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Introduction
©00000000000000000

XU DI

PIEEEEHE [ (SemiDefinite Programming problem,
SDP) % Slater &7 5k& % (Facial reduction DiFET)

o HRFJITIFFHIWE AW (K SVl W) 5
o ARHDGFEEIZEIHE T 2 5L DFH A
@ SDP is convex, but nonlinear!

09:30 - 10:30 SDP, Slater &4 & Slater &4 % §ii 7= X 72\» SDP
DFEAT

10:50 - 11:50 £ Z & |

13:30 - 14:30 £AfyRZ & I

14:45 - 15:45 #EY

16:00 - 17:00 WD H X (FADY) T W & > TW S ER
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Introduction
0@0000000000000000

SDP dxE Afk

SDP|: Given Ag, A1,y..., A €S", b e R™ and Ay,..., A,
are linearly independent

(Primal):igf{AooX:AjoX=bj(j=1,...,m),X€Si}

m
(Dual) : sup{ b7y : Ay — ZyjAj €S,y e R"
y .
j=1

EER= A y]
("] A ([ ] B = Zl<l,j<n A’:IB’:I = Trace(ABT)

o ST and ST : sets of positive semidefinite and positive
definite matrices, respectively

o Dual Dil#y : #ATHIAEX (Linear matrix inequality, LMI)
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00®000000000000000

HHE

Definition 1 X € 87 : Vs € R",sT Xs > 0
Definition 2 X € 87, : Vs € R"\ {0},s"Xs > 0

Fact 1 X € S" 2 o IXFEAMBIZER. X € S 725 I XFEAE
IR, X € ST, IR

Fact2 X € S" ﬂb’C(ﬁZ@J:’)k/\@ TE3

A1

7272 U Q IXEZATS
Fact 3 ¥ X23E U175 A, BIZXf LT,
Trace(AB) = Trace(BA)
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HE O &
Fact4 X € ST, X = PPT L2551 7 V5 > 7 {75
PeRnxr ﬁ)ﬁt{
Fact5 X,S €87 &5 X oS>0 KD D, I51

XeS=0 <« XS=0,.

Fact 6 XESi&X;;:O@Qci‘X;j=Xj,-=0fora||
j=1,...,n

4/18



Introduction
0000@0000000000000

RO e B

(Primal)ir)l(f{AgoX:AjoX=bj(j=1,...,m),XESi}

m
(Dual) sup {bTy : Ap — ZyjAj €S,y e R'"}
y .
i=1

o (Primal) %% Slater §:f % {72 U (Dual) 7* feasible 72 5 1%,
0[3 = OD T, (Dual) ﬁ‘%ﬁﬁﬁ%%/)

o (Dual) %% Slater Zef}: %7z L (Primal) 7% feasible 72 51X
0p = 0p T, (Primal) 235 tfiE % K5 D

o IX €S suchthat A;je X =b; (j=1,...,m)
e Jdy € R™ such that Ag — ij:l yjAj € S§,
o Hil#JA85E (Constraint qualification) ®—>
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DMIEOTELZ L1
o Abadie fill#48E X> Guignard HilfYARRE (Hedft & M LHE DR
%) 7% Slater &l & D §5\VVA5 ..

o Slater RFIIRHEMAZ M SR CHLMRTE DI LD D
e.g. SDP relaxation of Max-Cut problem:

sup{LoX:X,-,-:l(i=1,...,n),XES"}
X

LEHA A, ERPHL WSS H D eg. Hy state feedback
control, He(M) = M + MT

inf ¥
X,Y, v
He(AX + ByY) * *
subj. to — ( G X + DY —‘ylpl * ) € S’_:_+P1+m1
BlT Dl-’:-l _71m1

X €Sn,Y € RmXn
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DICEHTHL T & 2

o [HEMEM—2] & T—FDREMDFIED A ]

o b5 —HITHRMEMANFELRVGENHVED

o ERUHNMIERIE, WM Slater 272 L TWAHZ L2 H
K = W TR DS FAE

o MAYRELMEIZN T 5 SDP M TIE, W TWVWDGA,
M FiH3 Slater S % i 72§

o Slater 5/ % {72 X 72\ SDP |37 SDP?
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724 Slater b2 &RUTT B (L72) D7

Example 1|(Waki, Nakata, Muramatsu 2012)

Hfzjng{x:xzzl,XZO}

00 =1&x*=1
e Construct SDP relax. prob., (SDP)s = 1 by SDP solvers,
e But (SDP), =0forallr > 1

Example 2 (Waki 2012)

03 = inf {—x—y:ixy <lxy>1/2}
x,yER

e 05 =—-15& (x*y*)=(1,1/2),(1/2,1)
@ Construct SDP relax. prob., (SDP); = —1.5 by SDP solvers
e But (SDP), is infeasible for all r > 1
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[SDP relax.|: (X € S™*1 CHFIE 045 r IT1H7K)

sup —Xoo: Y, Xee=bj(j=1,...,2r),X eSF 3,

k+£—.l7
0<k,£<r

if j=2
bj = 0 ojv =1...,2r)
L X € ST Bk 0% RN I H

© Xo1 +Xo1 =0 Xo2+ X11+X0=1, ...,
Xer—2+Xe—1,—1+ X2, =0, X 1+ X,—1, =0,
Xr,r =0,

° Xr,r =0= Xr—l,r—l =0= Xr—2,r—2 =0,---,X20=0

o #tfE, AR & A

S:('P{—Xoo : Xo1 = Xo1 = 0, X11 = 1, Xpo > 0}
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Lol &
(RACHEE D S B & |

o AUHTERE (SOS) 1% Slater 4 & 7= € N2 £ i % & 45
o U Clasfds Rk & < 24k
o FTTHAREMITLED or SDP relax. Z/NX L TE 53
EZES LTy
@ SDP relax. #%Slater 2730 E 5 0E T <Izidbr o
AN
o “EMZIHADOWEMNS, EED r iz UTHEKZTNS SDP
relax. 134 TLAR & &l

(Ex1l) =sup{p: x — p =009+ x01,00,01 € R} },

gjsP
{ —x—y—p=0'0+(x—1/2)0'1}
p:

(Ex.2) = sup

TP

+(y — 1/2)02,
00,01,02 >0

e (Kojima, Kim, Waki 2005) @ POP (Z X3 2 BiALEE DHL5R 12
72> TW5 (Waki, Muramatsu 2011) 10/18
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FHZ DO HME - Facial reduction Z2H15

j=1

(Dual) : sup{bTy AO—ZA,y,eS"}

o (Dual) % Slater Z&ff & jiii/= X e\ < 3X € 7\ {0}
such that Age X < 0,A;e X =0(j=1,...,m)
o KT Ag @ X < 0 = (Dual) 7' infeasible

o Slater £ % fiii 72 X 72\ &\ S FEHL (certificate) 238 %
o (Dual) %% feasible 72 &, (Primal) (Z (% H W% %2 2 X 37517 1]
BEME 2 D Jil X DMFEAET 5.

Aje(X+aX)=AjeX (j=0,1,...,m) and
x+aXeSi (Va > 0).

11/18



Introduction
00000000000e000000

’ ZOFEEES 2:‘
o (Dual) is (Dual)” & %&{ff:

i=1

m
: Ty Ay -3 A
(Dual)'.sgp{b y:Ay— AjijSq_}

Facial reduction algorithm for (Dual)‘

Step 1 Find X for (Dual)

Step 2 Reduce (Dual) to (Dual)’

Step 3 (Dual) < (Dual)’ and go to Step 1
Return Slater /% {i§7= L, (Dual) & %&ffiZ2 SDP
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(Primal) 1Z5F U T H FRRIZER D 32D

ALY S 2 & 1
(Primal) : ir)l(f {Ape X : Aje X =b;,X €S}

o (Primal) A% Slater % i 7= T 72\ <= Iy € R™ such
that bTy > 0, W := — j”;1 yjA; € S"\ {0}

o F#iZ bTy > 0 = (Primal) % infeasible

’Facial reduction algorithm for (Primal)‘
Step 1 Find y for (Primal)
Step 2 Reduce (Primal) to (Primal)’
Step 3 (Primal) «— (Primal)’ and go to Step 1
Return Slater S %7z L, (Primal) & 5{fiZ2 SDP
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[Slater /% i 7= 72\~ SDP 0l |

e Quadratic assignment (Zhao, Karisch, Rendl|, Wolkowicz
1998)

@ Graph partition (Wolkowicz, Zhao 1999)

@ Mixed integer quadratic program (Tanaka, Nakata, Waki 2012
and 2013)

@ Polynomial optimization (Kojima, Kim, Waki 2005), (Waki,
Nakata, Muramatsu 2012), (Waki, Muramatsu 2010 and
2011)

e Euclidean distance matrix completion (Krislock, Wolkowicz
2010)
e Control (Balakrishnan, Vandenberghe 2003), (Waki, Sebe
2015)
BEELTWB I L] end (5225 2A0MEN S ERS N7
SDP &A1 ]
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BEM
0)5 T ADRENE S WS B ZR > Tz 5, SDP(#EHI
) 1 Slater &efF & i 7z T 72\ VD H?
o TOWHEHZEM > CEIHRAMEZNHETE 507
: Facial reduction (Borwein, Wolkowicz 1981 etc)
e Facial reduction = D% D D EHR
o B LI GR~ D EH
o i/ EF ~DER
gﬁwﬁ‘ot: A2 | TSDPIx#ETIx?) , [(SDP 0) WAt
BN TEH ]
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Slater Z&ff: & S B S LD
(R St | (Friberg 2016)

inf 2x3 + 2x5 — X5

X1 yeeesX5
subjectto x1 + x2 — x4 < 0,4x4 — x5 > 0,
x3 > —1,xs < 1,
(x1,Xx2,x3) € Q3,X3,x5 € Ry, x4 € Z

272U @3 = {(xl,xz,X3) ER3:xy > (/X2 +x32}
R |

o xg < 0 DI HRIETHE S N2 FEHIFEIL, Slater 54 % i
72X W2 T< 6p > 0p

o Ay DEFNIH LT, Op MWK E L 35 (Cheung, Wolkowicz
2014)

@ Presolve * Cut ®ENNZ & 0, #EFAIRIRE D Slater S % Jii 72
TRWAREMED D D — MISOCP 23 & 5\ 5 &t 2 i 7= w1
Slater 5% i 72 D37
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FITATREM: |« Py & Py 13 & H IZFEITATRE

1 1
Py sup{byl : (1 > —-n ( _1> S Si,yl S R} s
b1
1
Py sup{byl : (1 > ! ( _1> € Sia}'l € R}
Y1

o Py IXFEFTAFREMEZ /RS IEMA D D (FREITAFRENE)

1 -1
=4 )
o Py TD & 5 i AR\ (J95E4T A ATHENE)
o WEITARAUBEMDLGE, HEIT 2 LMPFETE, b 0725
1 _
sup{byl : <1 ) —y1< € _1> ESia_Yl GR} =b/e<0

»n

o DHRREIETETAMREMICHE D SESFD IZHL WD
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HEHEfRMT (with Sekiguchi)

[Hoo IREET 1 — K 2 IR

;

sup — X6
X1 5e+05Xp
2x1 + 2xp
—x1 + X2 + X3 — X3 —2x7 — 2x5
—2x1 + x2 — 2xy —2x3 + x3 — 2x5  Xp 6
sub.to X1 — 2x2 + xa x2 — 2x3 + 1xg 0 xp € S+’
1 1 1 1 xp
1 0 0 0 0 x
X1 X2
X2 X3
Table: SDPA-GMP (300 digits and € =1.0e-16)
Problem 0 =1.0e-10 6 =1.0e-30 0 =1.0e-50
ORI | 2.2360679775444764 | 2.2360679774997897 | 2.2360679774997897
EH1 2.2360072694172072 | 2.1078335768712432 | 1.4142135623730950
) 2 2.2360072694172055 | 2.0000000000000000 | 2.0000000000000000
E#) 3 2.2360072665294605 | 1.4142135623730950 | 1.4142135623730950
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Separation Theorem
®00

57 Bt € PR (Separation Theorem)

Affine hull (Section 1, pp. 6, Rockafellar, 1970)

The affine hull of § C R” is the smallest affine set containing S
and is denoted by aff(S)

Relative interior (Section 6, pp.44, Rockafellar, 1970)

The relative interior rel(C) of a convex set C is

rel(C) = {x € aff(C) : 3e > 0 s.t. (x+ eB) N (aff(C)) C C}

Bl M C={(x,y,2): x> +y><1,z=1}
z

int(C) = 0,
o rel(C) = {(x,y,z):x2+y2<1,z=1}

0 X 1/15



Separation Theorem
oeo

Sy HfEE P (Theorem 20.2, pp. 181, Rockafellar, 1970)
Let C; and G, be nonempty convex sets in R”. Cj is polyhedral.
The following are equivalent:
QO Cinrel(G) =0
@ IH : hyperplane separating C; and C> properly and not
containing C;
The second is equivalent to the fact that 3c € R" and § € R
such that
Al cTx<6<cTs (Vx € C,s € G)
A2 6<cTs (35€ )

(G BSEDBG | 6 =0 LIS
e0€C XD,6<0
e bl IAs€e GCst.cTs <0%5, ase G foralla>07%
DT, 0>cT(asp) = —c0 (= 00) THFIE..cTs>0
foralls € G
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Separation Theorem
ooe

’ Figures of Separation Theorem‘

A ‘

G

C=H

G

G

Clﬁ
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Proof
®00

STz &1

— >, yiA; € ST\ {0} and bTy > 0.

. X is a strictly feasible solution
m
0< Xe _EyjAj =—bTy <0 (FE)
j=1
Infeasibility | : X is a feasible solution
m
0< Xeo |- yA | =-b"y<0(Ff)
j=1

Certificate 7% % infeasibility % strong infeasibility & FE.3
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[(=]: Gi={b}and G ={h € R™: X € S}, h; = Aj e X}
From (Theorem 6.6, p. 48, Rockafellar, 1970),

rel(C) ={heR": X €St ,hj = Aj e X},

++

and separation theorem is equivalent to

Jy e R™y"Tb<0<yT"h(vhe G)and yTh > 0(3h € G).

—AEXRED, (—y)Th > 0and forall X € S,

yTh=> yi(AjeX)=Xe|) yA| >0
Jj=1 Jj=1
Ik =3 (—y)A; €S
o HUARBHRLY, — 3 (—y)A # 0. BLEW
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Proof
ooe

SERHT A Z & 2

(D) % Slater S 2 {7z 72\ <= 3X € ST \ {0} such that
AieX =0and Age X < 0.

D FIU TSt TR TE 5.
1 G ={Ao— > 71 yjAj: y € R} and G = ST From
separation theorem,

3Z € S"\{0};Ze X <0< ZeoY (VX EGC,Y € ()

o NEXN(C) &, forall Zesh,
o NEX (Cr) &0,

ZeX=(AyeZ)—> yi(AjeZ)<0

INiZAyeZ<0and AjeZ=0 BLIW

6/15



. § € R™ such that by = 0 and

W:=—Z}"=1)7jAj€Si\{O}
(P):i&f{AooX:AjoX=bj(j=1,...,m),XES’_:_}

(P) i& (P)" & S&fi

(P) : inf{AgeX : AjeX = b; (j =1,...,m),X € sTn{w}+}
ZZT{Wwit={XesS": XeW =0}
: X : (P) @ feasible solutions.

m
XoeW=-) y(AjeX)=—b"y=
i=1

Therefore X € {W}+.

7/15



Reduction
fo] Yolo)

(P) % SDP DA Z 4 5

(00

W=Q<o A

) Q7,where A € Si:_r
Xestn{w} =

XESQ’_andX.Q<8 2) QT=(QTXQ)Q<3 g) =0.
X1 X2

EBLE, X =0 THI5, XeS] <= QTXQeSy £V,
X21=O. bf:fﬁ’)f,

QTXQ — (Xll Xz-q)

Y755 Zhvk (PY ITRAT S
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Reduction
fole] Yo)

fot &

AjeX = (QTA;Q)e (X” g) = (QTAjQ)10X11 (j =0,...,m)

L7=h3-> T,
(P) : igf{(QTAoQ)l o X11: (QTA;jQ)1 @ X11 = bj, X11 € S, i
s

o 1FHIDY A ZXHn 5 riZE

o (P) IE Slater &M & i7= 377 = FU Z & &AL T
certificate 73 2 M7 WHFANR B

Sn (y ’ )Srl (y ’ )Srz (y ? ) . (ysyw ) Srs

o HAnEDEEDIKEL TH U F\ = Facial reduction

9/15



Reduction

[e]o]e] )

Rk | Q IFRATH VN FLETHR L ZERFTHIT
(Original) iI)](f {Ape X :E;eX=1,XeS},

(Conversion) inf {(QAOQT) e X:(QEQT)e X =1,X € Si} ,
X
BAESEER | ST L 2R REBUTHIDER - & CREFEE TR,

CPU time [sec] for Original vs. Conversion

—5— orig.
Conv.

102
@
E
S 10
S —o—

o
o
e
10 o
-4
107! . . . . . . .
100 150 200 250 300 350 400 450 500
n
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Remark
.

(D) D it fig

(P) infx {Ape X :A;eX =b;,X €S}

{ (D) sup, {bTy : Ag — zj=1yJA, € S_,_}
(P) infx {(QTAoQ)10 X :(QTA)Q)1e X =b;,X €S}
(D) sup, {bTy F(QTAQ)1 — XL, yi(QTA;Q)1 € Sﬁr}

o (D)’ @ LMI X (D) ® LMI D #4347 5] CTHEK

o (D) DEuEf#E y* 1% (D) DEEEIZIR SRV DE

o (P) A* Slater & % {72 T 720D T, (D) I I Blfif % £ 7z 72\
»H LIy

o {(QTA;Q)1:j=1,...,m} B—YH L TIRVRE LI
720
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Examples
€000

5 : SDP relaxation of MAX-CUT
[MAX-CUT]: G = (V,E), V={1,...,n}, ECV XV, V

ZRC VY V\RDIDIZHIFZ\.

FAZFEAPNNT WS, HIBERIE V 2 R, V\ RIZHT7
LEIL,REV\REFZSUADEADA

max {ZZWU(I —xix;)/4:xi € {—1,1} (i = 1,...,n)}

i=1 j=1

ZIZT, B xilki e V\R@BX;:—].,I'ER@‘BX,':].
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Examples
000

11 : SDP relax. of MAX-CUT ®#E& |: W = (wj)i<ij<n € S"
CRED,

L := (Diag(We) — W) /4
LBL. =L, e=(1,...,)T €R"
P: max{x"Lx:x e {-1,1}"}

SDP relax. Q|: xxT — X

Q: sup{LeX:E;eX=1(i=1,...,n),X €S}
X

77U E €SP UL (i,0) DAL THEIRLTO

13/15



Examples
[eYe] Yo}

| ERIEIE Slater Zeff 2 M7= 3 >

X=I,

WAL Slater R 2723 Z L b n b
| BURHHIRENE Slater S & W72 9% | Find X such that

EieX=0(=1,...,n),XeS{\{0},Le X <0

INEHET X IIFEL VDT, AR Slater £ % i
729
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Examples
oooe

£ 6 DEAEH MAX-CUT 129 % SDP relax.

/\%%:
(Std) s;p{LoX:E,-oX:l(i:l,...,n),XESi}

n

n
(LMI)  sup > Lixjila— > (—Ej)x; €S
i\ ij=1,i% ij=1,i#j

72U Ej € S (iy4) & U, i) A D 1 THIZ 0 D75
BORHER | - HLHCC L2 R, S RAED TR 3

CPU time [sec] for Std. form vs. LMI form

10°
—o—su
—x— i

CPU time
X
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