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J̃(α, β) = (α− β) χ(0,1)(α) χ(0,1)(β)

+
(

4αβ − 2α − 2β
)

ǫ(β − α)

×
(

χ(0,∞)(α) χ(0,∞)(β) + χ(−∞,0)(α) χ(−∞,0)(β)− χ(0,1)(α) χ(0,1)(β)
)

.

Proof. For clarity, we proceed in several steps. First, we subtract from J(α, β) (see Figure 4)
the polynomial in α

(−3α − β + 4αβ) χ(0,1)(β) .

to obtain the following function:
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Next, we subtract the polynomial in β
(

− 2α− 2β + 4αβ
)

χ(−∞,0)(α)

to obtain
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1
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4α+ 4β − 8αβ

2α+ 2β − 4αβ

+

+

+

Finally, we subtract the polynomial in α
(

2α+ 2β − 4αβ
)

χ(0,∞)(β)

to obtain the result. �

The resulting line integrals are still unbounded. In order to analyze the effect of the un-
bounded contribution of the line integrals to (6.26), it is useful to introduce the function (see
Figure 9)

U(α, β) = 2 (α + β − 2αβ) Θ(αβ) ǫ(α− β) , (6.28)

because the function J − U has compact support. Moreover, the Fourier integral of the line
integrals of U can be computed explicitly:

Lemma 6.7.
ˆ ∞

−∞
dα

ˆ ∞

−∞
dβ U(α, β) e−ipu (αy+(1−α)x) e−ipv (βy+(1−β)x)

= e−ipux−ipvx A(puξ, pvξ) ,

(6.29)

where A is the bi-distribution

A(u, v) = 4πi
(

i∂u + i∂v + ∂u∂v
)

(

−
PP

u
δ(v) + δ(u)

PP

v
+ 8 δ(u + v)

PP

u− v

)

(6.30)

in the new variables u := puξ and v := pvξ.


