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e Structural solvability analysis of electric networks  Mili¢ (1974)

 Pinning down planar skeleton structures Lovasz (1980)
e Feedback vertex set in subcubic graphs Ueno, Kajitani, and Gotoh (1988)
e Maximum genus cellular embedding Furst, Gross, McGeoch (1988)

 Maximum number of disjoint S-paths  Lovész (1980), Schrijver (2003)
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e Approximation algorithm for Steiner Tree  Prémel & Steger (2000)

* Weighted disjoint S-paths Yamaguchi (2016)

 Weighted Feedback vertex set in subcubic graphs
Kobayashi & Yamaguchi (2017) 10
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autors |Runningtime

Lovasz (1978) Polynomial

Gabow & Stallmann (1986) O(nm?) (or O(nm?38))

Orlin & Vande Vate (1990) O(nm?) (or O(nm?3-38))

Orlin (2008) O(nm?3) (or O(nm?38))
Cheung, Lau, Leung (2011) O(nm?) (or O(Nm*38)) < &R
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e Camerini, Galbiati, and Maffioli (1992)
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Augmenting Path Algorithm (unweighted)

Linear Matroid Parity

Gabow and Stallmann (1986)

Input
A=

\_Y_)

- U

-

Linel ={u,u} €L

Parity set: union of lines

w.l.0.g. assume that
A is row-full rank

Find Anindependent parity set of maximum size

~
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Augmenting Path Algorithm (unweighted)

Initial Solution
{ B : an arbitrary base

J

Gabow and Stallmann (1986)

Linear Matroid Parity

Input
A=

\_Y_)

- U

-

Linel ={u,u} €L

Parity set: union of lines

w.l.0.g. assume that
A is row-full rank

Find Anindependent parity set of maximum size

~
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Augmenting Path Algorithm (unweighted)

Initial Solution
{ B : an arbitrary base

J

Gabow and Stallmann (1986)

Is B a parity base? YE> [ Output B J

Linear Matroid Parity

Input
A=

\_Y_)

- U

-

Linel ={u,u} €L

Parity set: union of lines

w.l.0.g. assume that
A is row-full rank

Find Anindependent parity set of maximum size

~

16



Augmenting Path Algorithm (unweighted)

Gabow and Stallmann (1986)

Initial Solution
{ B : an arbitrary base J

Is B a parity base?

NO

[ Output B J

Search for an Augmenting Path
/ N

\ /
‘LYES ‘1, NO

{ Augmentation J Output the maximal}

(Update B) parity set in B




Augmenting Path Algorithm (unweighted)

Initial Solution
( B : an arbitrary base

]

Gabow and Stallmann (1986)

® €B
' ? Output B J
Is B a parity base [ P O eV\B
NO — :lines
Search for an Augmenting Path
e )
LTI u 4 oI -
*——C—0—0—O—(O—0—0——@ |
source line Augmenting Path source line
F={(u,v)|u€eB,veV\B,B—u+ v: base }

¢YES

Augmentation
(Update B)

J No

Output the maximal
parity set in B
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Augmenting Path Algorithm (unweighted)

Gabow and Stallmann (1986)

Initial Solution
( B : an arbitrary base ]

® €B
' ? Output B J
‘Is B a parity base [ P o EV\B
NO — :lines
Search for an Augmenting Path | —
/ s
B e s .

-
R e e e e e == === = = e e e e e = = —_—— -

o e e e e = = e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e -

Augmentation Output the maximal
(Update B) parity set in B




Augmenting Path Algorithm (unweighted)

Gabow and Stallmann (1986)

Initial Solution
{ B : an arbitrary base )/Omitted Details \

» Creating Blossoms \

Is B a parity base? » Introducing new vertices

\ » Validity proof
, Search for an Augmenting Path /VAJ

- - 1
7 S u v s 1 S
' . b ey ' . ) .% \,
S0 |\ T _C O, . N : .

-
I T -

N e e e e e e T T e e e m e e e e e e = = = = = = = - - - - ————

source line Augmenting Path source line

F={(u,v)|u€eB,veV\B,B—u+ v: base }

‘LYES J No
Augmentation Output the maximal
(Update B) parity set in B

| 20




Dual Variables

e Laminar family of blossoms e Dual variables
A:{HllHZI""H/l} .p:V_)R
e q:A—> R,
4 ) 4 )
— 0

o B B J|G
tip mate. DS

\_ Y, \ V),

Blossom Laminar family

e Dual feasibility
(DF1) p(w) +p(m) =w(l) for | ={u,u} I:_g
(DFZ) p(v) _ p(u) 2 qu = ZH:'LLU CI'OSSGSHq(H) If Cuv :'t 0
(DF3) p(v) —p(u) = q(H) ifu,v are tip of H and its mate



Primal Dual Algorithm (weighted)

Initial Solution

B : a base

Is B a parity base? [ Output B J
NO
Search for an Augmenting Path
g 2earenToran Al smentn srath N
""" T U v
*— —0——O—0O—0—0——@
sou rcé—l_i;é ___________________ A_déﬁé_ﬁfi_ﬁé_lsé:th ____________________ source line

o

/

iYES

|

Augmentation
(Update B)
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Primal Dual Algorithm (weighted)

Initial Solution

e Take p withp(u) + p(u) = w(l)

B : a base
p, q : feasible dual variables e Let B be a min. weight base w.r.t. p
Is B a parity base? [ Output B J
NO
Search for an Augmenting Path
g 2earenToran Al smentn srath N
----- (- R
- 1 u v :
H—+O07+—0—0—O0—0—@ O—O—@
sou rcé—l_i;é ___________________ A_déFﬁ_e_ﬁfi_ﬁé_ﬁé_th ____________________ source line

‘LYES ¥ NO

Augmentation
(Update B)




Primal Dual Algorithm (weighted)

Initial Solution

B : a base
P, g : feasible dual variables

Is B a parity base?

NO

)

Output B J

Search for an Augmenting Path
g 2earenToran Al smentin srath N
,,,, (-~ -T- " " "=~
O A OO O— O
source line 7 Augmenting Path source line
F* = {(u» V) | Cupy # 0,}9(1)) — p(u) = qu}
\_ tight -/

\LYES ¥ NO

Augmentation
(Update B)

24



Primal Dual Algorithm (weighted)

Initial Solution

B : a base
P, g : feasible dual variables

Is B a parity base?

NO

)

Output B J

Search for an Augmenting Path
g e oren A smentn sre;litn oo N
O O O— OO0 O— O
source line 7 Augmenting Path source line [€—
F* = {(u» V) | Cupy # 0,}9(1)) — p(u) = qu}
\_ tight -/
iYES \l, NO
[ Updat 1 New tight edge
Augmentation pdate p, g )
(Update B) J,NO new tight edge

I [ No feasible Solution ]
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TENYFILHEK
conv{yy | M € E : perfect matching}

/2 x(e)=1 (vev)

eed(v)
2 x(e)=1 (Z<V,|Z]:0dd)
eed(2)

K x(e) =0 (e €EE)

/
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N hOA RRXZ KR
conv{y; | I € V:common independent set}
|
A, =
z x(e) < (U) (USV)

eeU

2 x(e) <, (U) (U SV

eeU

S x(e)=0 (e€V) Y, Ay =

OO O0OO0Or k| d

OO kR RF ORKR| —

O, Rk O Fr O

OO~ WNEFR| D
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Rz~ O R/\NUZ o ZEK

P(A) € P(4)

‘ A DB
P(A) ﬂ P(A"

AI~A <= A" [ A (TITERZ L TIEBND

P(A) =conviy; |l € L: BZIxIS514>20D5
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Rz~ O R/\NUZ o ZEK

P(A) € P(4)

‘ A BB
P(A) ﬂ P(A"

AI~A <= A" [ A (TITERZ L TIEBND

.’ - X RO RO
P(A) ﬂP(AA’Z/W)
yA
Ay~ Ay
ANBSEERE=NBD Y MOT R e
s N L
| 7 |1
A |0 W
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SXBIRHZ FE o < ~O- RO#ER A
P(4) = ﬂ P,

Az~Azel . 41 (4 4, ICHERZLTESNS
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TENYIFOZEERD L ANDFIFEE LU TERED

BROTEYY FUILEARZRWIZ P(A) DHSRERE
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Rz~ O R/\NUZ o ZEK

/Z'"Eii

@E%ﬁ%?ﬁ 7 RO ROD#ER
P(a) = (| P(A7,/W)
YA
Az~ Are— 4 (3 4, ICITERELTEBNS

N

X(&, B UM LUTIHARIL

—

min{w - x | x € P(4)} = min{fw-x|x € P(4",/W)}

/
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Yusuke Kobayashi:
Weighted triangle-free 2-matching problem with
edge-disjoint forbidden triangles, IPCO2020.
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Appendix : TDABDEE L LR > b




Dual Variables| How do we define tips and mates?

e Laminar family of blossoms e Dual variables
A:{HllHZI"'iH/l} .p:V_)R
e q:A—> R,
4 ) 4 )
— 0

o B B J|G
tip mate. IS

\_ Y, \ V),

Blossom Laminar family

e Dual feasibility
(DF1) p(w) +p(m) =w(l) for | ={u,u}
(DFZ) p(v) _ p(u) 2 qu = ZH:'LLU CI'OSSGSHq(H) If Cuv :'t 0
(DF3) p(v) —p(u) = q(H) ifu,v are tip of H and its mate



Primal Dual Algorithm (weighted)

Initial Solution
B : a base Def. of dual feasibility J

P, g : feasible dual variables

Is B a parity base?

NO
/ Search for an Augmenting Path

o = = = = = = = = = = e e e e e e e e e e = e = =

j Optimality proof
L
Output B J

~

» Creating blossoms

> Introducing t;, t;

e e e e T T e e e e e e e e e = = =

» Validity proof

source line Augmentin -1
\) . F N o)
> Def. of the procedure p . _
Bounding iterations
» Updating t;, t; ) - y VO
g [ Updat 1 New tight edge
Augmentation pdate P, g )
(Update B) l,NO new tight edge

[ Proof of infeasibility H No feasible Solution ]




Primal Dual Algorithm (weighted)

Initial Solution

B : a base
P, g : feasible dual variables

Is B a parity base?

NO

)

Output B J

Search for an Augmenting Path
g e oren A smentn sre;litn oo N
O O O— OO0 O— O
source line 7 Augmenting Path source line [€—
F* = {(u» V) | Cupy # 0,}9(17) — p(u) = qu}
\_ tight -/
iYES \l, NO
[ Updat 1 New tight edge
Augmentation pdate p, g )
(Update B) l,NO new tight edge

I [ No feasible Solution ]
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Primal Dual Algorithm (weighted)

Initial Solution
{ B : a base

P, g : feasible dual variables }

.

Is B a parity base?

NO

/ Search for an Augmenting Path

[ Output B J

0 (n*) operations

O (m) times

|

[ No feasible Solution ]

[VI=n, [U]=m

9%
iYES \l, NO
O(n) times
Augmentation [ Update p, g ]' ( )
(Update B) l,NO new tight edge
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Conclusion

— Theorem

-

Our algorithm finds a minimum weight parity base

with O(n®m) arithmetic operations

» If the problem is over a fixed finite field K,
then it can be solved in O(nN3m) time

» If the problem is over the rational field Q ,
then it can be solved in polynomial time

(More arguments are required)
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