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Bar-joint Frameworks

m d-dimensional bar-joint framework: (G, p)
a0 6=W,E):TZ7
o p: UM VNREE;V - R

Rigid Flexible

s = (motion): AR—EHIMNZEH=TEROEHRHIEE
s BALEIE ARG IL—LT—I~DFKE)
s dRITHIEX(d-rigid): £ TORIEERFENBERGIL—LT—7



Maxwell?® )L —JL (modern form) 4

s (J.C.Maxwell1864) £ Lbar-joint framework (G, p) A — & A (generic)/x>
A/ UNEE p IZBWTHIB GBS,

d+1
|E|2d|V|—< ) )

/ AN
ENL RIDFREHLDRIT

s p A —fEH(generic) & FEEAEDOEAD Q L TREMIZIRIT e,
QNEREFEHETHIEPOSEREBL TR, )




Maxwell® /)L —JL (dual form)

— i MIp 12BN T, HL(G, p) BRIWIZH LTI/ ER (minimally rigid)
AV
o |El=dlvI-(%3")
0 VF € Ewith |[V(F)| = d, [F| <dlV(F)| - (41)
(SCTV(PIEF ITEBEL TODTRRDER)

; minimally rigid ; non-minimally rigid
m =13,
n=a_8,
2n—3 =13
5

minimally rigid flexible




Laman®7E# (modern form)

s (Laman1970) —f&MIpIZHB T, (G, p) H22RTTHR/NEIEX (minimally
rigid) &
a |E|=2|V]-3
o @#VFCE,|F|<2|V(F)| -3

0 AUIFELOLEDASEEEED S
a0 = 0(n*)RFETT ARE]RE

a0 3DDEERE:
m (Lovasz&Yemini82) 7/ 7 7MY AARD2E GEH DRI 14 T O R DIFEE
m (Tay94) Crapo®3Tree2-7) fi&
= (Laman71,Tay&Whhiteley85,Whiteley96) I&RH T = THEEE %



BRITIL—LT—Y !
n SRITIZELNTMaxwell DL AL+ TIEARLN:

IE|=3|V|-6
(18=3-8-6)
[FI=3|V(F)|-6

m REERMEIRE: 3RITIZHULT LamanDEBIZHT ST 52— RIEDHEE
KB TEEAEX
s fHEERIEER
o d-RITHIMEDHZ (EITEHKRT—ADOHZ)
a2 LamanDEED—#&1L
o (RERIMEOCHEESRIEEDIR)
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Bar-joint Frameworks
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= RITOMIME

o 3-dimensional Bar-joint Frameworks
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[sometries 10

= isometry (FRZ#):R? > R4
vp,q €RY,  llp—qll = llIp — Iql
= Euclidean group E (d): the set of all isometries of R¢

o the set of translations
m T:peER?*>p+teR? forsomet € RY

o = the set of d-dimensional vectors (= R%)

o the set of rotations and reflections (orthogonal transformations)
= R: (standard basis of R%) » (orthogonal unit-vector basis)

o =thesetofd X d orthogonal matrices (orthogonal group 0(d))

m Observation. Any isometry is an orthogonal transformation
followed by a translation.
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I[sometries

m Prop. [ is isometry iff it can be written as
I:'peER* - Mp+teR?
for some orthogonal matrix M € 0(d) and t € R%
o &’
(Mp+t)—Mq+¢t), Mp+1t)— (Mq+¢t))=
P-'MMp-)=@-'@-=(P-ap—9q)

m Prop. O(d) forms a smooth (Czl)-dimensional submanifold of R4’

m Coro. E(d) forms a smooth (dgl)-dimensional submanifold of
R4%+d

11



Rigidity (Flf) 12
m d-dimensional bar-joint framework (G, p)

o G = (V,E):agraphwithn = |V|and m = |E|;

o p:joint-configuration, i.e,, p: V->R? (or p € R%")

« Gp)~ (G & v €E,|lpw) - p)| = lla@w) - qw)]|

. Gp)=(Gq) Svuv €VxV,|pw - p@Il = llg@w) - g)I]
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Realization space R == {q € R*" | (G, q) ~ (G,p)}
d|v|
{qeR™|(G,q) = (G,p)}=E() E(d) R

aan

def
(G, p) is rigid (fflE2) A [p] is an isolated point in R/E (d)
o NP-hard in general (?)

def
(G,p) is globally rigid (K IMIE) & R/E(d) consists of a single
point [p]

o NP-hard in general (Saxe1979)
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m Prop. The followings are equivalent for (G, p)

Q

Q

Q

(G,p) isrigid
p is an isolated pointin R/E (d)
Je > 0s.t.Vgwith |[p —ql| < & (G,p)~(G,q) = (G,p) = (G,q)

For any continuous path p, € R s.t.p, = p and (G, p) ~ (G, p;) for
0<t<1(G,p)=(Gp)forall0 <t <1

For any smooth path p; € R s.t.p, = p and (G, p) ~ (G, p,) for
0<t<1(G,p)=(Gp)forall0<t<1

E(d) R4V

aan
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= Rigidity map f;(p): R*™ —» R™ E(d) = fi (fe. (0))

fo@): = (= Io@d - p(w)|", ) oYa

o (G,p) isrigid & 3Aneighbor U of p s.t. .
fil (fin @) 0 U = 5 (fo (@) 0 U n=to Ue®))

» Rigidity matrix (FlI1%£17%1) R(G, p) v V2
o The Jacobean of f; atp o 2 a2
m  m X dn - matrix s
v4 3 v3
vl V2 v3 v4 vl V2 v3 v4
el px,l o px,z px,z o px,l 0 0 py,l o py,2 py,2 o py,l 0 0
e2 0 Py2=Pes Pus— P2 0 0 Py2—=Pys Pys—Pyo 0
e3 0 0 px,3 o px,4 px,4 o px,3 0 0 py,S o py,4 py,4 - py,3
ed px,l o px,4 0 0 px,4 - px,l py,l o py,4 0 0 py,4 - py,l
€d px,l o px,3 0 px,3 - px,l 0 py,l o py,3 0 py,3 - py,l 0




Infinitesimal motion 16

» infinitesimal motion (&[R/NZE)) p: V - R%: a solution of R(G, p)

o Rem. R(G,p) is an m X dn- matrix of a linear system in p:
m (p(w) —p),p(u) —p(w))=0 Ve=uv €EE

m trivial motions : solutions of R(K,,,p )

a ie,p(w) = Sp(v) + q for some skew-symm. matrix S and g € R?



Infinitesimal isometry 17

s Infinitesimal isometry
o vector field v: R - R%, which is obtained by taking the derivative
of a smooth path in E(d) at identity.
m Prop. any infinitesimal isometry v can be written by
vip Sp+t

for some skew-symmetric matrix S and ¢ € R

o~ Consider a smooth path {(4,,t;) € E(d) | 0 < s < 1} with (4, ty) =
(1,0)

a Taking the derivative at s = 0, we get (4,t), where{ € R?and A = —A"
m vATA =1, ATAg+AA=AT+A4=0



Infinitesimal isometry

18

Infinitesimal isometry

o vector field v: R - R%, which is obtained by taking the derivative
of a smooth path in E(d) at identity.

Prop. any infinitesimal isometry v can be written by
vip Sp+t

for some skew-symmetric matrix S and ¢ € R

Coro. The set of infinitesimal isometries forms a (dzl)-dimensional
linear space

Coro.Vp,q € RY, (v(p) —v(q),p —q) =0

-@
-
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= infinitesimal motion p: V —» R%: a solution of R(G, p)
m trivial motions of (G, p): solutions of R(K,,,p )

0 an infinitesimal isometry, restricted to p
a ie,p(w) = Sp(v) + q for some skew-symm. matrix S and g € R?

0 Prop. dim {trivial motions} = (dzl) (if p affinely spans R%)

trivial:

nontrivial:

19



Infinitesimal Rigidity (ZERR//\Nfl14)
def
s (G,p) is infinitesimally rigid (F&[E 7]\l BX) A every motion is
trivial
m dim {trivial motions} = (dzl)
= = dimkerR(G,p) = (*")

m Prop. (G, p) is infinitesimally rigid © rank R(G,p) = d|V| — (dzl)

20



Maxwell’s rule (for infinitesimal rigidity)
m If (G, p) is infinitesimally minimally rigid, then
o EI=dIv]- (%)
0 VF S Ewith|V(F)| = d, |F| <dlV(F)| - (‘2"

s Proof
0 infinitesimal rigidity = rank R(G,p) = d|V]| — (d;d)
0 minimality = row independence

o VF C E, consider the sub-framework (Gr, pr) induced by F

V(F)

|F| + dimker R(Gg,pr) = d|V(F)]



Infinitesimal Rigidity v.s. Rigidity

m Prop. (Asimow and Roth 78) Infinitesimal rigidity = Rigidity

s Remarks
o (i) Infinitesimal rigidity < Rigidity

o (ii) Infinitesimal rigidity depends on joint configurations

22
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m (ii) Infinitesimal rigidity depends on joint configurations

YV VA4

A

def

o pisregular & p € Ngcg, argmax, rank R(G,q)

Infinitesimal rigidity does not depend on p, if p is restricted to
regular configurations

The set of regular configurations is a dense open subset of R4V|,
which contains the set of generic configurations

Rdn

/

regular

generic

= /

| non-regular




Generic Rigidity (— & Rl4) 24
m (ii) Infinitesimal rigidity < Rigidity

m Prop. (Asimow & Roth 78)
If p is regular, then (G, p) isrigid iff rank R(G,p) = d|V| — (dgl)

m Generic rigidity (—#&Hl%) : rigidity on generic joint
configurations p

o A property of a graph

s We can say “(G,p) is generically rigid (—fi&|E2)” or simply “G is
rigid (fd|EX)".
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5 188 Bar-joint Frameworks
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27
Laman®DEHE (1970) EED—f&KH p [ZXFL, (G, p) H 2R ITTHR/)NH|
B &
a [E[=2]V]-3 _ .
0 @ #VFCE,|F| <2|V(F)| -3 A

INETE --- Maxwell D& B EAsimow&RothD E I KUY

+0M --- =T TTCIZHL, (G, p)HRIREGDpE—DR DT NIL
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0 BEEIZKBEEBA

. NEAS—RUTSTIABHIC ML AE AT S TE T B

%
n ERDT—UTTTNK D) TNOLDERIEDIREYRL THEERIRETH
%A

n CHLDEBREN—REIEEREF T HEEETHA



Henneberg &

m (-extension (HennebergI) & 1-extension (Henneberg II)

e \ el \ e \ e
/ d e fr/ ? ‘N‘r f/ ° f/
> / ’ | c I =
b ® . b \ ! \
N S N S N S N
0-extension 1-extension

s NODBEFT—TUVDEHEEZREFTD

u
U X
—

v

u
fs Sx
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v
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Henneberg &£

m (-extension (HennebergI) & 1-extension (Henneberg II)

- ™, ~ ", 7 ™, ~ ™,
/ 7 a / a \ /7 a
4 a » llr.-'/ [ B l-"I/ I'ul llr.r/ '-.___
| — |.' l""’ v | C 9 | — |.' C g— l’:"’ v
b [ ] b L ] I"‘_ I"-,. L J
\\ b, N b
~ / . / NG / AN S/
0-extension 1-extension

s NODBEFT—TUVDEHEEZREFTD

m Theorem(Tay&Whiteley 85):

0 GWNT—XUTTT & G HK, hn0/1-extensions DHEYIR L THEZER]
Be CEE )



WhiteleylZ& dLaman® & 3 DEIF BA

s |V|IZEET BImiRE
0 T—X1:GHG HhH0-extension TREE NS

V a b
o o va pv_pa pa_p’v 0
ST TN SN
o S e N vbl py—pp | 0 Py = Do
Pae _f:’ .
= |"" AP M(G,p) =
P P
. p N y 0 M(G',p')

rank{pv_pa}=2 _ _
m) P, — Py & p,isno on the line p_p,

o Ifp,isnoton thelinepp,

Py~ Pa
Py = Py
=2+2|V|-5=2|V|-3

rank R(G, p) = rank{

}rrank R(G', p')




0 T—RX2:G HG hol-extension THEEIND

v a b c
va Pv —Pa | Pa — DPv 0 _IZ)DH \
vb| py —pp | 0 Py — Pu Y /
R (G, p) = UC| Py — Pec 0 0 Pc— Po Pae |.\\‘ |: |'
v a b c v a b c
va pv - pa pa - pv O va pv - pa pa - pv D
vb| py — pe 0 Pe — Db vb| py — pe 0 Pe — Db
ve| Py — Pe 0 0 Pe — Db . ve 0 0 Pb— Pe | Pe — Po
) )

pv_pa
Py — P
_24+2|V|-5=2|V |-3 Q

rank R(G, p) > rank +rank R(G', p')



