Symmetry, Integrability and Geometry: Methods and Applications SIGMA 17 (2021), 109, 30 pages

Scalar Curvatures of Invariant Almost Hermitian
Structures on Generalized Flag Manifolds

Lino GRAMA ® and Ailton R. OLIVEIRA ®

a) IMECC - Universidade Estadual de Campinas (Unicamp), Departamento de Matemdtica,
Rua Sérgio Buarque de Holanda, 651, Cidade Universitdria Zeferino Vaz.
13083-859 Campinas - SP, Brazil
E-mail: linograma@gmail.com
URL: https://sites.google.com/unicamp.br/linograma/

b) UEMS - Universidade Estadual de Mato Grosso do Sul - MS, Cidade Universitdria
de Dourados, Rodovia Itahum, Km 12 s/n - Jardim Aeroporto, Dourados - MS, Brazil
E-mail: ailton_rol@yahoo.com.br

Received August 02, 2021, in final form December 11, 2021; Published online December 21, 2021
https://doi.org/10.3842/SIGMA.2021.109

Abstract. In this paper we study invariant almost Hermitian geometry on generalized
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curvature and s¢ is the Chern scalar curvature.
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1 Introduction

In the present paper we will study curvature properties of invariant almost Hermitian structures
on homogeneous spaces. Special attention will be given to providing examples of Kdhler like
scalar curvature (Klsc) metric, that is, almost Hermitian structures (g, J) satisfying s = 2sc,
where s is the Riemannian scalar curvature and s¢ is the Chern scalar curvature on generalized
flag manifolds.

Recall the geometric meaning of the Riemannian scalar curvature s: given a Riemannian
manifold (M, g), the volume of the geodesic ball of radius r with center at p € M has the
asymptotic expansion as follows:

vol(B(p, 7)) = wyr" (1 — 6(2(1_?_)2)7’2 + O(r4)>, (1.1)
where w,, is the volume of the unity ball in R", see [6, 9]. Therefore the Riemannian scalar
curvature s(p) is positive or negative at a point p, if the volume of a small geodesic ball at p is
respectively smaller or larger than the corresponding Euclidean ball of the same radius. If the
metric is not Kahler, there is not an immediate geometric interpretation for the Chern scalar
curvature sc. However if the Hermitian structure is non-Kéhler but satisfies s = 2s¢, a curva-
ture sc has an interpretation like s in the expression (1.1).
Dabkowski and Lock in [9] call the Hermitian metrics satisfying the equation

s = 2s¢

by Kdhler like scalar curvature (Klsc) metric, and the authors exhibit examples of non-compact
Hermitian manifolds satisfying s = 2s¢.
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According to [2] and [18] nearly-Kéhler manifolds and almost-Kéhler manifolds satisfying
2s¢ — s = 0 are Kéhler. Fu and Zhou show in [12] that if the pair (g, ) belongs to the Gray—
Hervella class Wy @ W3 @ Wy with 2s¢ = s then (g,J) is Kdhler. Recently Lejmi—Upmeier
propose the following question [18, Remark 3.3]:

Question 1.1. Do higher-dimensional closed almost Hermitian non-K&hler manifolds with
25¢ = s exist?

In this paper we will investigate the Question 1.1 in a class of high dimensional homogeneous
spaces called generalized flag manifolds, equipped with an invariant almost Hermitian structure.
It is well know that this class of homogeneous spaces have a very rich almost Hermitian geometry,
see for instance [20, 21]. We will proceed by computing explicitly the Hermitian scalar curvatures,
using the tools of Lie theory. The approach to compute explicitly the Hermitian scalar curvatures
on flag manifolds is by analyzing the decomposition of the covariant derivative of the Kéahler
form with respect to the Levi-Civita connection, the codifferential of the Lee form, and the
scalar Riemannian curvature. See Section 3 for details.

Let us denote by V! be the l-parameter family of connection introduced by Gauduchon
in [14]:

9(V52,Y) = g(DxZ,Y) - LglJ(Dx])Z,Y)

t t
+ Zg((DJYJ +JDyJ)X,Z) — Zg((DJZJ +JDzJ)X,Y),

where D is the Levi-Civita connection. It is well know that V! coincides with the Chern con-
nection. According to [12], let us define the Hermitian scalar curvatures sq(t) = R (uz, u;, uj, u5)
and so(t) = R (uz, uj, u;, uz), where R! is the curvature tensor associated to V! and {u;}i—12, . »
is a unitary frame. We will call s;(¢) and sa(t) the first and second Hermitian scalar curvature.
One of the main features of the generalized flag manifolds is that the first scalar curvature s (t)
is constant in ¢ and we will denote this curvature just by s; and it coincides with the Chern
scalar curvature s¢. Section 3 for details about the comments above.

With the discussion above in mind, let us rephrase the Question 1.1 in our context:

Question 1.2. Do higher-dimensional generalized flag manifolds G/K equipped with G-invari-
ant almost Hermitian structure with 2s; = s exist?

We obtain the following results (for a description of invariant metrics and almost complex
structures on flag manifolds, see Section 2):

Theorem 1.3. Consider the flag manifold SU(3)/T?, equipped with an invariant almost Hermi-
tian structure (g, J), with invariant metric g parametrized by a triple of positive numbers (z,y, z)
and J non-integrable. Denote by s1 the first Hermitian scalar curvature and by s the Riemannian
scalar curvature. The pair satisfies the equation 2s1 — s = 0 if, and only if, (g,J) € W1 & Wa,
and the metric g satisfies one of the following relations:

1. 2 =3(z+y) —2v2y/22 + 3zy + y2, fory > (2v2+3)z andz > 0; or 0 < y < (3—2v2)x

and z > 0.
2. 2 =2V2\/x2 +3xy +y2 +3(x +y), forz >0 and y > 0.

Remark 1.4. The solutions of the equation 2s; — s = 0 for the integrable invariant almost
complex structure J on SU(3)/T? are already know: (g,J) € Wj, being J integrable and the
metric g satisfies z = x +y. In this case, the pair (g, J) is Kédhler, see [11].
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Remark 1.5. It is worth to point out that in the case of SU(3)/7T? if J is non-integrable and the
metric ¢ is parametrized by (x,z,x) then (g, J) € W (nearly-Kéhler) and there is no solution
to the equation 2s; — s = 0.

Theorem 1.6. Consider the complex projective plane CP? = Sp(2)/Sp(1) x U(1), equipped
with an invariant almost Hermitian structure (g,J), with invariant metric g parametrized by
a pair of positive numbers (x,y). Denote by sy the first Hermitian scalar curvature and by s the
Riemannian scalar curvature. The pair (g,J) satisfies the equation 2s1 — s = 0 if, and only if,

1. (g,J) € Wi @ Wh, being J non-integrable and the metric g satisfies y = 21’(\/ 10 + 3).

2. (g,J) € Ws, being J integrable and the metric g satisfies y = 2x. In this case, the pair
(g,J) is Kdahler.

Remark 1.7. It is worthwhile to point out that in the case of Sp(2)/Sp(1) x U(1) if J is non-
integrable and the metric g is parametrized by (z, z) then (g,J) € W; (nearly-Kéhler) and there
is no solution to the equation 251 — s = 0.

Theorem 1.8. Consider the 10-dimensional flag manifold G2 /U(2), where U(2) is represented
by the short root of G, equipped with an invariant almost Hermitian structure (g,J), with
invariant metric g parametrized by a pair of positive numbers (x,y). Denote by s1 the first
Hermitian scalar curvature and by s the Riemannian scalar curvature. The pair (g,J) satisfies
the equation 2s1 — s = 0 if, and only if,

1. (g,J) € Wy & Wy, being J non-integrable and the metric g satisfies y = 23:(\/ 10 + 3).

2. (g,J) € Ws, being J integrable and the metric g satisfies y = 2x. In this case, the pair
(g9,J) is Kdhler.

Remark 1.9. It is worth to point out that in the case of G2/U(2), where U(2) is represented
by the short root of Gg, if J is non-integrable and the metric g is parametrized by (x,z) then
(9,J) € Wy (nearly-Kéahler) and there is no solution to the equation 2s; — s = 0.

Let G be a compact simple Lie group and T" be a maximal torus in G. In the next two
results we will consider the full flag manifolds G/T" as a total space of a homogeneous fibration
over a symmetric space. We will restrict ourselves to a family of invariant metrics on G /T such
that this fibration becomes a Riemannian submersion with totally geodesic fibers. These metrics
appear naturally in the study of bifurcation theory for the Yamabe problem in homogeneous
space, see for instance [15]. We will work out the Hermitian geometry and Hermitian scalar
curvatures of the following homogeneous space: the (real) 12-dimensional flag manifold SU(4) /T
as total space of

SU(3)/T? ---SU(4)/T3 + CP?,
and the (real) 12-dimensional flag manifold Go/7T? as total space
5% x 8% .-Gy /T? — Ga/SO(4).

In both homogeneous spaces we will consider a 1-parameter family of invariant metrics g,
obtained by re-scaling the mormal metric in the direction of the fibers of the homogeneous
fibration by the factor z2.

Theorem 1.10. Let us consider the flag manifold SU(4) /T3, equipped with an invariant almost
Hermitian structure (gy,J;), i = 1,...,4, where g, is 1-parameter family of invariant metric
parametrized by the 6-tuple (xQ, 221,221, 1) ,x>0and J;, 1 =1,...,4 is an invariant almost
complex structure. Denote by s1 the first Hermitian scalar curvature and by s the Riemannian
scalar curvature. Then solution of the equation 2s1 — s = 0 is summarized in Table 1.
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Table 1. SU(4)/T3.

GH Class Condition 251 —s=0

(Jlug:l?) W3 VJI ﬂl’

(J2,9z) W1 & Ws Vo z=+v5

(J3,92) | WidWo@Ws | a#1 |z=1/3(8-61)orz=/3(61+38)
Wi @ W3 rz=1 Ar

(Ja,92) [ Wr@Wo @ Ws | o # 1 x=/1(V/165 +12)
W1 & Wg r=1 ﬂﬂ?

Theorem 1.11. Let us consider the flag manifold Go/T?, equipped with an invariant almost
Hermitian structure (gz, J;), 1 = 1,...,32, where g, is the 1-parameter family of invariant metric
parametrized by the 6-tuple (1, 1,221, 22, 1) and J;, i =1,...,32 is an invariant almost complex
structure. Denote by s1 the first Hermitian scalar curvature and by s the Riemannian scalar
curvature. Then solution of the equation 2s1 — s = 0 is summarized in Table 2.

Table 2. G/T?.

J; GH Class Condition 251 —s=0
(Jiy92) | i=1,2,3,10,21,30 Ws Vo Pz
(Jiygz) | 1=4,...,9,11,...,20, | Wy & Wy & W5 x#1 at least one solution
22,...,29,31,32. W1 & W3 r=1 Pz

Remark 1.12. The explicit solutions for the equation 2s; — s = 0 for the invariant Hermitian
structures (J;,g,), where i = 4,...,9,11,...,20,22,...,29,31,32 and = # 1, are described
in Section 3.6.2.

2 Preliminaries: generalized flag manifolds
and invariant almost Hermitian structures

In this section we recall some well know results about the geometry of generalized flag manifolds,
from a Lie theoretical point of view. References about Riemannian and Hermitian geometry of
flag manifolds are [1, 3, 6, 20, 21].

2.1 Generalized flag manifolds

Let g€ be a complex semi-simple Lie algebra. Given a Cartan subalgebra b of g©, denotes by II
the set of roots with respect to the pair (gc, f)). We have the following decomposition

=09 g,
a€ll

where g, = {X € g: VH € b, [H, X] = a(H)X} denote the corresponding 1-dimensional (com-
plex) root space.
The Cartan—Killing form is defined by

(X,Y) = tr(ad(X) ad(Y))
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and its restriction to b is non-degenerate. Given a root o € h* we define H, by a(-) = (Hq, ).
Moreover we denote hr = spang{H,: a € II} and b being the real subspace of h* spanned by
the roots.

Let us fix a Weyl basis of g€ given by

Xa € 9as such that (Xo, X_o) =1 and [X,, Xg] =mqsXais,

with ma g € R, m_o _g = —mq g and my g = 0 if a + 3 is not a root.

Let II™ C II be a choice of positive roots, ¥ be the corresponding system of simple roots
and © be a subset of 3. Let us fix the following notation: (©) is the set of roots spanned by O,
IT)y =II'\ (O) be the set of complementary roots and HL be the set of complementary positive
roots.

Let

POo=b > 98a® D> 5a® > 05
ace(O)t ac(@)t

+
Beltt,

be a parabolic sub-algebra of g€ determined by ©.
The generalized flag manifold Fg is the homogeneous space

Fo = G%/Po,

where GC is a complex connected Lie group with Lie algebra g€ and Pg is the normalizer of pg
in GC.
Let g be the compact real form of g&. We have
g = spang{ibr, Aq,1Sq; o € 1T},

where A, = Xy — X_o and S, = X, + X_o. We remark that the Lie algebra g is semi-simple.
Denote by G the compact real form of GC with Lie(G) = g and let £o the Lie algebra
of Kg := Po NG. It is well known that the Lie group Kg C G is a centralizer of a torus.
We have

Eg:b@ Z 9o D J—a,
ace(O)t ac(O)t

where Eg denotes the complexification of the real Lie algebra tg = g N pe.
The Lie group G also acts transitively on Fg and we have

Fo = G%/Ps = G/(PoNG) = G/Ke.

When © = @ we have the following decomposition

“=ba > gpe Y g

Bellt Bellt

and therefore

Po=p=bd > gg

Bell+
is a minimal parabolic sub-algebra (Borel sub-algebra) of g© and
F=G/P=G/T

is called full flag manifold, where T'= P N G is a maximal torus of G.
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Recall that the flag manifold Fg = G/Kg is a reductive homogeneous space, that is, there
exists a subspace m of g such that

g=todm and Ad(k)mCm Vke€ Ko,

and one can identify the tangent space T),Fg with m, where xg = eKg is the origin of the Fg
(trivial coset).

Let us give a description of the tangent space m in terms of the Lie algebra structure of g as
follows:

g=to® Z ug,
BE

with ug = gN(gs @ g—p) and for each root 3 € Ils, ug has real dimension two and it is spanned
by Ag and v/—153, and we have the following identification

m = E: ug.

Bellng

An important ingredient to study invariant tensors on homogeneous space is the isotropy
representation. We will restrict ourselves to the situation of flag manifolds. In this case, since the
flag manifolds are reductive homogeneous spaces it is well know that the isotropy representation
is equivalent to the following representation

Ad(k) |m: m — m.
The isotropy representation decomposes m into irreducible components, that is,
m=m; PmgPH---Pm,,

where each component m; satisfies Ad(Kg)(m;) C m;. We have also that each component m; is
irreducible, that is, the only invariant sub-spaces of m; by Ad(Ke)|m, are the trivial sub-spaces.
We will call the sub-spaces m; by isotropic summands of the isotropy representation.

Remark 2.1. In the sequel we will omit the symbol ©® whenever there is no risk of confusion.
We will denote a flag manifold just by F = G/K.

2.2 Invariant metrics

Let us denote by (-,-) the Cartan-Killing form of g. For each Ad(K)—invariant inner product
(+,-)A on m, there exists a unique (-, -)—self-adjoint, positive operator A: m — m commuting
with Ad(k) |m for all £k € K such that

(X,Y)r = (AX,Y), X,Yem.

Therefore an invariant Riemannian metric g on F is completely determined by the invariant
inner product (X,Y)s, and the inner product is determined by A.

The vectors A, v/—1S5,, o € II, are eigenvectors of A associated to the same eigenvalue \.

The invariant inner product (X,Y)s admits a natural extension to a symmetric bilinear form
on m€. On the complexified tangent space we have A(Xp) = MaXo with Ay > 0 and A_, = A,

Notation. In the sequence of this work, we will abuse the notation and will denote the invariant
metric g just by the operator A associated to the invariant inner product. We also denote the
invariant metric g just by a n-tuple of positive number (\1,..., \,) representing the eigenvalues
of the operator A and parametrized by the number of irreducible components.
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2.3 Invariant almost complex structures

Definition 2.2. An almost complex structure on the flag manifold F is a tensor J such that for
every point € F, there is an endomorphism J: T,F — T,F such that J? = —id.

Definition 2.3. A G-invariant almost complex structure J on F = G/K is an almost complex
structure that satisfies

Juz = dE,JodE, -1,  forall wueG,

where dE,: T(G/K) — T(G/K) denotes the differential of the left translation by w, that is, for
all X € T,(G/K) we have

dE,J, X = JydE,X.

The following result allows us to describe invariant almost complex structures on flag mani-
folds in terms of complex structure in a simple vector space, namely the tangent space at the
origin (trivial coset) of the homogeneous space.

Proposition 2.4. There exist an 1 — 1 correspondence between a G-invariant almost complex
structure J and a linear endomorphism Jy,: Ty F — T, F satisfying J%O = —id and commute
with the isotropy representation, that is,

ASE () Ty = Juy AdS/K(R)  forall ke K.

An interesting consequence of the Proposition 2.4 is that J(ga) = ga, where g, is the root
space associated to the root o € II. The eigenvalue of J are ++/—1 and the eigenvectors on m®
are X, a € II. Therefore J(X,) = eavV/—1X4, with e, = +1 and e, = —¢_4.

As a consequence of the discussion above we conclude that an invariant almost complex
structure on [ is completely described by a set of signals

{ea = £1, a € Iy, satisfying e, = —e_4}.

Proposition 2.5 ([7, Proposition 13.4]). Consider the almost complex homogeneous space
M = G/K and assume that the isotropy representation admits a decomposition into irreducible
and pairwise non-equivalent components, namely, m = m; @ mo O --- ®m,;. Then M admits
2% invariant almost complex structures.

If we identify the conjugated invariant almost complex structures, then M admits 2571 in-
variant almost complex structures, up to conjugation.

3 Scalar curvatures of invariant almost Hermitian structures

3.1 Review: general results about curvatures of almost Hermitian structures

Let (M, J, g) be an almost Hermitian manifold with real dimension 2n, with J being an almost
complex structure orthogonal with respect to the Riemannian metric g. A linear connection V
on M is Hermitian if it preserves the metric g and the almost complex structure J, that is,
Vg =0 and VJ =0 (we are not assuming that J is integrable).

Lets us recall the 1-parameter family of Hermitian connection defined by Gauduchon in [14]
as follow:

1
9(V5Z,Y) =g(DxZ,Y) - QQ(J(DXJ)Z,Y)
t t
+ 19((DJYJ +JDyJ)X,Z) — Zg((DJZJ +JDzJ)X,Y),

where D is the Levi-Civita connection.
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There are three special cases:
(i) t =0, V" is the first canonical Hermitian connection, also know as Lichnerowicz connection
or minimal connection.

(ii) t = 1, V! is the second canonical Hermitian connection, also know as Chern connection
(this connection was used by Chern in the integrable case, see [8]).

(iii) t = —1, V1 is the Bismut connection. In the integrable case, V! is characterized by its
anti-symmetric torsion, see for instance [10, 17].

According to [12], let us define the Hermitian scalar curvatures si(¢) and sa(t) by
Sl(t) = Rt(u{ﬁ Usgy Uy, u;)7 SQ(t) = Rt(“qjﬁ Uj, Us, U;),

where R! is the curvature tensor associated to V! and {u;}i=12,. n is a unitary frame. We
call s1(t) and so(t) the first and second Hermitian scalar curvature, respectively.

For an Hermitian manifold equipped with the Chern connection V' or the Bismut con-
nection V~!, the relations between the Hermitian scalar curvatures and Riemannian scalar
curvatures were widely study, see for instance [13, 19].

Let {e1,e2,...,ea,} be a local orthonormal frame of (M, g, J). Recall the J-twisted version
of the Ricci tensor, called J-Ricci tensor and denoted by Ric; (also called the #-Ricci tensor
[12, 16, 22]) defined by

Rics(X,Y) = R(ea, X, Jea, JY).

The corresponding J-scalar curvature, denoted by s; is given by s; = Ricj(ea,e4).
The Nijenhuis tensor N is given by

N(X,Y) = —[JX,JY]+ JJX,Y] + J[X,JY] + [X,Y],

where X, Y € I'(T'M).
Let us consider the fundamental (or Kahler) 2-form

F(X,Y) = g(JX,Y).
The Lee form ap of (M, J, g) is defined by
ap = JOF,

where § = —x*dx is the codifferential with respect to g. The Lee form is also defined by

1
dF = (dF)o + ——ap AF,

n —

where (dF')g is the primitive part of dF.
The covariant derivative of F' with respect to the Levi-Civita connection D is

(DF)(X,Y,Z) = % [dF(X,Y,Z) —dF(X,JY,JZ) — N(JX,Y, Z)].

Moreover,

(DF)(X,Y,Z) = —(DF)(X,Z,Y) = —(DF)(X, JY, J Z).
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The following expression of DF will be very useful for our purposes (see [12, 14])

(DF)(X,Y,Z) = (dF)~(X,Y, Z) — %N(JX, Y, Z)

n %[(dFﬁ(X, Y,Z) — (dF)(X, JY, I Z)],

where (dF)7 is the (1,2) + (2,1)-part of dF and (dF)~ is the (0,3) + (3,0)-part of dF.
Consider N = N — bN, where b is the Bianchi projector, bN? = 0 and bN is the anti-
symmetric part of N defined by

BN (X, Y, Z) = é[N(X, Y.Z) + N(Y, 2, X) + N(Z, X, Y)].

According to [14], we have
36N(X,Y, Z) = (d°F)~(X,Y, Z) = (dF)~(JX, JY, JZ).

The four components described above (dF)~, N°, (dF)§ and ar provide us several geometric
information about an almost Hermitian manifold. The 16 classes of almost Hermitian structures
described by Gray—Hervella in [16] correspond to the vanishing of the some subset of

{(dF)iv NO? (dF)a_a aF}~
Let us describe some remarkable classes of almost Hermitian structures:

e {0} = Kdhler class: all components vanish, (dF)~ = N° = (dF){ = ap = 0.

e W = nearly-Kihler class: N = (dF){ = ap = 0.

e W) & W, = (1,2)-symplectic manifolds (or quasi-Kéhler): (dF)§ = ar = 0.

e W1 & Ws & W3 = cosymplectic manifolds: ap = 0.

The Hermitian metric ¢ induces a natural inner product on A¥M, the bundle of real k-

forms, and also on TM ® A¥M the bundle of T M-valuated k-forms. The norm of the covariant
derivative of the Kahler form is given by

IDF|? = |dF|* + *HNOH dF)_IIQ I@E)*|1* + HNOH+ [(dF) 7|12

In particular, if J is integrable, then || DF||? = ||dF||?.

Theorem 3.1 ([12, Theorem 4.3]). Let (M,g,J) be an almost Hermitian manifold of real di-
mension 2n. Then

s1(t) = 5 = AR 1P + g6 IV + I @F)g |
1 t—1 5 t—2
—=4
+ =) +— :|HO¢FH +——dar,
s 1 _ 1 2 t
s2(t) = 5 = IAF) 1P + g5 [N - (@R
[ 12— 2t (t+1) t+1
-l el - 5 5o

where s denotes the Riemannian scalar curvature of (M, g).
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Note that

251(t) — s = —gll(dF)_ll2 HNOH *H (dF)F I + +(t=1) |ler|’

2(n—1)
+ (t - 2)(50417.

Proposition 3.2 ([12]). The J-scalar curvature of (M, g,J) is given by
2 _
SJ:S—gH(dF) ||2 HNOH \ozFH2—25ozF,

where s denotes the Riemannian scalar curvature of (M, g).

3.2 Computations on generalized flag manifolds

Let us consider a flag manifold G/K. We will consider on G/K an invariant metric g and an
invariant almost complex structure J. Recall the notation introduced in Section 2: we will
represent an invariant metric g by an n-tuple (A1,...,A,), where n is the number of irreducible
components of the isotropy representation of m = T,(G/K), that is, m = m; @ --- & m,. It is
worth to point out that if {X,} is a basis of m induced by the Weyl basis then X, is an
eigenvector of the operator A associated to the metric g, with same eigenvalue. This means
that every vector in the irreducible component m; has length A;. The invariant almost complex
structure J is parametrized by a set of sign {e,} = +1, with e_, = —&,, where « is in the set
of roots II. Each vector X, is an eigenvector of J with eigenvalue £,+/—1 and every vector in
an irreducible component m; is associated to the same &;.

We will write the Nijenhuis tensor in a similar way as [21]. We have N = 0, except in the
following situation:

9(N(Xa, Xp), X5)) = =Aymap(€acs + aty + €pey + 1),

where o+ 5+ v = 0.
We also have

9((N(Xa, Xp),JX,)= — V=1Aymq g(ea€sey + €a + €5 + €),

where a + 8 +v = 0.

The next result was initially proved by San Martin-Negreiros [21] in the case of full flag
manifolds and by R. de Jesus in her Ph.D. Thesis for the case of generalized flag manifold.
We include the proof here for the convenience of the reader.

Lemma 3.3. Every invariant almost Hermitian structure (g,J) on a generalized flag manifolds
18 cosymplectic.

Proof. An almost Hermitian structure is cosymplectic if and only if

ap(X) = > dF(X,X;,Yi) =0,

2n —1

where {X;} is a basis of the tangent space, {Y;} is a basis of the dual space with relation
a nondegenerate form F. We take {X;} = {Aa,\/ 1Sq; a0 € II7 } and {Y;} = {\/ 1S., Ay
a €111, }. So,

AF (X, Xo — X_a,iX0 +1X_a)
= 1dF(X, Xa, Xa) +1dF(X, Xa, X_a) —1dF(X, X0, Xo) — 1dF(X, X0, X_a)
= 2(dF (X, Xa, Xa) + dF(X, Xo, X_o)).



Scalar Curvatures of Invariant Almost Hermitian Structures 11

We know that dF'(X,, X3, X,) =0 unless o + § + v = 0. Thus, we take X = Xz and
dF(Xg, X, Xo) =0, becauseif a+pf+a=0 then [=-2a,
dF(Xg,Xa, X_o) =0, becauseif a+pf—a=0 then [=0,

and it is a contradiction. Therefore, for every root -,

1
2n —1

ar(X) = S AF(X, Xo — Xoa,iXa +iX_q) = 0. .

a>0
Remark 3.4.
1. According to Lemma 3.3, the Lee form vanishes identically for every generalized flag man-

ifold. Therefore we have dF' = (dF)y and hence (dF)* = (dF){. From now on, we will
use (dF)T instead of (dF)J.

2. We have dap = 0, where 0 is the codifferential. In this case s1(¢) is independent of ¢ (see
Theorem 3.1), and we will denote s1(t) simply by s;. In this case, s; coincides with the
Chern scalar curvature sc.

3. In Theorem 3.1 we will omit the terms which apr appears.

The next definition was introduced in [21] in order to obtain the classification of invariant
almost Hermitian structures on full flag manifolds, and we will use this concept widely.

Definition 3.5. Let J be an invariant almost complex structure on the flag manifold G/K.
The triple of roots a, 8,7 € II},, with a + 8+~ = 0 is said to be a (0, 3)-triple if e, = £5 = &,.
It is a (1,2)-triple otherwise.

Let us consider an orthonormal basis on the tangent space at the origin with respect to the
invariant metric, induced by the Weyl basis of the Lie algebra of G:

Xa
E,=—=:acllj, .
{ "V M}
In the next lemmas we will compute the exterior derivatives and covariant derivatives of the
Kéhler form F' (with respect to the Levi-Civita connection) as well its (p, ¢)-parts, by using the

Lie theoretical elements of the description of flag manifolds. Since the proofs are straightforward
computation we will omit them.

Lemma 3.6. The expression (€qn€g + €aty + €gey + 1) is not zero if, and only if, {o, 5,7} is
a (07 3)'triple, that 7/'87 €Eq = 66 = 6’7-
Proof.

(1) €a =€g # €41 €x€g+eney+egey+1=+1-1-1+1=0,
(17) €ea =€y # €31 €x€g+ €ney+egey +1=—-14+1-1+1=0,
(1ii) €g =€y F# €q: €a€p+€qey +€gey+1=—-1-14+14+1=0,

(iv) €a = €3 = €41 €a€gte€aey+egey+1=+14+14+1+1=4. [ |

Lemma 3.7. The covariant derivative of the Kdhler form F with respect to the Levi-Civita
connection D on a flag manifold G/K is given by

_\/—1ma75(€g +ey)(=Aa+ g+ Ay
DF(E,, Eg, E,) = 2/ AaAgAy

0 otherwise.

if a+f+v=0,
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Proof.
D By ) — D% X5. )
Ve
_ 9(Dx,JXp, Xy) + 9(Dx,Xp, JX,)
N
Moy (Ay — Ao+ Ag)(eg +£5)
N o
V—Imag(es +y)(—Aa + A+ Ay)
T NESYO '

Lemma 3.8. Let dF be the exterior derivative of the Kdhler form F on a flag manifold G/ K.
We have dF(Eq, Eg, E,) =0, unless a + +~y = 0. In this case we have

-1 a\a
dF(Ea,EB,Ev) _ vV moéwg(é-: Aa + €873 +57>\7)' (3.1)

VAaAgA,

Proof. The differential is given by

AF(E., Eg, E,) = 9((Dx. ) X5, X) = 9((Dxy ) Xars X3) + g((Dx, ) Xaiy X)

N

Moreover

9((DXQJ)X57X7) = Q(DXQJX&XW) + Q(DXaXﬁv JXW)

V-1
= ?mcm()\v — Ao+ Ag)(ep +&y).
The other pieces of dF' are obtained in a similar way and result follows. |

Lemma 3.9. The (0,2)-component of the exterior derivative DF' is given by

V—1mag(Aa—Ag—Ay)(Eategtey+eacpey)
(DF)"?(E,, Eg, E,) = 4/ Aarsy

0 otherwise.

if a+p4+v=0,

Proof. By a direct computation we have

9((Dx,J)Xp, X5) + 9(J(Dyx,J) X, X5)
21/ AaAgAy

1
= ————[9(Dx,J X3, Xy) +9(Dx, X3, /X
5 )\a/\ﬁ/\v[g( Xad X, X5) + 9(Dx,Xp, JX5)

+9(DixoXp, Xy) = 9(DixoJ X, JX5)]

V= Imgg(Aa — Ag — Ay)(Ea +Ep + €4 + Eacpey)

4/ Narg Ay ’

and the result follows. [ |

(DF)"*(E,, Eg, E,) =

Since the (2,0)-component of DF' is defined by

D Xz, X,) — D X3, X
(DF)E, By ) - N(Px D)X X0) — 9T (D, 1) X5, Xo)
2,/ Aadshy

we obtain the next result in similar way.
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Lemma 3.10. The (2,0)-component of the exterior derivative DF is given by

(DF)2’O(EQ7EB,E7)
_V—lmag(=€a 85+ 6y = €agpey)(“Aa + Ay + Ap)

= 4/ Darghy

0 otherwise.

if a+B+v=0,

Lemma 3.11. The (0,3) + (3,0)-component of dF, denoted by (dF')~, is given by

(dF)™ (Ea, Eg, Ey)
_V=Imap(ha +As + M) (€a + 65 + 65 + €acpey)

= 4/ Dadghy

0 otherwise.

if a+B4+~v=0,

Proof. According to [14], the (0, 3) + (3,0)-component of dF is defined by

6(DF)*%(Xa, X5, X-)

(dF)™ (Eo, B, Ey) =

v/ AaAgA
(DF (X X5 X+ (DF 2 (X5 X, ) £ (DF (X, X X,)
Nevewe
_ V—Imag(Aa +Ag +Ay)(ea + €5 + &y + €agey)
LA ’
and the result follows. |

Lemma 3.12. The (1,2) + (2,1)-component of dF, denoted by (dF)™, is given by

(AF) " (Ea, Eg, Ey)

_VolImap{d(eadrat epAst+ eyAy) — (at e+ &5+ €agpey) Aat As+ Ay)}

I YO
= ! if a+B+vy=0,

0 otherwise.

Proof. The (1,2) + (2,1)-component of dF is defined by
(dF)+(EaaEﬁaEv)
_ 3b(DF)2’O(XOHX57X’Y)

N YIW

(DF)*%(Xa, X5, X,) + (DF)**(X5, X, Xa) + (DF)** (X, Xa, Xp)
vV AaAgAy
_ VoImag{d(eada +epAg +69Ay) — (Ea + €5 + &y + €atpey)(Aa + Ag + 1))}

B 4/ Aars Ay ’

and the result follows. [ |

Remark 3.13. It is worth to point out an alternative description of DF%? and DF?? that will

be very useful in our work:

2(dF)™(Xa, X, Xy) — N(JXa, X5, X5)
21/ AaAgAy

i

DF*(E,,Fg, E,) =
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and
(dF)"(Xa, X5, Xy) — (dF) " (Xq, J X35, JX,)

VAaAs Ay '

We also point out a description of (dF')™ in terms of the Nijenhius tensor N given by (see [14]):

DF*%(E,,Eg,E,) =

(dF)"(X,Y,Z) = —N(JX,Y,Z) + N(JY,X,Z) — N(JZ,X,Y).

The description of N° in terms of the Nijenhius tensor N is given in [14]):
0 2 1 1
N(X.Y.Z) = IN(X.Y,Z) = oN(Y,Z,X) - SN(Z.X,Y).

Lemma 3.14. We have

-1 a « « )\a )\ )\ .
V=Imap(eatsey+ €at gt ) Dat Ag+ Ay) i ad Bty =0,

NY%E,,Es, E,) = 4/ Aarsy

0 otherwise.

Remark 3.15. When a+ 4+ v =0 1is a (1,2)-triple we have
(AF)™ (B, Eg, B,) = N%(E,, Eg, E,) =0

and

—imq g(eada +€8A5 + €4 Ay)
VAaAgAy ‘

Otherwise when o+ 3+ =0 is a (0, 3)-triple we have (dF)"(E,, Eg, E,) =0,

(AF) " (Ea, Eg, By) =

_ima,ﬁ()\a + )\5 =+ )"y)

VAaAg Ay

(dF)™ (Ea, Eg, Ey) =

and
B 4ma75(—2)\a + )\g + /\7)

3/ Aarshy

Remark 3.16. Let us recall some useful relations using the derivatives of Kahler form. See [14]
for further details.

N°E,, Es, E,)

e The pair (g, J) is integrable if, and only if, D;xJ = JDxJ. Note that

(g,J) is integrable & N =0 < DF*? =0 < D;xJ = JDxJ.
e The pair (g,J) is (1, 2)-symplectic if, and only if, D;xJ = —JDx.J. We have
(g,J) is (1,2)-symplectic < (dF)* =0« DF?°=0< D;xJ = —JDxJ.

e Note that

DF = DF%? + DF??,
dF = (dF)™ + (dF)*.
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In order to calculate the Hermitian scalar curvatures, the first step is computing the norms
of N (dF)~, (dF)* and ag, as described in [12]. Since these computations are standard we
omit the details.

Proposition 3.17. We have

+ €+ €5+ €9)?
NOII = 2(€atsy teategtey
a+B+y=0

X [(=2Xa + A5+ A)% 4+ (=20 + Ao + A5)” + (=205 + Ao + )],

_ (M) (catpey + €a + €5+ €4)2(Aa + Ag + Ay)?
H(dF) ”2: Z B BEY B 2l B 24

ot =0 960 A g Ay
2 mi,ﬁ 1 2 2, 1 2 2
|DF||" = Z 3NN 1(55“‘57) (=X +As+Ay) +1(5a+5’y) (Aa = Ag +Ay)
a+B4y=0 "¢ By

1
+ 1(% + 5&)2()\04 + A5 — )\7)2] )

m? g{4(cadrat epAst e M) — (Eat ep+ ey F cagpey) (Aot Ag+ A2

dF+ 2 _
l@anHE=Y" TImwE

atp+y=0

3.3 The flag manifold SU(3)/T?

Let us consider the 6-dimensional full flag manifold F(3) = SU(3)/T?. Recall the Cartan subal-
gebra b of su(3) is given by

h = {diag(z1, zo,x3): 1 + 22 + 23 =0, 1, 22,23 € C}.

The set of positive roots is given by a1 = £1 — x2, aos = x2 — x3 and a3 = x1 — x3. Recall
that on full flag manifolds, the set of complementary roots Il;; coincides with set of roots II.
The isotropy representation of F(3) admits three irreducible components, and each component
corresponds to a unique positive root I, that is,

m=m; dmy D m3

= U2 D U3 D U3,

where u;; = su(3) N (gi; © gji), where gj; is the root space associated to the root o;;. Therefore
there exist two invariant almost complex structures, up to conjugation and equivalence:

Jl - (+7+7 +) and <]2 - (+7+a _)7

where the almost complex structure Jj is given by €4,, = +1, €ay; = —1, €agy = +1, €03 = —1,
€a1s = +1, €as; = —1, and so on. We remark that Jj is integrable and Js is non-integrable, see
for instance [21].

We will denote an invariant metric g by the triple of positive numbers (z,y,z). To be
consistent with Section 3.2, we set Ao = z, Xog = y and A3 = z. We will consider the
orthonormal basis of TM¢ given by

{X12 Xoz Xi3 Xo1 X3z X31}
\/57 \/g? \/27 \/E? \/y? \/E )

where X;; € g;; represents the elements of Weyl basis of sl(3, C).
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Proposition 3.18 ([3]). Let us consider the full flag manifold SU(3)/T, with invariant metric
g parametrized by (x,y, z). Then the Riemannian scalar curvature of (SU(3)/T,g) is given by

_m2+y2—6yz—|—22—6x(y+z)
b6xyz

Lemma 3.19. The invariant Hermitian structure (g, Jo) does not admit (1, 2)-triple. The (0,3)-
triples are given by a1o + aog + azy = 0 and ag1 + aze + a3 = 0.

Proposition 3.20. Let us consider the flag manifold SU(3)/T?, equipped with invariant Hermi-
tian structure (g, J2). Denote by s the Riemannian scalar curvature and sy the first Hermitian
scalar curvature. Then the invariant metric g that are solution of the equation 2s1 — s = 0 are
given by:

(i) z = 3(x +y) — 2vV2\ /22 + 3wy + 42, for y > 2v/2Va2 + 3z and x > 0; or 0 < y <
3z —2v2Vax2 and z > 0,

(i1) z = 2v/2/22 + 3zy +y2 + 3(z +y), forx > 0 and y > 0.

Proof. By Proposition 3.17 we have ||(dF)*||?> = 0,

—||2 — ($+y+z)2

dF
I(ar) s
HNOHQ _ 16[(—2$+y+z)2+(w—2y+z)2+(x+y—22)2] _ 32(3:2+y2—yz+22—x(y—|—z))
N 272y N 9zyz ’
322 + 3y? — 2yz + 322 — 22(y + 2)
|DF|” = : .
TYz

The first Hermitian scalar curvature is
s 5 _ 1 2 1
s1= 2 = S I@F) |2 + [N + Ll @Ry I = 0

Therefore in order to solve the equation 2s1—s = 0 we need to find the zeros of the Riemannian
scalar curvature.
We have s = 0 if, and only if,

(i) z = 3(x +y) — 2vV2/22 + 3wy + ¢, for y > 2v/2Va2 +3r and z > 0; or 0 < y <
33:—2\@\/;? and x > 0,

(i) z = 2v/2/x2 + 32y +y2 + 3(x +y), for £ > 0 and y > 0. [ |

An immediate consequence of the proof of Proposition 3.20, by analyzing the vanishing of
the components (dF)~, (dF)*, NV is the following result:

Proposition 3.21. With the notation above, the invariant almost Hermitian structure (g, J2) on
SU(3)/T? belongs to the Gray—Hervella class W1 @ Ws. The pair (g, Jo) belongs to the class W
(nearly Kdhler) if, and only if, the metric g is parametrized by x =y = z.

For the sake of completeness we will compute the scalar curvatures so = s2(t) and s;. We will
use the ingredients computed in the Proposition 3.20.

Proposition 3.22. Let us consider the flag manifold SU(3)/T?, equipped with invariant Her-
mitian structure (g, J2). The second Hermitian scalar curvature sy and the J-scalar curvature
are given by

1/1 1 1 3z2 — 2x(y + 2) + 3y? — 2yz + 322
Sj] = .
’ J b6xyz
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Let us consider now the invariant Hermitian structure (g, .Ji).

Lemma 3.23. The invariant Hermitian structure (g, J1) does not admit (0, 3)-triple. The (1,2)-
triples are given by a9 + agg + asy = 0 and ag1 + aze + a3 = 0.

Proposition 3.24. Let us consider the flag manifold SU(3)/T?, equipped with invariant Hermi-
tian structure (g,J1). Denote by s the Riemannian scalar curvature and sy the first Hermitian
scalar curvature. Then the invariant metric g that is solution of the equation 2s; —s = 0 s
given by z = x +y. In this case, the pair (g, J1) is a Kdhler structure.

Proof. We have ||(dF)~||? = ||[N°||? = 0 since the (1,2)-triples are eractly the zero-sum triples
of roots.
By Proposition 3.17 we have
I(dF)* |2 = (e12A12 + 2323 + £31M13)2 _ a2+ Aoz — Ai3)? _(t+y- z)?
3)\12)\23/\13 3a;yz 3a;yz ’
(=A12 + A2z + A13)? + (M2 — Aoz + Ai3)? + (M2 + Aoz — Aiz)? _ (z+y—2)?
12122313 3ryz

IDF|? =
The first Hermitian scalar curvature is given by
s 5 _ 1 2 1 1/1 1 1
=2 — —|[(dF)7|? + —=|IN° AR )P == =+=-+—-).
s1=5 = I@R)7I°+ N7+ ZI@E) TP = 2 — 4~ +

In this case, we have

(+y—2)°

2 — =
1T 6zyz

Therefore,
251 —s=0&2=2+y,
that is, 2s; — s = 0 if, and only if, (M, g, J1) is Kahler. |

An immediate consequence of the proof of Proposition 3.24, by analyzing the vanishing of
the components (dF)~, (dF)*, NV is the following result:

Proposition 3.25. The invariant almost Hermitian structure (g, Ji1) on SU(3)/T? belongs to
the Gray—Hervella class Ws.

Remark 3.26. It is well know that the invariant Hermitian structure (g, J;) with g satisfying
z = x + y is a Kéhler structure, see [23]. It is worth to point out that the results of Proposi-
tions 3.21, 3.24 and 3.25 are well-known, see [11]. We include the proofs of these propositions
for illustrate our methods.

For the sake of completeness we will compute the scalar curvatures sy and s; for the complex
structure J;. We will use the ingredients computed in the Proposition 3.24.

Proposition 3.27. Let us consider the flag manifold SU(3)/T?, equipped with invariant Her-
mitian structure (g, J1). The second Hermitian scalar curvature sy and the J-scalar curvature
are given by

(t—2)t(x +y—2)% + 2% — 62(y + 2) +y? — 6yz + 22
s2(t) = 12zyz

22 —6z(y + 2) + % — 6yz + 22
a 6xyz ’

9

S] =
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3.4 The complex projective space CP* = Sp(2)/Sp(1) x U(1)

Let us consider another 6-dimensional homogeneous space, the partial flag manifold CP? =
Sp(2)/Sp(1) x U(1). Let h = (* _, ), with A = (), be the Cartan subalgebra of sp(2).

One can describe precisely each one of the irreducible components m;, ms in terms of the root
space decomposition of the Lie algebra sp(2). We will use the following basis of sp(2): let E;;
(1 <i,5 <4) be the 4 x 4 matrix with 1 in the ij-position and zero otherwise. We define

V3 V3 V3

Xig = ?(Elz — Eu3), X 12 = ?(Em — E34), X = ?(EM + Ea3),
NE NG NG
Xty = ?(E:az + Ey1), X1 = ?(Els), X1 = ?(E:n)-

The matrices defined above are the Weyl basis of sp(4, C) associated to the Cartan subalgebra
of diagonal matrices.
Let us consider the linear functional given by

Ar: A =diag{z,y} — = and Ao: A =diag{z,y} — y.
We have the following positive roots of sp(2):
a1 = A1 — Ao, a9 = A+ Ay and a3 = 2.
The isotropy representation decomposes in the following way
m=m; D meo
= (81 © fas) D Gas-

We will denote an invariant metric g by the pair of positive numbers (z,y). To be consistent
with Section 3.2, we set A\ = x and Ao = y. We will consider the orthonormal basis of T'Mc:

T T Y T x Yy
{\FXH, LXIE: inl, LX_H, L)(iru7 \fX_H}.

Proposition 3.28 ([3]). Let us consider CP3, with invariant metric g parametrized by (z,v).
Then the Riemannian scalar curvature of ((C}P’?’,g) s given by

2 2 Y

S WA

The flag manifold CP? admits two invariant almost complex structures (up to conjugation
and equivalence) parametrized in the following way: the integrable structure J; = (4, +) and
the non-integrable structure Jy = (+, —).

Lemma 3.29. The invariant Hermitian structure (g, J2) does not admit (1, 2)-triple. The (0,3)-
triples are given by a1 + as — a3 =0 and —a; — as + az = 0.

Proposition 3.30. Let us consider the flag manifold CP?, equipped with invariant Hermitian
structure (g, J2). Denote by s the Riemannian scalar curvature and sy the first Hermitian scalar
curvature. Then the invariant metric g that is solution of the equation 2s1 — s = 0 is given by

y = 2z(V10 + 3). (3.2)
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Proof. By Proposition 3.17, we have ||(dF)*||? = 0,

2 Rz 4y)?
L
o) = 20"

923

and the covariant derivative of the K&ahler form is

x? — dxy + 3y?
33 ’

4
IDF|? =

The first Hermitian scalar curvature is given by

5= 2= SRR + S + 2y = 2 89:?2;3;31:3/2 uti
Thus we obtain
95, — 5 — —4a? — 122y + y2.
63
Therefore,
25175:0<:>y:2x(\/ﬁ+3). |

An immediate consequence of the proof of Proposition 3.30, by analyzing the vanishing of
the components (dF)~, (dF)*, NV is the following result:

Proposition 3.31. With the notation above, the invariant almost Hermitian structure (g, Jo)
on CP? belongs to the Gray-Hervella class Wi @ Wy. The pair (g, Jo) belongs to the class W,
(nearly Kdhler) if, and only if, the parameters of the metric g satisfies x = y.

For the sake of completeness we will compute the scalar curvatures so = s9(t) and s; for the
complex structure Jo. We will use the ingredients computed in the Proposition 3.30.

Proposition 3.32. Let us consider the flag manifold CP?, equipped with invariant Hermitian
structure (g,J2). The second Hermitian scalar curvature sy and the J-scalar curvature are
given by

S2 = SJ =

1223y ’ 6

_4x3+12x2y—5xy2—|—y3 1 @_@ﬁ_m 4
a3 x2 x  y)

Let us deal now with the invariant almost Hermitian structure (g, Jp).

Lemma 3.33. The invariant Hermitian structure (g, J1) does not admit (0, 3)-triple. The (1,2)-
triples are given by a1 +as —az3 =0 and —a; — ag + a3 = 0.

Proposition 3.34. Let us consider the flag manifold CP?, equipped with invariant Hermitian
structure (g, J1). Denote by s the Riemannian scalar curvature and s1 the first Hermitian scalar
curvature. Then the invariant metric g that is solution of the equation 2s; — s = 0 is given by
y = 2x. In this case, the pair (g,J1) is a Kdhler structure.

Proof. We get ||(dF)~||? = HNOH2 = 0 and the norm of the (1,2) 4 (2, 1)-part of dF satisfies

2z — y)?
T R et i
[(dE)™]] 61y
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The first Hermitian scalar curvature is

=3 = @RI s[NP by < RIS 2AE ) e
Therefore,
251 —s = (ylgxiz)z
and
2s1—s=0«y=2z  (the pair (g,J1) is Kéhler). m

An immediate consequence of the proof of Proposition 3.34, by analyzing the vanishing of
the components (dF)~, (dF)*, N is the following result:

Proposition 3.35. The invariant almost Hermitan structure (g,J1) on CP? belongs to the
Gray-Hervella class Ws. The invariant Hermitian structure (g, J1) with g satisfying y = 2x is
a Kdhler structure

For the sake of completeness we will compute the scalar curvatures so(t) and s; for the
complex structure J;. We will use the ingredients computed in the Proposition 3.34.

Proposition 3.36. Let us consider the flag manifold CP?, equipped with invariant Hermitian
structure (g, J1). The second Hermitian scalar curvature sa(t) and the J-scalar curvature are
given by

—t2(y — 22)% 4 2t(y — 22)? + 227 (4% + 122y — y?)
s2(t) = 24ty ’
Y 2 2

_@+m+3y‘

SJ] —

3.5 Full flag manifold SU(4) /T3

Let us consider now the 12-dimensional full flag manifold SU(4)/73. Recall that a Cartan
sub-algebra b of su(4) is given by

h = {diag(x1, z2,x3,24): 1 + T2 + 23 + 4 = 0, 21,72, 23,24 € C}.

The set of roots is given by A;; = 2; — x;, and the positive roots are \;;, 7 < j.
The isotropy representation of SU(4) /T splits into six irreducibles components of the isotropy
representation, where each component is associated to a positive root:

m=m; EmePmgPbmy PmsPmg
= Uj2 D U3 D Uiy D Uz D Uog D Uz4,

where u;; = su(4) N (gi; © g5:), and g;; is the root space associated to the root A;;.
There exist four invariant almost complex structures, up to conjugation and equivalence:

Jl = (+7+a+7+a+,+)7 J2: (_7+7+a_’+a+)7
J3: (+7+7+777+)7)7 J4: (+7+777+)+5+)'
The zero sum triples of SU(4)/T? are given by ais + ass + az; = 0, aiz + agg + ag; = 0,

a13+agstog = 0, asz+agstoayge = 0, a1 +age+aiz3 = 0, oo +ags+ais = 0, az1+oyz+ais =0
and ags + ay3 + asy = 0.
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An invariant metric g on SU(4)/7? depends on six parameters. We will restrict our analysis
to a family of invariant metric induced by the deformation of the normal metric SU(4)/T? in
the direction of the fibers of the fibration

U(3)/T? ---SU4)/T? + CP3.
The resulting invariant metric g is the 1-parameter family of metrics parametrized by
g = (M2, M3, Mgy Aog, Ao, Aga) = (22,27, 1,27, 1, 1). (3.3)

Proposition 3.37. The Riemannian scalar curvature (SU(4)/T3,g) is given by

3/ , 5

In the sequel we will prove Theorem 1.10 stated in the Introduction. We will use extensively
the results of Section 3.2. Since these computations are extensive and laborious we will omit
some details. We will deal case-by-case for each pair of invariant almost Hermitian structure
(9,Ji), i =1,...,4, where the metric g is given in equation (3.3).

(g, J1). Using the results of Section 3.2 we have

150" =
I(dF)~[I* =0
1

dF+2:2
|(@F)*|? = 2+ =,

1
DF|? =2%+ —.
IDFI? = a* +

Therefore the invariant almost Hermitian structure (g, J1) belongs in the class Ws for all . The
first Hermitian scalar curvature is
49

s 5 _
&Zg—ﬁWMjw WWH dmw2 G ++n>

Therefore the equation 2s; — s reads:

3zt +1
62 ’

5
261 — 5 = 2 IAF)" 1 + SN0+ Sl@F) 2 =

and there is no x such that 2s1 — s = 0.

(g, J2). Using the results of Section 3.2 we have

3
@r) = 5
|7 =o,
(@F)H? =a?

1
HDHF:m%kﬁ.
X

Therefore the invariant almost Hermitian structure (g, J2) belongs in the class W; @ Ws for all x.
The first Hermitian scalar curvature is

a2t + 2422 — 5

1= 5 = ol @F) |2 4+ oo [N+ lamy e = T
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Therefore the equation 2s; — s reads:

2t =5

) -
261 — 5 =~ @) I+ S [N+ SRy = 550,

and 2s; — s = 0 if, and only if, z = V/5.
(g, J3). Using the results of Section 3.2 we have

2 2
-2 _ (m +2)
Jar) | =

2 2
vy = 2820
9z

1 )
lary 1 = 5 (202 + 55 - 4)

5, Hx2 3 8
|IDF| =5ty
Therefore the invariant almost Hermitian structure (g, J2) belongs in the class Wi @ Wy @ Ws
for all z # 1. When = 1 we have N = 0 and in this case (g,J2) € Wi @ W3. The first
Hermitian scalar curvature is
3zt + 822 + 49

)
s1= 2= D NAR)TI 4 [N+ Ry = 2

2
Therefore the equation 2s; — s reads:

2sl—s:—g||(dF)*||2 7HN0H + [(dF)T||? = <3x2+x12—16>,

and 2s; — s = 0 if, and only if, z = %(8 — \/61) orr= %(\/61 —|—8).
(g, J4). Using the results of Section 3.2 we have

e 2(2®+2)°
2
o2 64 (z? — 1)
e
4
T2 1
[(dE)™| =52
prp="24 3 8
3 3

Therefore the invariant almost Hermitian structure (g, J3) belongs in the class W) @ Wa @ Ws
for all z # 1. When = 1 we have N° = 0 and in this case (g,J3) € Wi @ W3. The first
Hermitian scalar curvature is

s1=5 = @77+ HN I + [(dF)t|)? = =B\ T 224
Therefore the equation 2s; — s reads:
5 -1 + 0 +112 z? 7
281—8:—6||(dF) =+ HN H + [(dF)T[]* = ?—@—47

and 2s; — s = 0 if, and only if, x = %(Jﬁ%— 12).

For the sake of completeness we will finish this section by computing the Hermitan scalar cur-
vatures s2(t) and s for almost Hermitian structures (g, J;), i = 1,...,4 on SU(4)/T3. We sum-
marize the computations in the next result.
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Proposition 3.38. Let us consider the flag manifold SU(4)/T3. The second Hermitian scalar
curvature sa(t) and the J-scalar curvature sy for each invariant Hermitian structure (g,J;),
i=1,...,4 are given by

Invariant
Hermitian s52(1) SJ
structure
4(t — 2)t(3z* + 1) + 9(z* — 822 — 5) 3 5
(9,1) - 1822 s\t
—4t2 + 8t — 3)z* + 2422 + 11 32 1
(g, J2) s 16)fz+ — 5 " t?
—A412(22* — 42?2+ 5) + 8t(2z* — 422+ 5) — bzt + 5622 + 45| 1 45
(9,J3) o ) (ZSZ:EJF) M 24<7x2+2+8)
a X
—4t2(z* + 1) + 8t(z* + 1) — 2t + 4022 + 45 1 , 45
(9:Ja) e 5 <23x + - 56>

3.6 Flag manifolds of the exceptional Lie group G-

Let us recall some well known facts about the Lie algebra go = Lie(G2).
Let us consider the Cartan sub-algebra h of the g, as a subalgebra of the diagonal matrices
of 5[(3) and let \; be the linear functional of ) defined by

Ai: diag{ai, ag, a3} — a;.

The simple roots of Go are a; = A\; — A and as = Ay. The set of positive roots is given by
O = {1, a0, a1 + ao, a1 + 209, a1 + 32, 201 + 3z}

The maximal root of G2 is p = 2ay + 3as.

3.6.1 Flag of G2 with two isotropy components

Let us consider the 10-dimensional flag manifold G5/U(2), where the isotropy group U(2) is rep-
resented by the short root. The isotropy representation of this homogeneous space decomposes
into two irreducible components: m; and msg, described explicitly as

mp = R+(041, 1) = {051,051 + a9, a1 + 2&2,&1 + 3&2},
mo = R+(a1,2) = {20&1 + 30&2}.

Therefore G2/U(2) admits 2 invariant almost complex structures, up to conjugation:
J1=(+,4) and Jy = (+,—).

We will denote an invariant metric g by the pair of positive numbers (x,y). To be consistent
with Section 3.2, we set Ay = z and Ay = y. Let us consider the orthonormal basis of T'Mc¢:

{qu Xa1+a2 Xa1+2a2 Xa1+3a2 X2a1+3a2 X—Oq X—(Oé1+a2) X—(O!1+2012)

Ve o o Ve T Sy Ve oo N
X*(a1+3a2) X*(2a1+3a2) }
vy '
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Proposition 3.39 ([4]). Let us consider Ga/U(2), with invariant metric g parametrized
by (z,y). Then the Riemannian scalar curvature of (Go/U(2),g) is given by

Y +4+ 1
§= ——— + — + —.
472 2y

Lemma 3.40. The invariant Hermitian structure (g, J2) does not admit (1,2)-triple. The (0,3)-
triples are given by a1 + (a1 + 3ag) — (201 + 3ag) =0, —ag + (—a1 — 3a2) + (2a1 + 3ag) =0,
(041 + Ozg) + (a1 + 2a2) — (2(11 + 3042) =0, (*Oél - 012) + (—al — 2042) + (20&1 + 30&2) =0.

Proposition 3.41. Let us consider the flag manifold G2/U(2), equipped with invariant Hermi-
tian structure (g, Js). Denote by s the Riemannian scalar curvature and sy the first Hermitian
scalar curvature. Then the invariant metric g that is solution of the equation 2s; —s = 0 s
given by

= 2z(v10+ 3).

Proof. Note that ||(dF)*||?2 = 0. The squared norm of the (0,3) + (3,0)-part of the Kihler
form is given by

_ 2z +y)?
aF) |2 = Bt oS
and the form N© is

N2
oy = 222
9x=y

The covariant derivative of F' satisfies

3y 4 4
DF|? = R
IDF|| 12( x+y>7

and the first Hermitian scalar curvature is given by

84+8 5y
s -—=.
VT y  x?

Therefore, we have

—422 — 12zy + 2
2422y ’

5 _
261 — 5 =~ (@) I+ [N + SRy =

and 251 — s = 0 if, and only if, y = 22(1/10 + 3). |

An immediate consequence of the proof of Proposition 3.41, by analyzing the vanishing of
the components (dF)~, (dF)*, NV is the following result:

Proposition 3.42. With the notation above, the invariant almost Hermitan structure (g, Jo2)
on G2 /U(2) belongs to the Gray—Hervella class W1 ®W,. The pair (g, J2) belongs to the class Wy
(nearly Kdhler) if, and only if, the parameters of the metric g satisfies x = y.

For the sake of completeness we will compute the scalar curvatures so = s9(t) and s; for the
complex structure Jo. We will use the ingredients computed in the Proposition 3.41.
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Proposition 3.43. Let us consider the flag manifold G2/U(2), equipped with invariant Hermi-
tian structure (g, J2). The second Hermitian scalar curvature sy and the J-scalar curvature is
given by

1 sy 9 12
TR 22T, y )’

T\ 2 Ty)

Let us work now with the invariant almost Hermitian structure (g, Ji).

Lemma 3.44. The invariant Hermitian structure (g, J1) does not admit (0, 3)-triple. The (1,2)-
triples are given by ay + (a1 + 3a2) — (201 + 3ag) =0, —ag + (—a1 — 3ag) + (201 + 3a2) =0,
(o1 4+ a2) + (a1 + 2a2) — (201 + 3an) =0, (—ag — ag) + (—ag — 2a2) + (201 + 3a2) = 0.
Proposition 3.45. Let us consider the flag manifold G2/U(2), equipped with invariant Hermi-
tian structure (g,J1). Denote by s the Riemannian scalar curvature and sy the first Hermitian
scalar curvature. Then the invariant metric g that is solution of the equation 2s1 — s = 0 is
given by y = 2z. In this case, the pair (g,J1) is a Kdhler structure.

Proof. By Proposition 3.17, we obtain |(dF)7||?> = HNOH2 = 0, the squared norm of the
(1,2) + (2,1)-part of F is
(22 — y)?
1222y
and the covariant derivative of F' is

(y — 22)°
1222y

The first Hermitian scalar curvature is

L( 5y, 92 16
s1=—|-——>+—+—).
T\ 2T Ty

I(@F)** =

IDF|* =

Therefore,
5 2y Loz 1 2 (y—2x)°
281—8:—6||(dF) | —|—§HN I +§H(dF) | :W
We have 2s; — s = 0 if, and only if, y = 2z. In other words 2s; — s = 0 if, and only if, (J,A) is
Kahler. |

An immediate consequence of the proof of Proposition 3.45, by analyzing the vanishing of
the components (dF)~, (dF)*, NV is the following result:

Proposition 3.46. The invariant almost Hermitan structure (g, J1) on Ga/U(2) belongs to the
Gray—Hervella class Ws. The invariant Hermitian structure (g, J1) with g satisfying y = 2x is
a Kahler structure.

For the sake of completeness we will compute the scalar curvatures so(t) and s; for the
complex structure J;. We will use the ingredients computed in the Proposition 3.45.

Proposition 3.47. Let us consider the flag manifold G2/U(2), equipped with invariant Hermi-
tian structure (g, J1). The second Hermitian scalar curvature s2(t) and the J-scalar curvature
are given by

A(t2 = 2t — 3)a? — 4(t2 — 2t + 24)zy + (2 — 2t + 6)y?

s2(t) = = 4822y ’
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3.6.2 Full flag manifold Go/T?

Let us consider now the 12-dimensional full flag manifold G5/T2. Since on flag manifolds the
irreducible components of the isotropy representation are the real root space, we have 6 isotropy
components given by

m=m; m, Gm; O m, & my;Dmg

= a1 D Baz D Jai+az D Far+2a2 D Gay+3a2 D 9201 +3as-

There exist 32 invariant almost complex structure on Go/T?, up to conjugation and equiv-
alence. These invariant almost complex structures are parametrized by a set of 6 signals, as
described in Table 3.

The zero sum triples of G2 /T2 (up to sign) are given by

a1+ oz — (1 +a2) =0,
az + (a1 + a2) — (a1 + 2a2) = 0,
ag + (a1 + 2a2) — (a1 + 3ag) =0, (3.4)
a1 + (a1 + 3a2) — (201 + 3ag) =0,
L (a1 + 042) + (a1 + 2a2) — (20[1 + 30[2) =0.

An invariant metric g on Go/T? depends on six parameters. We will restrict our analysis
to a family of invariant metric induced by the deformation of the normal metric Go/T? in the
direction of the fibers of the fibration

5% x §%...Go/T? = Go/SO(4). (3.5)
The resulting invariant metric g is the 1-parameter family of metrics parametrized by
g = (Aalv A0127 )\Oc1+0127 )\a1+2a27 )\041+3O¢2> )\2a1+3a2) - (17 17 :UQ’ 1) 1’2, ]-) . (36)

One can compute the Riemannian scalar curvature by using the Ricci curvature of an invariant
metric on Go/T? computed in [5].

Proposition 3.48. The Riemannian scalar curvature of (GQ/TQ,Q), where the invariant met-
ric g is defined in (3.6), is given by

B 2 4+ 1222 — 224

s
32

In the sequel we will summarize the computation used in the proof of Theorem 1.11 stated in
the Introduction. We will deal case-by-case for each pair of invariant almost Hermitian structure
(g,Ji),1=1,...,32, where the metric g is given in equation (3.6). Since the details of the proof
are similar to the previous section we will omit them. The solutions for the equation 251 —s =0
and all other information about the invariant almost Hermitian structures (g, .J;) concerning to
this question are summarized in Table 3. We remark that we list just (0, 3)-triple of the pair
(g,Ji). The set of the corresponding (1, 2)-triples is the complementary set of the (0, 3)-triples
inside the set of all zero sum triples listed in (3.4).
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Table 3. Full flag manifold Gy /T?.

Invar.i a.nt Parametrization (0, 3)-triples _ 0
Hermitian of J; (up to sign) (dF) N (dF)* ap Class Remark| 2s;—s=0
structure
(g, J1) |(+,+,+,+,+,+) 0 0 0 5z + 5 —8)[ 0 Ws Vo P
(9,82) |(=+ ++++) 0 0 0 (522 4+ 5% —8)| 0 W \Z3 Ba
(9,73) |(H, =+, + +,+) 0 0 0 15224+ % —4)| 0 W Vr Pa
(9. J1)  |(H,4,—+,+,+) a1+ as — (a1 +az) =0 (@2 | 32t )R | A ) W oW, W] o £ 1 v=4
Wi & Ws r=1 Hhz
(9:T5)  |(Fsbrbs— o F) |zt (an +ag) — (an +209) =0 | G20 BRACZDT | A2 g ) g W e Wy| 2 £ 1 |z = 23 or 2 = 82
Wi & Ws r=1 Hha
(9:J6)  |(Fr4 24— )| o+ (a1 +200) — (a1 +3ap) =0 | G20 | 322D | dGoat ) gy g W, @ Ws| 2 £ 1 r=4
Wi & Ws r=1 ha
(9:77) (42 oo —)| 1+ (@1 +30) — (200 +3ap) =0 |HEHD0| G| g2 88 g W oWy e Wy o #£ 1 z=42
(o1 +az)+ (a1 +2a2) — (201 +3a2) = 0 Wi & Ws T = Az
(9,J8) |[(+,— —+,++)| o+ (a1 +a2)— (a1 +2a2)=0 (:823:22)2 32(31;1)2 % 0O WroWa W3 z#1 =5
Wi & Ws T = hx
(9:90)  |(+ == H)| a2+ (o +200) — (0 +3az) =0 | B2 | 2EZUT 1 e (Wi e, e Ws| o A1 | o= %
Wi & Ws r=1 Hhz
(9,J10) |(+,—+,+,—+) 0 0 0 15224+ 5 —4)] 0 Ws Y Az
(9:711) |(+ =4 —)| ar+ (1 +3a2) — (201 +3ag) =0 |2EE2T) ST g2 4 44 e W, e Ws| o £ 1 p=12
(a1 +ag)+ (a1 +2a2)— (201 +3a2) =0 Wi & W3 r=1 E
(9, J12) | (b4 — =+, +) a1 + (ag) — (a1 + ap) =0, 202 |G g2 44 ) W e W oWy z £ =1
(a1 +ao)+ (o +2a) — (201 +3a2) = 0 Wi & Ws x=1 Az
(9, 713) | (4,4, — 41—, +) a1 + (o) — (a1 + an) =0, 2w 42)" | G4a” )" 2 0 (Wi aW,eWs| x#1 v = U3

Continued on next page
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Table 3. Continued from previous page

Invariant | b o metrization (0, 3)-triples
Hermitian of J. (u7 to sign) (dF)~ NO (dF)* ap Class Remark| 2s;—s=0
structure ! P &
as + (aq + 2as) — (a1 + 3az) =0 Wi @ Ws =1 Az
2 2 2 2
(g, J14) (+, +,—,+,+, —) a1 + (041 + 3042) — (20&1 + 3a3) =0, 2(963;;2) 64(95”;1) %+ 39% - % 0O WrdWe @ Ws| x#1 xr = %
a1 +as— (g +a)=0 Wi & Wy r=1 hz
2 2 2 2 4 2
(9. T15) | (hohobs = = H)| ozt (on az) = (on +20) =0 | CEn | BEEAE | 2D o WieWaeWs| e #£1 o =Fora =3
Wi & Ws r=1 hx
2 2 2 2
(9,J16) | (44 — 4, )| a1+ (a1 + 3as) — (201 + 3a) =0, |2ZH2T) G U7 g2y A 40 W g We e Ws| o #£ L z=12
ag + (a1 + az) — (@1 +2a2) =0 Wi & Wy r=1 ha
2 2 2 \2
(9. 717)  |(Fo bbby = )| ot (a1 +2a0) — (a1 +3ap) =0, | 2GR0 SUGEEAE | a2 4 o8 — 8 10 WieWh oWy 2L | w=2
(a1+a2)+(a1+2a2)—(2a1+3a2) =0 Wl ) W3 r=1 ﬂ.’t
(9, T18) | (5= ==, H)| g+ (a1 + 2a2) — (a1 +3ag) =0, |22 H27) G4 L) a? OV oW ®@Ws| = #1 T =5
(Otl+Oég)+(0&1+20&2)*(20&1+30&2) =0 Wl D W3 r=1 ﬂ.T
(9:719) |(Fs === 4)|  an+ (1 +az) — (a1 +200) =0 | LH2 | 32 1) 1z 0 WieW,eWs| z#1 v=1
5 J19 s T 9T Ty T 2 1 2 1 2 322 912 3 1 2 3 25
W1 & Ws r=1 ﬂx
2 2 2 2
(g, J20) (+, —, =, +,+, —) o + (041 + 042) — (0&1 + 20[2) =0, 2(963;;2) 64(%36;1) %+ 3;% - % 0O WireWe @ Ws| x#1 r = %2
ay + (a1 + 3az) — (201 +3az) =0 Wi @ Ws =1 hx
(g>J21) (+>_a+7_7_7+) 0 0 0 %(5«7:2"‘% 8) 0 W?, Va ﬂ.’l}
2 2 2 2
(97 J22) (+’ -+ =+ 7) o1+ (al + 3@2) - (20{1 + 3@2) =0 2($3r+22) 64(3;ng) x2 0 Wl 2] W2 S W3 T 7£ 1 T = %
ag + (o + 2a3) — (a1 + 3a3) =0 Wi & Ws =1 hx
2 2 2 \2 2402
(9. 723 |(h, =+ =, )| (0 Fa2) (a1 +202) — (201 +302) = 0] L | Bl | M2t 10 W@ W@ Ws| v #1 z=Bora =5
Wi & Ws r=1 Ha
2 2 2 \2
(9,J21) |(+,4,—,— —,+) o1 + (a2) — (01 + ag) =0, e A2 ST g2 A L 0 (W e W Ws| 2 #£ L z=12

Continued on next page
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Table 3. Continued from previous page

Invariant . .
Hormitian Parametrization (0, 3)—tr1ples (dF)~ NO (dF)* ap Class Remark| 2s; —s=0
of J; (up to sign)
structure
(a1 4ag)+ (o +2a2) — (201 +3a3) = 0 Wi @ Ws r=1 Bz
(97 J25) (+7 +) ) +7 ) _) ag + (a2) - (al + a2) = 07 2(1‘;;;2)2 64(:;1;1)2 $2 + 39% — % O W1 @ W2 @ W3 s # 1 xr = %
ag + (aq + 2a2) — (a1 +3a2) =0 Wi & Wy r=1 hz
2 2 2132 24952
(9:J26)  |(+:+,+,— = —)|  az+(a1+az) = (a1 +2a2) =0 (ngc_f) 32(9&3@ Y « 39252 +2) 0 WieWa®Ws| z#1 |z= % orx = %g
Wi & Ws r=1 hx
2 2 2132 JRCS)
(97 J27) (+’ TH T Ty T +) (al +a2)+(a1+2a2)—(2a1+3a2) =0 (wSIf) 32(f)z2 Y A 3z2 + 0 WreWr, ®Ws| # 1 r= %
Wi & Ws r=1 ha
2 2 2 2
(gv JQS) (+7 R 7+7 ) aq + (al + 30(2) - (2041 + 30[2) = 07 2(1:39;2) 64(f)xg1) $2 0 Wl @ W2 @ W3 T # 1 = %
a2+(a1+2a2)—(a1+3a2):0 Wl@Wg; r=1 ﬂ.’b
2 2 2 1\2 24 o2
(g7 J29) (+7 9 a+7 7_) a9 + (al + ()[2) - (Oél + 20[2) = O (z3i22) 32(f)$2 1) 4( 3i2 +2) O Wl @ W2 & W3 T ;é 1 €= % Oor T = %g
Wi @ Ws r=1 ﬂx
(g,J30) |(4+,—+,— —,—) 0 0 0 5z + 5 —8)[ 0 Ws Va P
2 2 2132 24952
(97 J31) (+7 +7 PR T _) aq + (CKQ) - (al + 042) = 0 (w3—£22) 32(21,2 1) 4( 352 +2) 0 Wl D WQ © WS x 7& 1 |z= % or r = %g
Wi & Ws r=1 hz
2 2 2 2
(9, J32) |(4,+,— —,+,—) o1 + (a2) = (01 + ag) =0, e A2 S U7 g2 A L 0 (Wi eWe e Ws| o # L z=12
o + (Oq + 3(12) — (2(11 + 30[2) =0 Wi & Wy T = iﬂx
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