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Abstract. We express Wronskian Hermite polynomials in the Hermite basis and obtain an
explicit formula for the coefficients. From this we deduce an upper bound for the modulus
of the roots in the case of partitions of length 2. We also derive a general upper bound for
the modulus of the real and purely imaginary roots. These bounds are very useful in the
study of irreducibility of Wronskian Hermite polynomials. Additionally, we generalize some
of our results to a larger class of polynomials.
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1 Introduction

Let {Hy,(x) }n>0 be the classical Hermite polynomials, solutions to the equation y” (z)—2zy'(z)+
2ny(x) = 0. In this paper we study the Wronskian of such polynomials: if n; < ng < --- < n, is
a sequence of non-negative integers, we can define the Wronskian Wr[H,,, (z), Hp, (), . .., Hp, ()]
as the determinant

Hy, () Hy,(z) -+ H,, (z)
H ()  Hy(x) - H ()
WilHy, (2), Hoy (2), - Hy, ()] = | AN :
Hyy Vo) By V@) o BV (@)
Wronskians of Hermite polynomials appear in the study of rational potentials admitted by
2

the Schrodinger operator L = —% + V(x). They are also used to define exceptional Hermite
polynomials, a subclass of the widely studied exceptional orthogonal polynomials [14]. When
the sequence is m, m—+1,..., m+n—1, these polynomials are called generalized Hermite polyno-

mials, and form rational solutions to the fourth Painlevé equation [6, 20]. Recurrence relations
for Wronskian Hermite polynomials were established in [5, 15], and invariance properties were
determined in [12].

Oblomkov [21] characterized rational potentials of monodromy-free Schrodinger operators
that grow as 2 at infinity. In this case, the potentials have the form

2

Viz) = _28am2 log Wr[H,,, (), Hpy (), ..., Hy ()] + z2. (1.1)

Wronskians of Hermite polynomials also provide rational solutions to the fourth Painlevé equa-
tion and its higher order generalizations. In fact, as shown in [13], all rational solutions can be
expressed using such Wronskians.
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From (1.1) the zeros of Wr[Hy, (x), Hp, (), . .., Hp, (x)] are precisely the poles of the potential.
Because of this relationship it is important to understand the geometry of the zeros of the
Wronskian [3, 6, 7, 9]. Unfortunately not much is known about the set of zeros. Veselov (see [9])
conjectured that all the zeros are simple, except possibly at the origin. This conjecture is known
to be true in a few special cases, but in general it is still open. In contrast, for the Hermite
polynomials H,,(z) it is well known that the zeros are real and simple. The asymptotic behavior
of the zeros was studied in [9] for 2-term Wronskians, and in [18] in general. However, the results
in [18] for non-real zeros depend on the assumption of simplicity.

It turns out it is useful to define the Wronskian polynomials in terms of partitions.

Let A = (A1 > A2 > -+ > \,) be any partition. We define the degree vector of A as
ny = Ay Av1 + 1,.. ., A1 + 7 — 1), Furthermore, let

i—1
A(x1, 29, ..., 2y) == det [2] hgi,jgr = H(m] — ;)
7>
be the Vandermonde determinant, with A(z;) = 1.

We shall consider a rescaled version of H,,(z), defined by He,(x) = 2_%Hn(%). These are
the probabilistic Hermite polynomials, solution to the equation y”(z) — zy/(x) + ny(z) = 0.
Definition 1.1. For any partition A - n we define the Wronskian Hermite polynomial associated
to A as
Wr[He,, (z), Hep, (z), ..., Hey,, (z)]

A(ny) 7

where ny = (n1,n2,...,n,) is the degree vector of \.

Hey(z) :=

Then He) (x) is a monic polynomial of degree n. Furthermore, Hey(z) has up to scaling the
same set of zeros as the Wronskian of {Hy, (x), Hp, (), ..., Hp,(2)}.

Recently, Bonneux, Dunning and Stevens [3], following earlier work [4], found an explicit
formula for the coefficients of Hey(z) in terms of the characters of the symmetric group.

Theorem 1.2 ([3, Theorem 2]). Let A+ n. Then

[n/2] A (ok1n—2k
XM (271 e
o) = S (-1 HO) S ) e
— ! !

where x* is the irreducible character associated to the partition X, (2’“1"*2]“) s the conjugacy
n!

class of k disjoint transpositions, and H(X) := 20
Our main contribution in this paper is to establish a dual version of Theorem 1.2, where we
determine the coefficients of Hey(x) in the Hermite basis.

Theorem 1.3. Let A+n. Then

[n/2]
H(\
He)\(l') = kz Id(rrll(_;k)!K)\/M(k)Hean(x),
=0

where p*) .= (2’“1”*2’“), N is the conjugate partition of X, and Ky, are the Kostka numbers.

In [17], exceptional Hermite polynomials are written as a linear combination of Hermite poly-

nomials (see formula (101)). However, the coefficients v](.)‘) (n) of the expansion are determined
using an algorithm. Theorem 1.3 shows that v](A)‘) (n) = (—1)j27%K)\,M(j) (compare with

Examples 7.1 and 7.2 in [17]).
Our interest in Theorem 1.3 stems from the need to find good bounds for the modulus of the
roots, proportional to y/n. For Hermite polynomials, Szegd proved the following.
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P . \/i(n—l)
Theorem 1.4 (Szegd, [24]). If z is a root of H,(x) then |z| < N

Theorem 1.3 gives asymptotically good bounds for the modulus of zeros, in the case when
A= ()\1, )\2) and )\2 is fixed.

Corollary 1.5. Let A = (A, A2) b n. If z is a root of Hey(z) then |z| < 2(v/eda +v2)v/Ar + 1.

We made no effort to optimize the constant in Corollary 1.5, as the correct bound is likely
close to 2v/)\1.

One can also obtain bounds for the real and purely imaginary roots from Theorem 1.3. The
next corollary gives such bounds for an arbitrary partition .

Corollary 1.6. Let A = n. If z is a real or purely imaginary root of Hey(x) then |z| < zy,
where x,, is the largest root of He,(z).

However, Corollary 1.6 does not give the full picture. By exploiting the Schrodinger equation
it is possible to obtain a better bound for the real roots.

Proposition 1.7. Let A = (A1, A2, ..., A\). If z is a real root of Hey(x) then |z| < xz +r-1,
where T, +r—1 15 the largest root of Hey, yr—1(x).

This result is already apparent in the work of Garcia-Ferrero and Gémez-Ullate [11, Sec-
tion 2]. However, the proof in [11] is done under the additional assumption of semi-degeneracy,
which is so far unproven for Wronskian Hermite polynomials. Therefore, we include a proof of
Proposition 1.7.

These bounds are very useful in the study of irreducibility of Hey(z). In [16], we use Corol-
lary 1.6 to show that Hey, o() is irreducible for all n > 2. Our initial proof relied on the stronger
Corollary 1.5, but we were eventually able to replace it with an application of Corollary 1.6.

The rest of this note is organized as follows. In Section 2, we fix the notation and state the
auxiliary results that we will need. In Section 3, we prove Theorem 1.3. In Section 4, we derive
the two corollaries. In Section 5, we prove Proposition 1.7. Finally, in Section 6, we generalize
the results to a larger class of polynomials.

2 Notation and auxiliary results

In this section we define the notation that we use throughout the paper. We also state several
results that will be needed for the proofs.

2.1 Partitions and the symmetric group

If n > 0 is an integer, a partition A of n, denoted A - n, is a sequence of non-negative integers
A > A > -+ > Ay such that Y, | A; = n. We denote |A| = n and call £()\) := r the length of
the partition A. We say that \; are the parts of the partition.

We shall frequently use the notation (A1, Ag,...,A;) for A. Sometimes we will also use the
notation u = (mrm - 3782m2 1’”1), meaning that the partition p has r; parts of size i. We will
drop the parentheses if they are clear from the context.

The degree vector of the partition A is defined as ny := (A, \p—1 +1,..., A1 + 7 —1). We
denote by n) ; the i-th entry of this vector.

The Ferrers diagram of \is Dy = {(i,7): 1 <i <r, 1 < j < \;}. This can be represented as
a collection of unit squares arranged in rows, with the i-th row having \; squares. For example,

D(3,2,2,1) =
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The conjugate partition X' is obtained from A\ by transposing the Ferrers diagram: )\9 is the
largest index ¢ such that A\; > j.

We can define a partial order on the set of partitions by saying that A < p if £(X) = £(p),
and Dy C D, or equivalently if A\; < p; for all ¢ < £(X). If A < p then /A denotes the skew
shape D, /5 := D, \ Dx. We let |u1/A| denote the number of squares in the skew shape.

A g-hook R is any connected set of squares in D) of size ¢, whose removal produces a valid
partition. The height ht(R) is defined as one less than the number of rows spanned by R. We
let R(A,q) be the set of partitions g > A such that A\ can be obtained from p by removing
a g-hook. In this case u/\ is the removed g-hook. The condition x4 > X\ means p and A have the
same length, so R(}, ¢) does not include two partitions which differ only in the number of zero
parts.

If X\ and u are two partitions, a semistandard Young tableau of shape A and type u is a filling
of the Ferrers diagram of A\ with the numbers 1,2,...,¢(u) such that the number i appears p;
times, the numbers weakly increase along rows, and strictly increase along columns. The Kostka
number Ky, is the number of semistandard Young tableaux of shape A and type p.

Clearly Ky, > 0. Furthermore, K, > 0 if and only if A dominates u, written A > p, that is
when |A\| = |u| and

MA N e for =1, 6(u).

We denote by x* the irreducible character of S, associated to X. Let F := x*(1) be the degree
of the irreducible representation. Then this is given by the formula (see [10, equation (4.11)])

[A[!
H(A)

| ... |
where H()) := "Avl'”zi' ) Mar’, (2.1)
nx

Fy=

2.2 Schur polynomials

Let z1,x2, ...,z be k variables. We let e;(z1,...,z)) be the elementary symmetric polynomials:

ei(xlwual‘k) = § LjLjy - v Ly, -
1< <<ji <k

By convention e;(z1,...,z;) = 0 when i > k.
Similarly, we let h;(z1,...,x) be the complete symmetric polynomials:
hi(xl,...,ack): Z L1 Ljy =+ Ty

1< <-<ji<k
Finally, we let p;(z1,...,xx) be the power-sum polynomials:
pi(x1,...,op) =5+ b
We are not going to write the variables if they are clear from the context. For our purposes

we will also use the convention ey = hy = pg = 1.
If A= (A1, A2, ..., A) is a partition, we define

Ex =€), €), " "N, hx=hx hx,---hy,, DA = DaxDPrs " DA,

Now assume that k£ > r. By adding parts of size 0, we can further assume that r = k. In

this case we define W (x1,...,zx) := det [xzf\ﬁrk—j]k

Pl Then W), is an alternating polynomial,

and hence it is divisible by the Vandermonde determinant Wy(z1,...,zx) := det [xffj ]szl.
Set sa(x1,...,xx) = %3. We call sy the Schur polynomial for A. Then sy is a symmetric
polynomial, and is defined for any partition A with £(\) < k. In the case £(\) > k we define
SA(ZL'l, ce ey xk) = 0.

We will need the following consequence of Pieri’s rule.
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Theorem 2.1 ([10, Appendix A.1]). For any partition p we have
€y = Z K)\/”S)\,
A

where the sum is taken over all partitions \ with non-zero parts.

We shall also need the following (see [10, Lecture 4, equation (4.10)] with C; the conjugacy
class of p).

Theorem 2.2 (Frobenius character formula). Let A\, u = n be any partitions such that £(\) = n.
Then () is the coefficient of the monomial ﬂz:i‘lJrnfla/:;‘ﬁn*2 <.z in the polynomial

pu(xt, . ) Wolx, ... zp).

Related to this we have the Murnaghan—Nakayama rule expressed in terms of Schur polyno-
mials.

Theorem 2.3 ([23, Theorem 7.17.1]). If ¢ > 1 and X is a partition then

pgsx= Y (—)MENs,
HER(A,q)

2.3 Bounds for the roots of polynomials

To obtain effective bounds on the modulus of the roots, we will use a result which is essentially
due to Turan.

Theorem 2.4 ([25]). Suppose P(x) = > _,arHeg(x) is a polynomial of degree n. If z is a zero
of P(x) and x,, is the largest root of He,(x) then

el k)
|Z| < Tnn + Z
k=0

However, Turan only proved an inequality for |[Imz| for a decomposition in the base of
classical Hermite polynomials. For convenience, we explain how to adapt the proof to obtain
Theorem 2.4.

Qg
(679

Proof. Let x5 < 2 < --- < 1 be the roots of Hey(x).

If z is a complex number, we define D(z) = min |z — xj;|, where the minimum is taken over
all 1 <7 <k <n. The main step of the proof is showing that
. 1/(n—k)

Qn

n—1

D(z) <

: (2.2)

k=0
if z is a root of P(x) and z is not a root of He, (z).

The inequality (2.2) follows verbatim from Turdn’s proof by replacing |y| with D(z) every-
where (see also [19] for an exposition of the proof). Therefore we shall not reproduce the proof
here.

Using (2.2) we will show the inequality in the theorem.

If z is a root of He, (x) then the inequality is trivially true, as x, , > 0.

So we may assume that z is not a root of He,(z). As the roots of Hermite polynomials
interlace, we have x,1 < x;; < @,,. The roots of Hermite polynomials are also symmetric
around the origin, i.e., x, 1 = —%5 . Therefore the root with largest absolute value among xy, ;
is @y . Then

|2 = kil 2 |2] = 2kl = |2 = Znn.

Therefore D(z) > |z| — @y, p, and the inequality follows from (2.2). [
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3 Proof of the main result

In this section we prove our main result Theorem 1.3.
For a partition A F n, Hey(z) is an even, respectively odd, polynomial if the degree is even,
respectively odd. This follows either from [5, Lemma 3.6] or by examining the expression in

Theorem 1.2. Therefore we can write it down as Hey(z) = > jL éaj n=2j,
We start the proof of Theorem 1.3 by writing the base-change formula.

Lemma 3.1. Let A - n and write Hey(z) = Zﬁé ajx"~ . Then Hey(x) = Z,ﬁ{) brHe, o ()
where

k .
(n —27)! n
b = - i <kE<|—=]|.
F §2k—3(k—j)!(n—2k)!%’ 0= _[ZJ

Proof. The Hermite polynomials have the generating function

— ¢m ¢
ZHem(:ﬂ)— =exp |tz ——|.
m! 2
m=0
From this we get (see [22, Chapter 11, Section 110])

m)

p— — H m— .
C T AR 2k 24(7)

Replacing every power of x in the expression of Hey(z) gives

n n—2j
I L

H = i Hep o,
@) =2 a5 | D S,y -y en2-2k()
7=0 k=0
13 [ & .
(n —2j)!
= Z . i | Hep—ox (). [
ho— — a] n—2k
= \= 2k=i(k — 5)!/(n — 2k)!
We know that a; = (—1) %X (291"727) from Theorem 1.2. Replacing a; in Lemma 3.1
gives
b7 L (k= )l (n — 2R)! 21 (n—zj)vx

k
HO)  (K\ xpgign
T\ 9J1n—2j
Z 21%' =2 )X )
Jj=
k
H(X) K\ A (oiqn—2
_ 271774,
~ 2kkl(n — 2k) lg <j>X ( )
Let S,i‘ be the sum Z?ZO(—I)j (’;) P (2j 1”*21). The somewhat surprising fact is that this sum

can be evaluated.

Lemma 3.2. Let A\Fn and 0 < k < L%J Set ,u(k) = (2k1”_2k). Then S,? = 2kK/\/M(k).
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Proof. By adding parts of size 0, we may assume without lack of generality that A has length n,
and that we have n variables z1,..., Z,.
Set pl) = (2j1”_2j), 0 < j <k, and define M) as the monomial xi‘ﬁ"_l:vg‘ﬁn_Q R

From Theorem 2.2, we know that x* (,u(j)) is the coefficient of M) in the polynomial
pu(j) (371, NN ,:L’n)Wo(xl, NN ,a:n).

Therefore S ,i‘ must be the coefficient of My in the polynomial

Zk:(_l)j (?)Wﬂw@ = Zk:(—l)j <§>p§p’f2j Wo = Wop = zk:(—l)j (?) pypi

B k
= Wopi™* (p} — p2)",

where the last equality follows from the binomial theorem.
However, p% — p2 = 2e9. Furthermore, p; = e;. Hence the above is the polynomial

2k€?72k€§WO = 2k€u(k) Wy = Z Qka/#(k)SpWO ( by Theorem 2.1)
p

= Y 2K, 0W,,

p
L(p)=n

as s, = %‘)’ when /(p) < n, and s, = 0 otherwise. Furthermore in the last sum the appropriate
number of zero parts were added to p such that W, is defined.

Recall that we need the coefficient of M. We argue that this can only come from p = .

Let p be a partition such that the determinant W, = det [:z:fj e ] contains the mono-
mial M. Assume for a contradiction that p # A. By comparing powers of each x;, there must
exist a permutation o such that p,;) +n —o(i) = A\ +n —i. Hence p,) = A\i + o(i) — i for
1< <n.

Let ¢ be minimal such that (i) # i. Then o(i) > i. Let j > i such that o(j) = i. As
pi 2 Po(i) we have

pi:)\j—i-i—j Zpa(i) :)\i—i—J(i)—i.
SoAj > Ni+o(i)—i+(j—1i) > N\ +0(i) —i > )\, a contradiction to the fact that A; > A; for
j =i
Therefore the coefficient of My comes from p = X only, and so it is 2F K xputk)- This finishes
the proof. |

Theorem 1.3 now follows directly by replacing S,? in the formula for bg:

__HM A HQ
T 2kEI(n — 2k)!7F T El(n — 2k)!

bk- K}\/“(k).

4 An upper bound for the modulus of the roots

In this section we derive the bounds on the absolute value of the roots. We again write He(z) =
L]

k—0 kaen_gk(I).
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Proof of Corollary 1.5. The plan is to the compute the coefficients by exactly and then use
Theorem 2.4.

Let A = (A1,A2) b n. The conjugate of the partition A is N = (2*21M742). We will
determine Ky, where recall that p*) = (2k1"_2k).

If k> Ag then K/, =0, as X" does not dominate ). So by, = 0.

If £ < Ay then Ky = Fp, where p = (2’\2_]“1A1_)‘2). Using the fact that F, = F}, we get
Ky = F—kxo—k)- SO

H(A)
be = kl(n — Qk)!F A=k, A2=k)
(2.1) ()\1 + 1)!)\2! (n — 2k)!
= A —Ap+1
(A — Az + DE(n —2k) (AL — k + 1)I(Ag — k)!( 1Rt
(A1 + 1)IAg!

T M —k+DI0g — k)
From Stirling’s approximation it follows that k! > v/ Irkk+3e=% and so we get
k \k
V2rkktae—k
Let z be a root of Hey(x). From Theorem 2.4 and the fact that by = 1, we obtain |z| <
Tnn + Z,Ei X/bk, where x,, , is the largest root of Hep(x). But for £ > \g we have by = 0, as

shown above. Hence

L3]

1B

m*z by < mzwr

=1

Ay
Using the inequality Zk 1 f < 24/ Ao we get

A2
D A bk < V(A + DAse(2v/A2) = 2veAa/Ar + 1.
k=1

2(n—1)

Furthermore, Theorem 1.4 shows that z,,, < o

the rescaling He,,(z) = 27%Hn(%))
|2] <2vn —1+2yeda/ A1 + 1.

Nown—1=XA+X—1<2(N\ +1),s0

2] < 2¢/2(M1 + 1) + 2v/edo /M + 1 = 2(Vede +V2) /A1 + 1.

This finishes the proof. |

<2vn-—1 (the constant 2 comes from

Hence

Turan’s theorem is modelled after Walsh’s theorem [26] (see also [19]), which gives a similar
bound, but in terms of the expansion in the usual basis {#"},>¢. However, applying Walsh’s
theorem to the coefficients in Theorem 1.2 only gives a bound of the order O(n\/ﬁ) The bound
does not change for partitions of length 2: for example, for He, o(x) it is possible to compute the
character values exactly and show that the upper bound in Walsh’s theorem is at least Q(n\/ﬁ)
Hence changing to the Hermite basis and relying on Theorem 1.3 is necessary.

Let us now look at the real and purely imaginary roots of Hey(x).
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Proof of Corollary 1.6. Let x5 1 < xp2 < --- < 21 be the roots of Hey(z).

We show that Hey(z) has no real root in the interval (z ,,+00). The roots of Hermite
polynomials interlace, so x,1 < o ; < Tpp for all 1 <4 < k < n. Therefore if z € R is greater
than x, p, then Heg(z) > 0 for all & < n. Furthermore, by > 0 for all k£ and by = 1. Hence
Hey(z) > 0, so z is not a root.

On the other hand, Hey(—z) = (—1)MHey(2) (see [5, Lemma 3.6]). Therefore Hey () has no
roots in the interval (—oo, —zy, ). This shows that any real root z of Hey(z) satisfies |z| < @y p.

Now let z € iR be a purely imaginary root of Hey(x). Then Hey(z) = iMNHey (—iz) (see [5,
Proposition 3.8]). Hence iz is a real root of Hey/(x). But || = n, so |z| = |iz| < 2, by the
above argument. This finishes the proof. |

5 Proof of Proposition 1.7

In this section we will work with the unnormalized Hermite functions. For any n > 0, define

on(x) = e_éHn(a:).

The functions ¢, (z) have a nicer analytic behavior than H,(z) or He,(z) because they ap-
proach 0 at infinity. Furthermore, many previous results are stated in terms of the unnormalized
Hermite functions. For instance this allows us to apply results from [11].

The functions ¢, (z) satisfy the Schrédinger equation

—¢n(2) + 2*pn(z) = (20 + 1)gn(z).

Furthermore, for any non-negative integers ni,na,...,n, we have (see [11, Proposition 3.1]):

Wil (), 9na (@), .+, ()] = 5 WelHo (@), Hy(2).. .., H ()] (5.1)

Proposition 5.1. Let ny,no,...,n, be non-negative integers. Suppose R > 0 is such that any
root xo of g, (x) verifies |xo| < R, for all1 <i <r. If z is a real root of Wr[pn, (x), pn,(x), ...,
©n, ()] then |z| < R.

Proposition 5.1 is equivalent to Proposition 1.7. This follows from Definition 1.1, the fact
that He, (z) is a rescaling of H,(z), and the fact that the roots of Hermite polynomials interlace.

Proof of Proposition 5.1. Define I := (—oo0, —R) U (R, +00). We may assume without lack

of generality that the numbers ny,...,n, are distinct, otherwise the determinant vanishes and
the claim is trivially true. We will show that for € Ir, Wr[pp, (2), on, (X)), ..., ¢n, (x)] # 0.
We can order the numbers in increasing order, i.e., ny < no < --- < n,.

The proof relies on the following simple observation.

Observation 5.2. Suppose ¥1(x) and v9(x) verify the Schrodinger equation
=7 (z) + V(2)i(x) = Ejp(x) (5.2)

on Ir, and do not vanish in Ir. Let w(x) := Wrlip1(x), a(x)]. If E1 # E2 and Erf w(z) =0

then w(x) has no zeros in Ig.

Proof. Note that

w(a) = i () () — ¥ (2)ya (),
w'(z) = i (@) (@) — O (2)da(z) E (B — Ea)ipr (2)iba(a).
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As Ey # E5 and ¢ (z)2(x) # 0 on I, w'(x) has constant sign on each interval (R, +00)
and (—oo,—R). As Erf w(z) = 0, it follows that on each interval (R,+o0) and (—R, —00),

either w(x) strictly decreases from a positive value to 0, or strictly increases from a negative
value to 0. Hence w(x) is never 0 in these intervals. |

We now prove the statement by induction on r > 1.
If r = 1, the Wronskian is just ¢y, (x), so the claim is trivially true.
If r = 2, notice that

W@, (), 0ny ()] B €™ Wi Hy, (2), Hoy (2)].

Therefore lirin Wr[pn, (), ¢n, ()] = 0. By the choice of R, ¢, (z) and ¢p,(z) have no roots
T—r 00

in Ir. Then the statement follows from Observation 5.2.
Now assume r > 3 and the induction hypothesis holds. Define

U,y (x) = Wr[sanl (‘r)? Png (‘73)7 c s Prp_g (.73)],
Wrlon, (%), Pny (7), - -, Pn, 5 (), o, (2)]

Hre ) Yn,_,(x) )
wnr (J}) _ Wl"[‘pnl (x)7 Pno (:Z: 72(,;)07%_2 (x), ©n, (x)] '

From the induction hypothesis it follows that vy, _,(z), ¥y, ,(z) and ¢, (x) do not vanish
in Ig. Then from the definition they are repeatedly differentiable in Ir. In this situation,
Crum [8] showed that for i € {n,_1,n,}, 1; verifies the Schrédinger equation

=7 (z) + V(2)i(x) = (20 + D)hi(2), (5.3)
where
2 50
Viz) =2 — 2@ log ¥y, _, ().
Crum proved this in the case when ni,ns,...,n,_o are consecutive integers starting from 0, and

only for the interval (0,1) with boundary conditions. However, the proof of (5.3) remains valid
for a sequence ny < no < --- < nr_g of non-consecutive integers, in a neighborhood of & where
the Wronskians do not vanish.

Let w(z) := Wr[t, , (x), ¢n, (z)]. Jacobi’s identity for Wronskians tells us that

Wrlon, (2), @ny (%), - s @n, (2)] = Pn, o (2)w(2). (5.4)

Hence

( ) _ Wr[(pnl (ZC), Pna (l‘), s Pny (x)] (1) e_#WT[Hm (.%'), an (.%'), s 7Hnr (.%')]
Wr[gonl (.ﬁ), Pnz (J?), e Pres (.7,‘)] e*%Wr[Hm ($)v Hy, ($), ceeydng. o (x)]
_ a? Wr[H,,, (z), Hpy (), ..., Hy, (2)]
Wi[Hy, (x), Hny (2), - s Hpp o (%))

Then hr:il w(z) = 0. From this and (5.3), we may apply Observation 5.2 to deduce that w(x)
T—r=00

has no zeros in Ig. As ¢, ,(z) # 0 on IR, the right-hand side of (5.4) does not vanish in Ig.
Hence the left-hand side Wronskian in (5.4) does not vanish in Iy either. [
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6 Extension of the results to other polynomials

In this section we consider the possibility of extending our results to polynomials which are
obtained from the following generating function:

td > "
exp <xt — q> = ;:()Qn(@m,

where ¢ is a positive integer. For ¢ = 2 we recover the Hermite polynomials He, (x). Note that
we omit the dependence of @, (z) on ¢ as this will always be clear from the context.

The polynomials @, (z) have similar properties as the Hermite polynomials. They are (¢—1)-
orthogonal and Appell polynomials [3], and satisfy the recurrence relation:

B (n—1)!
Qn(l') = xanl(l‘) (TL _ q)!anq(x)a
with Qp(z) =2, 0<n<qg-—1.
Qn(x) are d-symmetric polynomials with d := ¢ — 1:

Qn(wez) = ngn(z),

2mi

where w; := exp (7) In particular, the zeros of @, (x) lie on the g-star

q

J10,00) x wf.

=0

Qn () has exactly LQJ positive simple real zeros [1, Theorem 2.2], and the largest zero in absolute
value from Q1(z),...,Qn(z) belongs to @, (z) [1, equations (2.5)—(2.7)].

For a partition A\ and ¢ > 3 arbitrary, one can define the Wronskian polynomial Qy(z) in
analogy with the case ¢ = 2:

_ Wr[in (ZL‘), an (l‘), s Qnr ($)]
A(ny) ’

Qx(7) :

where ny = (n1,n2,...,n,) is the degree vector of A.

These polynomials were studied in [3, Section 7] and in [2]. For ¢ = 3, Qx(z) can be used to
define the Yablonskii—Vorobiev polynomials, which give rational solutions to the second Painlevé
equation. Most of the properties of Wronskian Hermite polynomials generalize to arbitrary ¢. In
particular, @ (z) are monic integer polynomials with coefficients determined by the characters
of the symmetric group.

Theorem 6.1 ([3, Theorem 7]). Let At n. Then

[n/q] A( kqn—gk
o k X (q 1 ) n—qk
Qu(x) = kg—n HO i — g™

Therefore it is natural to ask if Theorem 1.3 generalizes, for example with K/ gkin-2ky Te-
placed by Ky/(gkin-ar). We show here that the generalization only partially holds: enough to
imply Corollary 1.6 for any ¢, but the coefficients do not have a simple form.

As in Lemma 3.1, we start with the change of basis formula:
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Lemma 6.2. Let A F n and write Q(x) = Zjié a;x"" 9. Then Q\(z) = Z,&ZJO bk Qn—qk ()

where

_ (n—qj)l | "
S ety CEL S

The proof is similar to that of Lemma 3.1 so we omit it.
Now once more we have to evaluate the expression obtained by replacing

) H()\) N/ i

a; = (—1) — M1

1=V i — o ( )

in bx. Thus we are led to the evaluation of the sum Sé\jk = Z?ZO(—l)j (l;))(\ (¢71"~%). There is

no analogue to Lemma 3.2. The most we can say is the following.

Lemma 6.3. Let g > 2, A Fn and 0 <k < L%J Then S;\k > 0.

J=0

Proof. Set p(49) := (qjln_qj) for 0 <5<k
Proceeding as in the proof of Lemma 3.2, with the same notations, we must determine the

coefficient of the monomial M) in the polynomial

> (—1y <j>pu<q,j)Wo => (-1) <j)pf1p71l_QJW0
Jj=0 J=0
k
= Wopy ™™ ) (~1)! (f) Pyt
=0

ok k
= Wop\™ " (p{ = pq)"-
Let us try to interpret p?_qk (pi — pq)k combinatorially.
Let p be any partition. Then from Theorem 2.3,

q. _ E :
P1Sp = QySys
Iv/pl=a

where ., counts the number of ways one can obtain  from p by adding ¢ labelled squares to
the Ferrers diagram D,. Note that these squares need not form a hook or be connected.

Similarly,

DPqSp = Z (_1)ht('y/p)87'

YER(p,q)

Adding these two, we obtain (p‘f — pq)sp = zlw/p|=q B~5~, where

Qy, if v/p is not a g-hook,
By =4 ay+1, ify/pisa g-hook spanning an even number of rows,
ay—1, ifv/pis a g-hook spanning an odd number of rows.
In particular, 8, > 0.
Starting from the Schur polynomial sg = 1 for the partition with only 0 parts and length n,
and applying the above, we obtain:

—qgk k
P (P —pg) Wo = Z KpspWo = Z KW,
P p
£(p)=n £(p)=n
where K, > 0. Exactly as in the proof of Lemma 3.2 one can now conclude that the coefficient
of M) is Ky, and so S;\k:KA. |
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However, for ¢ > 3 the coefficients K, that appear in the proof above are no longer related to
the Kostka numbers. In the case ¢ = 2 there are only two types of 2-hooks: horizontal 2-hooks
(2 squares in the same row), and vertical 2-hooks (2 squares in the same column). Then 8, =0
when v/p is an horizontal 2-hook. This property explains why K, corresponds to a Kostka
number.

Nevertheless, knowing that the expansion in the {Q(x)}n>0 basis has non-negative coeffi-
cients implies the analogue of Corollary 1.6.

Corollary 6.4. Let ¢ > 2 and A+ n. If z is a root of Qx(x) located on the 2q-star then |z| < x,,
where x,, is the largest real root of Qn(x).

The proof uses Lemma 6.3 together with the property Qi (z) = (—waq)"Qx (—wizlaj) (see [4,
Section 7.2]), and we omit it.
Note that for ¢ = 2 we recover Corollary 1.6.
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