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Àííîòàöèÿ. �àáîòà ïîñâÿùåíà èçó÷åíèþ è ðåøåíèþ îäíîé ãðàíè÷íîé çàäà÷è äëÿ íåëèíåéíîãî

èíòåãðî-äè��åðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà íà ïîëîæèòåëüíîé ïîëóïðÿìîé ñ íåêîì-

ïàêòíûì èíòåãðàëüíûì îïåðàòîðîì �àììåðøòåéíà. Óêàçàííàÿ çàäà÷à âîçíèêàåò â êèíåòè÷åñêîé

òåîðèè ïëàçìû. Â ÷àñòíîñòè, ñîîòâåòñòâóþùèì íåëèíåéíûì èíòåãðî-äè��åðåíöèàëüíûì óðàâíå-

íèåì îïèñûâàåòñÿ çàäà÷à ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ ýëåêòðîíîâ â ïîëóáåñêîíå÷íîé ïëàçìå ïðè

íàëè÷èè âíåøíåãî ïîòåíöèàëüíîãî ýëåêòðè÷åñêîãî ïîëÿ. Äàííàÿ ãðàíè÷íàÿ çàäà÷à âûâîäèòñÿ èç

íåëèíåéíîãî ìîäåëüíîãî óðàâíåíèÿ Áîëüöìàíà, ãäå ðîëü íåèçâåñòíîé �óíêöèè èãðàåò ïåðâàÿ êîîð-

äèíàòà ýëåêòðè÷åñêîãî ïîëÿ. Â çàâèñèìîñòè îò çíà÷åíèé �èçè÷åñêîãî ïàðàìåòðà, âõîäÿùåãî â óðàâ-

íåíèå, â ðàáîòå äîêàçûâàþòñÿ êîíñòðóêòèâíûå òåîðåìû ñóùåñòâîâàíèÿ îäíîïàðàìåòðè÷åñêèõ ñå-

ìåéñòâ ïîëîæèòåëüíûõ ðåøåíèé â ïðîñòðàíñòâå Ñîáîëåâà W
1
1 (R

+). Èññëåäóåòñÿ òàêæå àñèìïòîòè-
÷åñêîå ïîâåäåíèå ïîñòðîåííûõ ðåøåíèé íà áåñêîíå÷íîñòè. Äîêàçàòåëüñòâà óêàçàííûõ óòâåðæäåíèé

îñíîâàíû íà ïîñòðîåíèè îäíîïàðàìåòðè÷åñêîãî ñåìåéñòâà êîíóñíûõ îòðåçêîâ, êîòîðûå ñîîòâåòñòâó-

þùèé íåëèíåéíûé ìîíîòîííûé îïåðàòîð ñâåðòî÷íîãî òèïà îñòàâëÿåò èíâàðèàíòíûì. Äàëåå, èñïîëü-

çóÿ íåêîòîðûå àïðèîðíûå îöåíêè ïðåäñòàâëÿþùèå ñàìîñòîÿòåëüíûé èíòåðåñ, à òàêæå ðåçóëüòàòû

èç òåîðèè ëèíåéíûõ êîíñåðâàòèâíûõ îäíîðîäíûõ èíòåãðàëüíûõ óðàâíåíèé Âèíåðà � Õîï�à, îñó-

ùåñòâëÿåòñÿ èçó÷åíèå àñèìïòîòè÷åñêèõ ñâîéñòâ ïîëó÷åííûõ ðåøåíèé. Â êîíöå ñòàòüè ïðèâîäÿòñÿ

âàæíûå ïðèëîæåíèÿ è êîíêðåòíûå ïðèìåðû.

Êëþ÷åâûå ñëîâà: ìîíîòîííîñòü, ãðàíè÷íàÿ çàäà÷à, ÿäðî, íåëèíåéíîñòü, ïîñëåäîâàòåëüíûå ïðè-

áëèæåíèÿ.
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1. Ââåäåíèå

�àññìîòðèì ñëåäóþùóþ ãðàíè÷íóþ çàäà÷ó äëÿ íåëèíåéíîãî èíòåãðî-äè��åðåí-

öèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà:











dE
dτ

+ µ
∞
∫

0

K(τ − t)h(t, E(t)) dt = 0, τ ∈ R
+ := [0,+∞), (1)

E(+∞) := lim
τ→+∞

E(τ) = 0 (2)

îòíîñèòåëüíî èñêîìîé �óíêöèè E(τ). �åøåíèå èíòåãðî-äè��åðåíöèàëüíîãî óðàâíå-

íèÿ (1) ìû áóäåì èñêàòü â ñëåäóþùåì ïðîñòðàíñòâå Ñîáîëåâà:

W 1
1 (R

+) := {ϕ : ϕ(k) ∈ L1(R
+), k = 0, 1},

ãäå ÷åðåç ϕ(k)
îáîçíà÷åíà k-àÿ ïðîèçâîäíàÿ �óíêöèè ϕ.

Â óðàâíåíèè (1) µ � ïîëîæèòåëüíûé ÷èñëîâîé ïàðàìåòð, à ÿäðî K è íåëèíåéíîñòü h

óäîâëåòâîðÿþò îïðåäåëåííûì óñëîâèÿì (ñì. íèæå â �îðìóëèðîâêàõ îñíîâíûõ òåîðåì).

Çàäà÷à (1)�(2) âîçíèêàåò â êèíåòè÷åñêîé òåîðèè ïëàçìû (ñì. [1�3℄ è ññûëêè â íèõ).

Â ÷àñòíîñòè, çàäà÷à (1)�(2) âûâîäèòñÿ èç ñòàöèîíàðíîãî óðàâíåíèÿ Áîëüöìàíà è îïèñû-
âàåò ñòàöèîíàðíîå ðàñïðåäåëåíèå ýëåêòðîíîâ â ïîëóáåñêîíå÷íîé ïëàçìå, îãðàíè÷åííîé

ïëîñêîñòüþ x = 0, ïðè íàëè÷èè ÷èñòî ïîòåíöèàëüíîãî âíåøíåãî ýëåêòðè÷åñêîãî ïîëÿ.

Â óðàâíåíèè (1) ðîëü íåèçâåñòíîé �óíêöèè E(x) èãðàåò ïåðâàÿ êîîðäèíàòà ýëåêòðè÷å-

ñêîãî ïîëÿ

~E(x) = (E(x), 0, 0). Îòìåòèì, ÷òî çàäà÷à (1)�(2) â ëèíåéíîì ïðèáëèæåíèè

äîñòàòî÷íî ïîäðîáíî áûëà èññëåäîâàíà â ðàáîòå [3℄. Â ñëó÷àå êîãäà ÿäðî K ÿâëÿåòñÿ

âïîëíå ìîíîòîííîé �óíêöèåé è äîïóñêàåò îïðåäåëåííîå ïðåäñòàâëåíèå â âèäå ñóïåðïî-

çèöèè ýêñïîíåíò ïðè ðàçëè÷íûõ îãðàíè÷åíèÿõ íà íåëèíåéíîñòü h, çàäà÷à (1)�(2) èçó÷åíà
â ðàáîòàõ [4, 5℄.

Â íàñòîÿùåé ðàáîòå, ïðè áîëåå ñëàáûõ îãðàíè÷åíèÿõ íà h è äëÿ îáùèõ êîíñåðâàòèâ-

íûõ ÿäåð K, ìû çàéìåìñÿ ïîñòðîåíèåì îäíîïàðàìåòðè÷åñêèõ ñåìåéñòâ ïîëîæèòåëüíûõ

ðåøåíèé â ïðîñòðàíñòâå Ñîáîëåâà W 1
1 (R

+). Áóäåò èçó÷åíî òàêæå àñèìïòîòè÷åñêîå ïî-
âåäåíèå ïîñòðîåííûõ ðåøåíèé â áåñêîíå÷íîñòè â çàâèñèìîñòè îò çíà÷åíèÿ ñâîáîäíîãî

ïàðàìåòðà µ.

Â êîíöå áóäóò ïðèâåäåíû ÷àñòíûå ïðèìåðû ÿäðà K è íåëèíåéíîñòè h, óäîâëåòâîðÿ-

þùèå âñåì óñëîâèÿì äîêàçàííûõ òåîðåì.

2. Îáîçíà÷åíèÿ, âñïîìîãàòåëüíûå �àêòû

è �îðìóëèðîâêà îñíîâíûõ ðåçóëüòàòîâ

Ïóñòü ÿäðî K â óðàâíåíèè (1) óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

I) K(x) > 0, x ∈ R, K ∈ L1(R)∩CM (R),
∫∞
−∞K(x) dx = 1, ãäå CM (R) � ïðîñòðàíñòâî

íåïðåðûâíûõ è îãðàíè÷åííûõ �óíêöèé íà R,

II) ñóùåñòâóåò ÷èñëî a > 0 òàêîå, ÷òî äëÿ âñåõ α ∈ (0, a)

eαx
∞
∫

x

K(t)dt ∈ L1(R),

III) õàðàêòåðèñòè÷åñêîå óðàâíåíèå

∞
∫

−∞

K(t)(αt− 1)eαtdt = 0 (3)
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íà èíòåðâàëå (0, a) èìååò åäèíñòâåííîå ðåøåíèå, ïðè÷åì ñ÷èòàåòñÿ, ÷òî

∞
∫

−∞

|t|eαtK(t)dt < +∞.

�àññìîòðèì ñëåäóþùåå ñåìåéñòâî �óíêöèé {Tα(x)}α∈(0,a) :

Tα(x) := µeαx
∞
∫

x

K(t) dt, x ∈ R, α ∈ (0, a).

Èç óñëîâèÿ II) ñðàçó ñëåäóåò, ÷òî Tα ∈ L1(R), α ∈ (0, a).

Ïîñòàðàåìñÿ ÷èñëî α ∈ (0, a) âûáðàòü òàê, ÷òîáû

‖Tα‖L1(R) :=

∞
∫

−∞

|Tα(x)| dx = 1.

Â ñèëó óñëîâèÿ I) áóäåì èìåòü

µ

∞
∫

−∞

eαx
∞
∫

x

K(t) dt dx = 1. (4)

Èñïîëüçóÿ òåîðåìó Ôóáèíè [6℄ ñ ó÷åòîì I) è II) èç (4), ïîëó÷èì

µ

α

∞
∫

−∞

K(t)eαt dt = 1, α ∈ (0, a). (5)

Èòàê, äëÿ êàæäîãî ïàðàìåòðà µ > 0 ìû äîëæíû íàéòè ÷èñëî α ∈ (0, a) òàêîå, ÷òî
èìåëî áû ìåñòî ñîîòíîøåíèå (5).

Ñ ýòîé öåëüþ ðàññìîòðèì �óíêöèþ

µ(α) =
α

∞
∫

−∞
K(t)eαtdt

, α ∈ (0, a). (6)

Çàìåòèì, ÷òî

µ(+0) := lim
α→0+

µ(α) = 0

è

µ ↑ íà (0, α0] è µ ↓ íà [α0, a),

ãäå α0 ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (3). Íàèáîëü-

øåå çíà÷åíèå �óíêöèè µ(α) ðàâíî α0∫∞

−∞
K(t)eα0tdt

:= µ0. Èòàê, äëÿ α ∈ (0, a) èìååò ìåñòî

0 < µ(α) 6 µ0. (7)

Îáîçíà÷èì ÷åðåç α1 = α1(µ) îáðàòíóþ �óíêöèþ ê �óíêöèè µ(α) íà èíòåðâàëå (0, α0) è
÷åðåç α2 = α2(µ) � îáðàòíóþ �óíêöèþ ê �óíêöèè µ(α) íà èíòåðâàëå (α0, a).
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Çà�èêñèðóåì ÷èñëà α1(µ), α0 è α2(µ) è îòíîñèòåëüíî �óíêöèè h ïðåäïîëîæèì âû-

ïîëíåíèå ñëåäóþùèõ óñëîâèé:

1) ïðè êàæäîì �èêñèðîâàííîì çíà÷åíèè t ∈ R
+
�óíêöèÿ h(t, u) ìîíîòîííî âîçðàñ-

òàåò ïî u íà R
+,

2) �óíêöèÿ h(t, u) óäîâëåòâîðÿåò óñëîâèþ Êàðàòåîäîðè ïî àðãóìåíòó u íà ìíîæåñòâå

R
+×R

+, ò. å. ïðè êàæäîì �èêñèðîâàííîì u ∈ R
+
�óíêöèÿ h(t, u) èçìåðèìà ïî t è ïî÷òè

ïðè âñåõ t ∈ R
+
äàííàÿ �óíêöèÿ íåïðåðûâíà ïî u íà R

+,

3) ñóùåñòâóåò èçìåðèìàÿ è íåîòðèöàòåëüíàÿ �óíêöèÿ β(t), îïðåäåëåííàÿ íà R
+, òà-

êàÿ, ÷òî

β∗(t) := β(t)eα0t ∈ L1(R
+) ∩M(R+), m1(β

∗) :=

∞
∫

0

tβ∗(t) dt < +∞,

è �óíêöèÿ h, óäîâëåòâîðÿþùàÿ ñëåäóþùåìó äâîéíîìó íåðàâåíñòâó:

u 6 h(t, u) 6 u+ β(t), u ∈ R
+, t ∈ R

+. (8)

Òåïåðü ìû ãîòîâû ñ�îðìóëèðîâàòü îñíîâíûå ðåçóëüòàòû íàñòîÿùåé ðàáîòû.

Ñïðàâåäëèâû ñëåäóþùèå òåîðåìû:

Òåîðåìà 1. Ïóñòü ÿäðî K è íåëèíåéíîñòü h óäîâëåòâîðÿþò óñëîâèÿì I)�III) è 1)�3)
ñîîòâåòñòâåííî. Òîãäà, ïðè µ ∈ (0, µ0) çàäà÷à (1)�(2) â ïðîñòðàíñòâå Ñîáîëåâà W 1

1 (R
+)

îáëàäàåò îäíîïàðàìåòðè÷åñêèì ñåìåéñòâîì ïîëîæèòåëüíûõ ðåøåíèé {Eγ(x)}γ∈(0,+∞),

ïðè÷åì äëÿ ëþáîãî çíà÷åíèÿ ïàðàìåòðà γ ∈ (0,+∞) èìååò ìåñòî ñëåäóþùåå àñèìïòîòè-
÷åñêîå ðàçëîæåíèå äëÿ ðåøåíèÿ Eγ(x) :

Eγ(x)e
α1(µ)x = γ + o(1), x → +∞.

Òåîðåìà 2. Ïðè óñëîâèÿõ I)�III), 1)�3), åñëè µ = µ0, çàäà÷à (1)�(2) â ïðîñòðàíñòâå

Ñîáîëåâà W 1
1 (R

+) îáëàäàåò òàêæå îäíîïàðàìåòðè÷åñêèì ñåìåéñòâîì ïîëîæèòåëüíûõ ðå-

øåíèé {Ẽγ(x)}γ∈(0,+∞), ïðè÷åì äëÿ ëþáîãî γ ∈ (0,+∞)

Ẽγ(x)e
α0x = γx+ o(x), x → +∞.

Çàìå÷àíèå 1. Ñëåäóåò îòìåòèòü, ÷òî â ñëó÷àå êîãäà µ > µ0, âîïðîñ ñóùåñòâîâàíèÿ

ïîëîæèòåëüíûõ ðåøåíèé â ïðîñòðàíñòâå W 1
1 (R

+) äëÿ ãðàíè÷íîé çàäà÷è (1)�(2) äî ñèõ
ïîð îñòàåòñÿ îòêðûòûì.

3. Äîêàçàòåëüñòâî îñíîâíûõ ðåçóëüòàòîâ

⊳ Äîêàçàòåëüñòâî òåîðåìû 1. Íàðÿäó ñ óðàâíåíèåì (1) ðàññìîòðèì ñëåäóþùèå

ëèíåéíûå îäíîðîäíûå è íåîäíîðîäíûå èíòåãðàëüíûå óðàâíåíèÿ Âèíåðà � Õîï�à:

S(x) =

∞
∫

0

Tα(x− t)S(t) dt, x > 0, (9)

ϕ(x) = g(x) +

∞
∫

0

Tα(x− t)ϕ(t) dt, x > 0, (10)
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îòíîñèòåëüíî èñêîìûõ �óíêöèé S è ϕ ñîîòâåòñòâåííî, ãäå g(x) � íåîòðèöàòåëüíàÿ îãðà-

íè÷åííàÿ è ñóììèðóåìàÿ �óíêöèÿ íà [0,+∞), ïðè÷åì

m1(g) :=

∞
∫

0

xg(x) dx < +∞. (11)

Ñëåäóÿ îáîçíà÷åíèÿì ðàáîòû [7℄ ÷åðåç ν(Tα) îáîçíà÷èì ïåðâûé ìîìåíò ÿäðà Tα :

ν(Tα) :=

∞
∫

−∞

xTα(x) dx.

Íèæå óáåäèìñÿ, ÷òî

ν(Tα1(µ)) < 0, (12)

ν(Tα0
) = 0, (13)

ν(Tα2(µ)) > 0. (14)

Äåéñòâèòåëüíî, èç ïðåäñòàâëåíèÿ ÿäðà Tα(x) â ñèëó òåîðåìû Ôóáèíè áóäåì èìåòü

ν(Tα) = µ

∞
∫

−∞

xeαx
∞
∫

x

K(t) dt dx

= µ

∞
∫

−∞

K(t)

t
∫

−∞

xeαx dx dt =
µ

α2

∞
∫

−∞

K(t)(αt− 1)eαt dt. (15)

Ñ äðóãîé ñòîðîíû, èç (6) ñëåäóåò, ÷òî

µ′(α) =

∞
∫

−∞
K(t)(1− αt)eαt dt

( ∞
∫

−∞
K(t)eαt dt

)2 , α ∈ (0, a). (16)

Òàê êàê µ′(α1) > 0, µ′(α0) = 0, µ′(α2) < 0 (ñì. � 2), òî èç (15) ñðàçó ñëåäóåò ñîîòíîøå-
íèÿ (12)�(14).

Èç ðåçóëüòàòîâ ðàáîòû [7℄, ñ ó÷åòîì ñîîòíîøåíèé (12)�(13), íåìåäëåííî ñëåäóåò, ÷òî

A) ïðè α = α1(µ) óðàâíåíèå (9) îáëàäàåò ïîëîæèòåëüíûì ìîíîòîííî âîçðàñòàþùèì

íåïðåðûâíûì è îãðàíè÷åííûì íà R
+
ðåøåíèåì S∗(x), à óðàâíåíèå (10) ñóììèðóåìûì

íåîòðèöàòåëüíûì è îãðàíè÷åííûì ðåøåíèåì ϕ∗(x);

B) ïðè α = α0 óðàâíåíèå (9) îáëàäàåò ïîëîæèòåëüíûì ìîíîòîííî âîçðàñòàþùèì

íåïðåðûâíûì è íåîãðàíè÷åííûì íà R
+
ðåøåíèåì S̃(x), ïðè÷åì S̃(x) èìååò ëèíåéíûé

ðîñò S̃(x) = x+o(x), ïðè x → +∞, à óðàâíåíèå (10) � îãðàíè÷åííûì è íåîòðèöàòåëüíûì

ðåøåíèåì ϕ̃(x).

�àññìîòðèì òåïåðü ñëåäóþùåå âñïîìîãàòåëüíîå íåëèíåéíîå èíòåãðàëüíîå óðàâíåíèå

òèïà �àììåðøòåéíà íà ïîëóîñè:

F (x) =

∞
∫

0

Tα1
(x− t)eα1th(t, e−α1tF (t)) dt, x > 0, (17)
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îòíîñèòåëüíî èñêîìîé �óíêöèè F (x), ãäå

Tα1
(z) = µeα1(µ)z

∞
∫

z

K(t) dt, z ∈ R, α1 = α1(µ). (18)

Äëÿ óðàâíåíèÿ (17) ââåäåì ñëåäóþùåå ñåìåéñòâî ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé:

F
γ
n+1(x) =

∞
∫

0

Tα1
(x− t) eα1th(t, e−α1tF γ

n (t)) dt, x > 0,

F
γ
0 (x) =

γS∗(x)
sup
x>0

S∗(x)
, n = 0, 1, 2, . . . , γ > 0.

(19)

Èíäóêöèåé ïî n ñïåðâà äîêàæåì, ÷òî ïðè êàæäîì γ > 0

F γ
n (x) ↑ ïî n. (20)

Äåéñòâèòåëüíî, ó÷èòûâàÿ óñëîâèå 3), ïîëîæèòåëüíîñòü ÿäðàK, à òàêæå óòâåðæäåíèå A),

èç (19) ïîëó÷èì

F
γ
1 (x) =

∞
∫

0

Tα1
(x− t)eα1th

(

t, e−α1t
γS∗(t)

sup
x>0

S∗(x)

)

dt

>
γ

sup
x>0

S∗(x)

∞
∫

0

Tα1
(x− t)S∗(t) dt =

γS∗(x)
sup
x>0

S∗(x)
= F

γ
0 (x).

Ïðåäïîëîæèì òåïåðü, ÷òî F
γ
n (x) > F

γ
n−1(x) ïðè íåêîòîðîì n ∈ N. Òîãäà ñ ó÷åòîì ìîíî-

òîííîñòè �óíêöèè h(t, u) (ïî u) è ïîëîæèòåëüíîñòè ÿäðà K èç (19) áóäåì èìåòü

F
γ
n+1(x) >

∞
∫

0

Tα1
(x− t) eα1th

(

t, e−α1tF
γ
n−1(t)

)

dt = F γ
n (x), x > 0, γ > 0.

Òåïåðü ðàññìîòðèì ëèíåéíîå íåîäíîðîäíîå óðàâíåíèå (10), â ñëó÷àå êîãäà α = α1(µ) è

g(x) =

∞
∫

0

Tα1
(x− t)eα1tβ(t) dt, x > 0. (21)

Î÷åâèäíî, ÷òî g(x) > 0, x > 0. Óáåäèìñÿ òåïåðü, ÷òî

g ∈ L1(R
+) ∩M(R+), m1(g) < +∞. (22)

Ó÷èòûâàÿ óñëîâèå (4) è 3) èç (21) äëÿ ïðîèçâîëüíîãî r > 0 áóäåì èìåòü

r
∫

0

g(x) dx =

r
∫

0

∞
∫

0

Tα1
(x− t) eα1tβ(t) dt dx 6

r
∫

0

∞
∫

0

Tα1
(x− t)β∗(t) dt dx

=

∞
∫

0

β∗(t)

r
∫

0

Tα1
(x− t) dx dt 6

∞
∫

0

β∗(t) dt < +∞,
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r
∫

0

xg(x)dx 6

r
∫

0

x

∞
∫

0

Tα1
(x− t)β∗(t) dt dx =

∞
∫

0

β∗(t)

r
∫

0

Tα1
(x− t)x dx dt

=

∞
∫

0

β∗(t)

r−t
∫

−t

Tα1
(y)(t+ y) dy dt 6

∞
∫

0

tβ∗(t) dt+

∞
∫

0

β∗(t) dt

∞
∫

−∞

|y|Tα1
(y) dy < +∞,

èáî

∞
∫

−∞

|y|Tα1
(y) dy = µ

∞
∫

−∞

|y|eα1y

∞
∫

y

K(t) dt dy = µ

∞
∫

−∞

K(t)

t
∫

−∞

|y|eα1y dy dt < +∞

(â ñèëó òîãî, ÷òî

∫∞
−∞ |t|eα1tK(t) dt < +∞). Óñòðåìëÿÿ r → +∞, â ïîñëåäíåì íåðàâåíñòâå

ïðèõîäèì ê ñëåäóþùèì óòâåðæäåíèÿì:

g ∈ L1(R
+), m1(g) < +∞.

Îãðàíè÷åííîñòü �óíêöèè g íà R
+
ñëåäóåò èç îöåíêè

g(x) 6 sup
t>0

β∗(t)

∞
∫

0

Tα1
(x− t) dt 6 sup

t>0
β∗(t) < +∞.

Òåïåðü èíäóêöèåé äîêàæåì, ÷òî

F γ
n (x) 6

γS∗(x)
sup
x>0

S∗(x)
+ ϕ∗(x), x > 0, γ > 0, n = 0, 1, 2, . . . , (23)

ãäå ϕ∗
ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (10), â ñëó÷àå êîãäà α = α1(µ), à g(x) äîïóñêàåò

ïðåäñòàâëåíèå (21).

Ïðè n = 0 íåðàâåíñòâî (23) ñðàçó ñëåäóåò èç îïðåäåëåíèÿ íóëåâîãî ïðèáëèæåíèÿ è

èç íåîòðèöàòåëüíîñòè �óíêöèè ϕ∗(x). Ïðåäïîëîæèì, ÷òî (23) èìååò ìåñòî ïðè íåêîòî-

ðîì íàòóðàëüíîì n. Òîãäà, ó÷èòûâàÿ óñëîâèå 3), ñòðóêòóðó (21) ñâîáîäíîãî ÷ëåíà g è

ïîëîæèòåëüíîñòü ÿäðà Tα1
, èç (19) áóäåì èìåòü

F
γ
n+1(x) 6

∞
∫

0

Tα1
(x− t)eα1th



t, e−α1t





γS∗(t)
sup
x>0

S∗(x)
+ ϕ∗(t)







 dt

6

∞
∫

0

Tα1
(x− t)eα1t



e−α1t





γS∗(t)
sup
x>0

S∗(x)
+ ϕ∗(t)



 + β(t)



 dt

=
γ

sup
x>0

S∗(x)

∞
∫

0

Tα1
(x− t)S∗(t) dt+

∞
∫

0

Tα1
(x− t)ϕ∗(t) dt+

∞
∫

0

Tα1
(x− t)eα1tβ(t) dt

=
γS∗(x)

sup
x>0

S∗(x)
+

∞
∫

0

Tα1
(x− t)ϕ∗(t) dt+ g(x) =

γS∗(x)
sup
x>0

S∗(x)
+ ϕ∗(x).

Èíäóêöèåé ïî n ëåãêî ìîæíî óáåäèòüñÿ, ÷òî ïðè âñÿêîì γ > 0

F γ
n ∈ C(R+), n = 0, 1, 2, . . . (24)
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Äåéñòâèòåëüíî, íåïðåðûâíîñòü íóëåâîãî ïðèáëèæåíèÿ ñðàçó ñëåäóåò èç íåïðåðûâíîñòè

�óíêöèè S∗(x) (ñì. óòâåðæäåíèå A)). Åñëè ïðåäïîëàãàòü, ÷òî F
γ
n (x) íåïðåðûâíà ïî x

ïðè íåêîòîðîì n ∈ N íà R
+, òî â ñèëó íåïðåðûâíîñòè ÿäåðíîé �óíêöèè Tα1

(x) íà R,

ñâîéñòâ �óíêöèè β(t) (ñì. óñëîâèå 3)) è íåðàâåíñòâà h(t, u) 6 u + β(t), u > 0, t > 0,
èç (19) ñëåäóåò íåïðåðûâíîñòü �óíêöèè F

γ
n+1(x) íà R

+.

Òàêèì îáðàçîì, â ñèëó (20) è (23) çàêëþ÷àåì, ÷òî ïîñëåäîâàòåëüíîñòü íåïðåðûâíûõ

�óíêöèé {F γ
n (x)}∞n=0 ïðè êàæäîì �èêñèðîâàííîì γ > 0 èìååò ïîòî÷å÷íûé ïðåäåë, êîãäà

n → ∞
lim
n→∞

F γ
n (x) = F γ(x),

ïðè÷åì ïðåäåëüíàÿ �óíêöèÿ óäîâëåòâîðÿåò ñëåäóþùåìó äâîéíîìó íåðàâåíñòâó:

γS∗(x)
sup
x>0

S∗(x)
6 F γ(x) 6

γS∗(x)
sup
x>0

S∗(x)
+ ϕ∗(x), x ∈ R

+, γ > 0. (25)

Èç íåïðåðûâíîñòè ÿäðà Tα1
íà R, ñâîéñòâ �óíêöèè β(t) (ñì. óñëîâèå 3)), íåðàâåíñòâà

h(t, u) 6 u+ β(t), u > 0, t > 0, è îöåíêè (25) ñðàçó ñëåäóåò, ÷òî F γ ∈ C(R+) ïðè âñÿêîì
γ > 0. Èç óñëîâèÿ 2) â ñèëó òåîðåìû Á. Ëåâè [6℄ ñëåäóåò, ÷òî ïðè êàæäîì γ > 0 �óíêöèÿ
F γ(x) óäîâëåòâîðÿåò óðàâíåíèþ (17).

Çàìåòèì òåïåðü, ÷òî òîãäà �óíêöèè âèäà

Eγ(x) := e−α1(µ)xF γ(x), γ > 0, (26)

ÿâëÿþòñÿ ðåøåíèÿìè óðàâíåíèÿ

E(x) = µ

∞
∫

0

T (x− t)h(t, E(t)) dt, x ∈ R
+, (27)

ãäå

T (z) :=

∞
∫

z

K(t)dt, z ∈ R. (28)

Äåéñòâèòåëüíî, â ñèëó íåïðåðûâíîñòè ÿäðà K èç (27) è (17) èìååì

µ

∞
∫

0

T (x− t)h(t, Eγ(t)) dt = µ

∞
∫

0

T (x− t)h(t, e−α1(µ)tF γ(t)) dt

= e−α1(µ)x

∞
∫

0

Tα1
(x− t)eα1(µ)th(t, e−α1(µ)tF γ(t)) dt = e−α1(µ)xF γ(x) = Eγ(x), γ > 0.

Òàê êàê K ∈ L1(R) ∩ CM (R), òî èç (28) ñëåäóåò, ÷òî ñóùåñòâóåò

T ′(x) = −K(x) ∈ L1(R) ∩ CM (R).

Ñ äðóãîé ñòîðîíû, â ñèëó íåðàâåíñòâà h(t, u) 6 u+β(t), u > 0, t > 0, è óñëîâèÿ 1) èìååì

µ

∞
∫

0

∣

∣T ′(x− t)
∣

∣h(t, Eγ(t)) dt 6 µ

∞
∫

0

K(x− t)(Eγ(t) + β(t)) dt

6 µ

∞
∫

0

K(x− t) e−α1tF γ(t) dt+ µ sup
t>0

β(t) 6 µ(sup
x>0

F γ(x) + sup
x>0

β(x)) < +∞,
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∞
∫

0

∞
∫

0

|T ′(x− t)|h(t, Eγ(t))dtdx 6

∞
∫

0

∞
∫

0

K(x− t)(e−α1tF γ(t) + β(t)) dt dx

6

∞
∫

0

e−α1tF γ(t)

∞
∫

−∞

K(y)dydt+

∞
∫

0

β(t)

∞
∫

0

K(x− t) dx dt 6

sup
x>0

F γ(x)

α1
+

∞
∫

0

β(t) dt < +∞.

Ñëåäîâàòåëüíî, ñîãëàñíî òåîðåìå î äè��åðåíöèðîâàíèè ïîä çíàêîì èíòåãðàëà (ñì. [8℄),

ìîæåì óòâåðæäàòü, ÷òî �óíêöèè Eγ ∈ W 1
1 (R

+), γ > 0, è óäîâëåòâîðÿþò ãðàíè÷íîé

çàäà÷å (1)�(2).
Çàìåòèì òåïåðü, ÷òî çàäàâàåìàÿ ïîñðåäñòâîì �îðìóëû (21) �óíêöèÿ g(x) îáëàäàåò

òàêæå ñëåäóþùèì ñâîéñòâîì:

lim
x→+∞

g(x) = 0. (29)

Äåéñòâèòåëüíî, òàê êàê β∗ ∈ L1(R
+) ∩ M(R+), à Tα1

∈ L1(R) ∩ CM (R), èç [9, ëåììà 5℄
ñëåäóåò, ÷òî limx→+∞ g(x) = 0. Èñïîëüçóÿ [9, ëåììà 5℄, ñîîòíîøåíèå (29) è òîò �àêò, ÷òî
ϕ∗ ∈ L1(R

+) ∩M(R+), èç (10) (ïðè α = α1(µ)) ïîëó÷àåì, ÷òî

lim
x→+∞

ϕ∗(x) = 0. (30)

Ó÷èòûâàÿ (29), (30), (25) è òîò �àêò, ÷òî S∗(x) ↑ sup
x>0

S∗(x), êîãäà x → +∞, ìîæåì

óòâåðæäàòü, ÷òî Eγ(x)e
α1x = γ + o(1), êîãäà x → +∞. ⊲

⊳ Äîêàçàòåëüñòâî òåîðåìû 2. Äëÿ äîêàçàòåëüñòâà òåîðåìû 2 íàì ïîíàäîáÿòñÿ

ðåçóëüòàòû ïóíêòà B) äëÿ óðàâíåíèé (9) è (10) ïðè α = α0. Äîêàçàòåëüñòâî îñóùåñòâëÿ-

åòñÿ àíàëîãè÷íûìè ðàññóæäåíèÿìè ñ åäèíñòâåííûì èñêëþ÷åíèåì: âìåñòî âñïîìîãàòåëü-

íîãî óðàâíåíèÿ (17) ðàññìàòðèâàåòñÿ íåëèíåéíîå èíòåãðàëüíîå óðàâíåíèå âèäà

F (x) =

∞
∫

0

Tα0
(x− t)eα0th(t, e−α0tF (t)) dt, x ∈ R

+, (31)

è âìåñòî ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé (19) çäåñü áåðóòñÿ ñëåäóþùèå èòåðàöèè:

F
γ
n+1(x) =

∞
∫

0

Tα0
(x− t)eα0th(t, e−α0tF γ

n (t))dt, x ∈ R
+

F
γ
0 (x) = γS̃(x), n = 0, 1, 2, . . . , γ > 0,

ãäå S̃(x) ÿâëÿåòñÿ ðåøåíèåì îäíîðîäíîãî ëèíåéíîãî èíòåãðàëüíîãî óðàâíåíèÿ (9) ïðè

α = α0 (ñì. óòâåðæäåíèå B)). ⊲

Çàìå÷àíèå 2. �àññìîòðèì ñëåäóþùèé ÷àñòíûé ïðèìåð: K(x) = 1
2e

−|x|
, x ∈ R. Òîãäà

õàðàêòåðèñòè÷åñêîå óðàâíåíèå (3) ïðèíèìàåò âèä:

3α2 − 1 = 0, α ∈ (0, 1)

(α ∈ (0, 1) äëÿ âûïîëíåíèÿ óñëîâèè II)).
Â äàííîì ñëó÷àå α0 =

1√
3
∈ (0, 1), a �óíêöèÿ µ(α) äîïóñêàåò ñëåäóþùåå ïðåäñòàâëå-

íèå

µ(α) = α(1− α2), α ∈ (0, 1).



Î ïîëîæèòåëüíûõ ðåøåíèÿõ ãðàíè÷íîé çàäà÷è 79

Çàìåòèì, ÷òî µ ↑ íà
(

0, 1√
3

)

è µ ↓ íà
(

1√
3
, 1
)

, ïðè÷åì µ0 = µ(α0) =
2

3
√
3
.

Â ýòîì ñëó÷àå ïåðâûé ìîìåíò ÿäðà Tα äîïóñêàåò ñëåäóþùåå ïðåñòàâëåíèå:

ν(Tα) =
µ(3α2 − 1)

α2(1− α)2(1 + α)2
,

ãäå

Tα(x) =

{

µ
2 e

−(1−α)x, x > 0,
µ
2 e

αx(1− ex) + µ
2 e

αx, x < 0.

Íèæå, â ÷àñòíîì ñëó÷àå, êîãäà

K(x) =
1

2
e−|x|, x ∈ R, h(t, u) ≡ u,

ïðèâåäåì ÿâíûé âèä ðåøåíèÿ ãðàíè÷íîé çàäà÷è (1)�(2).
�ðîìîçäêèå, íî ïðîñòûå âû÷èñëåíèÿ ïîêàçûâàþò, ÷òî ïðè µ = µ0 =

2
3
√
3

E(x) = c1xe
− 1√

3
x
+ c2e

− 1√
3
x
, x ∈ R

+,

à ïðè µ < µ0 =
2

3
√
3
ðåøåíèå çàäà÷è (1)�(2) äîïóñêàåò ñëåäóþùåå ïðåäñòàâëåíèå

E(x) = c1e
−

(

A+

√
A2−

4µ
A

)

x

2 + c2e
−A+

√
A2−

4µ
A

2
x,

ãäå

A =
2√
3
cos

(

1

3
arccos

3
√
3

2
µ

)

.

Ñëåäóåò îòìåòèòü, ÷òî ïðè µ > µ0 ìû ïîëó÷àåì çíàêîïåðåìåííûå ðåøåíèÿ, êîòîðûå íå

èìåþò �èçè÷åñêîãî ñìûñëà.

Çàìåòèì, ÷òî â ñëó÷àå µ ∈
(

0, 2
3
√
3

)

ïîëó÷åííûå �óíêöèè óäîâëåòâîðÿþò ãðàíè÷íîé

çàäà÷å (1)�(2), åñëè c1 = −1−α2(µ)
1−α1(µ)

c2, ãäå

α1(µ) =
A−

√

A2 − 4µ
A

2
, α2(µ) =

A+
√

A2 − 4µ
A

2
.

Â òîì ñëó÷àå, êîãäà µ = µ0 =
2

3
√
3
, êîíñòàíòû c1 è c2 äîëæíû óäîâëåòâîðÿòü ñîîòíîøåíèþ

c2 =
√
3−1√
3
c1.

Ñëåäîâàòåëüíî, â äàííîì ñëó÷àå îäíîïàðàìåòðè÷åñêèì ñåìåéñòâîì ïîëîæèòåëüíûõ

è îãðàíè÷åííûõ ðåøåíèé ñëóæàò �óíêöèè:

a) ïðè µ ∈
(

0,
2

3
√
3

)

,

Eγ(x) = γ

(

e−α1(µ)x − 1− α2(µ)

1− α1(µ)
e−α2(µ)x

)

, x ∈ R
+, γ > 0,

b) ïðè µ = 2
3
√
3
,

Eγ(x) = γe
− x√

3

(

x+

√
3√

3− 1

)

, γ > 0, x ∈ R
+
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Çàìåòèì òàêæå, ÷òî â ýòîì ñëó÷àå, êîãäà µ → +0, ÷èñëî A → 1, à ðåøåíèå Eµ(x),
ïðè êàæäîì �èêñèðîâàííîì x ∈ R

+, ñòðåìèòñÿ ê γ, èáî α1(+0) = 0, α2(+0) = 1.

4. Ïðèìåðû ÿäðà K è íåëèíåéíîñòè h

Â ïðèëîæåíèÿõ ÷àñòî âñòðå÷àþòñÿ ñëåäóþùèå ÿäåðíûå �óíêöèè K [1�3℄:

I) K(x) = 1
2 e

−|x|
, x ∈ R,

II) K(x) =
∞
∫

1

e−|x|s 1
s2

ds, x ∈ R,

III) K(x) = 1√
4πa

e−
x2

4a
, a > 0, x ∈ R.

Ëåãêî ìîæíî óáåäèòüñÿ, ÷òî äëÿ âûøå ïðèâåäåííûõ ÿäåðíûõ �óíêöèé K âûïîëíÿ-

þòñÿ âñå óñëîâèÿ äîêàçàííûõ òåîðåì. Ïîäðîáíî îñòàíîâèìñÿ íà �óíêöèè III). Â ýòîì

ñëó÷àå �óíêöèÿ µ(α) äîïóñêàåò ñëåäóþùåå ïðåäñòàâëåíèå:

µ(α) = αe−aα2

, α > 0,

è åå òî÷êà ìàêñèìóìà α0 = 1√
2a
. Êðîìå òîãî, µ0 =

1√
2ae

è α1 = α1(µ) ÿâëÿåòñÿ îáðàòíîé

�óíêöèåé �óíêöèè µ(α) íà èíòåðâàëå
(

0, 1√
2a

)

.

Ïðèâåäåì òàêæå íåñêîëüêî ïðèìåðîâ íåëèíåéíîñòè h(t, u) è �óíêöèè β(t):

a) h(t, u) =
√

u(u+ β(t)), u > 0, t > 0,

b) h(t, u) = u+ uβ(t)
u+1 , u > 0, t > 0,


) h(t, u) = u

√

1 + β(t)
u+c

, c > 0, u > 0, t > 0,

ε1) β(t) = e−t2
, t ∈ R

+,

ε2) β(t) = e−(α0+æ)t
, t ∈ R

+
, æ > 0, � ïàðàìåòð,

ε3) β(t) = te−2α0t
, t ∈ R

+.

Îòìåòèì, ÷òî äëÿ ïðèìåðîâ a)�
) âûïîëíåíèå óñëîâèé 1)�3) ìîæíî äîêàçàòü ïðÿìîé

ïðîâåðêîé.
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Abstra
t. The arti
le is devoted to the study of a boundary value problem for a �rst order nonlinear

integro-di�erential equation on the positive semi axis with a Hammerstein type non
ompa
t integral operator.

Su
h a problem arises in kineti
 theory of plasma. In parti
ular, this nonlinear integro-di�erential equation

des
ribes the problem of stationary distribution of ele
trons in semi in�nite plasma in the presen
e of an

external potential ele
tri
 �eld. This boundary value problem 
an be derived from nonlinear Boltzmann model

equation, where the role of unknown fun
tion plays the �rst 
oordinate of an ele
tri
 �eld. Depending on a

physi
al parameter, involved in the equation, some 
onstru
tive existen
e theorems of one-parametri
 family

of positive solutions in Sobolev's W
1
1 (R

+) spa
e are proved. The asymptoti
 behavior of the 
onstru
ted

solutions at in�nity is also investigated. The proofs of the above statements are based on the 
onstru
tion of

a one-parametri
 family of 
oni
 segments, whi
h are invariant with respe
t to a 
onvolution type nonlinear

monotone operator. Further, using some a priori estimates, whi
h are of independent interest, as well as

some results from linear theory of 
onservative homogenous Wiener�Hopf integral equations, the asymptoti


properties of obtained results are studied. At the end of the arti
le, some important appli
ations and examples

are presented.
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