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Remark 2.3. Conversely, the product of the enveloping algebra can be expressed in terms of the Grossman–

Larson product and the unshuffle coproduct as follows:

XY = X(1) ∗ (S ∗X(2) � Y). (2.8)

This is seen by plugging (2.6) into the right-hand side of (2.8).

2.2 Free post-Lie Algebras

F. Chapoton and M. Livernet presented in [9] the free pre-Lie algebra in terms of (non-planar) decorated

rooted trees. Similarly, H. Munthe-Kaas and A. Lundervold gave in [29] an explicit description of the free

post-Lie algebra in terms of formal Lie brackets of planar decorated rooted trees. Let us briefly review this

construction: a magma is a set M together with a binary operation, without any further properties. For any

(non-empty) set E, the set of all parenthesized words on the alphabet E is the free magma over E, denoted

M(E). A practical presentation of it can be given in terms of planar rooted trees. Indeed, consider the set T
pl

E

of all planar rooted trees with vertices decorated by E, and let ◦ց denote the left Butcher product defined on

T
pl

E
as:

σ◦ցτ = Be
+(στ1τ2 · · · τk),

for σ, τ1, τ2, . . . , τk ∈ T
pl

E
and τ := Be

+(τ1τ2 · · · τk). Here, Be
+ is the operation defined by grafting a monomial

τ1τ2 · · · τk of E-decorated rooted trees on a common root decorated by some element e in E, to obtain a new

tree. For example (in the undecorated context):

◦
ց = , ◦

ց = , ◦
ց = .

Denote by T
pl

E
the linear span of the set T

pl

E
. Besides the left Butcher product, ◦ց, this space has another

magmatic product defined through left grafting, denotedց and defined by

σց τ =
∑

v vertex of τ

σցv τ, (2.9)

where σ ցv τ is the tree obtained by grafting the root of the tree σ onto the vertex v of the tree τ, such that

σ becomes the leftmost branch starting from vertex v. See for example references [2, 8]. Computing some

examples (in the undecorated context) we find:

ց = + , ց = + + .

By freeness universal property, there is a unique morphism of magmatic algebras

Ψ : (T
pl

E
, ◦ց) −→ (T

pl

E
,ց)

τ 7−→ eτ := Ψ(τ)

such that Ψ(•a) = •a for any a ∈ E, which is a linear isomorphism. A detailed account of the map Ψ can be

found in [2].

LetL(T
pl

E
) be the free Lie algebra generated by T

pl

E
. It can be endowed with a structure of post-Lie algebra

by extending the aforementioned left grafting,ց, as follows:

σց [ τ, τ′] = [σց τ, τ′] + [ τ, σց τ′] ,


