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48 TE (complementarity) &[%

22DRIRL (x,y) € R X R" NUTOEHEHT
=, FholE S Y (complementarity condition) %
=9 &L,

x > 0, y>0, = Y= O

/ ’DODT’EU?IUJZIJT
A7I~)LT%T('§"\’CO) mﬁ DEIFHTERL.
R MIER) <1ﬁn§u x n{7151 = 117151) 0<zly>0 )

L MLIZT AT
>0 y>0 my_o(,uﬁ/\b)l/i'd' HiE)

— x; =0, %20 7 ?155@?4@—0
<— x; >0, y; >0, xzyz—O (z:1,2,..., n)

1.1 0
0 | 132.88

0002 Y= | o
0 0

ARG L ERERELICE T HERMEED—D.

e.g., T =

]



RIZETEIERRICH T HEBARA TV I FH

¥ [ %8 (P) P> fis] 2B (D)
min ¢'x max bTy
st. >0, Az =b st. Aly <e

x, y » (P) & (D) DEATAIREM 7 513,

cch—bTy = c

_{

—(Ax)'y = (c—A'y) 'z > 0 (FFRME)
z*, y* 2 (P) & (D) OEEARS 5 1E, L FOBBR S v 2 RN L.

Ax®™ —b =0,
z* >0, c—A'y*>0, (") (c—A"y*)=0.
et G :




JEfR AT BIFSIREI 2%t 9 A KKT &4

Minimize f(x)
bt 0 1(5) < 0. ) <

hi(xz) =0,...,h(x) =0
NEFIRI ML HFI B TE Eanossutn. smm aimi=9 &9 5.

o 1% (P) ORI 35, 2oL %, UFEMET LY 2
A =5, ) B = (uf,. . u)) BEETS.
Karush-Kuhn-Tucker (KKT)&# ~

V(&) + 30 A Vgi(a*) + 3 i Vhy(x*) =0,

Ai 20, gi(x®) <0, Ajgi(xz™) =0, (i=1,...,m)

hi(x*) =0. (j=1,...,1) Ty

A

\_ )

Vi) = (2@ @ 2T ¢ gn ]

Ox, > Oxo ’°° "7 Ox,




AR R T [ B

FMTEDAIZMVEARICRLT, BAtEREZEBRI=9 &4
SIEATRILERDDRERE.

JERR e PR e R =R (Nonlinear Complementarity Problem: NCP)

Find = € R"
such that = >0, F(xz) >0, z'F(x) =0.

F : R" — R": given function

| > F(x)=Mz+q L2113, §Hhhb7 I, 0BEHODEE
MR AR &L,

FR T2 AE 4 T S RE (Linear Complementarity Problem: LCP)

Find x € R"
such that >0, Mx +q > 0, azT(M:I:—I—q):O.

M € R*™™ q € R™ : given matrix and vector
LCPIXZ = RETEMRE(QP)LIZH THIRINTES-EENHS. (&, LPORA 5&%)



FEEH L OmEILHERE

— KKTEHHIERRIZAEMEERIREEL TEERRA].

(P)

Min f(2)
s.t. z>0, g(z)>

0

KKT conditions

Vf(z) —p—Vg(z)A=0 {

O0<plz>0,
0<Alg(z)>0

x>0 y>0 z'y=0
ELSRMMEREELIELIE

0<xly>0
EHREESND.

~

J

M ZEHRE

—

\vmw) = |V9:1(@) Vea(a) - Vom(a)]

(BREVaE1THI)

\

g(@) = (g1 (@), ga(a) ... gm(x)) € R™

7L X1
eR ")

A

0 < (z) L (Vf(Z) —VQ(Z)A) >0

g(z)

ZIT, zi= (i) F(z):= (

NCP: 0<z L F(x)>0 %§%.

Vf(z)—-V
g(2)

g (z)") LEF1E

10



ZEIIFAFHFIDE W HE b B &8

Min f(2)
s.t. =65 g¢g(2)>0

(P)

KKT conditions

—_— | V/(z)-Vg(z)A=0
0<Alg(z)>0

CD5GE, HAEEEREFEITTES FXEHLEL-TS.

—— JERtEMIERIRE
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B MRMETERIRE amnapestanrigal-mHE)

JEHR

ﬂ'/u:r, = *H *ﬁ |§E Fl:uE] &2 (Nonlinear Mixed Complementarity Problem: NMCP)

Find (z,y) € R" x R™

such that « >0, F(x,y)>0, z' F(x,

G(x,y) =0

y) =0,

+— n-dim

—— m-dim

.

F:R"xR™ - R" G:R*xR"™ — R"™: given functions

g FECMHT I B

F(x,y) .= Mx+ Ny+q
G(x,y) .= Lo+ Py+r

) ﬁﬁﬁxlhb = *E *ﬁ |§E Fl:ﬁ g2 (Linear Mixed Complementarity Problem: LMCP)

/



R TE R RE

RN EREL FAFKENTENLIHLED, THE.
I ZHEEMEREGELHS. (Rad)

MR TEERE (X mE L EE (DKKTEH) ZET.

I

FEMEREEMICE, Ty S REC R B Y& RREL
E BIO&ZEEEEREEL TR TEGEWK I EHRE
ISRHLTHOERLRNZRT S.
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+w< a1 SR8

2-player non-cooperative game

(BZTLAVv—ITBHDFEFIC

xfL CTHF(CamaE1t)

Player 1 wants to solve...

h/[yin fl(ya'z)

s.t. ye S5

(P1l(2)

y € R": Player 1's strategy
fi: R* xR™ - R
Player 1's cost function
\_ S1 C R": Player 1's strategy set

Player 2 wants to solve...

(P2gy) Min f2(w,2)
s.t. z €959

z € R™: Player 2’'s strategy
fo :R* x R™ — R
Player 2's cost function
Sy C R™: Player 2's strategy set

~

/

*

y* is an optimum of (P1(z")

*

z* is an optimum of (P2(y")

TV aBEOTTIE, BILAV—IEEMTEEEZEET S

E Y e Y A Y

:> (y*, z*) is called a Nash equilibrium.

14



MEAIERENDE

Player 1 MfiE{NE & E LA

AL wess1s— L cm & 8

Max y' Az
(Pl) 7

s.t. y>0, eTy: 1

4

Player 1 MKKT& 4

Player 2 DN E B LR

Max vy ' Bz
(P2)  ~
s.t. z>0, e'z=1

4

Player 2DKKT& 4

0<yl-Az—ea>0, e y—1=0

0<zl-B'y—ef >0, e z—-1=0

2 DMKKTE 1¢
HEHE-

—

Nasht2 % [ g8 & F 74 CRa ) FE 4 4R =8

o<

Yy
z

)+ (5 0) (1) -(6e) (5) =0
0)(2)-()-0)

(

NAT—LDIZE, ERBERDEE LR 15




aﬁﬁj\x%ﬁ%ﬁ%ﬁ (Variational Inequality Problem: VIP)

NIMIVBIZH T HREREKRD D KIS R

2D ADEE R RILAERR - LRE L E)
EYITISRELTET.

— TR AFACETEASEMEE (BOFAEMECH )X
ZTDFEFYIVSADEBEICERATES.

ENAFAMECEREESN S EHRELZ<HD.

-
™

HimARMNETEENLY

16



I

2{ Ti—FF_tFnﬁ 2 (Variational Inequality Problem: VIP)
&7

A F R RE

Find =€
such that F(z)' (&' —x)>0 (Va' € 5)

F :R" — R™: given function S C R": given closed convex set

VIP (F, S)

MEE 4 (convex set)

(1-—a)r+ayesS
V(xe,y,a) € S x5 x[0,1]

Loy, Tp, T4 : VIPOFETALY
Lcy e : VIPDEREE

17
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%5 FERBORR

- Find x €S
(F 5) such that F(z)' (&' —x)>0 (V&' € S5)
ERAEFAMEBIL, FESLTEKHDARIMLIG —F [2x95

T ERIZROHDME LR

—F(x) 2533~ b5

R N N N N N N
NN

wwwww e S N Ny oS
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AW oy —p me e a
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Y 5

MTED.

R NRT MVIG

—F(x)
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EHTEREIRETESME (1)

| VP ELOBEOMBEE YT HSRELTAE. |

HAHAMEH R - ROVFRELTF (z) =V f(x) £TESETDH. CDEFE,
VIP (Vf,S)
Find €S
such that Vf(z)' (' —x) >0 (Vz' € S)

MxiE b 8
< D Minimize f(x)
(gmm(%;tggrgjgg) subject to x € S

X BHIRZETULNSEISE
RTov)LDOBER

19




ERAFAMREICIHE CSHHE

S =R" &95%. ZDEE,
VIP (F,R")

Find = e R"
such that F(z)' (' —x)>0 (Vx’' € R")

RIMILERER
S Find x € R"
such that F(x) =0

Note: R IZEENDIITARTODEILX RY"ORERD .

(' =xte (i=1,2,..., n) &# 25 & HRIZEERAA.)

(2)

20



ZHnAEXERBICIFE CEoMHEE (3)
S =R" &35 COLE, {R’i =l € IR @ = 0
FEENIVMNLDOES GEERIR)
VIP (F,R")

|

Find = € R}
such that F(z)' (2’ —x) >0 (V&' € R})

<

JEHR T2 AE 4 T B
Find x e R"

) such that >0, F(z) >0, z' F(x) =0

N

m* I

v

21



#f (cone)

R? % R" [$45 %GB EELDHELVZS.
=g, VIP (F,S) DEASHHDIGENBRIEE.

sEDEER
A set C' CR" is called a cone if ax € C forany a > 0 and x € C.
Bl ERZERELE-FERDOES

cone and convex set
cone and closed set

convex cone (fhf)
closed cone (Ef#f)

BF ™ LAY AYEEE QA AVILE:

axr
A .




(FRER) #E sz B L B8 (conic optimization problem)
B QR A ERIE (LP) (<o x MF%&,:]
ADTHERLT.
min ¢ x min ¢ ; 2
st. x>0, Ax =0 — s.t. [wGR’i,] Ax =0b
MEHERE
I £ 8% B DBA™ 8t —
C CR"ICEZ#Z L c -
EEEEZS. st. ze€lC, Az =b>

Z REETEIRERE (Second-Order Cone Program: SOCP)
. — i
min ¢' @ K: = RHBOER

(ZRHE — 2-/ )L LTHE DO ITo N5 )
S.t. QEE/C, AfL':b ]CRZZ{CB‘LEl2($§—|—---—|—3§%)1/2}

HIF FfEEHERIRE (Semidefinite Program: SDP)

min (G, X) ST ERETHIOMH
st Xesym AX=b | 4. .poon L pr gpEs




*ﬂ_ﬁﬁﬁtﬂlﬂﬁﬁ (polar cone and dual cone)

¥ C DikiE CP (ILLFTEZSINS.
CP:={z|z'y<0 (VyeO)}

B C O C* IFLLF TERSINS.
C*:={w ’ r'y>0 (Vyel)} =-Cr

\ e
/ y()/

Cr
T
Notice: C? % C* (X & ICEAMNSE. (C DEAMMEICIZMKTIE LA W)
C HEAMBE DIE (CPYP = (C*)* = C DY T,



= O Ukt # (self-dual cone)

BITRARYIDE R, $#C BREDTHE LS.
C=C*=—-CP

B & BUxt s D 5l
R? :={x|z >0} (GFERIR)
ST (X e RV | X = XT, X = 0} (REEBA5I0M)
Kri={x e R |z > (23 + 23+ - - +22)Y/2} (Zwéh)
HL C AEESRRHESE, 22—y RPaIT R

EXENDEEZTRANT C =R} OFEzZBARICHE
LT o7 L) X LEEI A EE

) (' =K"orC=5" DIFEOH#zELEEOHBMHE
8 (RE) AV néh’(%f*@] gDV ED.




%T%‘tﬁ:‘ﬂw_ IZImE TS AR (4)

R" ZFr 5 OFRM#ET H. CDEE,
VIP(F, C)
Find ze€(C
such that F(x)' (' —x)>0 (V&' €O)

S FEFH TE B RE (conic complementarity problem)

B Find z € R”

GrmEsEmE |such that = € C, F(z) € C*, ' F(z) = 0.

+ O =R" OiGEIEE OB EREICthEo7EL0.
o Ffz, CHAZRMOFETFEITIHDESL, THEN R

*H*ﬁ'@ﬁlﬁ%ﬁ (Second-Order Cone Complementarity Problem), =|£IEI'_E1%
*H*ﬁ'@ﬁ FI:IE]%E (Semi-definite Complementarity Problem) &L\:).




R AFA B

ll'.

RECEHME (4)

CCR"ZHEDEAMMEL, S=C xR (n=mny+no)
E4B. COEE, S* = " x (0} THIDT, [Srimem]

VIP(F,C x R"2)

Find o € C x R™?

such that F(x)' (' —x) >0 (V&' € C x R™)

= Find o € R™ x R"? =R"

st. € C xR"™, F(z) e C* x {0}, ' F(x) = 0.

° (2) Find (x1,z2) € R™ x R"™ =R"
Flw) = @;Eib s.t. ®1 €0, Fi(x,T2) € CF, wlTF(wl,azg) =0,
> F2(CB1,$2) =0

B2 O = RY OESERTBOE S AR MR S,

27




VIPIZX 9 HKKTS 4

VIP (F, S)
Find =€ S
such that F(IE)T(:L'/ _ 213) > () (VIB/ c S) b RS
gi: convex hj: affine

where S := {z | g(x) <0, h(y) =0}

A8 SHEDOERCHITEIFAFAFRPFLFNELTRSIND LS,
ENAFAMBITH T AKKTEHITLUT D LIICERSNS.

KKT conditions for VIP
F(xz*)+ Vg(z*)A\* + Vh(z")u" =0,
A">0, g(z*) <0, (A")'g(z") =0,
h(z*) = 0.

~

\ Y,
HIHEESE, BLLEREDTT VIP (F,S) & LFBOKKTEHILET.

( ) % Vf(:c) BX#Z7=5, VIP @ KKT &EIEHEIHATE
BRI D KK T7I<'[¢<\_'_ .




KUY —fEIESNT-U>ADERE

—f%1t R A FAERE (Generalized Variational Inequality Problem: GVIP)
Find € S and £ € F(x)
such that &' (&' —x) >0 (V&' € 9)

F:R" — ok 5NEESSE
Bz 1E BB (ISR A MA RTRELY —AICH L TE ARERNT
KR EEE e L

ﬁ%g’fﬁj\;ﬁ%ﬂﬁ%ﬁ (Quasi-Variational Inequality Problem: QVIP)

Find z € S(x)
such that F(x)' (&' —x) >0 (V&' € S(x))
S:R" — 2K BICHAMESLBILOIBREETR

HAFOEEEICKY B EOFRABLGTEERENEDDSLIGT —LIZHT D
B ERREE RIF AT EE.

W NEAREBZTITERYIFHEL. 29



