Symmetry, Integrability and Geometry: Methods and Applications SIGMA 16 (2020), 087, 23 pages

Perturbed (2n — 1)-Dimensional Kepler Problem
and the Nilpotent Adjoint Orbits of U(n,n)

Anatol ODZIJEWICZ

Department of Mathematics, University of Biatystok,
Ciotkowskiego 1M, 15-245 Bialystok, Poland
E-mail: aodzijew@uuwb. edu.pl

Received March 11, 2020, in final form September 01, 2020; Published online September 22, 2020
https://doi.org/10.3842/SIGMA.2020.087

Abstract. We study the regularized (2n—1)-Kepler problem and other Hamiltonian systems
which are related to the nilpotent coadjoint orbits of U(n,n). The Kustaanheimo-Stiefel
and Cayley regularization procedures are discussed and their equivalence is shown. Some
integrable generalization (perturbation) of (2n — 1)-Kepler problem is proposed.

Key words: integrable Hamiltonian systems; Kepler problem; nonlinear differential equa-
tions; symplectic geometry; Poisson geometry; Kustaanheimo—Stiefel transformation; celes-
tial mechanics

2020 Mathematics Subject Classification: 53D17; 53D20; 53D22; 7T0H06

1 Introduction

Kepler problem (not only for historical reasons) is one of the most fundamental subjects of celes-
tial mechanics and quantum mechanics [9, 12, 17, 18, 25, 34]. Such questions as Moser [26] and
Kustaanheimo—Stiefel [15] regularization procedures as well as the relationship between them [14]
are well known for celestial mechanics specialists. Also the questions concerning the quantiza-
tion of the Kepler system and the MIC-Kepler system, which is its natural generalization, are
the subject of many publications, see, e.g., [8, 17, 19, 24, 25, 28, 31]. There are other interesting
generalizations of Kepler and MIC-Kepler problems, for example see [2, 11, 19, 20, 21, 22].

Initially the group U(2,2), being a natural extension of the Poincaré group, was recognized as
the dynamical group [1, 9, 10, 11, 12, 14, 17] for the three-dimensional Kepler and MIC-Kepler
problems. Consequently, the group U(n,n) plays the same role for higher dimensional case.
Taking this fact into account, in the present paper we study various Hamiltonian systems that
have U(n,n) as a dynamical group. They are related to the adjoint nilpotent orbits of U(n,n)
and could be interpreted as some natural generalizations of Kepler problem.

In Section 2 we investigate the canonically defined vector bundles over the Grassmannian
Gr (n, (CQ”) of n-dimensional subspaces of twistor space T = (CQ”, ¢), where ¢ is hermitian form
on C?" with signature (+ -+ —---—).

—— ——~
n n

In Section 3 we consider the Grassmannian Grg (n, (CQ”) of isotropic (with respect to ¢) n-
dimensional subspaces of C?", which as a manifold is diffeomorphic with the unitary group U(n),
and show that 7*U(n) has the structure of U(n,n)-Hamiltonian space, see Propositions 3.2
and 3.3. In Proposition 3.3, we classify the orbits of U(n,n)-action on T*U(n) and specify
the one-to-one correspondence of these orbits with such nilpotent adjoint U(n,n)-orbits whose
elements X satisfy X2 = 0.

In Section 4 we investigate the geometry of the orbit Nj o, which consists of the rank one
nilpotent elements of u(n,n), see Proposition 4.1. We also discuss the equivalent realizations of
the regularized (2n — 1)-dimensional Kepler problem, see Proposition 4.3.
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In Section 5 we show the equivalence of Cayley and Kustaanheimo—Stiefel regularizations in
the context of higher-dimensional Kepler problem, obtaining in this way a natural generalization
of the Kustaanheimo—Stiefel transforms for the arbitrary odd dimension.

Finally, in the last Section 6 we consider some integrable generalization of (2n — 1)-Kepler
problem. For this generalized Kepler problem the Hamiltonian, see formula (6.1), depends on the
positions and momenta through the coordinates of angular momenta and Runge-Lenz vector.
The integrability of this system is proved by the methods developed in [29].

2 Grassmannian Gr (n, (C2”) and related vector bundles

In this section we will study some canonically defined bundles over the Grassmannian Gr (n, CQ”)
of n-dimensional complex vector subspaces of C?". Let us recall that Gr (n, (CQ”) is a n?-
dimensional compact complex analytic manifold homogenous with respect to the natural action
of GL(2n,C).

We begin with defining the following complex analytic bundles over Gr (n, (CQ"). Namely, we
consider the bundle myr: ' — Gr(n, C*") whose fibres consist of nilpotent elements of gl(2n, C).

The total space of this bundle is defined as
N = {(Z,2) € gl(2n,C) x Gr(n,@2”): Im(Z) C z C Ker(Z)}

and 7/ is the projection of V' on the second component of the cartesian product. One easily sees
that mar: N — Gr (n, (CQ") is a complex vector bundle of rank n2. The subset pr; (N) C gl(2n, C)
consists of such elements Z € gl(2n,C), which satisfy 22 = 0 and have rank k := dim¢ Im(2),
where 1 < k <n.

Next the bundle 7p: P — Gr(n, (C2") is a bundle of idempotents, i.e.,

P = {(p, z) € gl(2n,C) x Gr(n, (C2n) - p? =, Im(p) = z},

where 7p is the projection of P on the second component of cartesian product. We note that
pr; (P) consists of such idempotents in gl(2n, C) that dimc(Im(p)) = n.

In order to make the structure of np: P — Gr (n, (C2") more transparent, we formulate the
following proposition.

Proposition 2.1. The bundle wp: P—>Gr(n, (C2") is an affine bundle with wnr: N — Gr (n, (C2”)
as the structural vector bundle, i.e., for any z € Gr(n, (CQ”) the vector space N, := WNl(Z) acts
in a transitive and free way on the fibre P, := 7r7§1(z).

Proof. For p € P, and Z € N, we have
(p+ 22 =p*+2°+pZ+2Zp=p+ 2 and (p+ 2)z=pz=2

This shows that p + Z € P,.
For p,p’ € P, we have

(0 —p)?=p*+p*—pp—pp=p+p-p—p =0

and dimc Im(p’ — p) < n. Thus, p' — p =: Z € N,. Due to the above facts one has free and
transitive action of NV, on P,. [ |

We note that for p/, p € P, the following equalities hold

/ /

pPp=p and pp'=7p.
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Subsequently, using the Cartan—Killing form
g[(2n, (C) X g[(2n,@) =) (Zl, Zg) — TI'(ZlZQ) eC (21)

we will identify the dual space gl(2n,C)* with the Lie algebra gl(2n,C).
For any p € pr(P) one has the open subset

Q= {z € Gr(n,C*): 2N (1 — p)C*" = {0}}

of the Grassmannian. We define a chart ¢,: Q, — (1 — p)gl(2n,C)p = Mat,x,(C) in the
following way. The decomposition z @ (1 — p)C?"* = C?" defines the projection ¢, of C?" on
subspace z C C?". For projections 1 — ¢, and 1 — p one has Im(1 — ¢,) = Im(1 — p). So,
according to Proposition 2.1 there exists Z € (1 — p)gl(2n, C)p such that

Z=(01-p)—(1—q.)=0q—p:=dp(2). (2.2)

The equality (2.2) defines the chart Q, 3 2z — ¢,(2) = Z, mentioned above.
In order to find the transition maps ¢, o ¢, L p(Qy N QYY) = dp(y N Q) between the
charts (€2, ¢p) and (2,7, ¢,y) we observe that for z € €, N ), we have

¢.q-=¢q. and ¢, =q.. (2.3)

From (2.2) and (2.3) we obtain

¢=qq0:=Z+p)¢.=ve.+ 2"V, (2.4)
=P+ 2)¢: =@+ 2)pg: =0 (p+ Z)pg- + (1 — ') (p+ Z)py:
=p(p+(1—p)Z)pe-+ 1 -9 )p+ (1 —p)Z)pg.. (2.5)

Expressions (2.4) and (2.5) give two decompositions of ¢, on the components from subspaces
p'gl(2n,C)q, and (1 — p')gl(2n, C)q,, which satisfy p'gl(2n,C)g, N (1 — p')gl(2n,C)q. = {0}. So,
we have

P'q. = (a+cZ)pg., Z'p'q. = (b+d2Z)pq.,
where
a:=pp, bi=01-pp, c:=p(1-p), d:=(1-p)1-p).

Observing that p'g.: pC?" — p'C?" and pgq.: pC?>* — pC?" are isomorphisms of the vector
subspaces we obtain

Z' = (b+dZ)(a+cZ)7h

Note here that a +¢Z = (p'q.)(pq.)~!. In consequence, the inverse (a + c¢Z)~! is well defined.
In particular case when Im(1 — p) = Im(1 — p’) one has Q, = Q,y and, thus

Z'=p—-9p + Z
Let us note that one has another canonical complex vector bundles
E={(w,z) € C?" x Gr(n,(CZ"): wE z}
and

gt = {(p,2) € (C*)" x Gr(n,C*): |, =0}
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over Gr (n, CQ”). The complex linear group GL(2n, C) acts on the above bundles in the following
way

Ye(Z,2) = (ngfl,ag(z)), (2.6)
Tg(wvz) = (gw,ag(z)), (27)
Tg*(go,z) = (gp og_l,ag(z)),

where
04(2) = gz, (2.9)

for g € GL(2n,C).
The proposition formulated below collects some properties of the above structures which will
be useful in the further considerations.

Proposition 2.2.
(i) One has the canonical isomorphisms
N=E@EL = T*Gr(n,C™") (2.10)

of the GL(2n, C)-vector bundles.

(i1) The group GL(2n,C) acts on N, € ® &+ and T*Gr(n,C*") by Xy, T, ® Ty and T* oy,
respectively, preserving their vector bundle structures, and isomorphisms from (2.10) are
equivariant with respect to these actions.

(iii) The vector bundle N (and thus the vector bundles € ® £+ and T*Gr(n,C*")) splits into
GL(2n,C)-orbits:

NF = {(Z2,2) e N: dimcIm Z = k},
where k =0,1,...,n.
Proof. (i) For proving the isomorphism N = T*Gr (n, (C?”) we note that
Gr(n,C*") = GL(2n,C)/GL(2n, C).,
where the subgroup GL(2n,C), is the stabilizer of z € Gr(n, C2"). Thus, one has
T.Gr(n,C*") = gl(2n,C)/gl(2n,C)..
Using the isomorphism gl(2n, C)* = gl(2n,C) defined by the pairing (2.1), we find that
T;Gr(n, (C2”) >~ (gl(2n,C)/gl(2n,C).)* = (gl(2n,C),)*,

where (gl(2n,C).)" is the annihilator of the subspace gl(2n,C). C gl(2n,C). Since Gr(n,C*")
is a GL(2n,C)-homogenous space, it is enough to prove the above isomorphism for any zy €
Gr(n,C?"). So, let us take zo = {({) : n € C"} for which

gl(2n,C),, = {(61 g) € Mataxon(C): A, B, D € Matan((C)} )

One easily sees that for such zp we have (gl(2n,C),,)* = N,,.

In order to prove that £ ® £ = N, we observe that Z € £, ® £ C gl(2n,C) satisfies
Im Z C 2z C Ker Z and dim¢ &, ® £ = dimc N,.

(ii) The GL(2n,C)-equivariance of the above bundles isomorphisms one easily see from
(2.6)—(2.9).

(iii) By straightforward verification. [
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From Proposition 2.2 we conclude:
Remark 2.3.

(i) The orbit NV is the zero section of N' — Gr (n, (CQ”) so, one can identify it with Gr (n, (CQ”).
(ii) The orbit N™ is an open-dense subset of N.

We mention here that A’ is the total space of the following GL(2n, C)-homogeneous bundles:

Nk

Tker / { ﬂ\mm
Gr(n — k, (CQ”) Gr(n, (CZ”) Gr(k, (C2”),
where the bundle projections are defined by

Tim(Z, z) = Im(2), m(Z,z) =z, Tker (2, 2) = Ker(Z2).

Remark 2.4. In the Penrose twistor theory, see, e.g., [30], which concerns the case n = 2, the

submanifolds 7r(7rf 1(z)) and W(Wl;)i(z)) are called the a-planes and S-planes, respectively.

m

3 T*U(n) as a Hamiltonian U (n,n)-space

Now we will describe some real versions of the structures described in the previous section and
their relation to the structure of the cotangent bundle T7*U(n) as a U(n,n)-Hamiltonian space.
For this reason we fix a scalar product

(v,w) == v pw (3.1)

of v,w € C?", defined by a hermitian matrix ¢ = ¢+ € Mato,x2,(C) which has signature
(+---+—---—) and satisfies ¢> = 1a,,. By “+” in (3.1) and everywhere below we will denote
——

n n
the hermitian transposition of a matrix. Hence we define the group U(n,n) and Lie algebra
u(n,n) of U(n,n) by

g oy =19
and by
Xto+oX =0,

respectively, where by definition ¢ € U(n,n) and X € u(n,n). Since for n = 2 the vector
space C2" provided with scalar product (3.1) is known as twistor space [30], in the subsequent
we will use the same terminology for an arbitrary dimension.

Using scalar product (3.1) we also define on gl(2n,C), Gr(n,(C2”) and N, respectively, the
following involutions

I(Z):= —¢ZT¢, (3:2)
1(2) := 2,
[(2,2):= (1(2),2Y),
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where 2zt C C?" is the orthogonal complement of z € Gr(n,C) with respect to (3.1) and

Z € gl(2n,C). Let us note that (3.2) is an anti-linear map of gl(2n,C) and (3.4) is a fibre-wise
anti-linear map of the bundle mp : N — Gr (n, (CQ”). Hence, taking into account the equivalent
equalities

Im(I(2)) = (Ker(2))*  and  Ker(I(2)) = (Im(2))* (3.5)

we obtain the anti-holomorphic bundle isomorphism

N N
Gr(n, (C2”) L Gr(n, CQ”)7

which restricts to the isomorphism

NE NF
Gr(n, (CQ”) L Gr(n, (CQ")

of the bundle N* — Gr(n, (CQ”). Note here that the bundle N* — Gr(n, (CQ”) is not a vector
bundle. All the above isomorphisms are equivariant with respect to the actions of U(n,n) C
GL(2n,C) defined in (2.6) and (2.9).

By 7, : My — Grg (n, (CQ”) we denote the vector bundle over the Grassmannian Grg (n, CZ")
of complex n-dimensional vector subspaces, which are isotropic with respect to the scalar prod-
uct (3.1), i.e., z € Gry (n, (C2”) if and only if z = z*. The total space Nj of this bundle is defined
as the subset Ny C N of fixed points of the involution I: N'— A defined in (3.4). Let us note
here that dimp Grg (n, (CQ”) = n?.

We define the map of the vector bundle Ny into the Lie algebra u(n,n) by

pr;(%,z) := X.
The set of values of this map is determined in the following way.
Proposition 3.1. An element X € u(n,n) belongs to pry(Ny) if and only if X2 = 0.
Proof. If X € u(n,n) satisfies X2 = 0 then because of I(X) = X and (3.5) we find that
Im(%) C Ker(X) = (Im(¥))*.
From the above and nonsingularity of the scalar product (3.1) we obtain
k := dimc Im(%) < dime(Im (%))t = 2n — k.
So, 0 < k < n and thus, there exists z € Grg (n, CQ”) such that
Im(X) C z C Ker(X), (3.6)

i.e., X € pry(Np). Note that Im(X) as an isotropic subspace of (C**,(-,-)) could be extended to
maximal isotropic subspace z, which has dimension n and is contained in (Im(X))*.
By definition of Ny any element X € pr; (Np) satisfies (3.6), so one has X2 = 0. [ |
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Next, taking the decomposition C?* = C" @ C", we will choose the hermitian matrix from
the definition (3.1) in the following diagonal block form

E 0

where F and 0 are unit and zero n x n-matrices. Hence, we obtain

(v,0) =0 —€7¢, (3.8)
for v = (Z) eCropC".

Now, let us take a set {vl = (Zi) R (ZZ)} C C?" of linearly independent vectors

which span z € Grg (n, (CQ”). Since (vg,v;) = 0 it follows that

mm =4 (3.9)
for k,l = 1,...,n. From (3.9) we see that there exists such Z € U(n) that n, = Z¢&; for
k=1,...,n. So, vectors &1, ...,&, form a basis in C™.

The above considerations show that there is a natural diffecomorphism U(n) = Grg (n, (CQ”)
between the unitary group U(n) and the Grassmannian Grg (n, (CQ”) of n-dimensional isotropic
subspaces of (CQ", (-, )), which is defined in the following way

In: Un)2Z s 2= {<Z§£> €€ C"} € Gro(n,C*"). (3.10)

One easily sees that for ¢4 the block matrix elements A, B, C, D € Mat,,«x»(C) of g = (é g) €
U(n,n) satisfy

ATA=E+C*C, DYD=FE+B'™B and D'C=B"A. (3.11)

From (3.10) one finds that U(n,n) acts on U(n) as follows

7' =04(Z)=(AZ+ B)(CZ+ D). (3.12)
Subsequently we will need the explicit description of the stabilizer U(n,n)g := {g € U(n,n):
o4(E) = E} of the group unit E € U(n). Simple considerations shows that ¢ = (458) €
U(n,n)g if and only if

A=L(F) '+ F)+H, D=L(FH ' +F)-H,

-1 -1
B=i(F-(F*))-H, C=3%F-(F") )+H, (3.13)

where F' € GL(n,C) and H € Mat,,»,(C) satisfy the condition
HF"+FH" =0.

Let us take a smooth curve |—¢, e[ 5 t — Z(t) € U(n) through the element Z = Z(0). By
Z = %Z(t)\t:() e T,U(n) we denote the vector tangent to Z(t) at Z and by 7 := Z71Z ¢
TrU(n) = u(n) =2 iH(n), where by H(n), we denote the real vector space of (n x n)-hermitian
matrices. Using the above notation, from (3.12) and (3.11) we obtain

7' =777 = ((AZ + B)(CZ + D))" (AZ(CZ + D)™
—(AZ + B)(CZ +D)"'CZ(CZ + D))
1

= ((AZ + B)(CZ + D)"Y AZ(CZ + D)™' = CZ(CZ + D)™
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= ((CZ+D)y Y)Y (ZH(ATA-CrC)Z + (BTA—D*C)Z)(CZ + D)™
= ((CZ+D)y ) 'zt2(CZ+ D)t = ((CZ+ D)) 'r(CZ+ D)™\ (3.14)

Since Z = Z7, we have the isomorphism of vector bundles TU (n) = U(n) x iH(n). It follows
from (3.14) that the covector p € T;U(n) = iH (n) transforms in the following way

p = (CZ+D)p(CZ+ D))",

where one identifies the Lie algebra (iH (n), [-,-]) of U(n) with its dual (iH (n))* by the Cartan—
Killing form.
The elements of Lie algebra u(n,n) in the diagonal realization (3.8) of ¢ are given by matrices

_(ao B
()
where 8 € Mat,,«,(C) and «, 6 € iH(n).

Proposition 3.2.
(i) The map Iy: T*U(n) 2 U(n) x iH(n) — Ny defined by

10(Z, p) := ((‘éZ)Z: Zp'0> {<Z§5> € C”}) e Ny (3.15)

is a U(n,n)-equivariant
I() 9] Ag = Eg 9] Io

isomorphism of the vector bundles. The action X4: Ny — No, g € U(n,n), is a restriction
to U(n,n) and Ny C N of the action defined in (2.6). The action Ay: U(n) x iH(n) —
U(n) x iH(n) is defined by

Ay(Z,6) = ((AZ+ B)(CZ + D)™ ',(CZ + D)§(CZ + D)), (3.16)
where g = (é g).

(13) The canonical one-form o on T*U(n) = U(n) x iH (n) written in the coordinates (Z,6) €

U(n) x iH(n) assumes the form

v =iTr(pZd2Z) (3.17)

and it is invariant with respect to the action (3.16).
(791) The map Jo: T*U(n) — u(n,n) defined by

3(z.p) = ony etz = (o 27 (3.18)

is the momentum map for symplectic form d~y, i.e., it is a U(n,n)-equivariant

Adg OJ() = Jo o Ag (319)
Poisson map of symplectic manifold (T*U(n),dvy) into Lie-Poisson space (u(n,n) =
u(n,n)*,{-, - }rp), where

af dg +6f dg  0g Of
] oBopt 8%’5*)

{fvg}L-P(avé’/Ba/B+) =Tr <O[ (|:8a7 %
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+ﬂ<6fﬁg af dg  dg Of agaf)

0BT da ' D5 OBT 0BT da 8 HBT
cor (U000 00000007 0007

dadB ' 9BDS DadB 9B DS

df dg of dg  0dg Of
<o ({55 &) *ww‘ww)) (320

for f,g € C™®(u(n,n),R).

Proof. (i) From the definition of Ny it follows that (X,z) € Ny if and only if it satisfies (3.6).
Thus, using U(n) = Gro(n,C?") and (3.15) we find that 8 = Z§ and o = —Z6Z" for X €
pry(No). The above shows that In: U(n) x iH(n) — N is an isomorphism of vector bundles.

One proves the equivariance property (3.16) by straightforward verification.

(ii) One obtains (3.17) directly from the definition of canonical form ~p on T*U(n) and from
the isomorphism 77U (n) = U(n) x iH(n).

(iii) The equivariance property (3.19) and formula (3.20) for Lie-Poisson bracket follow by
straightforward verification. |

Now, we will describe the relation between the Ad(U(n,n))-orbits in pry (Np) and A(U(n,n))-
orbits in T*U(n). We present the most important facts in the following proposition.

Proposition 3.3.

(1) Any A(U(n,n))-orbit O, in T*U(n) = U(n) x iH(n) is uniquely generated from the
element (E, p;) € U(n) x iH(n), where

pry = idiag(1,...,1—1,...,-10,...,0) (3.21)
N N —
k l n—k—I

and has structure of a trivial bundle Oy; — U(n) over U(n), i.e., Op; = U(n) x Ay,
where Ay = {Fpy F*: F € GL(n,C)}.

(it) The momentum map (3.18) gives one-to-one correspondence Ok < Jo(Oky) = Ny C
pri(No) = {X € u(n,n): X? = 0} between A(U(n,n))-orbits in T*U(n) and Ad(U(n,n))-
orbits in pry(No), where Ni; = {AdyIo(E, pry): g € U(n,n)}.

Proof. (i) Since the action of U(n,n) on U(n) is transitive, one can identify any A(U(n,n))-
orbit O in T*U(n) = U(n) xiH (n) with U(n) x A, where A is an orbit of U(n,n)g in TpU (n) =
iH(n). The action of g € U(n,n)g, which is defined in (3.13), on (E, p) € {E} x iH(n) is given
by

Ag(E,p) = (E,FpFt), (3.22)

where F' € GL(n,C). From (3.22) and Sylvester signature theorem, see [16], follows that A has
form Ay := {Fpp, F't: F € GL(n,C)}, where py; is defined in (3.21).

(ii) From Proposition 3.1 and point (i) of Proposition 3.2 it follows that any Ad(U(n, n))-orbit
in pry(Np) has form Jo(Op,). Since for g € U(n,n)g we have

Ady(Jo(E, p)) = Jo(Ag(E, p)) = Jo(E, FpF™),

the momentum map Jo: T*U(n) — pr;(Ny) maps O, on the one Ad(U(n,n))-orbit Ny C
pry(No) only. [ |
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As it follows from general theory, the Ad(U(n,n))-orbit Ny, is a homogenous symplectic
manifold with the symplectic form wy;, obtained in a canonical way by Kirillov construction,
see [13]. From point (ii) of Proposition 3.3 we have J;'(Ny;) = O, Hence, one can obtain
(Nj,i, wrr) reducing standard symplectic form dvyp on T*U(n) to the orbit O;. Let us note
here that fibres J 1(?ﬁ), X € N, are degeneracy submanifolds for the 2-form d’Yo\Ok,l, S0,
Nij = O/~ and wy = d70|(9k,z/~’ where “~” is an equivalence relation on Oy ; defined by the
submersion Jo: Ok — N .

Ending this section, we mention that in the case when k + [ = n one has ./\/'kJ = O, and the
orbits O are open subsets of the cotangent bundle T*U (n). For symplectic forms wy; we have
wir = dvo-

For k =1 = 0 the orbit Ogg = U(n) is the zero section of T*U(n) and Jo(Opo) = Noo = {0}.

4 Regularized (2n — 1)-dimensional Kepler problem

In this section we will describe in detail the various Hamiltonian systems having U(n,n) as
their dynamical group. As we will show in the next section, these systems give the equivalent
description of the regularized (2n — 1)-dimensional Kepler system.

Let us begin by defining U (n, n)-invariant differential one-form

Yo i=i(ntdny —¢rde) (4.1)

on C?" = C" @ C". The Poisson bracket {f,g};_ and momentum map J,_: C?* — u(n,n)
corresponding to the symplectic form dv,_ are given by

(f.0) ._i<3f39_39‘9f_<5f39_698f>>
I+ =T\ Gt oy~ ot on  \oer of  Oe+ a¢

and by

ot et
1o =i (o ). (12)

respectively, where 1, € C" and f,g € C* ((C” &) Cn). One has the following identity
T (n,6)* = ("0 — 7€) - I-(n,¢)

for this momentum map. Hence, the momentum map J;_ maps the space of null-twistors
70 :=I;1(0), where

I =nty—gte,

onto the nilpotent coadjoint orbit N o = Jo(O1,) corresponding to k = 1 and | = 0 in sense of
the classification presented in Proposition 3.3. The Hamiltonian flow ¢, _: C"®C" — C"®C",
t € R, defined by I,_ is given by

()=

In order to describe fibre bundle structures of N9 = 7_/U(1) we define the diffeomorphism
O: 70 581 x C" by

®(n,€) = ((rrn)"7n, (£7€)7¢) = (0, &),
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where C" := C™\{0}. Note that U(1) acts on TP as in (4.3). The inverse diffeomorphism
o-1. 8§71 x C* — 7;0, is given by
_ 1 _1
(0, &) = (€€’ (€7¢)5¢).
These diffeomorphisms commute with the actions of Hamiltonian flow (4.3) on 77_ and on

S?=1 5 C™ which are defined by (1,€) — (An,A) and by (,€") — (A, \¢'), respectively,
where A = e, t € R.

Proposition 4.1.
(¢) Nilpotent orbit N1 is the total space of the fibre bundle

Nio

S2n—1

Cr/U(1)

over C"/U(1) with S*"~! as a typical fibre. So, this bundle is a bundle of (2n — 1)-
dimensional spheres associated to U(1)-principal bundle C* — C"/U(1).

(it) One can also consider N1 as the total space of the fibre bundle

Nio

(Cn

CP(n—1)
over complex projective space CP(n — 1) which is the base of Hopf U(1)-principal bundle
§*=l 5 §7=1/U(1) = CP(n — 1).
The total space of the tangent bundle TCP(n — 1) — CP(n — 1) has the form
TCP(n—1) = {(7,¢) e ™' x C": /*¢ = 0}/U(1).

So, TCP(n—1) — CP(n—1) is vector subbundle of the vector bundle % — §1/U(1) =

CP(n — 1) and its complementary subbundle
E:={(n,¢)¢c Sl ¢ =5, s € C} — CP(n—1)

is isomorphic to the trivial bundle CP(n — 1) x C.
Summing the above facts we conclude from the point (ii) of Proposition 4.1 that one can

identify N 2 S —XC" _ CP(n — 1) with the vector bundle %
section removed.

cn -
o) (1X) — CP(n — 1) with null

To explain the role of U(n,n) as the dynamical group for (2n — 1)-dimensional regularized
Kepler problem we discuss now other description of Aj o corresponding to the choice of anti-
diagonal

.(0 —F
Qba::l(E O)v

realization of twistor form (3.1). For diagonal realization ¢4 see (3.7). Subsequently we will
denote the realizations ((CQ'”, qﬁd) and ((CQ”, gf)a) of twistor space by T and T, respectively. The
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same convention will be assumed for their groups of symmetry, i.e., g = (é B) € U(n,n) iff

e

g dag = ¢q and § = (é g) e U(n,n) iff " ¢ug = ¢a. Hence, for §j € U(n,n) and X = u(n, n)

one has
ATC =CTA, DtB = B*D, ATD=E+C'™B

and

. (a B
=] )

respectively, where BJF = 5 and YT = 7. .
The canonical one-form (4.1) and the momentum map (4.2) for 7 are given by

Foo = vtd¢ — ¢Fdu

and by
- ~(v¢t —vut
Ji(v,¢) = <C<+ _CU+> ’
where (¢) € T. The null twistors space is defined as 7_ := I.1 (0), where

Li—(v,¢) =1i(¢Tv —vT().

The Hamiltonian flow on C?" generated by f+_ is given by

5 (2’) = ot <Z> eT. (4.4)

Both realizations 7 and T of the twistor space are related by the following unitary transfor-
mation of C?":

(=) e (@) =e ()

C:= ;5 (_?E _];E> : (4.5)

which gives an isomorphism between the U(n,n)-Hamiltonian spaces (7, dy4+—) and (71, dy-).
Now let us consider H(n) x H(n) with d7y, where

Fo0 = Tr(YdX)
and (Y,X) € H(n) x H(n), as a symplectic manifold. We define the symplectic action of
x H(n) by

55(Y,X) = ((AY + B)(CY + D), (CY + D)X (CY + D)™). (4.6)

Let us note here that the above action is not defined globally, i.e., the formula (4.6) is valid only
if det (CY + D) # 0.
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The momentum map Jo: H(n) x H(n) — u(n,n) corresponding to djy and &5 has the form

~ YX -YXY

and it satisfies the equivariance property
j o0 g = Adg Oj .

The following diagram

TUm) —I0 v ynn) 3= T
tTC* [Adc ‘c (4.7)

H(n) x H(n) 30— )~ 7

depicts relationship between the Poisson manifolds defined above. The maps represented by
vertical arrows in (4.7) are defined by (4.5) and by

Ade (%) :=cxcT,

(Y, X) = <(Y —iE)(-iY + E), %(—iY + E)X (—iY + E)+> , (4.8)

where X € u(n,n) and (Y, X) € H(n) x H(n).
Proposition 4.2. All arrows in the diagram (4.7) are the U(n,n)-equivariant Poisson maps.
Proof. By straightforward verification. |
The first component in (4.8), i.e.,
Z = (Y —iE)(-iY + E)7!

is a smooth one-to-one map of H(n) into U(n), which is known as Cayley transform, see, e.g., [6].
Hence, the unitary group U(n) could be considered as a compactification of H(n), Namely, in
order to obtain the full group U(n) one adds to Cayles image of H(n) such unitary matrices Z,
which satisfy the condition det(iZ 4+ E) = 0. One sees this by observing that the inverse Cayley
map is defined by

Y =(Z+iE)iZ + E)7 !,

if det(iZ + E) # 0.
Let us define

Or0:= H(n) x Cp1,
where

Cpi:={X € Hn): dim(Im(X)) =1 and X > 0},
and note that one has

jo (6170) C ./\N/'Lo = jJrf (7:9_), (4.9)
Jo(O10) = N =T+ (T2). (4.10)
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Let us recall that positivity X > 0 of X € H(n) means the positivity of its eigenvalues. We
mention here that in [23] the cotangent bundle T*C,, ; of Cy, 1 C H(n) is used as the phase space
of generalized U(1)-Kepler problem.

Taking into account the properties of Poisson maps presented in the diagram (4.7), as well
as the relations (4.10) and (4.9), one obtains the following morphisms of the reduced U(n,n)-
Hamiltonian spaces

Jo/~ Ji_/~
O1,0/~ 04/> Nio +=/ T/~

j T5/ Ade /- C/~ (4.11)

B Jo/~ - Ji_ /o
O1,0/~ :4’0/ Nio ‘7+/ T/~

which are symplectic isomorphisms, except for

16/~ @1,0/N<—>0170/N and jo/NZ @1’0/N‘—>./\7170,

which are one-to-one symplectic maps only. The equivalence relations ~ in (4.11) are defined
by the degeneracy leaves of the restrictions of respective symplectic forms defined on manifolds
which appear on the left- and right-hand sides of the diagram (4.7).

For any X = ( o Z) € u(n,n) one defines the linear function

(i - ((@ (6 9)

on the Lie-Poisson space (u(n,n),{-,-}1-p), where the Lie-Poisson bracket {-,-}1.p is defined
in (3.20). These functions satisfy
{Lx,, Ly brp = Lizy 2,

In particular cases when X4 =1 (}g %) and Xy_ =1 ( B _OE) one obtains

(L, , ods ), &) =nn—Ee=1_,
(Lx, oJy ) &) =nn+E76= Iy,
(Lx,_ 0Jo)(Z,p) = —2iTrp =: I,
(L3€++ © Jo)(Z, p) = 0.

Rewriting the above formula in the anti-diagonal realization, where X, = CX,,CT = X,

and X;_ = (% F) =0Cx,_C* we find

(Lg,, 04— ) (v, Q) =i(v¢h = ¢ut), (4.17)
(Lg, 0Ji ) (v,¢) = vt + (T = L1y, (4.18)
(Lx, o Jo)(YV,X) =Tr (X (E+Y?)) = I, (4.19)
(Lg,, °Jo) (¥, X) =0. (4.20)
The functions I, Iy, and I, Iy are invariants of the Hamiltonian flows presented in (4.3)

and (4.4), respectively. Note that these flows are generated by X = X1 €u(n,n)Nu(n,n).
So, the reduced functions I44/~, Io/~, 144/~ and Ip/. defined by (4.14), (4.15), (4.18)
and (4.19), respectively, could be considered as Hamiltonians on the reduced symplectic mani-

folds T2_/~, O1,0/~, TY_/~ and O19/~. The function Ly, : u(n,n) — R, see definition (4.12),

as well as the function Lz :u(n,n) — R, after restriction to Nio C u(n,n) and to N C
+7 9 b

u(n,n) give Hamiltonians on N o and on ./\7170, respectively. Taking into account the symplectic
manifolds morphisms mentioned in the diagram (4.11) we conclude
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Proposition 4.3.

(i) The U(n,n)-Hamiltonian systems: (T2_/~,lii/~), (ﬁ_/w,f++/w), (O10/~,10/~),
(Mo, Lx,_) and (./\~/'1,0,L3~€+7) are mutually isomorphic.

(1) The Hamiltonian system ((5170/N, INO/N) possesses two extensions (regularizations) to
U(n,n)-Hamiltonian systems given by the injective symplectomorphisms 17/~ : (’3170/N —
01,0/~ and jo/N: (7)1,0/N — ./\7170, respectively.

Since the Hamiltonian Ly, and, thus Hamiltonians I/, Io/~, 114/~ and o/~ are
defined by the element X _ of the Lie algebra u(n,n) one can consider U(n,n) as a dynamical
group for all systems mentioned in (i) of Proposition 4.3. As a matter of fact we can treat all of
them as various realizations of the same Hamiltonian system. See also [10, 11, 12] for U(n,n)
as the dynamical group of MIC-Kepler system.

The easiest way to find the symmetry groups of these systems, and thus, their integrals of
motion, is to consider the case (7'}3_ [y Lit/ N). In this case the symmetry group is the subgroup
of U(n,n), which preserve the canonical form ~,;_, defined in (4.1), and the Hamiltonian I,
ie,itis U(n,n)NU(2n) = U(n) x U(n). So, the corresponding integrals of motion one obtains
by restricting the matrix functions

Li(n", &5 m€) =m" and I (n",¢",n,¢) =¢"

to 79_. Let us note that {I44, I3}y = {I44,I_}4_ =0.
The integrals of motion M: H(n) x H(n) — H(n) and R: H(n) x H(n) — H(n) for Hamil-
tonian system (H(n) x H(n), Iy) have the following matrix forms

M:=i[X,Y] and R:=X+YXY. (4.21)
Reducing them to (6170 /oy To/ ~) we obtain their correspondence

L 0(C/a) 0 Kueg = %(R M) and I 0(C)) 0 Keg = %(R + M) (4.22)

to the integrals of motion I and I_, where Keg: 6170/N — TP_ /. is defined by

Kreg = (J1—/~) o (Jo/) (4.23)

The Hamilton equations defined by I are
dy - E+Y? dy_ —(XY - YX) (4.24)
dt™ ’ ™ ’ '

i.e., they could be classified as a matrix Riccati type equations. In order to obtain their solution
we note that after passing to (7;0, [y Lit/ N) they asssume the form of a linear equations which
are solved by

(@)= (0 ) (0
++ é‘ - 0 e—itE S )

i.e., the Hamiltonian flow o?_, is one-parameter subgroup of U(n, n) generated by X, _ € u(n, n).
Therefore, going through the symplectic manifold isomorphisms presented in (4.11), we obtain
the solution

Y (t) = (Y cosht — iE sinht)(iY sinh t + E cosht) ™!,

X (t) = (iY sinht + E cosh t) X (iY sinh t + E cosht)™



16 A. Odzijewicz

of (4.24) by specifying the transformation formula (4.6) to the one-parameter subgroup ¢, _ =
C* (eiSE e—9tE> C of the group U(n,n).

Ending this section let us mention the papers [8, 24, 25, 28, 31], where Kepler and MIC-Kepler
problems were considered on the classical and quantum levels. Let us also mention some inter-

esting generalizations of these problems [2, 19, 20, 21, 22] based on the theory of Jordan algebras.

5 Cayley and Kustaanheimo—Stiefel transformations

In this section we discuss two regularizations of the Hamiltonian system ((7)1,0 /o fo) which were
mentioned in the point (i) of Proposition 4.3. At first we will show that the regularization

Kreg: O1,0/~ — T2_/~, defined in (4.23), could be interpreted as a generalization for arbitrary
dimension of Kustaanheimo-Stiefel regularization, which was introduced in [15] for the case

n = 2. Then we will discuss shortly the regularization Cye : O/ — TL_/~ defined by Cayley
transformation

Creg = (J+—/~) " 0 (Jo /) 0 (T3/~).

We will also show the equivalence of the both considered regularizations.
Comparing the values

v(t —ovuT

= (CCJF —CU+> = j+*(va<)

of momentum maps Jo and J; _ we find that (Y, X) € jal(jJr,(v, Q) iff

= YX -YXY
JO(XaY):(X —XY>

X =T, (5.1)
v=Y(. 5
Let us define 739, = {(Z) € 7?9,: ¢ # O} and observe that the surjective submersion

R: 010 — TP_/~ defined by

s - (9]

where X = (¢ and [(YCCH = {)\ (YCC> tNE U(l)}, satisfies
R*%—’%L = ’?0\(51707 IiyoR = I

We also observe that the fibres R ™! ([(Yfﬂ ), where [(Yfﬂ € 7?_)_ /~ are the degeneracy

leaves of d%/é , so, one can identify the quotient map R: (’}170/N — 7'+_/N with the map
1,0

Kreg: (’L)l,o/w — 7L]?,/N defined in (4.23).
In order to obtain explicitly a local expression for R~ let us take the map S: Q — @1,0
defined by

5(U+7C+707C) = (Y(UJerJranC)’CCJr) (53)
on an open U (1)-invariant subset {2 C ’7?,, where the map Y: Q — H(n) fulfills the conditions

Y(U+,C+,U,C)§:U, (5.4)
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and
Y ((A0)", (AT, A, X)) =Y (v, (T, v,Q) (5.5)

for A € U(1). From (5.4) and (5.5) we see that S is a local section of R, i.e., RoS = idg. Thus
one can choose S(v™, (", v,¢) € R7}([(¢)]) as a representative of the degeneracy leaf

R KZ{)] —{(Y(wt, ¢t 0, Q) + Y, ¢CH): Y € H(n) and Y'¢C = 0}

of the differential closed form d| & Let “~” be the equivalence relation on @170 defined by
1,0

these leaves, then identifying the quotient manifold R~1(£2/.)/~, with respect to this equiv-
alence, with the local section S(€2) we obtain the following local diffeomorphism S: Q/. =
S =R YL/~

In next examples we will present two local sections S: 2 — (7)1,0 of R: @1,0 — ’7:9_/ ~-

Example 5.1. Let us take Q = ’ﬁg_ and define Y: Q — H(n) as follows

1 1
Y (vt ¢t v, Q) = &c CU+—|—UC+—§(U+(+(+U)E : (5.6)
One easily checks that the map Y: Q — H(n) defined in (5.6) satisfies the conditions (5.4)
and (5.5), so, it defines by (5.3) a local section of R.

Example 5.2. In this example we assume Q := { (¢) € TP_: v*( # 0} and define V: Q —
H(n) by

Yt ¢to,0) = Zﬁz

The meaning of the first example will be explained at the end of this section. The second
example illustrates another possibility to define a local diffeomorphism S: Q/. = S(Q) &
RHQ/ )/~

Having in mind a physical interpretations of the discussed Hamiltonian systems, we will
consider the case n = 2 in details. Expanding (Y, X) € H(2)x H(2) in Pauli matrices o := (¢ {),

o1 = (§4), 02:= (%) and o3 := (§ 1), Le.,

Y =y +7- & and X =2+ 73, (5.7)
where & = (01, 092,03), we find that
1

5% = %da® + 7 - dz.

In this case we assume that Q = 7L;9_ and define S: 7L;9_ — (51’0 taking Y: 729_ — H(n)
such as in (5.6). We see from (5.3) and (5.6) that (Y, X) € S(TP_) iff Tr(Y) = 2y° = 0 and

det X = 29° — 72 = 0, Tr(X) = 22° > 0. From the above it follows that 8(7:9_) >~ R3 x R3,
where R? = R3\ {0}, and the canonical form 7y after restriction to S (’739_) is given by

~ e k
70‘8(@,) = 2y - d¥ = 2ypda”.

Using the identity

0101 + 010 = 204 (58)
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valid for Pauli matrices ok, kK = 1,2, 3, we find that the Hamiltonian Hy := %fo, defined in (4.19),
after restriction to S (7:9

) assumes the following form

i s 12
Ho =Tl g 7 , = 11+ 71
on R? x R3. Let us note that ||7|| = 2° = ¢t¢>o.

Summing up the above facts we state that the Hamiltonian system (H(2) x H(2),d50,1o)
after reduction to (RS x R3,2dy A d, Ho) is exactly the 3-dimensional Kepler system written in
the “fictitious time” s which is related to the real time ¢ via the rescaling

ds 1

S
For an exhaustive description of the regularized Kepler problem we address to original papers
of Moser [26] and of Kustaanheimo and Stiefel [15] as well as to [14], where the relationship
between Moser and Kustaanheimo—Stiefel regularization was established.

In order to express (%,7) € R® x R? by (¢) € T2_ we put Y = §- & = yoy, into (5.2)
and multiply this equation by (To;. Then, using (5.8) and (5.1) we obtain the one-to-one map
defined by

I B I

yzﬁ§(v &3¢+ (tav), x:§C a¢, (5.9)
of 7’}2, /~ onto R3 x R3. This map is known in literature of celestial mechanics as Kustaanheimo—
Stiefel transformation, see [14, 15]. There are possible some variations of (5.9) naturally pre-
sented in quaternion language, see equation (15) in [7]. This quaternionic approach does not
extend to an arbitrary dimension, where symplectic geometry methods are effective only.

Therefore, having in mind the case n = 2, it is reasonable to interpret:

i) the Hamiltonian systems (7_/~,I14), (’YN'E_/N, I~++), (01,0/~:1o), (1\7170, L3~€+7) and
(./\/’1,0, Lx +7) as the various equivalent realizations of the regularized (2n — 1)-dimensional
Kepler problem;

ii) the map S: T2_ — 8(7;:9_), where Y: ’i’f_ — H(n) is given by (5.6), as Kustaanheimo—
Stiefel transformation for the (2n — 1)-dimensional Kepler problem.

Finally let us briefly discuss the regularization of (@1,0 /o fo) given by Creg : @1,0 [ — 71]_ .
which we will call Cayley regularization of the (2n — 1)-dimensional Kepler problem. From the
commutativity of the diagram (4.11) we conclude that

Creg = (C/ ~) © Kreg-

Therefore, the Kustaanheimo—Stiefel regularization is equivalent to the Cayley regularization of
the (2n — 1)-dimensional Kepler problem.

By Proposition 4.3 the (2n — 1)-Kepler system ((7)170,I~0/N) is extended to (regularized by)
arbitrary U(n,n)-Hamiltonian system occurred in the diagram (4.11). In accordance with ter-
minology assumed here, the extension of ((’}1,0, Io/ N) to a U(n,n)-Hamiltonian system from the
upper row of the diagram (4.11) is called the Cayley regularization, whereas the extension to
the one from the lower row is the Kustaanheimo—Stiefel regularization. The justification of this
nomenclature follows from the appearance in (4.11) the maps (4.8) and (5.3).

The benefit of using the various isomorphic realizations of the same U(n,n)-Hamiltonian
system is based on the possibility to admit different physical interpretations for them. For
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example, if n = 2 one can consider the symplectic manifold O/~ as the phase space of
massless scalar particle in the conformally compactified Minkowski space M1 3 = U(2), see [27].
The realizations 7P_ /., and T_ /.. play the crucial role in the twistor theory [30] of R. Penrose.
In the papers [3, 4] a method of linearization of the regularized Kepler problem based on the
Clifford algebra C(2,n + 1) of the Lie group SO(2,n + 1) was proposed. The Spin(2,n + 2)-
invariant symplectic structure w on an ideal V' C C(2,n + 1) of the Clifford algebra C(2,n + 1)
is fixed. Then, using the momentum map J: V — s((2,n + 1) on this auxiliary Sp(2,n + 2)-
symplectic manifold (V,w), the Marsden—Weinstein reduction procedure to the Ad*(Spin(2,n +
2))-orbits O = ((T*S") is applied. The inverse (K.S)~! of Kustaanheimo—Stiefel map is defined
by (KS)~! =1 ox, where symplectomorphism [ is defined as the one making the diagram
L

T*(R™\{0}) &

T+ts» (@]

3/ ~
I7HO)/ ~

commutative, see [4, 5], where 7 is Moser regularization [26] map and ¢ is the momentum map
for Moser phase space TTS"™ = T*S™\ {null section}. Comparing the above approach with ours,
we conclude that the construction of Kustaanheimo—Stiefel map presented in [4, 5] combines the
symplectic geometry with Clifford algebras theory and is obtained in an implicit way. In our
case we use the Poisson geometry methods only and obtain the explicit formulas, see (5.3), (5.6),
for Kustaanheimo—Stiefel map. Both approaches intersect in the case n = 2.

Although here we have considered the odd-dimensional Kepler problem only, the even-
dimensional case is none the less important. Since one can obtain the planar Kepler problem
from the spatial one by some reduction procedure [32, 33], the question arise: is it possible in
general case? Another interesting question concerns the Kepler problem of positive energy. But,
these are the tasks for a next paper.

6 An integrable generalization of (2n — 1)-dimensional
Kepler problem

We present here an integrable Hamiltonian system which will be a natural generalization (pre-
turbation) of regularized (2n — 1)-dimensional Kepler problem discussed in Section 4.
Therefore, assuming for z € C and [ € Z the convention

. 2 for [ > 0,
2t =
27l forl<0

we define the following Hamiltonian

H = h0(|771|27"'7|77n|23|£1’27~--’|£ﬂ|2) +90(|771|23"'7|77n|2a|£1’2a~--’|€n|2)
k n ¢l n —k —kp 1 I

on the symplectic manifold ((CQ", d'y+,), where hg and gg are arbitrary smooth functions of 2n
real variables and ki,...kn,l1,...,l, € Z. Let us note here that taking in (6.1) hy = Iy
and go = 0 we obtain (2n — 1)-dimensional regularized Kepler Hamiltonian on 77 /.. We
see from (6.1) that H is a radical generalization of I, . Nevertheless, as we will show in the
subsequent, the Hamiltonian system (’7]9, [~ HY/ N) is still integrable in quadratures.
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For this reason, according to [29], we define, for r = 1,...,2n, the functions
n n
L= prjlnil> = prntsl&1%, (6.2)
j=1 J=1
n n
V=Y Rjr®i ) Rt o
j=1 j=1
where 1; = |n;]e!%, & = [;]e!?n+i. By definition the real 2n x 2n matrix [p,s] is invertible
and the matrix [k, ] is its inverse. The functions ([1,..., 12, ¢1,...,%2,) form a system of

coordinates on the open subset

Q¥ = {(1,€) €C"C™: | £ 0, Il # 0,61 # 0, [6a] # 0}

of C?". They are a canonical coordinates for symplectic form dv, _, i.e., their Poisson brackets
satisfy

{I’I‘?IS} = 07 {Irvws} = 67“57 {wﬁws} =0.

What is more, one easily checks that for » = 2,...,2n one has {H, I,} = 0 if and only if

n

Z(pr,jlj + pr,n-i—jkj) = 57"1- (63)
j=1

So, the Hamiltonian system on (an,d%r,) given by the Hamiltonian (6.1) is integrable and
H, I, ..., Is, 1 are its functionally independent integrals of motion in involution. Considering
(I2,...,I2,) as the components

12(77+a £+7 7, g)
J(n*, 5,8 = : (6.4)

IQn(n+7§+7777€>

of the momentum map J: Q2" — R**~1 where one identifies R?*~! with the dual space to the
Lie algebra of (2n — 1)-dimensional torus T?"~! := U(1) x --- x U(1), we can apply Marsden—

2n—1
Weinstein reduction procedure to (QQ”, dv4_, H ) In this way we reduce the above Hamiltonian
system to J 7 (ca, ..., c2,)/T?" 1 2 a, b x S with wyeq = dI1 Adepy as a symplectic form, where
(I1,71) € Ja,b] x S!, and the Hamiltonian (6.1) after the reduction to J~1(ca, ..., co,)/T?" 1
assumes the following form

Hyea = Ho(I1, ca, ..., con) +2/Go(I1, 2, . . ., can) cos 1,

where Hy(I1, I3, . .., Is,) and Go(I1, Io, . . ., I2,) are defined as the superpositions of the functions

h0(|771’27 (ERE |77n|27 |§1‘27 sy |£n|2)

and

2
(go(Im % -l % 1€, - 1€ )) PRl gy Pl 2I L g 20

with the map inverse to the map defined in (6.2). For the explicit expression for a and b see [29].
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The Hamilton equations defined by Hieq in the canonical coordinates (I7,;) have form

dn

7dt = 2\/G0(Il, Co, ... ,an) sinwl, (65)
dyy  OHy 9Gy

T P00 (e con) + 2201 o, Con .

dt 011 ( 1, €2, y C2 )+ 8]1 ( 1, €2 C2 )Coswl

From (6.5) and F := Hyeq([1(t),91(t),ca,...,con) = const, where E is the total energy of the
system, we obtain

dn\?
(dt) = 4G0(II,CQ, e ,CQn) — (E — HO(Il,CQ, e ,CQn))2. (66)
Separating variables in (6.6) we integrate it by quadratures. Next, using integrals of motion
Is, ..., Is,, we integrate our initial system defined on (CQ",d'y+_) by the Hamiltonian (6.1).
A detailed description of this method of integration can be found in [29, Section 2].

Now let us assume that the last two of integrals of motion I, ..., Is,_1, Is, are given by

Lpai=Ty=nn+&¢  DLy=IL_=nn-£'e
Hence, from (6.3), we obtain the conditions
kid-tkn=0 and L4410, =0

on the exponents ki,...,kp,l1,...,l, € Z, which guarantee integrability of the Hamiltonian
system (C2", dvs_, H ) Because I, _ is one of the integrals of motion, we find that the reduced

system (7:9_/ ~ H/ N) is also integrable. So, using the symplectomorphism Creg 0 /KCreg : (7)170 [ —
T0_ /., see diagram (4.11), we obtain an integrable Hamiltonian system on O1 o/~ with Hamil-
tonian (H/~) 0 Creg.

In the particular case, if k € {ki,...,k,} and | € {l4,...,1,} then —k € {ky,...,k,} and
-l e{l,...,l,}, the Hamiltonian (6.1) depends on the matrix elements of I, and I_ only. So,
in this case we obtain from (4.22) that the Hamiltonian (H/~.) o Creg could be defined as the

reduction H/~. to Oy ¢/~ of the Hamiltonian

H=ho(Npy,.... Npp, Ni1 oo N + 90(Npps oo Nppy Nif o, NI

nn? nn?

) (N ) (N )M (N ) (N ) e (6.7)

on H(n)x H(n), where N,j; i= 1(Ry+My), R and M depend on (Y, X) by (4.21). The subsets of

exponents {k;,,..., ki, } C{ki,....kn} and {lo,,..., lo.} C {l1,... 15} satisty k;,, = —k;j,, >0
form=1,2,...,rand l,, = —l, >0form=1,2,...,s.

Ending this section, we write the Hamiltonian (6.7) in the more explicit form for the case

n = 2. In this case the integrals of motion M and R can be written in terms of Pauli matrices

M=ME+M-3 and R=RyE+R-7,

where M and R are angular momentum and Runge-Lenz vector, respectively. Using the linear
relation

Im |2 1 1 -1 -1 Ry
mel?| 1|1 -1 -1 1 R
Gl 2|1 1 1 1 My
|€)? 1 -1 1 —1) \Mj3
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and defining M, := My +iMsy and M_ := M; — iMsy we write this Hamiltonian as follows

H = ho(Ro, R3, Mo, M3) + Go(Ro, Rs, Mo, M3)
X ((Ry — Mo)¥(Ryr + Myr)' + (R—g — M_g)*(R_pr + M_,1)!), (6.8)

where 0,0’ = +,—, k,l € NU{0} and fzo, Jo are arbitrary smooth functions. Let us note that
Ry = %Io. Note also that equation My = —nTn + 7€ = 0 leads to the reduced system Tf_/N.

In order to represent this Hamiltonian in the canonical coordinates (7, Z) € R? xR3, see (5.7),
we note that

2% X ¢, (6.9)
(1— %)%+ 25(2 - §). (6.10)

vl :l

After substituting (6.9), (6.10) and My = 0 and Ry = ||Z]|(1 + (¢)?) into (6.8) we reduce the
Hamiltonian H to the phase space (S(Q) ~ R3 x R3, 2dy A di”).

As it follows from the general method presented above, the Hamiltonian system on 7]9,/ ~
described by the Hamiltonian (6.8) for n = 2, is integrable in quadratures, see equation (6.6).
The third integral of motion complementary to Is = Iy and Iy = I, _ is the following

I = paa|m|® + paalnel?® — p2sl&il? — p2aléal?,

where the resonance condition

(P21 — p2.2)l+ (p2,3 — p2.4)k =0

is subjected to be fulfilled. In the Section IV of the paper [5], where a perturbed Kepler problem
(the hydrogen atom interacting with the constant electric and magnetic fields) is considered,
the authors, using the normalization procedure, obtain an integrable approximation of the per-
turbed Kepler Hamiltonian investigated by them. See also [11] for MIC-Kepler problem. This
approximated system could be treated as a special subcase of (6.8), what follows from the fact
that (6.8) is the general Hamiltonian, which has three Manley—Rowe type integrals of motion
given by (6.4). The quantum version of the Hamiltonian system (6.1), as well as its integration
by quantum reduction method, can be found in [29]. Some methods of integration of a quantum
perturbed Kepler system can be found in [5]. All these questions for the integrable generalized
(2n — 1)-Kepler problem defined by the Hamiltonian (6.1) will be a subject of the next paper.
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