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f5]1 : Spectral Embedding [Hall70]
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e d-1= (%)) [Marqulis 88, Lubotzky-Phillips-Sarnak 88]
Cayley graphs HSHak
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e Kadison-Singer problem (in operator theory)
[Marcus-Spielman-Srivastava 2015]

e Restricted invertibility
[Marcus-Spielman-Srivastava 2015]
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[Marcus-Spielman-Srivastava FOCS15]
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[Anari-Gharan FOCS15]
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TEIE [Bilu-Linial 2006]
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TEIE [Bilu-Linial 2006]
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Bilu-Linial %48 & MSS2015hRUeC &

%u [Bilu—Linial 2006]
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EB DY IR AR
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EEE [MSS FOCS13, 15]
'1?‘/73 73‘7?7_ LC Amax (As) < 2Vd
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ERADIR Amax(X[As] (X))
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BxOEDT DRFFTT
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o RYIDK BDHDFFETITt € (£} (1 <k <m)
o D DN ZMERL/2TR=SfTIT
L7z & S OERAFFIERETL

pt(x) — [ES[X[AS](X) | S1 = tl'SZ — t2' vy S = tk]

51
o ps(x) = x[4;](x) : FFSAAFUIATHIO4FEZIAT
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(1) B DIITZIRVNBE (BESR)

pe(x) = Ept+ (x) + Ept— (x)
o p.. ()N, (X)DWVWITNHDEAXIE (F p,(x) DEAIE LITF

Pe- (%) pe(x)

/ pt+(X)73 pe— () DVNINDIRE
O LDREWN

Pes(X)
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(1) DL OT 5 TS %

1 1 Interlacing family
»Pe(x) = Zpre (X) + 5P (X)

.. () Ep_(x)DIET, HDELLULEDEDHMHE— I25(L
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pe(x) DIRISERENE ULIIRLN
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BEXD @ AR — X
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® py(x) [dreal-rooted [Heilman-Lieb72, Godsil-Gutman 81]
e p.(x) (Ereal-rooted (FF5{F1F(IXIFNMTHI)

Rem. EEMEZ EDEDERTOINERBIEZE D LIRSV
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(1) (2) Z52ik = < DMAE(E KLY

pg(x) Vit € {i}k

. (Amax (pt+ (x))
p-(x) e {Amax (pt—(x))} = Ama (pt (x))

p+(x)

> - S Y[

INTCDIADFEZRE
Amax (ps (x)) < Amax (p(b (x))
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k=0
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<V F > JZ%IET [Heilman-Lieb 72]

T S5 TCOYYF > IZIEL

n/2

plG) () = ) X" (= 1)k (6)

k=0

ulGl(x) = x® — 7x* + 11x?% - 2

my(G) =1 EF
my(G) =7 #3121
m,(G) = 11

ms(G) = 2
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T S5 TCOYYF > IZIEL

n/2

plG) () = ) X" (= 1)k (6)

k=0

ulGl(x) = x® — 7x* + 11x?% -2

me(G) =1
m,(G) =7
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<V F > JZ%IET [Heilman-Lieb 72]

T S5 TCOYYF > IZIEL

n/2

plG) () = ) X" (= 1)k (6)

k=0

ulGl(x) = x® — 7x* + 11x?% -2

mo(G) =1
m,(G) =7
m,(G) =11
m3(G) = 2
#TENYF D
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<Y F > ZIET DR [Heilman-Lieb 72]

T S5 TCOYYF > IZIEL

n/2

plG) () = ) X" (= 1)k (6)

k=0

TEI2 [Heilman-Lieb 72]
o YW FULIARMIB(ZI N TEL
e RADIEDOARETE <2Vd -1

\,
| SR ]




HIFFRMEZIEN = Yy F 2 OZIRN (BS)

I8 [Godsil-Gutman 81]

E[x[4:](x)] = ¥ TF>TZLIET
N\

‘ WHBEZR12T+ — (:?&%ﬁb‘}

)L— |\p@(x) = [Eg [X[AS] (x)]_C(al-
o IRIEINTEH
e R ADIEDAREE <2Vd -1

pg(x)
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[ DMEBLUALDIRN B LD E—D] ZFMIC

e Interlacing family

p.(x),Vt Hireal-rooted THDZ &
o _CMBinterlaced 3 EEERD

FD2DONEZNUE 35 Anax(Ps(®)) < Amax(Po))
® py(x)CDULNT

real-rooted CToHrd &

BRADIEORETET<2Vd -1
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EE : ginterlaces f (D32 D)

of : IXEn DZIEWN. ECORIEIEH a; = = a,
o g : X#n (or n-1)DZIE. itdﬂﬁ(i%y& By = = By
N-LRDIiZE(EL, 78U

Bn=S)an<Pp1<<a,<p; <




% . Common interlacing g of f,,...f

o EEDi (CXF LT g interlaces f,
g . common interlacing

f
f2
. /)
b2

ZXBEICE DO EDT D
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o fi) s fin? RN, BEAUEHNEDSIED

ECORIFIZFEE. 1,.(f;): fiDke

5

([CKETMR

EUS, ..., fuBicommon interlacingZz D72 5(d,

min A (f7) < 2e(ZfL16f) < maxA(f;) vk

SA1E fi i
Yy

ZIAS, ) fn
DihfEaE

J

L
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A8 .
AnRd :

min {

EEDEPD STt € {(£3KITXH LT
e p..(x)&Ep_(x)Hireal-rooted
e p.. (x)Ep,_(x)H'common interlacingZzHD

Amax (pt+ (x))

Amax(pt_m)} < Amax(Pe () < ma"{

Amax (pt+ (x))
Amax (pt— (x))

}

1 1
A}%j) = 5 Per () + 5P (%) ke

pe—(x) Pet(X)
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el RO FRIET Tt € (£} LT
e p,. (x)&Ep,_(x)Hireal-rooted

o Ep B eommon-interlacingE=6H6>
e Op,, (x)+ (1-0)p,_(x) breal-rooted (vo € [0,1])

min {Amax (pt+ (x)) Amax (pt+ (x))}

< Amax (Dt =
Amax(pt— (x))} = (p (x)) = max {Amax (pt— (x))

fned [Dedieu92, Fell80, Chudonovsky-Seymour07]
®fi, ., fm: REIn DZIAT.
B UERDIWMES X ¢;f;hireal-rooted/d 5 (X
fi, ..., fnDicommon interlacingZz >
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T8 . LI Tzl Hireal-rooted:
o ERD 0 € [0,1] WL T,

aw= ) ||a] [a-err@

A A p
Se{+}M s;=+ Si=—

o LD
pes () Epe_ (x)Hireal-rooted
0 p.y(x)+ (1 —0)p._(x)Hreal-rooted ( v €[0,1])
= HAFETs MFIEL T
Amax (ps(x)) < Amax (pq)(x)) <2vd-—-1
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LI FDZIER Hireal-rooted:
o EED 6 € [0,1]CWUL T,

q(x) = Z ll H(l—H)ps(x)

SE{+}M s5;=
RER T D& o)
m

qg(x) =E [det (xl — 2 rirl-T + dI) 0 0
=1 1 1 \<y

“ ;=10 or 0
5> /LR DT L 1 1l<w

4] € RV 0 0

MR o, 1-6;




46

NER) BEiEiTH AL [FEMIT1T75 A,DOZH

[EFE1TH = 1ZADEHZITS DA uv
A= z Aup) Ay = O
(u,v)EE (wv) 1 v
(FHME0
AT U BT
uv
A, = z Sy A
S u, vl (u,v) Suv A ()= Su,v u
(u,v)EE Su v
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Ag = z Su,vA(u,v)

(u,v)EE

»—DMIA = S22 1D1T5DH]

_ T T T
Su,vA(u,v) = Tun)Twy) — Cubu — Evly

Su,v — 1 Su,v 1
Su,v Su,v 1




REW) A, &5 > IUTFNOICER )

0
AS — z Su’vA(u,v) 1 <1
(u,v)EE Tuw) = 0
Syp | <V
T 0
- z (r(u,v)r(u,v) eueu — evev)
(u,v)EE
— Z T(u v)r(u ) —dl
(u,v)EE
m 0 0
1 1 |<u
q(x) =E[det<xl—zririT+dl> r=]|0 or(o
i=1 1 -1 |<v
0 0
HRe, 1-0,
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LA T Dzl Hireal-rooted :
o EFED 0 € [0, 1™ UL T,

q(x) = Z ll 1_[(1—9)195(96)

SE{X}M si=+ s§;=

LI FHireal-rooted ThHhDZEZR~BFIE LU

glx—d)=E Idet (xl — zririT>] =E|x

1=1

(x)

(4] TiT

il R S > S UTHIOFID
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KD—MERNIRCENERD

IR [MSS15]
o1y, ..,T, EBRDHIRS S LANRERNT ML

CDESE
| (x)| =E [det (xl — Z rm-")]

i

=1
4{ N (Zreal-rooted

mixed characteristic polynomial )

Rem: ZIBTH'Real-rootedZ/Rr I DI(F—A%ICEE L L)
o #ll - Z(dReal-rootedZ/FRF L/RLN
o ZENZIAT(CX] T D Real-stability
Real-stabilityZz /=6 Di%/E [Lieb-Sokal 81]



-—'—-E >

EFx: real-stable

ZEZIANSf € R|zy, 25, ..., z | D'real-stable :

Im(z;)) >0,Vi = f(z4,..., z,,) ¥ 0
RE D

strictly upper half plane(CiRHY30\
f(zg, ., zy) =0=13i, Im(z;) <0

Vo ——
FH I
Lo~

12218 f Hireal-rooted & fldreal-stable
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{#%E [Lieb-Sokal 1981]

f(zq, ..., zy) Direal-stable’® 5 (ELL T HBreal-stable

O (1—a—zl)f Vi

® f(a, ZZ) ---;Zm) lgik&j&

EUTEHiER

{8 [Borcea-Brandén 2008]

CDEZ det(Xn, z;A;) (dreal-stable
_—7

[mixed discriminant ]
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IR [MSS15]

o 7y, .., Ty ERDMIIIRS > LREZRND ML

CDESE

i

ri | ()

~F ldet <x1 _ Z riri*>]

N ($real-rooted

| mixed characteristic polynomiaIJ




Mixed Char. Poly. DIXEHZ

g2 [MSS15]
o 7y, .., Ty ERDMIIIRS > LREZRND ML
CDES

Elx[Xi21 riry 1(x)]

[ri@,itﬁ’éﬁ(ﬁﬁu Err

Z1="=Zm=0

X, Zq, ., Zy DZZIET
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fii%E = Real-rootedness

g2 [MSS15]
o 7y, .., Ty ERDMIIIRS > LREZRND ML
CDES

Elx[Xi21 riry 1(x)]

[ri@,itﬁ’éﬁ(ﬁﬁu Err

Real-stable (F1EEBEDN)
[Borcea-Brandén 2008]

Real-stable (i@ EEUEDEIDEHT)
[Lieb-Sokal 1981]
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fHEE

or: S LRI ML

E[det(A —rr™)] = (1 — %) det(A4 + tErr™) .

=0

FIFEUF ORRIEEAE NS ((EHE)

a2zl

Al

det(4 + uv*) = detd (1 + v*A~1u)
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Mixed characteristic polynomial (&Real-rooted
E[x[Xi=, iy 1(x)] = E[det(x] — X; ry1;)]

[>I vEb D s Tt (XU T p,.(x)(Ereal-rooted
pt(x) — IES[X[AS](-X) | S1 = tl»SZ — t2' ey S = tk]

pt+(x),pt_(x)(ztcommon interlacing Z#62D

[> 3 =197 s, Amax(Ds(x)) < Amax(p@(x)) < 2vd -1
NV FUOLIET

[>2U7 NaEiRUBW TSNS v 0S5 I K
e CEXZUSTJDIEBMHERIE < 2vd -1
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MSS150DFEF 1

EIE

® 7, ..., Ty IERDIRIIIRS A LAREZRND ML
CDOEE

mixed characteristic polynomial (&real-rooted

; riri*] (x)] = E [det (xl — Z riri*>

E |x

l

= 21475 DD
FFIEHIETNDOHIFE




N —i

F EIE + Interlacing Family [MSS15]

FI® (Comparison with Expected Polynomial)
o7, ..,. Ty ERDMIIIRS > LAnREZRNRT ML
CDOESE, EEDK (CXULT
HESRIE CULTF AR DI D (= BEER)

(5]
N

[k BRICKERESEE \
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WASWBTRRERBZ BEROFETEHITD
e Kadison-Singer problem (in operator theory)
[Marcus-Spielman-Srivastava II 2015]
e Restricted invertibility
[Marcus-Spielman-Srivastava III 2015]
o ERDIEREIN (BEN) ELEREJ (WU TSNV 2%
BT IMMFE
[Marcus-Spielman-Srivastava IV FOCS15]
e Asymmetric TSPOEEHF17 v ZH'O(polylog log n)
[Anari-Gharan FOCS15]




Restricted Invertibility

TIE [Shrpen-Youseff12, Spielman-Srivastavall]

e dxmfTH B s.t. BBT =1
EFEDO Kk =d (X UT,

H A Xk DFNIEPDEAS IMFEEL T

Omin (BS ) 2 =

1 —

\

2

—
k
d

)

&/IMFEEN RSV O/ NSRRI ES




Restricted Invertibility OEIEBAD RN

BDFIRD BLvy, ..., vy MSKEIRIZIT:EIRT D

o FEFEIEHLKD

(gl

a1 E[Y; ;v ](ELaguerreZIAT, &—EK

= ERDEFEIN I H D [Krasikov06]

ﬁInterIacing familyZz

JLY Tl E [MSS15]



Kadison-Singer Problem 1959

Does every pure state on the abelian von
Neumann algebra D(¢,) of diagonal operators
on ¢, have a unique extension to a pure state on
B(¥,), the von Neumann algebra of all bounded
operators on ¢, ?

MSS 20144k D3I
o 1959 K AR
‘%&%(O)}lt\} :
o % < DFEM/RSHA




Weaver's Conjecture = KS problem

F1E [Weaver04]
Jda, € > 0 such that the folloing holds:

vl) LR’ Um n;ﬂ%ggg/\\g I\)I/
>:vvi =1 and ||v]l* < a, Vi

CDEE{L,... mIDDEIS,, S,HIEELT

S v

LES)

<1-c¢ v =1,2




WeaverdDYF DR

TEIE [MSS15]
oV, ..., vy, MRIEZRNRT ML
>ovv; =1and ||[v]? < a,Vi
CDEE{L,.. MDAES,, S,HFIELT

LES)

(1+\/ﬂ)
2

HEK1/2TS,([CEHD — EFEEBOFE

A4 E [X; v;v]] DIRD_EF
e Barrier Argument [Batson-Spielman-Srivastava2012]
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onHDIERZSE & D E—E I DRIDERY 7 —Z3KRHD

o —JBfHEDIERtC

. —AAEFENZTmCT

c(i,)) < c(i, k) + c(k, ), Vi, j, k

> 20 A&

o XIFR:c(i,)) = c(,i)Vi,j

o IR ¢ HAFTIZAL
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Asymmetric TSPDLPFE# [Held-Karp72]

11

min Z C(l.,j)xi’j
l,j
S. t. z xi,j = z xj,i VieVv
J J

2 xi,j > 1 vScV
LES,JES

0< xi,j Vl,]

o = iHiE
By T max LD

C LP@EEQZ\@“E
(TSPOOEEIE = LPOEREE)
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Asymmetric TSPOEEEF v T

Symmetric case
e 1.5 3A{{57)L 0 X s [Christofides76]
o [REFR] BT v T4/37?

Asymmetric case

e > 2 [Charikar-Goemans-Karloff 06]

e O(log n/ loglog n)
[Asadpour-Goemans-Madry-Gharan-Saberi SODAQ9]
P I7)L T X

e O(polylog log n) FE#&ERKEY [Anari-Gharan FOCS15]

e %% (=5500) [Svensson-Tarnawski-Végh STOC18]
P I7)L T X

o [RfifiR] cHR C=Dh ?
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e Mixed characteristic polynomials & Interlacing family

R A T3 B RE 7 R

o AIERI”EBS YRS v >S5 IDFIE [MSS FOCS13, 15]
[RFBR] SR v 205 T DR IHERR TS E
[REFR] —B5B0 S T TIFRWES

e Kadison-Singer problem [MSS II 15]

e Restricted invertibility [MSS III 15]

o EROESEN (BH) ERBA(CHLTSIRS v SE
S IHMEAE [MSS IV FOCS15]

e Asymmetric TSPOEEEHF+7 v H'O(polylog log n)
[Anari-Gharan FOCS15]
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Spectral Aspects of

Symmetric Signing
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EEE [MSS FOCS13, 15]
'1j- ‘/TSb\?.j_FT_ U C  Amax (As) < 2vd
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