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Figure 13. A pencil which gives rise to fibrations with an I∗0 fiber and three I2 fibers.

results in a system of 7 homogeneous linear equations in 8 variables. In view of the assumption
that the basepoints are all distinct, in order to get a fibration with three I2 fibers we merely
need to show that the above linear system admits generic solutions, namely solutions such that

a+ ̸= a−, b+ ̸= b−, c+ ̸= c−, d+ ̸= d−. (6.3)

Now, the coefficient matrix with respect to the variables a+, a−, . . . , d+, d− of the system of
equations governing the existence of σ1, . . . , σ6 complemented by the degree formula (6.2) reads
as 

2 0 −1 0 −1 0 2 0
0 2 0 −1 0 −1 0 2
0 2 −1 0 0 −1 2 0
2 0 0 −1 −1 0 0 2
2 0 −1 0 0 −1 0 2
0 2 0 −1 −1 0 2 0
1 1 1 1 1 1 1 1


.

One numerically checks that this matrix is of rank 5, hence it admits a three-dimensional family
of solutions. As a matter of fact, the last row of the coefficient matrix is a linear combination of
the first six rows, and the corresponding last entry in the extended matrix of the linear system of
equations is 0, i.e., the degree formula automatically holds once there exists three fibers of type
I2 in the given configuration; consequently, the degree formula does not effect the solvability of
the system. In addition, one sees that c−, d+, d− may be chosen as parameters and the other
variables may be expressed in terms of these as

a+ = −d−, a− = −d+, b+ = −c−, b− = 2d− − 2d+ − c−, c+ = −2d− + 2d+ + c−.

It is therefore sufficient to choose any d− ̸= d+ to get solutions satisfying (6.3). Finally, we note
that a similar attempt to find four I2 fibers fails because the corresponding linear system has
two free parameters d+, d− and the other variables can be expressed as

a+ = −d−, a− = −d−, . . .

In particular, there exist no solution satisfying (6.3).

Example 6.9 (three I2 fibers). Another, less explicit construction of the same type of fibration
can be given as follows: consider a nodal double section of F2 with the property that the node
is on F3 while F1 and F4 are tangent to the nodal double section, see Fig. 13. (It is easy to see
from the Hurwitz-formula that a nodal double section can have at most two tangent fibers.) In
this case an I2 fiber is originated from the blow-up of the node of the chosen double section. On
the other hand, when we blow up the basepoints where our chosen double section is tangent to
F1 and F4, we see that disjoint rational (−2)-curves appear in fibers, hence by the classification
the further fibers should be two I2 fibers. (Indeed, the pencil contains two further nodal curves,
their nodes are on F1 and F4 and are tangent to two chosen fibers.)


