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Matching with partially ordered contracts
joint work with R. Farooq and T. Fleiner
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Two-sided matching markets

' ? ' Matching with
/ partially ordered contracts

Fujishige-T. m Hatfield-Milgrom model (2005)
model (2007) Klaus-Walzl model (2009)

marriage model assignment model
Gale-Shapley (1962) Shapley-Shubik (1972)
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Contracts (Hatfield-Milgrom model)

= D is afinite set of doctors
= H is afinite set of hospitals
= X is a finite set of contracts:

0 each contract X € X is associated with a doctor D(x) and a
hospital H(x) and includes additional info. e.g., working days
and salary between D(x) and H(x), etc.

a fork € DUH andfor Y C X,
Y={x€ Y| D)=k o H(x) =k}
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Example A
" D={d,d}, H={hj}
m X ={xy, X4y X3, X3, X, Xp}

X; represents i days job for d per week

X represents j days job for d per week
u /s preference

{3, 233> o 3> {0, 243> {03, X, 1> {0, 13}

> {00, X} > > {1 > > s > {0 1> {x, )

u ('} does not satisfy substitutability

Ryf(0X4%300,20)= 104, 3, X} € {4, X4 200 X5} =Ry (X)
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Example A n 5D
u C,, does not satisfy substitutability
R (0645453550, /=44, X3, X5 } o8 14 X4 X0, X} =R Y(X)
= d (4B @IT5%5E, 3AEKIEETESZAS
FTHEDE {x,, X4 X3, Xy, Xp } EVIBIRBAA R L THUN
» XOETEAITHR 2T TIE ) 7

Xy Xy
X3 X3
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Partially ordered contracts

(X'<) isa finite partially ordered set of contracts
D(x)#D(y) or H(x)#H(y) = x , y : incomparable

X <y means

0 if doctor D()) can select ), she can also select X but not both

O if hospital /() can select ), it can also select X but not both

= Hence, the domain and range of a choice function should be the
lower ideals and the antichains of (X, <), respectively.
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Lower ideals & Antichains

» YC Xisalower ideal of (X,<) <
x<y€eY=xe¥t
[(X) : the set of all lower ideals of (X, <)
m ¥ C Xisan antichain of (X,<) <
X, yEY = X, y:incomparable
A (X) : the set of all antichains of (X, <)

Lower ideals & Antichains

m L (X) : the set of all lower ideals of (X, <)
m A (X) : the set of all antichains of (X, <)
n Li(Y)={xEX|x<yforsome y E Y} (YCX)
Max(Y)={yEY|y<xEL=y=x} (YCX)
sLli: AX)— LX)
Max : L (X)—=A(X)
LiMax(L)=L (L€ L X))
Max(Li(4))=4 A€ AX))
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Choice function

= kEDUHhas a choice fn Cp.: £ (X)— A4 (X) with
CNHCY,  (¥C L)
= Cp(Y)=U,c,C(Y)  (YSLW)
CAY)=Uc, CY) (XS LX)
Remark: Cp(Y), C(Y) € A4 (X)

Choice function & Rejection fn

« Cp.Cyt L) = AX)
= CpY)=LiCH(Y ), Cy(Y) =Li(Cy(¥))
Cp. Cyt LX) = LX)
Cp(Y )" Max(C* (Y ). C(¥ )"Max(C"(¥))
« Ry(Y)= Y= C'y(¥) (YC L)
Ry(Y)= Y= C"(Y) (YC L)

Consistency & Substitutability

» C*p and C*p satisfy consistency:

ZYE LX), C"(Y)CZC Y= C(2) =C*(V)
s C*p and C*; satisty substitutability:

ZYE L(X), ZCY = C(N)NZC C'(2)

$

ZYEL(X), ZCY = R(Z)CR(Y)

Pairwise Stability (1)

= Y C Xisapairwise stable allocation it
o ChLi(Y) =Y and CyLi(Y)) =Y
a forxEX-Y,
x & Cp(Li(YU{x})) or
x & Cy(Li(YU{x}))




Pairwise Stability (2)

it Yy =X—UiR(Y})) and Y, = X —Ui(Ry(Y)))
then Max(Y,, NY}) is pairwise stable.

Pairwise Stability (3)

Ui(Y)={y EX|x <y forsome x € Y} (YCX)
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it Yy, =X—UiR(Y}y)) and Y, = X—Ui(R,(Y)))
then Max(Y,, NY})) is pairwise stable.

if Y is pairwise stable, then there exist YD and YH s.t.
Yp=X-UiRy(Yy)). Yy=X—Ui(Rp(Yp)).
Y =Max(Y,, NY,).
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Existence of Stable Outcomes
partial order > on £ (X) x £ (X) st
(Y, Z)>(Y,Z )= YCY ad ZCZ’
F(Y,2)= (F\(2), F;,(F\(2))) (Y.ZCX)
where F\(Z) = X~ Ui(R,(Z)), Fy(Z) =X - Ui(R,(Z))
F is monotone on a complete lattice (£ (X) x £ (X), >):
(Y, Z)>(Y,Z') = FY,Z)>FY,Z")

Example ABEU
D={d,d}, H={hj}
X={ < =xy, 5 <5<5)
h's preference:

13, X3 3> 40y, X 1> 100, X4 > {03, X4> {0, X3}
>{X, X} > (X > {2 > {0 1> s 1> {0 ) > {0 )

Cy: L (X)—A (X) is Substitutable

Co | @ | 2 | 23 | 234 || R, | @ | 2 | 23 | 234
by Tarski’s fixed point theorem, there exists (¥, Z) with o |l o | 2| 3] a o |lo| o] o] o
_ 2 2 22 23 24 2 (%) %) (%] %]
(Y’ Z) - F(Y’ Z) . 23 3 32 33 | 33 23 @ %} @ 4
=X - UiRy(2)), X — Ui(R(Y))) 234 | 4 | 42 | 33 | 33 B4 | @ | @ | 4 | w4
N A4 Z[EB
Example AU SE&DRE

D={dd}, H={h}
X={, = x5 =<0y, X X355}
I's preference: Cy;: £ (X)— A4 (X)

G| @ | 2 | 23 | 2a|| R | @ | 2 | 23|24
g | @ 2 3 4 2 | o | o | o | o
2 2 | 2| 23 | 2 s | o | 2| @
23 | 3 2 | 33 | 3 B | o | o | o 4

224 | 4 | 42| 33| 3 Bl @ | @ 4 | 44

doctors’ preferences: X,>X3>X,, X4~ X3~ X,

X,, Xay is stable
{x5, x3}
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BEDUNEETE-ODLE+HEHIE?
BREDETIVIZIREFRATRESEZFOM?
BREODETILOEAG?
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