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Substituting this vertex operator in Eq. (??), and applying the split in Eq. (??), one gets

Γ[x, x�; k1, ε1; · · · ; kN , εN ] = (−ie)N
� ∞

0
dT e−m2T e−

1
4T (x−x�)2

�
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1
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� T
0 dτ q̇2

×
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dτi e
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i=1

�
εi· (x−x�)

T +εi·q̇(τi)+iki·(x−x�)
τi
T +iki·x�+iki·q(τi)

����
lin(ε1ε2···εN )

.

(4.3)

After completing the square in the exponential, we obtain the following tree-level “Bern-Kosower-type formula” in
configuration space:

Γ[x, x�; k1, ε1; · · · ; kN , εN ] = (−ie)N
� ∞

0
dT e−m2T e−

1
4T (x−x�)2

�
4πT

�−D
2

×
� T

0

N�

i=1

dτi e
�N

i=1

�
εi· (x−x�)

T +iki·(x−x�)
τi
T +iki·x�

�
e
�N

i,j=1

�
∆ijki·kj−2i•∆ijεi·kj−•∆•

ijεi·εj
����

lin(ε1ε2···εN )
.

(4.4)

Now, we also Fourier transform the scalar legs of the master formula in Eq. (??) to momentum space,

Γ[p; p�; k1, ε1; · · · ; kN , εN ] =

�
dDx

�
dDx� eip·x+ip�·x�

Γ[x, x�; k1, ε1; · · · ; kN , εN ] . (4.5)

This gives a representation of the multi-photon Compton scattering diagram as depicted in FIG. ?? (together with
all the permuted and “seagulled” ones).
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After completing the square in the exponential, we obtain the following tree-level “Bern-Kosower-type formula” in

configuration space for FIG. ??
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Now, we Fourier transform to momentum space also the scalar legs of the master formula Eq. (4.4),

Γ[p; p�; k1, ε1; · · · ; kN , εN ] =

�
dDx

�
dDx�

e
ip·x+ip�·x�

Γ[x, x�
; k1, ε1; · · · ; kN , εN ] . (4.5)

This gives a representation of the multi-photon Compton scattering diagram as depicted in FIG. 2 (together with

all the permuted and seagulled ones).
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FIG. 2: Multiphoton diagram in momentum space.

Changing the integral variables to

x− x�
= x− and x+ x�

= 2x+ ,

the integral over x+ just produces the usual energy-momentum conservation factor:

Γ[p; p�; k1, ε1; · · · ; kN , εN ] = (−ie)N (2π)DδD
�
p+ p� +

�

i

ki
��

dDx−

� ∞

0
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e
− 1
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. (4.6)

After performing also the x− integral, and some rearrangements, one arrives at

Γ[p; p�; k1, ε1; · · · ; kN , εN ] = (−ie)N (2π)DδD
�
p+ p� +

�

i

ki
�� ∞

0
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−T (m2+p2)
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� T
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.

(4.7)

This is our final representation of the N - propagator in momentum space. On-shell it corresponds to multi-photon

Compton scattering, while off-shell it can be used for constructing higher-loop amplitudes by sewing. Since this

momentum space version involves the integration variables only linearly in the exponent, for any given ordering of

the photon legs it is straightforward to do the integrals and verify, that they correspond to the usual sum of Feynman

diagrams. The main point of the formula (4.7) is its ability to combine all the N ! orderings. This may not appear very

relevant at tree level, but when used as a building block for higher-loop amplitudes leads to integral representations

for nontrivial sums of diagrams. For example, taking two copies of the N - propagator, pairing off the photons on

each side, and connecting them by free photon propagators, we can construct an integral representation of the sum

of ladder plus crossed-ladder diagrams, important for the study of scalar bound states in Scalar QED. For the case of

scalar field theory this construction was already carried out in [? ], and the resulting integral representation used to

first asymptotically sum over N and then apply a saddle-point approximation for obtaining the lowest bound state

mass in the ladder plus crossed-ladder approximation.

FIG. 3: Multi-photon Compton-scattering diagram.

Changing the integration variables x, x� to

x− x� = x− and x+ x� = 2x+ ,

the integral over x+ just produces the usual energy-momentum conservation factor:
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After performing also the x− integral, and some rearrangements, one arrives at
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(4.7)


