈ C.

The quantity I2 ∈ C is a complete invariant.
It is convenient for our purposes to use a generalization of this form appearing in [9, Section 4]

and studied by Doubrov and Zelenko in the context of control theory: De�ne [17]

Fr,s(x, y, p, q, z) = q2 + rp2 + sy2, r, s ∈ C,

and denote the distribution it determines by Dr,s. Then, Dr,s is locally equivalent to the �at
model i� the roots of the polynomial t4−rt2+s form an arithmetic sequence, that is, if 9r2 = 100s;
otherwise it is submaximal. In Section 6.1.1 we recover the fact that the distributions Dr,s and
Dr′,s′ are locally equivalent i� there is a constant c ∈ C − {0} such that r′ = cr, s′ = c2s. For
convenience we use the invariant

Λ =
64s

100s− 9r2
=

16

25

(
I2 + 1

)
,

and by mild abuse of notation we denote the submaximal distribution with this invariant value
by DΛ. Since I

2 is a complete invariant, so is Λ.
We realize the distributions DΛ as algebraic models as follows. Let n = n−2 ⊕ n−1 be the

5-dimensional real Heisenberg algebra endowed with its standard contact grading, and �x a stan-
dard adapted basis (U,S1,S2,T1,T2) of n, so that n−2 = span{U}, n−1 = span{S1,S2,T1,T2},
[S1,T1] = [S2,T2] = U, and all brackets of basis elements not determined by these identities
are zero. Let E ∈ Der(n) denote the grading derivation, so that E|n` = ` idn` for ` = −2,−1.

For each Λ ∈ C, pick (r, s) satisfying Λ = 64s/
(
100s − 9r2

)
(one can always choose r =

2(25Λ − 16), s = 9Λ(25Λ − 16)), and following [15, Section 3], choose a, b so that r = a2 + b2,
s = a2b2. We �x a derivation F ∈ Der(n ⊗ C) (depending on (r, s)) that annihilates n−2 ⊗ C
and preserves n−1 ⊗ C. In particular, any such derivation (a) commutes with E and (b) can be
identi�ed with an element of the Lie algebra sp(n−1⊗C) ∼= sp(4,C) of transformations preserving
the canonical (n−2⊗C)-valued symplectic form ∧2(n−1⊗C)→ n−2⊗C induced by the Lie bracket
on n⊗ C. We then extend n⊗ C by E,F to produce the Lie algebra

hCr,s := (n⊗ C)i span{E,F} ∼= (n⊗ C)i C2

occurring in the respective algebraic model. It turns out we are obliged to take F to correspond
to an element of sp(4,C) with eigenvalues ±a,±b. This condition, together with the requirement
that hCr,s realizes an algebra model, turns out to determine F up to the natural action of Sp(4,C).
(The condition that DΛ is not �at is equivalent to the requirement that a 6= ±3b and b 6= ±3a.)
We give for each model a Lie algebra isomorphism hCr,s

∼= aut(Dr,s) identifying

E↔ y∂y + p∂p + q∂q + 2z∂z and F↔ ∂x

and identifying U with a constant multiple of ∂z, and we set k := span{E,K} and d :=
span{F,L} ⊕ k for some complementary vectors K,L depending on (r, s).

4As in footnote 2, the bound in [9] is established for distributions with constant Petrov type; this assumption
was eliminated in [26].

5Here the factor 10
3
corrects a numerical error of Cartan [35].
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It is convenient to treat separately the cases Λ = 0 (equivalently, F has a zero eigenvalue; we
may take r = 1, s = 0, a = 1, b = 0) and Λ = 1 (equivalently, F has a repeated eigenvalue; we
may take r = 2, s = 1, a = b = 1).

See Table 3 for details.

4.3 Models with dim h = 6

It remains to list the homogeneous complex distributions whose symmetry algebra has dimen-
sion 6. In addition to the data mentioned after Theorem 4.1, Table 4 also records for each
algebraic model there a basis (ea) well-adapted to computing its admissible anti-involutions.

N.6 In [12] Doubrov and Govorov reported a homogeneous distributionD with dim aut(D) =
6 missing from Cartan's ostensible classi�cation. Its symmetry algebra is a semidirect
product sl2(C) i (m ⊗ C) of sl2(C) and the complex 3-dimensional real Heisenberg
algebra m⊗ C.

D.6λ These models, which are parameterized by λ ∈ C−{0, 1
9 , 1, 9},

6 have symmetry algebra
sl2(C) ⊕ sl2(C) [9, Section 50]. Where X,Y,H and X′,Y′,H′ are standard bases of
sl2(C) we de�ne the models respectively by h := sl2(C) ⊕ sl2(C), k := span{H + H′},
d := span{X− λX′,Y −Y′}⊕ k. For all parameter values λ, the Lie algebra automor-
phism of sl2(C)⊕sl2(C) interchanging the summands (interchanging X↔ X′, Y ↔ Y′,
H↔ H′) is an isomorphism betweenD.6λ andD.61/λ: It �xes k and span{Y −Y′} and
maps span{X− λX′} to span{−λX + X′} = span{X− λ−1X′}. On the other hand,
Section 6.2.1 shows that parameter values λ, λ′ determine the same algebraic model i�
λ′ = λ or λ′ = 1/λ.

D.6∞ This model has symmetry algebra sl2(C)⊕
(
so2(C)i C2

)
[9, Section 51].

D.6∗ This model has symmetry algebra so3(C)i C3 [9, Section 52].

Example 4.3. We indicate brie�y by example how to product an algebraic model from a locally
homogeneous distribution given in local coordinates.

Doubrov and Govorov gave model N.6 in terms of the Monge normal form F (x, y, p, q, z) :=
q1/3 +y (implicitly on an appropriate domain, say, on {q > 0}). From [12] the symmetry algebra
h = aut(DF ) has basis

ξ1 := −y∂x + p2∂p + 3pq∂q − 1
2y

2∂z, ξ4 := ∂z,

ξ2 := −
(
x∂y + ∂p + 1

2x
2∂z
)
, ξ5 := ∂x,

ξ3 := −x∂x + y∂y + 2p∂p + 3q∂q, ξ6 := ∂y + x∂z,

(4.1)

but we can also compute h with the Maple package DifferentialGeometry:

with(DifferentialGeometry): with(GroupActions):

DGsetup([x, y, p, q, z], M);

F := q^(1/3) + y;

Q := D_q;

X := evalDG(D_x + p * D_y + q * D_p + F * D_z);

DF := [Q, X];

InfinitesimalSymmetriesOfGeometricObjectFields([DF], output = "list");

6Taking λ ∈ { 1
9
, 9} gives a �at distribution, and taking λ ∈ {0, 1} yields a subspace d that does not satisfy the

genericity criterion.
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The subalgebra span{ξ1, ξ2, ξ3} is isomorphic to sl2(C), and we may identify (ξ1, ξ2, ξ3) with
the complexi�cation of a standard basis (X,Y,H) of sl2, namely one satisfying [X,Y] =
H, [H,X] = 2X, [H,Y] = −2Y. The radical r of h is isomorphic to the complexi�cation of
the 3-dimensional real Heisenberg algebra m, and we may identify the basis (ξ4, ξ5, ξ6) of r with
the complexi�cation of a standard basis (U,S,T) thereof, namely one satisfying [S,T] = U and
[U,S] = [U,T] = 0. Computing brackets realizes h as the complexi�cation of the semidirect
product sl2 im of sl2 and m speci�ed by the bracket relations

[ · , · ] U S T

X · · S
Y · T ·
H · S −T

.

At the base point u := (0, 0, 0, 1, 0) ∈ C5, the isotropy subalgebra is k = span{ξ1}, and
∂q = 1

3ξ3 and Dx = −(ξ2 − ξ4 − ξ5), so the resulting algebraic model N.6 is speci�ed by
h = sl2(C)i (m⊗ C), k = span{X}, d = span{Y −U− S,H} ⊕ k.

5 Multiply transitive homogeneous real distributions

We now use the list in Section 4 to classify multiply transitive homogeneous real (2, 3, 5) distri-
butions.

5.1 Real forms of complex algebraic models

Given a real algebraic model (h, k; d), the triple (h⊗C, k⊗C; d⊗C) is a complex algebraic model;
we call the latter the complexi�cation of the former.

Conversely, suppose that we have a complex algebraic model (h, k; d). Recall that a real form

of h is the �xed point Lie algebra hφ of an anti-involution φ : h→ h, that is, a complex-antilinear
map satisfying φ2 = idh and φ([x, y]) = [φ(x), φ(y)] for all x, y,∈ h. In analogy to [16, Section 3]
we call φ admissible i� it preserves k and d, in which case (hφ, kφ; dφ) is a real algebraic model,
where kφ := k ∩ hφ and dφ := d ∩ hφ. By construction its complexi�cation is (h, k; d), so we call
(hφ, kφ; dφ) a real form of (h, k; d).

We say that two admissible anti-involutions φ, ψ are equivalent if ψ = α ◦ φ ◦ α−1 for some
admissible automorphism α of h, that is, one preserving k and d. Two admissible anti-involutions
are equivalent i� they determine equivalent real algebraic models (and hence locally equivalent
real homogeneous distributions), so to classify the latter one can classify the former. Not all h
admit admissible anti-involutions, and hence not all complex algebraic models admit real forms.

We thus classify the multiply transitive homogeneous real distributions as follows: Up to local
equivalence there is only a single real �at distribution and hence only a single real form of O. For
the submaximal case we appeal to the existing classi�cation [17, Theorem 2] of real submaximal
distributions.

This leaves the classi�cation of real forms of the complex algebraic models dim h = 6. For
each such model (h, k; d) (see Table 4) we �x a basis (e1, . . . , e6) of h adapted to the �ltration
h ⊃ d + [d, d] ⊃ d ⊃ k in the sense that

k = span{e6}, d = span{e4, e5} ⊕ k, d + [d, d] = span{e3} ⊕ d,

so that with respect to (ea) any admissible anti-involution φ of h is commensurately block lower-
triangular; in particular, any admissible anti-involution φ satis�es φ(e6) = ζe6 with |ζ| = 1. Any
such φ also preserves any other subspaces of h constructed invariantly from the data (h, k; d). In
particular this includes the proper subspace e := [k, d] < d, but also in some cases centers and
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radicals, as well as brackets and intersections of other spaces constructed invariantly. In each
case we are able to choose a basis well-adapted to some of these, and this restricts further in
a convenient way the form of φ with respect to the basis.

Next, for any automorphism α : h → h, by de�nition the constants σab := [α(ea), α(eb)] −
α([ea, eb]) all vanish, and we impose those vanishing conditions to determine the admissible
anti-involutions φ of the complex algebraic model. After classifying them up to equivalence, we
record a representative anti-involution φ, given in Tables 7�10 with respect to the respective
bases (ea), as well as the corresponding real model (hφ, kφ; dφ). A reader interested in verifying
the classi�cation of admissible anti-involutions up to equivalence and the subsequent realization
of the data given in those tables is encouraged to examine the Maple �les accompanying this
article.

5.2 Local coordinate realizations

For some purposes it is convenient to have local coordinate expressions of distributions. We give
such forms for many of the real models in the classi�cation, in some cases Monge normal forms,
and indicate procedures for producing them in others.

1. For each complex algebraic model with dim h = 6 admitting a real form, the �rst repre-
sentative anti-involution in the corresponding subsection �xes the adapted basis (ea) and
hence its real span. So, if the data and Monge normal form specifying the complex algebraic
model can be interpreted as real, doing so gives a real algebraic model and a correspond-
ing real Monge normal form. This procedure immediately yields Monge normal forms for
models N.6+, D.62−

λ (λ > 0), D.61
∞, and D.61−

∗ . The conclusion applies just as well to

the real forms OR, N.7→0 , and N.7↗Λ , Λ 6∈ [0, 1).

2. The submaximal real distributions N.7•Λ were classi�ed in [15], and Monge normal forms
were recorded there. See Section 5.4.

3. Example 5.1 later in this section outlines, using the real model D.64
∗ as an example, how to

construct local coordinates (and indeed, a Monge normal form) from an algebraic model.

4. Example 6.1 applies the identi�cation algorithm in that section to show that a particular
function F de�nes a Monge normal form for the real algebraic model N.6−.

5. Section 7 realizes several of the real models in the classi�cation as rolling distributions,
from which one can readily construct coordinate realizations; this is carried out explicitly
for the real algebraic models D.66

λ.

5.3 The real �at model OR

As in the complex case, up to local equivalence there is a unique �at distribution. Thus all
admissible anti-involutions of g2(C) are equivalent; taking complex conjugation with respect to
the realization (A.1) yields the model(

g2, q; g−1
2

)
,

which we denote OR.
The real �at model can be described as the rolling distribution (see Section 7) determined by

a pair of spheres, one whose radius is thrice that of the other [5],7 and also as a canonical distri-
bution determined by the algebra Õ of split octonions on the null quadric in the projectivization
P
(

Im Õ
)
of the space of purely imaginary split octonions [5, Section 6], [31]; see also [4].

7Agrachev [1, Section 1] attributes this characterization to Bryant, who pointed out in a note to Bor and
Montgomery excerpted in the introduction of [5] that it can be derived from a characterization due to Cartan [9,
Section 53].
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5.4 The submaximal real models N.7•Λ

The classi�cation of real submaximally symmetric (2, 3, 5) distributions was established in [17,
Theorem 2] using the geometry of distinguished curves called abnormal extremals: Any such
distribution can be written in the Monge normal form

Fr,s(x, y, p, q, z) = q2 + rp2 + sy2

for some r, s ∈ R, and as in the complex case, the distribution Dr,s so determined is locally
equivalent to the �at model i� 9r2 = 100s, which again we henceforth exclude. Otherwise, Dr,s

and Dr′,s′ are locally equivalent i� there is a constant c ∈ R+ such that r′ = cr, s′ = c2s.
If the complex algebraic model N.7Λ admits a real form, then it follows from the algorithm

in Section 6.1.1 that Λ is real; conversely, reality of Λ turns out also to be a su�cient condition
for the existence of a real form. The form of the equivalence relation implies that the triple
(Λ, sign(r), sign(s)), is a complete invariant of the model. We decorate our model names N.7•Λ by
replacing • with an arrow (one of→,↗, ↑,↖,←,↙, ↓,↘) to indicate the pair (sign(r), sign(s)).

Recall that the explicit complex algebraic models N.7Λ in Section 4.2 were speci�ed using
constants a, b satisfying r = a2 + b2, s = a2b2 for a pair (r, s) from which we could recover Λ.
This has the advantage that we can give explicit algebraic models for all submaximal models
with little case splitting, but for r, s ∈ R, the corresponding parameters a, b are real i� r, s ≥ 0,
r2 ≥ 4s. Thus, we record explicit data de�ning the real algebraic models N.7Λ in Table 6 in
Appendix B. The elements F de�ned there are elements of Der(n).

5.5 The real forms of model N.6

The adapted basis (ea) is

e1 := 3T, e2 := U, e3 := 2U + 3S, e4 := Y −U− S,

e5 := H, e6 := X.

The center of h is span{U} = span{e2}, so φ(e2) = βe2 for some β. The radical r of h is
span{S,T,U} = span{e1, e2, e3} ∼= m⊗ C, so φ(e1) = α1e1 + α2e2 + α3e3, and r ∩ (d + [d, d]) =
span{e3}, so φ(e3) = γe3. Finally, e := [k, d] = span{X,H} = span{e5, e6}, so φ(e5) = ε5e5 +
ε6e6, and adaptation of the basis gives that φ(e4) = δ4e4 + δ5e5 + δ6e6. Nondegeneracy implies
that α1, β, γ, δ4, ε5 6= 0.

Now, σ56 = 0 implies that ε5 = 1, and then σ35 = σ45 = 0 implies β = γ = δ4. Next,
σ13 = σ16 = σ34 = 0 implies that α1 = 1 and δ4 = ζ = ±1, then σ15 = 0 implies α2 = −2α3 = ε6,
and then σ14 = 0 implies δ6 = ∓δ2

5 and ε6 = ∓2δ5; in summary,

φ(e1) = e1 ∓ 2δe2 ± δe3, φ(e2) = ±e2, φ(e3) = ±e3,

φ(e4) = ±e4 + δe5 ∓ δ2e6, φ(e5) = e5 ∓ 2δe6, φ(e6) = ±e6,

where δ := δ5. Conjugating one automorphism of this form by another preserves the sign ±, so
admissible anti-involutions with di�erent choices of sign are inequivalent.

Case: ζ = +1. Computing directly gives that for φ complex-antilinear the condition φ2 = id
is equivalent to Re δ = 0, and conjugating φ by the admissible automorphism (e1, . . . , e6) 7→(
e1 − 2te2 + te3, e2, e3, e4 + te5 − t2e6, e5 − 2te6, e6

)
induces the transformation δ  δ + 2i Im t.

Setting t = −1
2δ shows that all admissible anti-involutions in this branch are equivalent to the

one with δ = 0, for which the �xed point Lie algebra hφ = spanR{e1, . . . , e6}. The corresponding
real form, which we denote N.6+, is

hφ = sl2 im, kφ = span{X}, dφ = span{Y −U− S,H} ⊕ k.
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Case: ζ = −1. In this case φ is an anti-involution i� Im δ = 0, and conjugating by the admissible
automorphism (e1, . . . , e6) 7→

(
e1− 2te2 + te3,−e2,−e3,−e4− te5 + t2e6, e5− 2te6,−e6

)
induces

δ  δ+ 2 Re t, and so we may normalize to δ = 0. For this φ, hφ = spanR{e1, ie2, ie3, ie4, e5, ie6},
and we may identify hφ = sl2 im via

X↔ ie6, Y ↔ −1
3 i(e2 + e3 + 3e4), H↔ e5, U↔ ie2,

S↔ 1
3 i(−2e2 + e3), T↔ 1

3e1,

where the semidirect product is as in the case ζ = +1. The model, which we denote N.6−, is

hφ = sl2 im, kφ = span{X}, dφ = span{Y + U + S,H} ⊕ kφ.

In Example 6.1 we show that F (x, y, p, q, z) = q1/3 − y realizes N.6− in Monge normal form.

5.6 The real forms of models D.6λ

This case is the most involved. We will see that (1) in some cases the qualitative features of the
real forms (including the isomorphism types of the real forms hφ) depend on the sign of λ, and
(2) the case λ = −1 is distinguished.

In Section 6.2.1 we show that λ is an invariant of the distribution up to inversion, and it is
manifestly real for distributions that are complexi�cations of real distributions. Thus, only the
models D.6λ with λ real can admit real forms, and we therefore restrict to such λ. Since for
real λ the abstract data de�ning the model D.6λ can be interpreted as real, all such models do
admit real forms.

Before proceeding, recall the classi�cation of the real forms of sl2(C) ⊕ sl2(C) ∼= so4(C) and
the fact that those real forms are determined up to isomorphism by the signatures of their Killing
forms. We will see that all four forms occur in the classi�cation.8

Table 1. Real forms of sl2(C)⊕ sl2(C) ∼= so4(C).

real form signature

so3 ⊕ so3
∼= so4 (0, 6)

sl2 ⊕ so3
∼= so∗4 (2, 4)

sl2(C)R ∼= so1,3 (3, 3)
sl2 ⊕ sl2 ∼= so2,2 (4, 2)

The adapted basis (ea),

e1 := X− λ2X′, e2 := Y − λY′, e3 := H + λH′,

e4 := X− λX′, e5 := Y −Y′, e6 := H + H′,

satis�es e := [k, d] = span{e4, e5}, [e, e] = span{e3}, and [e, [e, e]] = span{e1, e2}. Since φ
preserves each of these subspaces, it has the form

φ(e1) = α1e1 + α2e2, φ(e2) = β1e1 + β2e2, φ(e3) = γe3,

φ(e4) = δ4e4 + δ5e5, φ(e5) = ε4e4 + ε5e5, φ(e6) = ζe6,
(5.1)

for some coe�cients, and nondegeneracy implies α1β2 − α2β1, γ, δ4ε5 − δ5ε4 6= 0.
Now, σ34 = σ35 = 0 implies that α1 = γδ4, α2 = −γδ5, β1 = −γε4, β2 = γε5, then σ16 = 0

forces ζ = ±′1, and then σ13 = 0 implies γ = ±1. Conjugating one automorphism of this form

8Here sl2(C)R is the real Lie algebra underlying sl2(C).
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by another shows that the respective signs ±, ±′ of γ, ζ are invariant under this conjugation, so
admissible anti-involutions with di�erent choices of ±, ±′ are inequivalent.

Forming a suitable linear combination of the e3 and e6 components of σ15 gives that (λ +
1)(γ − ζ) = 0, so γ = ζ or λ = −1. For each subcase, the conditions σ16 = σ26 = 0 imply the
vanishing either of both δ5 and ε4 or of both δ4 and ε5, then σ12 = 0 implies that one of the
two remaining quantities can be written in terms of the other, after which all of the conditions
σab = 0 are satis�ed.
Case: γ = ζ. We split cases according to the sign of ζ = ±1.

Subcase: ζ = +1. We have δ5 = ε4 = 0 and ε5 = δ−1
4 , so that φ(e1) = δe1, φ(e2) = δ−1e2,

φ(e3) = e3, φ(e4) = δe4, φ(e5) = δ−1e5, φ(e6) = e6, where δ := δ4, and the condi-
tion that φ is an anti-involution is |δ| = 1. The admissible automorphism (e1, . . . , e6) 7→(
te1, t

−1e2, e3, te4, e
−1e5, e6

)
induces δ  t2δ/|t|2, so we may normalize to δ = 1, for which

hφ = spanR{e1, . . . , e6}. The gives a model, D.62−
λ :

hφ = sl2 ⊕ sl2, kφ = span{H + H′}, dφ = span{X− λX′,Y −Y′} ⊕ kφ.

As in the complex case, the Lie algebra isomorphism exchanging the direct summands sl2
de�nes an isomorphism between D.62−

λ and D.62−
1/λ; complexifying shows that this again

exhausts the isomorphisms among these models.

Subcase: ζ = −1. Now, δ4 = ε5 = 0, ε4 = δ−1
5 , so φ(e1) = δe2, φ(e2) = δ−1e1, φ(e3) = −e3,

φ(e4) = δe5, φ(e5) = δ−1e4, φ(e6) = −e6, where δ := δ5, and the anti-involution condition
is Im δ = 0. The admissible automorphism (e1, . . . , e6) 7→

(
te2, t

−1e1,−e3, te5, t
−1e4,−e6

)
induces δ  |t|2/δ, so we may normalize to δ = ±1. The two anti-involutions these values
determine give rise to real forms hφ whose Killing forms have di�erent signatures, so they
cannot be equivalent.

Subsubcase: δ = +1. In this case hφ = spanR{e1 + e2, i(e1 − e2), ie3, e4 + e5, i(e4 −
e5), ie6}.

Subsubsubcase: λ > 0. The signature of the Killing form of hφ is (4, 2), so
hφ ∼= sl2 ⊕ sl2, and we can realize this isomorphism via

X ↔ 1√
2(λ−1)

(e1 + e2 + ie3 − λe4 − λe5 − iλe6),

Y ↔ 1√
2(λ−1)

i(−e1 + e2 − e3 + λe4 − λe5 + λe6),

H ↔ 1
λ−1 [(−1− i)e1 + (−1 + i)e2 − ie3 + (1 + i)λe4 + (1− i)λe5 + iλe6],

X′ ↔ 1
(λ−1)

√
2λ

(
−e1 − e2 − i

√
λe3 + e4 + e5 + i

√
λe6

)
,

Y′ ↔ 1
(λ−1)

√
2λ

i
(
e1 − e2 +

√
λe3 − e4 + e5 −

√
λe6

)
,

H′ ↔ 1
(λ−1)

√
λ

[
(1 + i)e1 + (1− i)e2 + i

√
λe3

+ (−1− i)e4 + (−1 + i)e5 −
√
λe6

]
,

and then the model, which we denote D.62+
λ , is

hφ = sl2 ⊕ sl2, kφ = span
{
H̃ + H̃′

}
,

dφ = span
{
X̃ +

√
λX̃′, Ỹ +

√
λỸ′

}
⊕ kφ,

where9

X̃ := 1√
2
X + 1

2H, Ỹ := − 1√
2
Y + 1

2H, H̃ := 1√
2
(X−Y) + 1

2H,

9The basis (X̃, Ỹ, H̃) of sl2 ∼= so1,2 is pseudo-orthonormal with respect to an appropriate multiple of the
Killing form.
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and X̃′, Ỹ′, H̃′ are de�ned analogously. Exchanging the direct summands sl2 is
an isomorphism between D.62+

λ and D.62+
1/λ, and this exhausts the isomorphisms

among these models.
Subsubsubcase: λ < 0. The Killing form has signature (2, 4), so hφ ∼= sl2 ⊕
so3. We can identify X,Y,H ∈ sl2 as in the case λ > 0, and if we denote by
(A,B,C) a standard basis of so3(R) � one characterized by [A,B] = C and its
cyclic permutations � we can complete the identi�cation via

A↔ 1
2(λ−1)

√
−λ i(e1 − e2 − e4 + e5),

B↔ 1
2(λ−1)

√
−λ(e1 + e2 − e4 − e5),

C↔ 1
2(λ−1) i(−e3 + e6),

so

hφ = sl2 ⊕ so3, kφ = span
{
H̃ + C

}
,

dφ = span
{
X̃ +

√
−λA, Ỹ +

√
−λB

}
⊕ kφ,

We denote this model D.64
λ.

Subsubcase: δ = −1. In this case hφ = spanR{e1 − e2, i(e1 + e2), ie3, e4 − e5, i(e4 +
e5), ie6}.

Subsubsubcase: λ > 0. The Killing form of hφ is de�nite, so hφ ∼= so3⊕ so3, and
we can realize this isomorphism via

A↔ 1
2(λ−1)(e1 − e2 − λe4 + λe5), A′ ↔ 1

2(λ−1)
√
λ

(e1 − e2 − e4 + e5),

B↔ 1
2(λ−1) i(e1 + e2 − λe4 − λe5), B′ ↔ 1

2(λ−1)
√
λ

i(e1 + e2 − e4 − e5),

C↔ 1
2(λ−1) i(−e3 + λe6), C′ ↔ 1

2(λ−1) i(e3 − e6),

so the model, which we denote D.66
λ, is

hφ = so3 ⊕ so3, kφ = span
{
C + C′

}
,

dφ = span
{
A−

√
λA′,B−

√
λB′

}
⊕ kφ,

where (A′,B′,C′) is a standard basis of the second summand so3. Exchanging
the direct summands so3 is an isomorphism between D.66

λ and D.66
1/λ, and this

exhausts the isomorphisms among these models. Example 7.1 realizes the models
D.66

λ in local coordinates.
Subsubsubcase: λ < 0. The Killing form of hφ has signature (2, 4), so hφ ∼=
so3 ⊕ sl2, and we can realize this isomorphism by identifying A, B, C as in the
λ > 0 case and identifying

X↔ 1
(λ−1)

√
−2λ

i
(
−e1 − e2 −

√
−λe3 + e4 + e5 + i

√
−λe6

)
,

Y ↔ 1
(λ−1)

√
−2λ

(
e1 − e2 − i

√
−λe3 − e4 + e5 + i

√
−λe6

)
,

H↔ 1
(λ−1)

√
−λ

[
(1 + i)e1 + (−1 + i)e2 − i

√
−λe3

+ (−1− i)e4 + (1− i)e5 + i
√
−λe6

]
.

Then,

hφ = so3 ⊕ sl2, kφ = span
{
C + H̃

}
,

dφ = span
{
A +

√
−λX̃,B +

√
−λỸ

}
⊕ kφ,
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The isomorphism sl2 ⊕ so3
∼= so3 ⊕ sl2 given by reversing the order of the factors

identi�es the model with parameter λ with D.64
1/λ, so this branch yields no new

models.

Case: γ 6= ζ. We have −γ = ζ = ±1.

Subcase: ζ = +1. Here, δ5 = ε4 = 0, ε5 = −δ−1
4 , so φ(e1) = −δe1, φ(e2) = δ−1e2, φ(e3) =

−e3, φ(e4) = δe4, φ(e5) = −δ−1e5, φ(e6) = e6, where δ := δ4, and the anti-involution condi-
tion is |δ| = 1. The admissible automorphism (e1, . . . , e6) 7→

(
−te1, t

−1e2, e3, te4,−t−1e5, e6

)
induces δ  t2δ/|t|2; normalizing to δ = 1 gives hφ = spanR{ie1, e2, ie3, e4, ie5, e6}. The
Killing form of hφ has signature (3, 3), so hφ ∼= so1,3.

If we �x a basis (A,B,C,DA,DB,DC) of so1,3 satisfying the identities [A,B] = C,
[A,DB] = −[B,DA] = DC, and [DA,DB] = C and their cyclic permutations, as well
as [A,DA] = [B,DB] = [C,DC] = 0, then we may realize this identi�cation explicitly via

A↔ 1
2(−e2 + e4), DA ↔ 1

2 i(−e1 + e5),

B↔ 1
2 i(e1 + e5), DB ↔ 1

2(e2 + e4),

C↔ 1
2 ie3, DC ↔ 1

2e6.

Then, the model, which we denote D.63−
−1, is

hφ ∼= so1,3, kφ = span{DC}, dφ = span{A + DB,B + DA} ⊕ kφ.

Subcase: ζ = −1. Here, δ4 = ε5 = 0 and ε4 = −δ−1
5 , so φ(e1) = −δe2, φ(e2) =

δ−1e1, φ(e3) = e3, φ(e4) = δe5, φ(e5) = −δ−1e4, φ(e6) = −e6, where δ := δ5, and
the anti-involution condition is Re δ = 0. The admissible automorphism (e1, . . . , e6) 7→(
−te2, t

−1e1, e3, te5,−t−1e4,−e6

)
induces δ  |t|2/δ, so we may normalize to δ = i, for

which hφ = spanR{e1 − ie2, ie1 − e2, e3, e4 + ie5, ie4 + e5, ie6}. The Killing form of hφ has
signature (3, 3), so again hφ ∼= so1,3, and we may realize this identi�cation via

A↔ 1
2
√

2
(ie1 − e2 + e4 + ie5), DA ↔ 1

2
√

2
(−ie1 + e2 + e4 + ie5),

B↔ 1
2
√

2
(−e1 + ie2 + ie4 + e5), DB ↔ 1

2
√

2
(e1 − ie2 + ie4 + e5),

C↔ 1
2 ie6, DC ↔ 1

2e3.

The model, which we denote D.63+
−1, is

hφ ∼= so1,3, kφ = span{C}, dφ = span{A + DA,B + DB} ⊕ kφ.

5.7 The real forms of model D.6∞

The adapted basis is

e1 := X, e2 := Y, e3 := H, e4 := X + V1,

e5 := Y + V2, e6 := H + 2Z.

Proceeding as for modelsD.6λ in Section 5.6 gives that φ has the form (5.1). Then, σ16 = σ36 = 0
implies that γ = ζ = ±1, and then σ34 = σ35 = 0 gives α1 = ±δ4, α2 = ∓δ5, β1 = ∓ε4, β2 = ±ε5.
Conjugating any such automorphism by another �xes the sign±, so anti-involutions with di�ering
signs ± cannot be equivalent.
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Case: ζ = +1. In this case, σ46 = σ56 = 0 implies that δ5 = ε4 = 0, and then σ15 = 0 implies
that ε5 = δ−1

4 , so φ(e1) = δe1, φ(e2) = δ−1e2, φ(e3) = e3, φ(e4) = δe4, φ(e5) = δ−1e5, φ(e6) = e6,
where δ := δ4, and the anti-involution condition is |δ| = 1. The admissible automorphism
(e1, . . . , e6) 7→

(
te1, t

−1e2, e3, te4, t
−1e5, e6

)
induces δ  t2δ/|t|2, so we may normalize to δ = 1,

for which hφ = spanR{e1, . . . , e6}. The model, which we denote D.61
∞, is

hφ = sl2 ⊕
(
so1,1 i R1,1

)
, kφ = span{H + 2Z},

dφ = span{X + V1,Y + V2} ⊕ kφ.

Case: ζ = −1. Proceeding as in the case ζ = +1 gives δ4 = ε5 = 0, ε4 = δ−1
5 , so that φ(e1) =

δe2, φ(e2) = δ−1e1, φ(e3) = −e3, φ(e4) = δe5, φ(e5) = δ−1e4, φ(e6) = −e6, where δ := δ5,
and the anti-involution condition is Im δ = 0. The admissible automorphism (e1, . . . , e6) 7→(
te2, t

−1e1,−e3, te5, t
−1e4,−e6

)
induces δ  |t|2/δ, so we may normalize to δ = ±1. The two

choices of sign determine �xed point Lie algebras whose Killing forms have di�erent signatures,
so the resulting algebraic models are inequivalent.

Subcase: δ = 1. In this case hφ = spanR{e1 + e2, i(e1 − e2), ie3, e4 + e5, i(e4 − e5), ie6}. We
may identify hφ ∼= sl2 ⊕

(
so2 i R2

)
via

X↔ 1
2
√

2
[(1 + i)e1 + (1− i)e2] + 1

2 ie3, Ẑ↔ 1
2 i(−e3 + e6),

Y ↔ 1
2
√

2
[(1 + i)e1 + (1− i)e2]− 1

2 ie3, V1 ↔ e1 + e2 − e4 − e5,

H↔ 1√
2
[(−1 + i)e1 + (−1− i)e2], V2 ↔ i(e1 − e2 − e4 + e5).

Here we realize so2 as the Lie algebra preserving the standard inner product ( 1 ·
· 1 ) on R2,

written with respect to the basis (V1,V2), and we take Ẑ to be its standard generator, so
that its action is given by

[Ẑ,V1] = V2, [Ẑ,V2] = −V1.

The model, which we denote by D.62
∞, is

hφ = sl2 ⊕
(
so2 i R2

)
, kφ = span

{
X−Y + 2Ẑ

}
,

dφ = span
{√

2X +
√

2Y −V1 −V2,
√

2H + V1 −V2

}
⊕ kφ.

Subcase: δ = −1. In this case hφ = spanR{e1 − e2, i(e1 + e2), ie3, e4 − e5, i(e4 + e5), ie6}.
We may identify hφ ∼= so3 ⊕

(
so2 i R2

)
via

A↔ 1
2(e1 − e2), Ẑ↔ 1

2 i(−e3 + e6),

B↔ 1
2 i(e1 + e2), V1 ↔ 1

2(−e1 + e2 + e4 − e5),

C↔ 1
2 ie3, V2 ↔ 1

2 i(−e1 − e2 + e4 + e5).

The model, which we denote by D.64
∞, is

hφ = so3 ⊕
(
so2 i R2

)
, kφ = span

{
C + Ẑ

}
,

dφ = span{A+V1,B+V2} ⊕ kφ.
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5.8 The real forms of model D.6∗

The adapted basis is

e1 := −W1 + W2, e2 := W3, e3 := W1 + W2,

e4 := H− 2W3, e5 := X−Y + 2W1 − 2W2, e6 := X + Y.

We have e := [k, d] = span{e4, e5}, and if we denote f := rad(h) ∩ (d + [d, d]) = span{e3}, then
[e, f] = span{e1, e2}, so φ has the form (5.1).

Now, σ34 = σ35 = 0 implies that α1 = γδ4, α2 = γδ5, β1 = γε4, β2 = γε5, then σ16 = σ26 = 0
gives ζ = ±1, ε4 = ±δ5, and ε5 = ±δ4. Next, σ45 = 0 implies that γ = ζ and δ2

4 − δ2
5 = 1, so we

may parameterize δ4 = cosh τ , δ5 = sinh τ , and every map satisfying the given conditions is an
automorphism. Conjugating any such automorphism of this form by another �xes the sign ±,
so admissible anti-involutions with di�ering signs ± cannot be equivalent. In summary, we have

φ(e1) = ±(cosh τ e1 + sinh τ e2), φ(e2) = sinh τ e1 + cosh τ e2, φ(e3) = ±e3,

φ(e4) = cosh τ e4 + sinh τ e5, φ(e5) = ±(sinh τ e4 + cosh τ e5), φ(e6) = ±e6.

Case: ζ = +1. The anti-involution condition is Re τ = 0. The admissible automorphism
(e1, . . . , e6) 7→(cosh t e1+sinh t e2, sinh t e1+cosh t e2, e3, cosh t e4+sinh t e5, sinh t e4+cosh t e5, e6)
induces τ 7→ τ + 2i Im t, so we may normalize to τ = 0, for which hφ = spanR{e1, . . . , e6}. The
corresponding model, which we denote D.61−

∗ , is

hφ = sl2 i R1,2, kφ = span{X + Y},
dφ = span{X−Y + 2W1 − 2W2,H− 2W3} ⊕ kφ;

hφ is the a�ne Lorentzian algebra.

Case: ζ = −1. The anti-involution condition is that Im τ = kπ for some integer k. The admis-
sible automorphism (e1, . . . , e6)  (− cosh t e1 + sinh t e2,− sinh t e1 + cosh t e2,−e3, cosh t e4 −
sinh t e5, sinh t e4 − cosh t e5,−e6) induces τ  τ + 2 Re t, so we may normalize to Re τ = 0.

Subcase: k even. In this case, hφ = spanR{ie1, e2, ie3, e4, ie5, ie6}. We may identify
hφ ∼= sl2 i R3 (where the semidirect product is as in the case ζ = +1) via

X↔ i
(
e1 + 1

2e5 + 1
2e6

)
, W1 ↔ i

(
1
2e1 − 1

2e3

)
,

Y ↔ i
(
e1 + 1

2e5 − 1
2e6

)
, W2 ↔ i

(
1
2e1 + 1

2e3

)
,

H↔ 2e2 + e4, W3 ↔ −e2.

The model, which we denote D.61+
∗ , is

hφ = sl2 i R3, kφ = span{X−Y},
dφ = span{H + 2W3,X + Y − 2W1 − 2W2} ⊕ kφ.

Subcase: k odd. In this case hφ = spanR{e1, ie2, ie3, ie4, e5, ie6}. We may identify
the real form with the real Euclidean algebra, hφ = so3 i R3. Take the standard basis
(WA,WB,WC) of R3, so that the action is characterized by [A,WB] = WC, its cyclic
permutations in A,B,C, and [A,WA] = [B,WB] = [C,WC] = 0. Then, we may identify

A↔ e1 + 1
2e5, WA ↔ e1,

B↔ i
(
e2 + 1

2e4

)
, WB ↔ ie2,

C↔ −1
2 ie6, WC ↔ ie3.
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The model, which we denote D.63
∗, is

hφ = so3 i R3, kφ = span{C}, dφ = span{A−WA,B−WB} ⊕ kφ.

This completes the real classi�cation.

Example 5.1. We indicate, using D.63
∗ as an example, how to realize a multiply transitive

homogeneous distribution in local coordinates starting from an algebraic model.

First, choose a group realizing hφ, say,

H := SO(3,R)i R3 =

{(
1 0
w R

)
: R ∈ SO(3,R), w ∈ R3

}
.

We parameterize SO(3,R) (and hence H) explicitly using Euler angles: Let RA(λ) ∈ SO(3,R)
denote the anticlockwise rotation about the oriented WA-axis through an angle λ, and de-
�ne RB(µ), RC(ν) analogously. Then, for appropriate restrictions on the domain, R(λ, µ, ν) =
RA(λ)RB(µ)RC(ν) de�nes local coordinates (λ, µ, ν) on SO(3,R) and, using standard coordi-
nates (r, s, t) on R3, coordinates (λ, µ, ν, r, s, t) on H. Reading a left-invariant coframe from
appropriate components of the Maurer-Cartan form(

1 ·
w R

)−1

d

(
1 ·
w R

)
∈ Γ(T ∗H ⊗ h), w = (r, s, t)>,

and forming the dual, left-invariant frame gives the identi�cations

A↔ secµ cos ν ∂λ + sin ν ∂µ − tanµ cos ν ∂ν ,

B↔ − secµ sin ν ∂λ + cos ν ∂µ + tanµ sin ν ∂ν ,

C↔ ∂ν ,

WA ↔ cosµ cos ν ∂r + (cosλ sin ν + sinλ sinµ cos ν)∂s

+ (sinλ sin ν − cosλ sinµ cos ν)∂t,

WB ↔ − cosµ sin ν∂r + (cosλ cos ν − sinλ sinµ sin ν)∂s

+ (sinλ cos ν + cosλ sinµ sin ν)∂t,

WC ↔ sinµ∂r − sinλ cosµ∂s + cosλ cosµ∂t.

In these coordinates the �bers of H → H/K are the integral curves of ∂ν , so we may use
(λ, µ, r, s, t) as coordinates on the quotient space. Pulling back the 1-forms de�ning d (viewed
under this identi�cation as a local distribution on H) by a suitable local section and computing
the annihilator gives a coordinate expression for the distribution D:

span
{
∂λ − cos2 µ∂r − sinλ sinµ cosµ∂s + cosλ sinµ cosµ∂t, ∂µ − cosλ∂s − sinλ∂t

}
.

Following the procedure in [35, Section 2] allows us to put this distribution in preferred forms
convenient for other purposes. In coordinates (xi),

x1 = λ, x2 = s cosλ+ t sinλ+ µ, x3 = −s sinλ+ t cosλ,

x4 = r, x5 = tanµ,

D is the common kernel of the 1-forms

−x3 dx1 + dx2, −f dx1 − x5 dx3 + dx4, −(∂x5f) dx1 + dx3,
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where f := x5 arctanx5−x2x5 +1; distributions in this form for some function f
(
x1, . . . , x5

)
are

said to be in Goursat normal form. For any distribution in that form, changing to coordinates
(x, y, p, q, z), where

x = x1, y = x2, p = x3, q = ∂x5f, z = x4,

realizes the distribution in Monge normal form with the function F given by writing x5∂x5f − f
in the coordinates (x, y, p, q, z). In our case, ∂x5f = x5/

[(
x5
)2

+ 1
]

+ arctanx5 − x2, and
so one Monge normal form for D is given by F (x, y, p, q, z) = − cos2 g−1(y + q); here g is
the map u 7→ u + sinu cosu, which, up to composition with appropriate a�ne transforma-
tions, appears in Kepler's equation and in a standard parametrization of the cycloid (cf. [9,
Section 4]).

6 Identi�cation algorithms

We now present an algorithm for identifying the isomorphism type of a given algebraic model
(h, k; d) with an explicit model in the classi�cation; this amounts to generating su�ciently many
invariants to distinguish di�erent distributions. We split cases according to dim h; up to isomor-
phism there is only one model with dim h = 14 in both the complex and real settings, leaving
the cases dim h = 7, 6.

To validate these algorithms it su�ces to verify that they identify correctly each algebraic
model in the corresponding (complex or real) classi�cations.

6.1 Models with dim h = 7

In this case, in both the complex and real settings, the models are determined up to equivalence
by the underlying Lie algebras h, so it is enough to distinguish those.

6.1.1 Complex models

(Motivated by the discussion in [15, Section 2],) consider the maps adv, v ∈ h. Not all maps adv
are tracefree, so t := {v ∈ h : tr adv = 0} has dimension 6, but the nilradical N := nil(h) < t of h
is isomorphic to n⊗C and so has dimension 5. Thus, the spectrum of adv◦, v◦ ∈ t, depends only
on the projection of v◦ to the line t/N, and so the conformal spectrum of adv◦ is independent
of the choice of v◦ ∈ t − N. In particular, where σk denotes the kth symmetric polynomial in
the eigenvalues of adv◦,

Λ :=
64σ4

100σ4 − 9σ2
2

is an invariant of the conformal spectrum of adv◦ and hence an invariant of h.10

For the Lie algebras hCr,s = (n⊗C)ispan{E,F} of the submaximal complex algebraic models,
N = n ⊗ C and t = (n ⊗ C) ⊕ span{F}, so we need only compute the spectrum of adF.
Consulting the formulae in Section 4.2 gives that the spectrum is (+a,−a,+b,−b, 0, 0, 0), so
σ2 = −

(
a2 + b2

)
= −r and σ4 = a2b2 = s, and thus Λ = 64s/

(
100s − 9r2

)
. Specializing to

Cartan's Monge normal form (r = 10
3 I, s = I2 + 1) gives Λ = 16

(
I2 + 1

)
/25; thus, since I2 is

a complete invariant, so is Λ.

10The invariant J for these distributions de�ned in [15] is 4σ4/σ
2
2 = 9Λ/(25Λ−16); we have Λ = 16J/(25J−9).
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6.1.2 Real models

It follows from the form of the equivalence relation in Section 5.4 that every submaximal complex
model that admits a real form admits precisely two. So, to identify a submaximal real algebraic
model (h, k; d), we �rst identify its complexi�cation (h⊗ C, k⊗ C; d⊗ C).

If we de�ne t,N as in the complex case, then replacing a choice v◦ ∈ t − N with tv◦ + n,
t ∈ R∗, n ∈ N induces σk  tkσk, so the signs of σ2, σ4 are independent of the choice v◦. For
real pairs (r, s), the formulae derived in the complex case give for hr,s and the choice v◦ = F
that sign(σ2) = − sign(r) and sign(σ4) = sign(s), so for all (r, s) the pair (sign(σ2), sign(σ4))
distinguishes between the real forms.

6.2 Models with dim h = 6

6.2.1 Complex models

The isomorphism type of h can be determined by examining its radical, r := rad(h): Consulting
Table 4 shows that if r 6= {0}, then dim r = 3, and the derived algebra [r, r] has dimension 0, 1,
or 2, respectively, if h is isomorphic to so3(C)iC3, sl2(C)i (m⊗C), or sl2(C)⊕

(
so2(C)iC2

)
,

in which case the model is isomorphic, respectively, to D.6∗, N.6, or D.6∞.

If instead r = {0}, then h ∼= sl2(C) ⊕ sl2(C), and the model is isomorphic to D.6λ for some
parameter λ. Let π1, π2 : h→ sl2(C) denote the projections onto the two summands, and de�ne
e := [k, d]. Then, if Q is the quadratic form on sl2(C) induced by the Killing form, the restriction
of π∗2Q to e is some constant multiple of the restriction of π∗1Q to e. Reversing the assignment of
the indices 1, 2 to the summands sl2(C) replaces the constant with its reciprocal, so up to this
inversion the constant is an invariant of the algebraic model.

For D.6λ, e = span{X− λX′,Y −Y′}, so for v := u(X−λX′) + v(Y−Y′) ∈ e, (π∗1Q)(v) =
Q(uX + vY) = 8uv and (π∗2Q)(v) = Q(−uλX′ − vY′) = 8λuv, and so the constant is λ.

Applying this algorithm to Cartan's realization of these distributions in [9, Section 50] gives
that the invariant λ can be written (again, up to inversion) in terms of his invariants ρ and σ
(de�ned in Section 49) as (3σ + 7ρ)/(3ρ + 7σ) (cf. the third display equation in Section 50 of
that reference).

6.2.2 Real models

As in the case dim h = 7, we �rst classify the complexi�cation of the model, which reduces the
real classi�cation to distinguishing among the �nitely many real forms thereof.

N.6 We construct a basis (fa) of h adapted to the model: Fix f6 ∈ k− {0}, pick an element
f5 ∈ [k, d] so that [f5, f6] = 2f6, and choose f4 so that (f4, f5, f6) is a basis of d.

As a vector space (not as a Lie algebra) h decomposes as a direct sum rad(h) ⊕ d;
denote by f3 the projection of [f4, f5] onto the �rst summand. Then, f1 := [f3, f4] and
f2 := [f3, f5] + f3 satisfy [f1, f3] = µf2 for some µ 6= 0; µ is independent of the choices
of f5 and f4, and replacing f6 with tf6, t 6= 0, induces µ  t2µ, so sign(µ) = ±1 is an
invariant of the model, and the model is respectively isomorphic to N.6±.

D.6λ The isomorphism type of h can be distinguished by its Killing form κ (see Table 1). If
h ∼= so3⊕sl2 or h ∼= so3⊕so3, then the model is isomorphic toD.64

λ orD.6
6
λ, respectively.

In both remaining cases there are two real forms, and they can be distinguished by the
restriction of κ to k: If h ∼= sl2 ⊕ sl2, then the model is isomorphic to D.62−

λ or D.62+
λ

if κ|k is positive or negative de�nite, respectively. If instead h ∼= so1,3 (which occurs
only for λ = −1), then the model is isomorphic to D.6−−1 or D.6+

−1 if κ|k is positive or
negative de�nite, respectively.
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D.6∞ The three possibilities are distinguished by the isomorphism type of h, or just as well by
the signature of the Killing form of h: For each model D.6s∞ the signature is (4− s, s).

D.6∗ If the Killing form of h is de�nite the model is isomorphic to D.63
∗. Otherwise, h ∼=

sl2 i R3, in which case the two possibilities are again distinguishable via restriction of
the Killing form κ to k: The model is isomorphic to D.61−

∞ or D.61+
∞ if κ|k is positive-

or negative-de�nite, respectively.

Example 6.1. Consider the real distribution de�ned by F (x, y, p, q, z) := q1/3 − y. Replacing
the line F := q�(1 / 3) + y; in the program in Example 4.3 with F := q�(1 / 3) - y; and
executing gives that h := aut(DF ) has basis (ξ′i), where ξ

′
1 := −y∂x + p2∂p + 3pq∂q + 1

2y
2∂z,

ξ′2 = −
(
x∂y + ∂p − 1

2x
2∂z
)
, ξ′3 = ξ3, ξ

′
4 = ξ4, ξ

′
5 = ξ5, ξ

′
6 = −∂y + x∂z, and where the ξi were

de�ned in (4.1); in particular, the distribution is locally homogeneous. We have r := rad(h) =
span{ξ′4, ξ′5, ξ′6}, and [r, r] = span{ξ′4} has dimension 1, so the distribution is (locally equivalent
to) a real form of N.6.

At the base point (0, 0, 0, 1, 0), the isotropy subalgebra is k = span{ξ′1}, so we may take
f6 := ξ′1, and d = span{ξ′1, ξ′2 − ξ′4 − ξ′5, ξ′3}. Since ξ′3 ∈ [k, d] and [ξ′3, f6] = 2f6 we may take
f5 := ξ′3 and f4 = 2(ξ′2 − ξ′4 − ξ′5), and this determines f3 = 4ξ′4 + 6ξ′5, f1 = 12ξ′6, and f2 = 4ξ′4.
Then, [f1, f3] = −72ξ′4 = −18f2, and this last coe�cient is negative, so the model is isomorphic
to N.6−.

7 Realizations as rolling distributions

An important subclass of (2, 3, 5) distributions are the so-called rolling distributions, which are
de�ned kinematically by a system of two Riemannian surfaces (Σ1, g1), (Σ2, g2) rolling along one
another. Following [6], de�ne the (5-dimensional) con�guration space C to be the set of triples
(x1, x2,Φ) for which x1 ∈ Σ1, x2 ∈ Σ2 (so that x1, x2 are the points of tangency on the surfaces),
and Φ: Tx1Σ1 → Tx2Σ2 is an isometry (encoding the relative rotation of Σ1, Σ2 about the contact
point). The projection (x1, x2,Φ) 7→ (x1, x2) realizes C as a principal O(2)-bundle C → Σ1×Σ2.
A smooth path γ : I → C, γ(t) = (x1(t), x2(t),Φ(t)), in this space encodes a rolling trajectory
of the two surfaces along one another.

The physical no-slip condition is that the point of contact moves with the same relative motion
on each surface, that is, that x′2(t) = Φ(t) · x′1(t). The no-twist condition is that for any (equiv-
alently every) parallel orthonormal frame �eld (Ea(t)) along x1(t), the frame �eld (Φ(t) · Ea(t))
along x2(t) must also be parallel. These conditions together impose three independent linear
constraints on each tangent space T(x1,x2,Φ)C, and so the space of admissible velocities γ′ is
a 2-plane distribution D on C. Direct computation shows that the restriction of D to the open
set of points (x1, x2,Φ) ∈ C where the respective Gaussian curvatures κi(xi) of (Σi, gi) at xi,
i = 1, 2, are unequal is a (2, 3, 5) distribution. In this case, the 3-plane distribution [D,D] is
the space of velocities satisfying just the no-slip condition. For any positive constant c, the pair
(Σ1, cg1), (Σ2, cg2) gives rise to the same distribution D.

It is immediate that a pair of surfaces Σ1,Σ2 with constant (and unequal) Gaussian curvature
give rise to a (2, 3, 5) distribution (C,D) with dim aut(D) ≥ 6: Since both metrics gi have
constant curvature, the respective algebras aut(gi) of Killing �elds both have dimension 3 and
by functoriality lift to in�nitesimal symmetries of (C,D), the space of which thus contains an
isomorphic copy of aut(g1)⊕ aut(g2).

Many distributions occurring in the real classi�cation are realizable this way.

OR two 2-spheres whose Gaussian curvatures have ratio 9 : 1,

D.66
λ two 2-spheres whose Gaussian curvatures have ratio κ1/κ2 = λ > 0,

D.64
λ a 2-sphere and a hyperbolic plane normalized to have Gaussian curvature ratio λ < 0,



20 T. Willse

D.62+
λ two hyperbolic planes whose Gaussian curvatures have ratio λ > 0,

D.64
∞ a 2-sphere and the Euclidean plane11,

D.62
∞ a hyperbolic plane and the Euclidean plane.

Up to the joint scaling of pairs of surfaces by a common factor and local equivalence, this exhausts
all of the pairs of constant curvature Riemannian surfaces of unequal curvature.

We can realize some of the remaining real forms with dim h = 6 by extending our attention
to rolling distributions generated by pairs of Lorentzian surfaces: We proceed as before, but in-
stead take (Σ1, g1), (Σ2, g2) to be Lorentzian surfaces, in which case C → Σ1 ×Σ2 is a principal
O(1, 1)-bundle.

• The �at (zero-curvature) model of Lorentzian surfaces is the Lorentzian plane R1,1, the
a�ne real plane equipped with the �at Lorentzian metric ḡ1,1.

• A Lorentzian surface of negative constant curvature is locally isometric to 2-dimensional
anti-de Sitter space: In 3-dimensional Lorentzian space

(
R1,2, ḡ1,2

)
de�ne for a parameter

α > 0 (AdS2, gAdS) to be the hypersurface
{
W ∈ R1,2 : ḡ1,2(W,W) = −α−2

}
equipped

with the (Lorentzian) pullback metric gAdS; it has scalar curvature −α2.

• A Lorentzian surface of positive constant curvature is locally isometric to 2-dimensional
de Sitter space, namely, AdS2 equipped with the Lorentzian metric gdS := −gAdS, which
has scalar curvature α2. The algebra aut(gdS) = aut(gAdS) of Killing �elds is isomorphic
to sl2 ∼= so1,2.

We realize some of the remaining models as rolling distributions.

D.62−
λ if λ > 0, two de Sitter spaces dS2 (or, just as well, two anti-de Sitter spaces AdS2) with

ratio κ1/κ2 = λ of Gaussian curvatures; if λ < 0, de Sitter space and anti-de Sitter
space with ratio λ of Gaussian curvatures

D.61
∞ de Sitter (or anti-de Sitter) space and the Lorentzian plane.

One can, of course, use the above identi�cations as rolling distributions to write down local
coordinate realizations for the corresponding models, and this can be done e�ciently using the
procedure in [2, Section 2].

Example 7.1 (two spheres). Realize the case of two spheres with curvature ratio λ with spheres
Σ1, Σ2 with radii

√
λ, 1. Writing the round metrics as λ−1[dα⊗ dα+ (sinα)dβ ⊗ dβ] and dγ ⊗

dγ+(sin γ)dζ⊗dζ, taking respective orthonormal frames
(√
λ∂α,

√
λ cscα∂β

)
and (∂γ , csc γ ∂ζ),

and applying the procedure gives the coordinate realization

span
{√

λ∂α + cosϕ∂γ + csc γ sinϕ∂ζ − cot γ sinϕ∂ϕ,√
λ cscα∂β − sinϕ∂γ + csc γ cosϕ∂ζ + (

√
λ cotα− cot γ cosϕ)∂ϕ

}
of D; here, ϕ is a standard coordinate on the �bers of C → Σ1 × Σ2.

Remark 7.2. Any two constant curvature surfaces (of the same signature) whose curvatures
have ratio 9 : 1 determine a locally �at rolling distribution. Up to replacing both metrics with
their negatives, the possibilities are: two spheres, two copies of the hyperbolic plane, and two
copies of de Sitter space.

11This corrects a misstatement in [37].
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Appendices

A An explicit realization of g2

The complex (Table 2) and real (Table 5) �at models respectively have symmetry algebras
isomorphic to g2(C) and g2. We can realize g2 as the subalgebra [33]


− trA Z s W> ·
X A− (trA)I

√
2JZ> 1√

2
sJ −W

r −
√

2X>J · −
√

2ZJ s

Y > − 1√
2
J

√
2JX (trA)I−A> −Z>

· −Y r −X> trA

 :

X,W ∈ R2;
r, s ∈ R;

Y,Z ∈
(
R2
)∗

;
A ∈ gl2


< gl7, (A.1)

where

I :=

(
1 ·
· 1

)
and J :=

(
· −1
1 ·

)
.

Then, write

Y =
(
Y1 Y2

)
, X =

(
X1

X2

)
, A =

(
A11 A12

A21 A22

)
,

Z =
(
Z1 Z2

)
, W =

(
W1

W2

)
,

set Y1 ∈ g2 to be the matrix with Y1 = 1 and all other parameters set to 0, and de�ne the
other 13 basis elements analogously.

We may realize the standard representation of g2 as the restriction of the standard action
of gl7 on R7. Then, the choice of real algebraic model in Table 5 realizes k = q as the (parabolic)
subalgebra �xing the line

{
(∗, 0, . . . , 0)>

}
⊂ R7 in that representation, and the choice of complex

algebraic model in Table 2 realizes k = q⊗ C analogously.
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B Classi�cation tables

B.1 Multiply transitive homogeneous complex (2, 3, 5) distributions

Table 2. Multiply transitive homogeneous complex (2, 3, 5) distributions: dim h = 14.

model symmetry algebra algebraic model Monge F aut(DF )

O g2(C)
k : A11,A12,A21,A22,

Z1,Z2, s,W1,W2
d/k : X1,X2

q2

Y1 ↔ 1
6
∂y, Y2 ↔ 1

3
∂z , r↔ − 1

2
√

2
(x∂y + ∂p), X1 ↔ 1

2
x2∂y + x∂p + ∂q + 2p∂z , X2 ↔ ∂x,

A11 ↔ −(y∂y + p∂p + q∂q + 2z∂z), A12 ↔ − 1
6
x3∂y − 1

2
x2∂p − x∂q + (−2xp + 2y)∂z ,

A21 ↔ −q∂x + (−pq + 1
2
z)∂y − 1

2
q2∂p − 1

3
q3∂z , A22 ↔ −(x∂x + 2y∂y + p∂p + z∂z)

Z1 ↔ (−3xq + 4p)∂x + (−3xpq + 3
2
xz + 2p2)∂y + (− 3

2
xq2 + 3

2
z)∂p − q2∂q − xq3∂z

Z2 ↔ −x2∂x − 3xy∂y + (−xp− 3y)∂p + (xq − 4p)∂q − 4p2∂z
s ↔ 1

2
√

2
[(−6x2q + 16xp− 12y)∂x + (−6x2pq + 3x2z + 8xp2)∂y + (−3x2q2 + 6xz + 4p2)∂p

+(−4xq2 + 4pq + 6z)∂q + (−2x2q3 + 12pz)∂z ],

W1 ↔ (−x3q + 4x2p− 6xy)∂x + (−x3pq + 1
2
x3z + 2x2p2 − 6y2)∂y + (− 1

2
x3q2 + 3

2
x2z + 2xp2 − 6yp)∂p

+(−x2q2 + 2xpq + 3xz − 4p2)∂q + (− 1
3
x3q3 + 6xpz − 6yz − 8

3
p3)∂z

W2 ↔ (6yq − 4p2)∂x + (6ypq − 3yz − 8
3
p3)∂y + (3yq2 − 3pz)∂p + (2pq2 − 3qz)∂q + (2yq3 − 3z2)∂z

Table 3. Multiply transitive homogeneous complex (2, 3, 5) distributions: dim h = 7.

model Λ F-action algebraic model Monge F aut(DF )

C− {0, 1}


a · · ·
· b · ·
· · −a ·
· · · −b

 k : E, 1
a
S1 + 1

b
S2 −T1 + T2

d/k : F,S1 + S2 + aT1 − bT2
q2 + rp2 + sy2

U↔ 4
(
a2 − b2

)
∂z , S1 ↔ ξ(b, a), S2 ↔ ξ(a, b),

T1 ↔ − 1
a
ξ(b,−a), T2 ↔ 1

b
ξ(a,−b),

E↔ y∂y + p∂p + q∂q + 2z∂z , F↔ ∂x

N.7Λ 0


a · · ·
· · · 1
· · −a ·
· · · ·

 k : E,−2aS1 + T1 + 2aT2
d/k : F,−S2 + T1 + aT2

q2 + p2
U↔ 2∂z , S1 ↔ 1

2
ξ(0, 1), S2 ↔ ∂y,

T1 ↔ ξ(0,−1), T2 ↔ x∂y + ∂p + 2y∂z ,
E↔ y∂y + p∂p + q∂q + 2z∂z , F↔ ∂x

1


a · · 1
· −a 1 ·
· · −a ·
· · · a

 k : E,S2 + aT1 + T2
d/k : F,S1 + aS2 + 2aT2

q2 + 2p2 + y2

U↔ −8∂z , S1 ↔ ξ(1, 1), S2 ↔ ξ(1,−1),

T1 ↔ e−x[x∂y − (x− 1)∂p + (x− 2)∂q − 2(xy + (−xp + y) + 2p)∂z ],
T2 ↔ ex[(x− 1)∂y + x∂p + (x + 1)∂q + 2(xy + (xp− 2y) + p)∂z ],

E↔ y∂y + p∂p + q∂q + 2z∂z , F↔ ∂x

Here, ξ(u, v) := evx
[
∂y + v∂p + v2∂q + 2v

(
u2y + vp

)
∂z
]
.

For each Λ ∈ C, (r, s) is a pair that satis�es Λ = 64s/
(
100s−9r2

)
, and a, b satisfy r = a2 +b2, s = a2b2; see Section 4.2 for details. In each case, the symmetry algebra hCr,s is an

extension of the complex 5-dimensional Heisenberg algebra n⊗ C = span{U,S1.S2,T1,T2} � for which the nonzero brackets are those determined by [S1,T1] = [S2,T2] = U �
by two commuting derivations, E, F: (1) E is the grading derivation, so [E,S1] = −S1, [E,S2] = −S2, [E,T1] = −T1,[E,T2] = −T2, [E,U] = −2U. (2) The derivation F is
de�ned by [F,U] = 0 and the given action of F on n−1(C) with respect to the basis (S1,S2,T1,T2).
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Table 4. Multiply transitive homogeneous complex (2, 3, 5) distributions: dim h = 6.

model symmetry algebra structure algebraic model adapted basis Monge F aut(DF )

N.6

sl2(C) i m⊗ C
X Y H U S T

X · H −2X · · S
Y · 2Y · T ·
H · · S −T
U · · ·
S · U
T ·

k : X
d/k : Y −U− S,

H

e1 = 3T
e2 = U
e3 = 2U + 3S
e4 = Y −U− S
e5 = H
e6 = X

q1/3 + y

X ↔ −y∂x + p2∂p + 3pq∂q − 1
2
y2∂z

Y ↔ −(x∂y + ∂p + 1
2
x2∂z)

H ↔ −x∂x + y∂y + 2p∂p + 3q∂q
U ↔ ∂z
S ↔ ∂x
T ↔ ∂y + x∂z

D.6λ

sl2(C)⊕ sl2(C)
X Y H X′ Y′ H′

X · H −2X · · ·
Y · 2Y · · ·
H · · · ·
X′ · H′ −2X′

Y′ · 2Y′

H′ ·

k : H + H′

d/k : X− λX′,
Y −Y′

e1 = X− λ2X′

e2 = Y − λY′
e3 = H + λH′

e4 = X− λX′
e5 = Y −Y′

e6 = H + H′

y3α−2qα

λ = (2α− 1)2

X ↔ ∂x
Y ↔ −x2∂x − xy∂y + (xp− y)∂p + 3xq∂q
H ↔ −2x∂x − y∂y + p∂p + 3q∂q
X′ ↔ ∂z
Y′ ↔ 1

2α−1
[αy3α−1qα−1∂x

+(αy3α−1pqα−1 − yz)∂y
+[(α− 1)y3α−1qα − pz]∂p
+(−3αy3α−2pqα + qz)∂q
+[α(α− 1)y6α−3q2α−1 − (2α− 1)2z2]∂z ]

H′ ↔ − 1
2α−1

[y∂y + p∂p + q∂q + 2(2α− 1)z∂z ]

D.6∞

sl2(C)⊕ (so2(C) i C2)
X Y H Z V1 V2

X · H −2X · · ·
Y · 2Y · · ·
H · · · ·
Z · V1 −V2
V1 · ·
V2 ·

k : H + 2Z
d/k : X + V1,

Y + V2

e1 = X
e2 = Y
e3 = H
e4 = X + V1
e5 = Y + V2
e6 = H + 2Z

p−2q2

X ↔ −[ 1
2
y2∂y + yp∂p + (yq + p2)∂q + 2p∂z ]

Y ↔ 2∂y
H ↔ 2(y∂y + p∂p + q∂q)
Z ↔ x∂x − p∂p − 2q∂q − z∂z

V1 ↔ 2∂z
V2 ↔ 2∂x

D.6∗

so3(C) i C3

X Y H W1 W2 W3
X · H −2X · −W3 2W1
Y · 2Y W3 · −2W2
H · 2W1 −2W2 ·
W1 · · ·
W2 · ·
W3 ·

k : X + Y
d/k : H− 2W3,

X−Y
+2W1 − 2W2

e1 = −W1 + W2
e2 = W3
e3 = W1 + W2
e4 = H− 2W3
e5 = X−Y

+2W1 − 2W2
e6 = X + Y

p2 + q log q

X ↔ (2y − log q)∂x + [−p(log q + 1) + z]∂y
−(p2 + q)∂p − 4pq∂q
−[(p2 + q) log q + 3p2 − q]∂z

Y ↔ x∂y + ∂p + (2y − 1) log z
H ↔ 2[−x∂x + ∂y + p∂p + 2q∂q + (2p + z)∂z ]

W1 ↔ −∂x
W2 ↔ ∂z
W3 ↔ ∂y

In the models D.6λ, λ ∈ C− {0, 1
9
, 1, 9} , and the models D.6λ and D.6λ′ are equivalent i� λ′ = λ or λ′ = 1/λ.
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B.2 Multiply transitive homogeneous real (2, 3, 5) distributions

Table 5. The real form OR of model O.

real form symmetry algebra algebraic model

OR g2
k : A11,A12,A21,A22,Z1,Z2, s,W1,W2

d/k : X1,X2

Table 6. Real forms of the models N.7Λ.

Λ real form r, s, a, b F-action algebraic model

(−∞, 0) ∪ (1,∞)

N.7
↖
Λ

{
r = −a2 − b2

s = a
2
b
2


· · −a ·
· · · b
a · · ·
· −b · ·

 k : E, a−1/2S1 + b−1/2S2

d/k : F,−a1/2T1 + b1/2T2

N.7
↗
Λ

{
r = a

2
+ b

2

s = a
2
b
2


a · · ·
· b · ·
· · −a ·
· · · −b

 k : E, 1
a
S1 + 1

b
S2 −T1 + T2

d/k : F,S1 + S2 + aT1 − bT2

0

N.7←0

{
r = −1

s = 0


· · −1 ·
· · · 1
1 · · ·
· · · ·

 k : T1 + T2
d/k : S1 − S2

N.7→0

{
r = 1

s = 0


1 · · ·
· · · 1
· · −1 ·
· · · ·

 k : E,−2S1 + T1 + 2T2
d/k : F,−S2 + T1 + T2

(0, 16
25

)

N.7
↙
Λ

{
r = a

2 − b2 < 0

s = −a2
b
2


a · · ·
· · · −b
· · −a ·
· b · ·

 k : E, aS1 + 2aS2 + 2bT1
d/k : F, aS1 + aS2 + bT2

N.7
↘
Λ

{
r = a

2 − b2 > 0

s = −a2
b
2


a · · ·
· · · −b
· · −a ·
· b · ·

 k : E, aS1 + 2aS2 + 2bT1
d/k : F, aS1 + aS2 + bT2

16
25

N.7
↓
16/25

{
r = 0

s = −1


1 · · ·
· · · −1
· · −1 ·
· 1 · ·

 k : E,S1 + 2S2 + 2T1
d/k : F,S1 + S2 + T2

N.7
↑
16/25

{
r = 0

s = 1

1√
2


1 · · −1
· −1 −1 ·
· 1 −1 ·
1 · · 1

 k : E,S2 −T1 − 2T2
d/k : F,S1 + T1 −T2

( 16
25
, 1)

N.7
↖
Λ

{
r = 2

(
a

2 − b2
)
< 0

s =
(
a

2
+ b

2)2

a · · −b
· −a −b ·
· b −a ·
b · · a

 k : E, abS2 − a2T1 −
(
a2 + b2

)
T2

d/k : F, bS1 + aT1 − aT2

N.7
↗
Λ

{
r = 2

(
a

2 − b2
)
> 0

s =
(
a

2
+ b

2)2

a · · −b
· −a −b ·
· b −a ·
b · · a

 k : E, abS2 − a2T1 −
(
a2 + b2

)
T2

d/k : F, bS1 + aT1 − aT2

1

N.7
↖
1

{
r = −2

s = 1


· −1 1 ·
1 · · 1
· · · −1
· · 1 ·

 k : E,S2 + 2T1
d/k : F,S1 + 2T2

N.7
↗
1

{
r = 2

s = 1


1 · · 1
· −1 1 ·
· · −1 ·
· · · 1

 k : E,S2 + T1 + T2
d/k : F,S1 + S2 + 2T2

For each Λ ∈ R, (r, s) is a pair that satis�es Λ = 64s/
(
100s− 9r2

)
; see Section 5.4 for details.
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Table 7. Real forms of model N.6.

real form anti-involution symmetry algebra structure algebraic model

N.6+ diag(1, 1, 1, 1, 1, 1)

sl2 i m
X Y H U S T

X · H −2X · · S
Y · 2Y · T ·
H · · S −T
U · · ·
S · U
T ·

k : X
d/k : Y −U− S,H

N.6− diag(1,−1,−1,−1, 1,−1)

sl2 i m
X Y H U S T

X · H −2X · · S
Y · 2Y · T ·
H · · S −T
U · · ·
S · U
T ·

k : X
d/k : Y + U + S,H

Table 8. Real forms of the models D.6λ.

real form λ anti-involution symmetry algebra structure algebraic model

D.62−
λ

R− {0, 1
9
, 1, 9}

λ ∼ 1/λ
diag(1, 1, 1, 1, 1, 1)

sl2 ⊕ sl2
X Y H X′ Y′ H′

X · H −2X · · ·
Y · 2Y · · ·
H · · · ·
X′ · H′ −2X′

Y′ · 2Y′

H′ ·

k : H + H′

d/k : X− λX′,
Y −Y′

D.62+
λ

R+ − { 1
9
, 1, 9}

λ ∼ 1/λ


· 1 · · · ·
1 · · · · ·
· · −1 · · ·
· · · · 1 ·
· · · 1 · ·
· · · · · −1



sl2 ⊕ sl2
X Y H X′ Y′ H′

X · H −2X · · ·
Y · 2Y · · ·
H · · · ·
X′ · H′ −2X′

Y′ · 2Y′

H′ ·

k : H̃ + H̃′

d/k : X̃ +
√
λX̃′,

Ỹ +
√
λỸ′

D.64
λ (−∞, 0)


· 1 · · · ·
1 · · · · ·
· · −1 · · ·
· · · · 1 ·
· · · 1 · ·
· · · · · −1



sl2 ⊕ so3
X Y H A B C

X · H −2X · · ·
Y · 2Y · · ·
H · · · ·
A · C −B
B · A
C ·

k : H̃ + C
d/k : X̃ +

√
−λA,

Ỹ +
√
−λB

D.66
λ

R+ − { 1
9
, 1, 9}

λ ∼ 1/λ


· −1 · · · ·
−1 · · · · ·
· · −1 · · ·
· · · · −1 ·
· · · −1 · ·
· · · · · −1



so3 ⊕ so3
A B C A′ B′ C′

A · C −B · · ·
B · A · · ·
C · · · ·
A′ · C′ −B′

B′ · A′

C′ ·

k : C + C′

d/k : A +
√
−λA′,

B +
√
−λB′

D.63−
−1 −1 diag(−1, 1,−1, 1,−1, 1)

so1,3
A B C DA DB DC

A · C −B · DC −DB
B · A −DC · DA
C · DB −DA ·

DA · C −B
DB · A
DC ·

k : DC
d/k : A + DB,

B + DA

D.63+
−1 −1


· −i · · · ·
−i · · · · ·
· · 1 · · ·
· · · · i ·
· · · i · ·
· · · · · −1



so1,3
A B C DA DB DC

A · C −B · DC −DB
B · A −DC · DA
C · DB −DA ·

DA · C −B
DB · A
DC ·

k : C
d/k : A + DA,

B + DB

In models D.62+
λ

and D.64
λ, X̃ := 1√

2
X + 1

2
H , Ỹ := − 1√

2
Y + 1

2
H , H̃ := 1√

2
(X−Y) + 1

2
H .
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Table 9. Real forms of model D.6∞.

real form anti-involution symmetry algebra structure algebraic model

D.61
∞ diag(1, 1, 1, 1, 1, 1)

sl2 ⊕
(
so1,1 i R1,1)

X Y H Z V1 V2
X · H −2X · · ·
Y · 2Y · · ·
H · · · ·
Z · V1 −V2
V1 · ·
V2 ·

k : X−Y + 2Z
d/k : X + Y −H,

D.62
∞


· 1 · · · ·
1 · · · · ·
· · −1 · · ·
· · · · 1 ·
· · · 1 · ·
· · · · · −1



sl2 ⊕
(
so2 i R2)

X Y H Ẑ V1 V2
X · H −2X · · ·
Y · 2Y · · ·
H · · · ·
Ẑ · V2 −V1
V1 · ·
V2 ·

k : X−Y + 2Ẑ

d/k :
√

2X +
√

2Y −V1 −V2,√
2H + V1 −V2

D.64
∞


· −1 · · · ·
−1 · · · · ·
· · −1 · · ·
· · · · −1 ·
· · · −1 · ·
· · · · · −1



so3 ⊕
(
so2 i R2)

A B C Ẑ V1 V2
A · C −B · · ·
B · A · · ·
C · · · ·
Ẑ · V2 −V1
V1 · ·
V2 ·

k : C + Ẑ
d/k : A + V1,

B + V2

Table 10. Real forms of model D.6∗.

real form anti-involution symmetry algebra structure algebraic model

D.61−
∗ diag(1, 1, 1, 1, 1, 1)

sl2 i R1,2

X Y H W1 W2 W3
X · H −2X · −W3 2W1
Y · 2Y W3 · −2W2
H · 2W1 −2W2 ·
W1 · · ·
W2 · ·
W3 ·

k : X + Y
d/k : H− 2W3,

X−Y + 2W1 − 2W2

D.61+
∗ diag(−1, 1,−1, 1,−1,−1)

sl2 i R1,2

X Y H W1 W2 W3
X · H −2X · −W3 2W1
Y · 2Y W3 · −2W2
H · 2W1 −2W2 ·
W1 · · ·
W2 · ·
W3 ·

k : X−Y
d/k : H + 2W3,

X + Y − 2W1 − 2W2

D.63
∗ diag(1,−1,−1,−1, 1,−1)

so3 i R3

A B C WA WB WC
A · C −B · WC −WB
B · A −WC · WA
C · WB −WA ·

WA · · ·
WB · ·
WC ·

k : C
d/k : A−WA,

B−WB
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