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Introduction

Theorem (EGZ Theorem (Erdős, Ginzburg and Ziv))
Each set of 2n − 1 integers contains some subset of n elements the sum of which
is a multiple of n.
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Introduction
Question. Given a (2n − 1)-member set of integers, can we count the number of
n-member subsets such that its elements sum to a multiple of n?

Theorem (Conjectured by Vladeta Jovovic, Proved by Max Alekseyev)
The number of n-member subsets of {1, 2, . . . , 2n − 1} such that its elements sum
to a multiple of n is

s(n) = (−1)n

2n
∑
d|n

(−1)dϕ
(n

d
)(2d

d

)
.
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Introduction
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Alekseyev’s Proof

Sketch of Alekseyev’s Proof. We notice

s(n) =
∑
ℓ

coeff. of xℓnyn in
2n−1∏
k=1

(1 + yxk).

Orthogonality of roots of unity ⇒

G(q) =
∑

n
g(n)qn

⇓∑
n≡h (mod H)

g(n)qn =
1
H

H∑
ℓ=1

e− 2πihℓ
H G

(
e 2πiℓ

H q
)
.
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Alekseyev’s Proof

Sketch of Alekseyev’s Proof (continued). Then

s(n) = −1 +
1
n2

n−1∑
i=0

n−1∑
j=0

2n−1∏
k=1

(
1 + exp

(
2πi(i + kj)

n

))
.

Further, we may compute that if d = gcd(n, j) and n′ = n/d,

2n−1∏
k=1

(
1 + exp

(
2πi(i + kj)

n

))

= (−1)n+d22n

n′−1∏
t=0

cos

(
2π(i + td)

2n

)2d(
1 + exp

(
2πii
n

))−1
.

The rest requires heavy computation involving trigonometric functions.
Any simple proofs? Or generalizations?
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Main Result

Theorem (C.)
Let u > v be two positive integers and c be an integer. Let n be a positive integer.
If s(u, v; c; n) counts the number of subsets of {1, 2, . . . , un − 1} of vn elements
whose sum is congruent to c modulo n, then

s(u, v; c; n) =



u − v
un

∑
d|n

µ

(
n

d · gcd
(
c, n

d
)) ϕ

( n
d
)

ϕ

(
n

d·gcd(c, n
d )

)(ud
vd

)

if n is odd or n and v are both even,

u − v
un

∑
d|n

(−1)dµ

(
n

d · gcd
(
c, n

d
)) ϕ

( n
d
)

ϕ

(
n

d·gcd(c, n
d )

)(ud
vd

)

if n is even and v is odd,

where µ(·) is the Möbius function and ϕ(·) is Euler’s totient function. We also
adopt the convention that gcd(0, n) = n.
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Examples

Table: 2-, 3- and 4-Member subsets of {1, 2, 3, 4, 5}

n = 3, u = 2, v = 1

3-mem. Σ mod 3 3-mem. Σ mod 3
{1, 2, 3} 0 {1, 4, 5} 1
{1, 2, 4} 1 {2, 3, 4} 0
{1, 2, 5} 2 {2, 3, 5} 1
{1, 3, 4} 2 {2, 4, 5} 2
{1, 3, 5} 0 {3, 4, 5} 0

n = 2, u = 3, v = 1

2-mem. Σ mod 2 2-mem. Σ mod 2
{1, 2} 1 {2, 4} 0
{1, 3} 0 {2, 5} 1
{1, 4} 1 {3, 4} 1
{1, 5} 0 {3, 5} 0
{2, 3} 1 {4, 5} 1
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Examples

Table: 2-, 3- and 4-Member subsets of {1, 2, 3, 4, 5} (continued)

n = 2, u = 3, v = 2

4-mem. Σ mod 2
{1, 2, 3, 4} 0
{1, 2, 3, 5} 1
{1, 2, 4, 5} 0
{1, 3, 4, 5} 1
{2, 3, 4, 5} 0
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Corollaries

Corollary
Let u > v be two positive integers. The number of subsets of {1, 2, . . . , un − 1} of
vn elements which sum to a multiple of n equals

u − v
un

∑
d|n

ϕ

(n
d

)(ud
vd

)
if n is odd or n and v are both even,

u − v
un

∑
d|n

(−1)dϕ

(n
d

)(ud
vd

)
if n is even and v is odd.

Corollary
Let u > v be two positive integers. The number of subsets of {1, 2, . . . , un − 1} of
vn elements which sum to one more than a multiple of n equals

u − v
un

∑
d|n

µ

(n
d

)(ud
vd

)
if n is odd or n and v are both even,

u − v
un

∑
d|n

(−1)dµ

(n
d

)(ud
vd

)
if n is even and v is odd.
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Proof

Distinct partition → Restricted partition ⇔ q-Binomial coefficient

Given a vn-element subset {x1, x2, . . . , xvn} of {1, 2, . . . , un − 1}, we assume

1 ≤ x1 < x2 < · · · < xvn ≤ un − 1
| | |
1 2 vn

0 ≤ x′1 ≤ x′2 ≤ · · · ≤ x′vn ≤ (u − v)n − 1

We are led to a partition with largest part ≤ (u − v)n − 1 and number of parts
≤ vn. Its generating function is

R(q) =
vn((u−v)n−1)∑

m=0
r(m)qm =

[
un − 1

vn

]
q
.
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Proof

Notice that

1 + 2 + · · ·+ vn =
vn(vn + 1)

2

≡

{
0 (mod n) if n is odd or n and v are both even,
n
2 (mod n) if n is even and v is odd.

Thus
vn∑

i=1
xi ≡ c (mod n)

⇕
vn∑

i=1
x′i ≡

{
c (mod n) if n is odd or n and v are both even,
n
2 + c (mod n) if n is even and v is odd.
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Proof

Thus

s(u, v; c; n) =



vn((u−v)n−1)∑
m=0

m≡c (mod n)

r(m) if n is odd or n and v are both even,

vn((u−v)n−1)∑
m=0

m≡ n
2 +c (mod n)

r(m) if n is even and v is odd

=


1
n

n∑
ℓ=1

e− 2πicℓ
n R

(
e 2πiℓ

n
)

if n is odd or n and v are both even,

1
n

n∑
ℓ=1

(−1)ℓe− 2πicℓ
n R

(
e 2πiℓ

n
)

if n is even and v is odd.
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Proof

Lemma
Let ℓ be a positive integer. Then

R
(
e 2πiℓ

n
)
=

u − v
u

(
u · gcd(ℓ, n)
v · gcd(ℓ, n)

)
.

Proof. Recall that

R(q) =
[
un − 1

vn

]
q
=

(u−v)n−1∏
k=1

1 − qvn+k

1 − qk .

Hence,

R
(
e 2πiℓ

n
)
=

(u−v)n−1∏
k=1

lim
q→e

2πiℓ
n

1 − qvn+k

1 − qk ,

where

lim
q→e

2πiℓ
n

1 − qvn+k

1 − qk =

1 if
(
e 2πiℓ

n
)k ̸= 1

vn+k
k if

(
e 2πiℓ

n
)k

= 1 ⇐⇒ n divides kℓ
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Proof

Proof (continued). For convenience, we write n = n′d and ℓ = ℓ′d where
d = gcd(ℓ, n). Then n | kℓ is equivalent to n′ | k. Hence,

(u−v)n−1∏
k=1

lim
q→e

2πiℓ
n

1 − qvn+k

1 − qk =

(u−v)n−1∏
k=1

k≡0 (mod n′)

vn + k
k

(k=k′n′)
=

(u−v)d−1∏
k′=1

vn + k′n′

k′n′

=

(u−v)d−1∏
k′=1

vd + k′
k′ =

(
ud − 1

(u − v)d − 1

)
=

u − v
u

(
ud
vd

)
.

Consequently, we have that

R
(
e 2πiℓ

n
)
=

u − v
u

(
ud
vd

)
=

u − v
u

(
u · gcd(ℓ, n)
v · gcd(ℓ, n)

)
,

which is our desired result.
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Proof

Case 1. If n is odd or n and v are both even, then

s(u, v; c; n) = 1
n

n∑
ℓ=1

e− 2πicℓ
n R

(
e 2πiℓ

n
)

=
u − v

un

n∑
ℓ=1

e− 2πicℓ
n

(
u · gcd(ℓ, n)
v · gcd(ℓ, n)

)

=
u − v

un
∑
d|n

(
ud
vd

) n∑
ℓ=1

gcd(ℓ,n)=d

e− 2πicℓ
n

=
u − v

un
∑
d|n

(
ud
vd

) n
d∑

ℓ′=1
gcd(ℓ′, n

d )=1

exp

(
−2πicℓ′

n/d

)
.
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Proof

Recall the evaluation of Ramanujan’s sum

cq(m) :=

q∑
ℓ=1

gcd(ℓ,q)=1

exp

(
2πimℓ

q

)
= µ

(
q

gcd(m, q)

)
ϕ(q)

ϕ
(

q
gcd(m,q)

) .
Thus

s(u, v; c; n) = · · ·

=
u − v

un
∑
d|n

(
ud
vd

) n
d∑

ℓ′=1
gcd(ℓ′, n

d )=1

exp

(
−2πicℓ′

n/d

)

=
u − v

un
∑
d|n

µ

(
n

d · gcd
(
c, n

d
)) ϕ

( n
d
)

ϕ

(
n

d·gcd(c, n
d )

)(ud
vd

)
.
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Proof

Case 2. If n is even and v is odd, then

s(u, v; c; n) = 1
n

n∑
ℓ=1

(−1)ℓe− 2πicℓ
n R

(
e 2πiℓ

n
)

=
u − v

un

n∑
ℓ=1

(−1)ℓe− 2πicℓ
n

(
u · gcd(ℓ, n)
v · gcd(ℓ, n)

)

=
u − v

un

n∑
ℓ=1

(−1)gcd(ℓ,n)e− 2πicℓ
n

(
u · gcd(ℓ, n)
v · gcd(ℓ, n)

)

=
u − v

un
∑
d|n

(−1)d
(

ud
vd

) n∑
ℓ=1

gcd(ℓ,n)=d

e− 2πicℓ
n

=
u − v

un
∑
d|n

(−1)dµ

(
n

d · gcd
(
c, n

d
)) ϕ

( n
d
)

ϕ

(
n

d·gcd(c, n
d )

)(ud
vd

)
.
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Closing Remarks

If we replace the set {1, 2, . . . , un − 1} by an arbitrary set of un − 1 consecutive
integers, say {a + 1, a + 2, . . . , a + un − 1}, the formula in the main result still
holds. In fact, if {x1, x2, . . . , xvn} (with x1 < x2 < · · · < xvn) is a subset, we may
put xi = x′i + a + i for each 1 ≤ i ≤ vn and then carry out the same procedure.
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Closing Remarks

For a general set S of 2n − 1 integers in the EGZ Theorem, we know that the
number of such n-member subsets is

−1 +
1
n2

n∑
j=1

n∑
k=1

∏
s∈S

(
1 + exp

(
2πi(j + ks)

n

))
.

However, there is no obvious approach that can simplify this expression.

Open Question. Can we find other examples of S that give nice closed forms of
the number of the desired n-member subsets, or even may lead to parallel
extensions like our main result?
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Thank You!
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