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Contracts (Hatfield-Milgrom model)

= D is afinite set of doctors
= H is afinite set of hospitals
= X is a finite set of contracts:

o each contract X € X is associated with a doctor D(x) and a
hospital H(x) and includes additional info. e.g., working days
and salary between D(x) and H(x), etc.

a fork € DUH andfor Y C X,
Y={x€Y|Dx)=k o H(x)=k}
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Choice function (H-M model)

= each k € DUH nas a choice function Cj with
C(CY, (YCx)
= Cp(Y)=U, p,C(Y) (YCX)  choicefnof D
CyY)= UjEHCj(Y) (YEX)  choicefnof H
= Cp and Cy satisfy consistency:
CY)CZCY =C(Z)=CY)
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Substitutability (H-M model)

= rejection fns. Ry, and R, are defined by
RyY)=Y=CyY) (YCX)
R(Y)=Y-Cy(Y) (YCX)

= Cp and Cy; satisfy substitutability:
ZCY=>CY)NZCCZ)

$

ZC Y= R(Z)CRY)
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Pairwise Stability (1)

= Y C Xisapairwise stable allocation it
0 CyY)=Y ad Cy(Y)=Y
a forxEX—Y,
X & Ch(YU{x}) o x& Cy(YU{x})
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Pairwise Stability (2)

Lemma A: [Hatfield-Milgrom, 2005]
it Yy =X—R(Yy) and Y,;=X—Ry(Yp)
then Y, MY}, is pairwise stable.

Lemma B: [Hatfield-Milgrom, 2005]
i Y is pairwise stable, then there exist YD and YHs.t.
Y, =X—R(Y,) Yy, =X—Ry(Y,) Y=Y,NY,
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Existence of Stable Outcomes(1)

= partial order > on 2¥x2¥s.
(Y, Z)>(Y,Z)= Y'CY ad ZCZ'
= (2%x2% >) is a complete lattice
(Y, ZWV (Y, Z')= (YUY, ZN Z")
(Y, ZYN(Y, Z)=(YNY, ZU Z")

Existence of Stable Outcomes(2)

« F(Y,2) = (F\(2), FAF\2)))  (LZCX)
where F\(Z) = X = R(Z), Fy2)=X-R)(Z)
= Fismonotone on (2¥x2%, >),ie.,
a(Y,Z)>(V,Z') = ZCZ’
= R(Z)CRAZ') = F/(Z')CF(Z)
WF(Z)CF(Z) = Ry(F(Z') CRyF\(2))
= F)(F\(Z)) CFyF\(Z")
o F(Y,Z)=FY',Z)
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Existence of Stable Outcomes(3)

« F(Y2) = (F\(2), FF\2))  (YZCX)
where F\(Z) = X = R(Z), Fy(Z)=X-RZ)

= F is monotone on a complete lattice (2¥x2%, >)

= by Tarski’s fixed point th., there exists (¥, Z) with
(Y, 2)= F(Y, 2) = (X~ R(2), X~ Ry(Y)

® byLemma A (if Y,=X-R,Y,) and Y,=X—RyY,)

then Y,NY, is pairwise stable), there exists a pairwise
stable outcome




