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y € {+1}
o VAT 1w ZK: Uy, f) = log((1 + exp(—yf))/2).
o by Ly, ) = max{1 — yf,0}.
o ¥R Uy, f) = exp(—yf).
o FiFfbr v ULk
0, (yf > 1),
g(y,f){;yf, (_yf<0),
(1 —yf)?, (otherwise).

4 —o0-1
fl:\/x-r»f v

10/119



RERRERME L ERER/IMEICIIRERF vy THH 3.

JE‘-MZI_.I

B3 o e RUMEIZ TBEE] 25l 7.

cubic spline fitting

11/119



IERMER
WD 1 AR (BLOREOLIE) BME:

mﬂin ;f(%, B7x).
1E RAbAT & 18 2 BB /ML

. T
min ;5(%,5 i) + @
ERMEIE
EHI LD
o Vv VIEANE (f-iEHIE): $(8) = M| BII3
o (1-1ERIME: (B) = MBI
o ML—R/VAERE: (W) = TH{(WTW)H2] (W e RNM: 751)

12/119



IERMER
WD 1 AR (BLOREOLIE) BME:

mﬂin ;f(%, B7x).
1E RAbAT & 18 2 BB /ML

. T
mﬁmgé(y,,ﬁ xi) + @
EHIEIH
TERABIE D H):
o U v VIEAIME (L-IEHIE): (B) = M|Al3
o (1-1EAIE: ¥(B) = A5l
o ML —A/ VAIEANE: (W) = Te[(WTW)Y?] (W € RV*M: £74i))

o IEAMBIEIZ L D 3ERAMNZ S, @BEEIFELNS.
0 FTDL, NATAMES,
- YR AL DR E (\) 2 RIBELND 5.

12/119



IERMEDA

[ml (15 IRZ )

min — E {yi —
0ER N

(Bixi + Bax? + -

)y VEAEEBEE

-+ Bisx) 2 + Al1Bl13

—-HOMK
—lambda =0

A=01

RUMETE

13 /119



IEREDH - ¢-1IERBME (R/S—RHETE)
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R. Tsibshirani (1996). Regression shrinkage and selection via the lasso. J. Royal. Statist. Soc
B., Vol. 58, No. 1, pages 267—288. 14/119




AN—AMEDRE

vi=x B +e (i=1,...,n). B*: HOXZ M.

p
B = argmin 1 Z(y,- —x B)? + )\Z 1Bj].
=1

n
BERP i—1

xi € RP (piRIT), d = [|*]|o (HDIE 0 ERDE) &9 5.
Theorem (Lasso DR L — )

HEFMNDBE, HEEH CHEMLELT

13 - 541 < c L8]

MARDITE p 13725072 h O(log(p)) TUMHEL 2\ |
FEMIRTT d DILECHY.

(Lasso) dl%g(p) < % (B/N_3RIR)
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HIFRE BB (Restricted eigenvalue condition)

A=1XTX 4%,

~n

Definition (filFRFE A gt (RE(K', C)))

v Av

in oo
JC{L,..,n},veRP:  ||vyl|3
<K Cllvalli=lvaelly

dre(k’, C) = ¢re(k’, C,A) =

IZxf L, ¢org > 0 N ARVASR

0 IFIFAN—ZIR AT MVIZHIB U TES L 7= B/NEAE.

@ k' =2d TH VLo TW UL L.

@ TURL X IIRUTHEMERTH YLD LH/RHES: Johnson
Lindenstrauss @ﬁ% (Johnson et al., 1986, Dasgupta and Gupta, 1999, Rudelson and
Zhou, 2013). 7 —
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Rademacher 8 E

~

(=Y R)  L(F) = L(F) < sup {L(f) - Z(f)} < (7

feFr

(" Rademacher BHE: N

€1,€,...,€p Rademacher 4, i.e., P(e; = 1) = P(e; = —1) = 3.

n

> eillyi, f(x))

i=1

1
R(f @) .7:) = ]E{ei},{x,-} |ﬁup -
fer n

FRE:

(WD Y K)  E [sup IL(f) - L(f)@ < 2R( o F).
feFr

NS J
Rademacher H X 2 A UL —FENT V KDBE SN S |

HAMIZ, R(LoF) < O(1/yn) THIZ SIS,
Bl : F={f(x)=x"8|BeR?, ||B]| <1} D €A 1-Lipshitz 7k,

R(¢o F) < O(y/d/n).



ANY T FoN— (BE)

Rademacher BEHEE 2T X 5 7= IZEH.
ANV YT FN— RHRE F OWMS - AR

N(F,e,d)

IV d TCEEDYREcDR—INVTFE2EID
IZHERFR/INDR—IL DL

ABRAEDTET F 23ELLS % DI HARBR s Z 7R {6 .

Theorem (Dudley F47)
IF2:= 150 fx)? &5,

C o0
R(F) < -Eo, [ | Ve e T
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BT Rademacher B & (%)

[Bf Rademacher B : Rs(F) := R({f € F | E[(f — f*)?] < 4}). |

RO ZAE L THS.
o FIR1TERBMASNTOS: |flla <1 (VF € F).
@ / |% Lipschitz 5 A2 D5d ™

E[(Y, f(X))] — E[L(Y, f*(X))] > BE[(f — f*)?] (Vf € F).

Theorem (Fast learning rate (Bartlett et al., 2005))
5" =inf{6 | 5> Ry(F)} £TBE, WKL et T

(- 1) <C(67+2).

0 < R(F) IEEITHK D LD (GBSR).
Z 1% Fast learning rate £ 5 5.
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ETFTILDHIRICK 2IERIE Early stopping IC & % 1ERI{E

HOMH BRI MET
i BFE) O

\Early stopping

7V
INA T AN T v A5
10 = Fllaery < IF° = Fllae) + I1F = Fllaer)

Estimation error Approximation error Sample deviation
(bias) (variance)

AlfdER 2 R/ METEITE T B RNICIED B (early stopping) Z & TIERMEAM@ <.
— WJE¥E, Boosting DHEETFEL.
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Early stopping IC & %1853 O [E]5k

4.0 . . -

= Validation set
35 - - Training set
3.0p .
250 1

Best model

RMSE

o 100 200 300 400 500

Hands-On Machine Learning with Scikit-Learn and TensorFlow by Aurlien Gron.
Chapter 4. Training Models.
https://www.oreilly.com/library /view/hands-on-machine-learning /9781491962282 /ch04.html
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Definition
o EyEME: ALY T v i

IVF(x) = VI < Llix = X]-

= f(x) < f(y) + (x —y, VF(y)) + 5lIx — yII*.
o MM VO € (0,1),Vx,y € dom(f),

“9(179 I — y|l2 + F(Ox + (1 — 0)y) < 0F(x) + (1 — O)F(y).

AN\
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Bt &R D %
STEHHE ¥ B N 1 R ORI 3 5.

f:RP 5> RZHEMANBERCTHZ LTS, TOR, UFHBHYLD:

2L = 0 1/

logistic loss its dual function
0 1
Smooth but Strongly convex but
not strongly convex not smooth
(gradient — o)

Frly) = sup {(x.y) = F()}-

28 /119



—RE#E{bE

>

L1 Ty, T

o BHHUE f(x) L AL g € Of (x) DIERD A% I\ 7= idE (b Fik.
o —[FIDHEHIZNZEIRENREL, SotE LB A .
o —a— M VKIXZRZFBELFE.
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f(x) =31 ,z,x) £ T5.

(%) Ak
WA FTREZS £(x):

Xt = Xt—1 — ﬁtVf(Xt—l)-
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f(x) =31 ,z,x) £ T5.

(%) Afdik
LW EIRER F(x):

gt € 8f(Xt—1)7

Xt = Xt—1 — Nt8t-
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f(x) =31 ,z,x) £ T5.

(%) BlidiE ([FfE7ZR BT
B TTRET F(x):

. 1 2
Xt = X¢—1 — NGt = argmin 727] [Ix = (xe—1 — mege)|
X t

. 1
— anganin { (x,2) + b = e
7’:7“: [/, 8t € 8f(Xt71).

SEESET7ZILTY X L

1
X; = argmin {f(x) + —|lx— Xt—1||2} :
X 2771“

o —DBGE: f(x) — f(x*) < ﬁ“xo —x".
t—1
o f(x) BHRIMDEIE: f(x) — F(x*) < L ( L ) 30 — x*||2.

2n \ 14+o7n
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* EELEE
f(x) =31 10(z,x) &5 5.

min - f(x) + ¢ ().
SR /AL

= angain { ) + 606) + - Ix = xalP
X t

|

. 1
— angumin {100 + 3l1x - (1~ e

772U, g € O (xe_1).

EHANEEBR TE I OND:
~ o 1
prox(qlf) = axgmin {w(x) 2l

— EREEAIC L0 IEAMBIHD BN O E & [k (T AT RelE 7 &).
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TEERDH 1
o Ly EAIE: 9(x) = \|x|1.

. 1
xe = argmin { Mnelxl + 5 x — (i1 = nege) 2}
X ————

=:qt
. 1
= atgmun { Zj;l [Aelx] + §(XJ - qt,j)2]}
BEEZEICahNTVWS |

Xtj = STan(qej) ( FHHDER)
7272 U ST I&Soft-Thresholding function & I:iX# 5 :

STc(q) = sign(q) max{|q| — C,0}.
— BETRVEHLEZ 01275,

1/
7T
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EEEHROHE 2

o FL—2 /LA (X) = A Xl = A Y, 05(X) (FEEAEDA).

Xt—l - 77th = Udiag(O'l, ey ('Id)\/7
CRIRAEN T B &,

ST, (01)
Xt - U V
ST)\H(O'd)
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T B ERIE D IR
GRIME ESEHEDPUOR L — b 2RO 5.
X¢ = prox(xe—1 — 18 [ne(x)).
f OMHE JTR FE5R

VT | exp (_t“> il
Y t

. 1 1
Jor B ¥

o A7 v Jlign, \LEYNGEIBEND 5.

e DRE | Bt | R
T 1

‘NQ |y
-

T | =

t
o MR L — M 2G5 72DITIEHE {x}, DEIEI2BENDH 5.
Polyak-Ruppert SE¥4L, ZIEAFEY(L.

=
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T3 B BLE DR
M SR MEBIPUR L — M 2RO 5.
X = prox(xe—1 — 1ege|nei(x)).
f DMEE p-iE FERR I

y-FiE | exp (—t H) 12
v t
; T T
i i i

o AT v g n (THENEIBEDL D 5.

ne DEE | 58 | FE5EY
SEiE 1

BT - NG

o HuMRIPRL — N &G 25 72DITIEHEHE {x}, DFIEE2BEN D 5.
Polyak-Ruppert *E#514k, 2 HEH L.

o YRR 5 Nesterov DIIHTEIZ X D INKEAZRETE 5.
— ol R L — b

0l
1

t‘NQh—ﬂ
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| Nesterov DAIEE (FERM)
min{f(x) + ¥(x)}
5 £(x) 1& 1 R,

P
|

Nesterov O Jilli#

s1 =1, n:ltTZ) t=1,2,... CUFZ#DIKRT:
Qg =Viln)&LTx= prox( — ngelnb) L HEH.
@ sy = MV v

Q yir1 =X+ (SM ) (Xt - Xt—l) &

£y 51,
27|lx0 — x*|I?
t2 '

flxe) = F(x7) <

o Fast Iterative Shrinkage Thresholding Algorithm (FISTA) (Beck and Teboulle, 2009)
EHFENTVS

@ AT Y THA A n=1/ydZNV I b TR VI TRETES.

o HEFHETHDLNTWND "E— AV XL FEH 2 & 5T (Sutskever
et al., 2013).
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Nesterov D 1l % D EEFR

MEE DRI 2 22 A SR INTEZ. TOHTDH, Ahn (2020) 12 XL 5
BOR DR RITEME L P T
o EEMRTIVTY X La: xpq1 = argmin, {f(x) + 27;1 l[x = xe||2} (BN,
= 2TEEHDIELL: g = Vi(y),

F(ye) 4 e x = ye) < F0) < Fye) + {geox = ye) + 5l1x = yel >
o 2 FEMDIELLZ 7 R H AL
ze1 = argmin { F(ye) + (VF(ve), 2 = ve) + 5= 1z — 212},

I?

yesr = angmin { F(ye) + (VF()y = ve) + 31y =l + 5=y = zealP -

y
_ 1 1/~ _ _1/y 1/~
Ve = 1/7+¥/mzt T Tasim e Yt = T/ % Ze + T/ i/m <t
Zyy1 = Zy — 77t+1Vf(yt)7 = Xt41 = Vf(}’t)
Xt+1 = Yt — %Vf()/t)' Zey1 = Xey1 + y0e(Xer1 — Xe)-

o (Ve + 1/2)2 = (v + 1)2+1/4 LEE, TOEHRESS (1 = O(t)).
o E@E%ﬁﬁf% O(l/t2) EZ 38/119



=V f(ye) = =01V f(ys)

A <t Y, P!
TN YW Yt
Y 7t
1/’)’ i \\\\ /////
V xt\"//

ne=0(t) 5. DD, t AWMATBIcoN, FHRICHT 2 EHAHES
B, BMEEA VARG LT (EROS), b5 mmEANRTE N
Hili (FROS) RS E 28 E12745.
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6 -
........... PPM
= = = Approach 1

4 Approach 2
— Approach 1+2

2 o :

0

0 2 4

(a) 7: =1/3. (b) m = t/3.

Figure 1: Iterates comparison between PPM (1.1), the first approach (3.1), the second approach (3.3), and
the combined approach (4.1). For the setting, we choose f(z,y) = 0.12% + y? and zy = (10,10).

I ED#E. Ahn (2020) £ 9.
Approach 1. FH®DA. Approach 2: EFDA. Approach 142: HlETE.
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Nesterov DML (58)

)& —NE
 HFEE Nesterov DNIEIETHEFH ZE VB L5, AL ARBLTY A4 —

95,
EEMEST2N=aredH2%0, RAEPETHD (—rRNE), YAX— MROGHRELH

&V, FEELE

) AR — b DRHE
o t> /B EEH L5 Y AX— b (Excess risk b1 1/2 1275 725)

o HMBEABMA —E LR LS5V AKX —h
0 (Yeu1 —x—1)T(xt —xt_1) >0 277z

51 Z&%— |

W=, WEOHERE =Y AT 12 A exp(—t /L) OIKL— .

A

YRE—F
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\ ™ --—-Prox-Grad
—Nesterov(normal) | 1
Nesterov(restart)

1070 F \

| . . . N . . . . |
20 40 60 80 100 120 140 160 180 200

Number of iterations
Nesterov's acceleration vs. normal gradient descent
Lasso: n = 8,000, p = 500.

42 /119



Outline

@ flRINEHE L%

43 /119



Outline

Q 1 71 VEIERI AL

o fif =M o) HL b N ik

44 /119



1951

1957

1978
1983

1988
1992

1998
2004

2009-
2012

2012-
2013

2016
2017-

HWFEBICH T 5HEENE

Robbins and Monro

Rosenblatt

Nemirovskii and Yudin

Ruppert
Polyak and Juditsky

Bottou
Bottou and LeCun

Singer and Duchi; Duchi

et al.; Xiao

Le Roux et al.
Shalev-Shwartz and Zhang
Johnson and Zhang

Allen-Zhu

WAL DFESE

Stochastic approximation

=
N—t T o

HONTHRWEBIZEIT S
DN BT s & Ok
HEEOWAYANE 3 (A Sy R = DA (AN
ATy THh A XD J55K

F oA RN RE I & B
KIBEH B

FOBOS, AdaGrad, RDA

N FRIFEIR, SRR
(SAG,SDCA,SVRG)

Katyusya 7\ FHIF1ED filH
A BE L FEO R E

45 /119



FeRMRBILIE S &

HIBIE: F(x) = EZ[(Z, x)]
F BARTIERL, UZ,x) 20TV v I7T2Z L UNTERVIRIT F 2/
%Téﬁi(%fmﬁﬁmi)%%<$& EQ =GN IS ANZE VAR S
T F Zzmitifbd 5 FE BMFEClE FABICERETEIRITE DT LT v
KA AEFHUTHELS Z & ‘bééb\.

o AVSAVHE
o T—RIXIRMHIRANEH D,
o HARMNZZFNFT — Zix—E L 2vEDLZR .
min EZ[{(Z, x)]

o /N FHI
o T — XHEE.
o AT — XIIMTESH > TRWA, nBAREWVRWEEE. Y7 - 3ms~l

AN
]_ n
min — 0(z;
X nZl (Z”X
=
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T Vo4 BIERNERELDEEEK

Uz, x) Z8BLH 2 I B/8T7 A =X x DELK.

CUREEES) L(x) = Ez[((Z,x)]
or

(IEAAEAT S R R) Ly(x) =Ez[((Z,x)] + ¥(x)

BUME Z O IZRIIZE > TWA NS
° ;ﬁ\@/\jﬁ
(DFD L(x) = [UZ,x)dP(Z) DHF)
— L( ) /ﬂ:'ﬂ:-E'—"-%
o4 VBEEELLIEENBEIES!
o HRAML—=VIZEBINT WS T —XDRERD

(PED L(x) = Z, 1 Uzi, x) DI)
— L (F7%l i Ly) 1& (GERIMESD © D) FHRERE.
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@ Appendix: Convex analysis
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MM I Tk

(Stochastic Gradient Descent, SGD)

SGD (EHIE7 L)
o z: ~ P(Z) BB 0(x) = l(ze,x) LT 5.
(Z 2@ DEFLE & S )
o BRBKDLMS =5 H:

8t S axét(thl).
o x % HH:

Xt = Xt—1 — Nt8t-

o HRMETHDT =X z, BT HIZR .
— FREZ 21T O(1) DFMEE (47— 26> ARk O(n).
o T—XEK {7} ZEDLVTR.

Reminder: prox(gl¢) := argmin, {(x) + %||x - q?}.
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MM I Tk

(Stochastic Gradient Descent, SGD)

SGD (EAIfLS 1)

@z~ P(Z )%Eﬁ{ﬁJ £e(x) 7€(zt, x)&$ 5.
(ZZZIPEROERIEL &S )

° TESEES%I@%:&&J\ EiGE

8t € 6x£t(xt—1)~
o x %

Xt = PI"OX(Xt—l - 77t8’t|7lt1/1)-

o BENRETHDFT—& z, BT NIZTR .
— BERE T LT O(1) DFHEE (25— 2465 Atz O(n)).
o TRz}, BDLIRNTR.

Reminder: prox(ql¢) := argmin, {1(x) + 3[|x — g||*}.
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BEELR

T =R (R 8] Bk D BA AR 1 AR 24 oD 8] fid
8t = vét(Xt—l) X0,

E.lge] = B [VUZ, xt-1)] = VE[((Z, x¢-1)] = VL(xt-1)
= FERI B I3 A 2 O B) il D A4 e &
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SGD D UXFRARHT

RE
(A1) Efl|g:|?] < G2
(A2) E[flxe —x*|I’] < D.
(IR (A2) 1 {x | ||x]| < D/2} %2 HEEIEEH B ER S Z & THGE)

Theorem
XT = TL+1 Zz—:o X; (Polyak-Ruppert F¥3{t) &9 5.
ATy TYA X% = B 5

< MG+ D?/mo.

Eaur[Lo(Rr) — Lo(x)] < =
o mo= 2 LFNIE, MEHED LI
26D
VT’

o ZHIFI=N vy AR (REMEERNT).
o Gy YEIfRR\\. —UHEEEDBMMT.
X Ly IEAME T |0y (x)|| < C\/p CTH 5.
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SGD D UNRARAT (387 B M)

(AL) Lidy-Fi, E[lg — Elg]|’] = o>
(A2) E[flxe —x*|I’] < D.
(R (A2) 1 {x | |x]| < D/2} 72 2HEAICERBEIRS - & TIRIE)

Theorem
X7 = TL-H Z;O Xt (Polyak-Ruppert SE¥3{t) &5 5.
Yu' >0,

;
1 1 1

Bz [Ly(%7) — Ly(x*)] <5= ) — ) D?>+ —D?
ALy (X7) = Ly(x")] 2T 2 (nm m) 2T

1o 1 02
p— —_— — — 2 JE—
+ 5 tEZI (’Y 277t> |8: — Bl + - tEZI Nt

o =g EUTHD o > 55, MIFRLED BRI O(25).
0 02=0 (/m‘m) 5, ne=1/(27) £33 & CHIFE = 0(2D?)
NESN, BFEOARED L — MR E LTINS,
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AlEEA

b =0 THT.
© L(xt) < L(xe—1) + VT Llxe—1)(xe — xe—1) + 3 lIxe — xe—1]®
o L(xe—1) + VT L(xe—1)(x* — x—1) < L(x¥)
WWHERTS., ZO0XE2RETZET,
L(xe) — L(x")

<V L) (xe = x7) + L llxe = xeal’ = (e + €6, = x7) 4 Tlixe = x|

IN

—n*<xt — Xt—1, Xt — X*> + (€, Xe — Xe—1 + Xe—1 — x*) + %th — X1r—1||2
t

IN

. 1
—E<Xt = Xe—1,% — X" ) + rmHXt — xe—1]* + nellee]®

+ 2 lxe = xema P 4 (e, xemn = x7)

1 112 2 *112
= gy (s =X I = lbxees =l = fxe = "IF)

1 *
+ e =P e+ e — el

1 * * 1 1
= 2 (th,l —x*)? = llxe — x HQ) + > <V - 27%) [[xe—1 — xe||?

+ [nelleel® + (eesxe—1 — x™)] (= [] DHIFEE < neo® +0).
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PR (i)

BRI T, t=1,..., T TRLADENE L,
I AL DR A ¥ 7 U 7275, A ZDFeS =T E S e
Fns.

Z DT < B0 EENABE T &b HEAR IR 0 F R,
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SGD DUNRAEMT (F8)

(A1) E[llg:l*] < 6>
(A3) Ly iF p-imih.

xrz%ﬂzfquﬁ:é’é. ‘

B [La(sr) - Ly)] < ST,

o FEFIMNARIGE LV BIH WK,
o LML, ZNEI =~ v 7 AHETIER\.
o EREMRIZZA I (Rakhlin et al., 2012).
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O BENERICE T 5 ZEATEL

(A1) E[llg:|*] < 6>
(A3) Ly 1% pil.
BT A %

t
gtlnﬂb) )

= Pro: X
P X(” )

U, BAMEFHERS: X7 = iy Diolt + 1o

2 - 2G?
Nt = = XL, EZl:T[Lw(XT) = Lv,/)( )] < Tip, Thsb.

pt

log(T) MHA 7.
ZhiEI =Ty 7 AR
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—MAE LR Ty THA X EHMEASE

ss(t=1,2,...,T+1) &2 ls,=1%2851¥%.

S,
xt—pr0X<xt_1—77tst Wb) (t=1,...,7)
t

-
XT = E St+1X¢-
t=0

fR7E: (A1) Efllge?] < 6%, (A2) Ellx — x*[|7] < D?, (A3) Ly 1% u-B.

By [Ly(XT) — Ly(x7)]
2 max{ 2 — s (5 + ), 0302

< i 5t+1277t+1 G2 + Z >

t=1 t=0

EELEt=0T1/np=0%,F5.
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S FIRAN ]

BAs, AT Y THA X CHHISETHAS (AT Y TV A2EBEL AR

Nt
T+1 :
ZT:]. Uis

St =
ZOBETIE, ABOEHED

.
> 1:6°+ D2

E, - [Ly(XT) — Lyp(x")] <
! 2 Zthl Nt

o0
D M=o
t=1
oo
DM <o
t=1

73 5 I XIPUR. FTRETET, MOBEEITHE.
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u-l-%E C\:. /Jl{tﬂz\%@ Ff]@

o FRIM R PALERAE D Hol IR L — I\ & 0(1/n) (n 17 —X¥).

o O(1/n) 72 B PALFRA 2K T 5121, FIHERAED O(1/n) £ TRA S B2
W EWITZRW.

W OHETE  SGD
REZ L DFFE n 1
A e FTORE log(1/e) 1/e
e FTORIEE nlog(1/¢) 1/e
ME1/n ETOERE nlog(n) n

(Bottou, 2010)

SGD 1% O(log(n)) 7Z 1 @EFEDAMEL D H T |

\ (=2 152 THAET]  vs  (nfHF— 2 R0id 1/n £ TR
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HAR RS 5L

——SGD
----- Batch

Trainig error

Generalization error

o 15 2
Elaplsed time (s)

Normal gradient descent vs. SGD
Ly ERMEM E 0 Y27 v Z[E%E: n= 15,000, p = 1,000.

BeAl) SGD A & MERREZ L IR A /5. i RhceTr -2 %
5 AR B WO 0P NS, PULRRE X SGD MBI Z & A%\,
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SGD IZXt 9 % Nesterov D IEE

RE:
o HfRFINE L(x) I& - FiE.
o AFDHEIL 0%

Ez[|[Vs6(Z,8) = VL(B)?] < o*.

— Nesterov DIIEIZ & T, & b HWIURZ FH.
o SGD DHE: Hu et al. (2009)
o SDA DJilE: Xiao (2010), Chen et al. (2012)
o JEMPBAED &7z & b — KNPkl A: Lan (2012), Ghadimi and Lan (2012,
2013)

2

GERIM) By [Ly(xD)] = Ly(x") < € (22 + B2

() Ea (L] = Ly(x") < (:—T +exp (—c

7))

N



IMESGD DI =/\y FEIC L BINE

oD D27)

Bz [Ly(xXT)] = Ly(x*) < C (ﬁ +

o2 |\ B W D HERE B D 43
Ez[||Vs4(Z,8) — VL(B)IIP] < o*.
DENEI =N FEZHAVS Z L TRADIE S Z L lHE:

K
1
— -1 — -1
g=Vizx"M)| = |g=4 k}_jl Ve(z XY
(450) o’ 7K

o KIHDHIZFH S 2 DIXWMFETES.

00— 0 TENE, ki ERIEO(1/T?) ks, ZhIEIERERR
Nesterov @ Jil# % & & U YN RGHE .
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28 3
< RDA
2z =0~ AC-RDA 30
—6—AC-SA
2% FOBOS 2
10} —&— SAGE 0 9
2= ——ORDA 2
8 2 R
o o)
O 234 026
2} 2
21 2
1 L L J 23 L L n J
& 50 100 150 200 50 100 150 200
Iteration Iteration
(a) Objective for Ly (b) Objective for Elastic-net

ATF— 21251 3BT (a) Ly EAE (Lasso), (b) T AF 49 2% b
1EHIAE (figure is from Chen et al. (2012)).

SAGE: Accelerated SGD (Hu et al., 2009), AC-RDA: Accelerated stochastic RDA (Xiao, 2010),
AC-SA: Accelerated stochastic approximation Ghadimi and Lan (2012), ORDA: Optimal
stochastic RDA (Chen et al., 2012)
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A4 VABERNEEEDX LD

B Tlzolz—DDT—XERBZIF TR,
HE5HREDOPAREEFD L THRL.

Nesterov D fil# % & DFEE H 7 HE: Hu et al. (2009), Xiao (2010), Chen
et al. (2012).

AdaGrad (Duchi et al., 2011) 72 2 X 23t EO AEFATIES H 5.

o WIRFFHADIRL — b

. Z; (JETH, JEMT)  Polyak Ruppert T3k
G B DI el
-\‘;—’;H% (T, )
o:—;mxp(— %T) CEH, i)k

G: AD/ VLD EFR, R EHRBOTE, L FIEE, u: m@mOE,
o: BABLDEK
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BERHN—RRELEDI =Ty 7 AREL — b
min L(x) = min Ez[((Z, x)]

Condition
@ 8, € 0 U(Z,x) DIFHEIZ AT |E[g]]| < G (Vx € B).
o NAALY BIFERERDERZED.
L(x) & 8™ (n =0 HFF9).

Theorem (\ =X YT Xﬂi i L— }‘ (Agarwal et al., 2012, Nemirovsky and

Yudin, 1983))

EEOMERN —Re# BT U, LEOSRM%27-9 H KB & 5Mm
P(Z) BEIELC,

E[L(xT)) = L(x*)] > cmin { gy & GR} :

VT T VR

SGD X Z DR L — b ZEKT 5.
i b BREBOMEE X0 ) R x 2B BARL (U(Z, x), 8) IZDH
HAFT BT IV TY XA, (SGD raEhTuna)
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Outline

Q v F R AL
o sty 3 ek N A b
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T4V ENY FDEWD

Ny FHRITIET — ZUKEE. 7272 BIZFIEE 2 BuMEd 5

PO) =+ D tlx) + 0(x)

f > ~
Ny FRIFR
o LEDOEHIZT T —RDAFRH 0o omrmny
o MMEINR T B (hrosromeins);

T > (n+vy/\)log(1/€)

FIDFEH T e iRAZZEMN,. #~7U -FBriakr &k
EANE % i

KOl OAEEE ny/Nlog(1/€) 72 5 FHH . y
\
MR T L RN TIHEORWE 28D 2 Lz, 69/119




al#RERE (log- A7 —I)
A

Deterministic

Stochastic

Finite sum stochastic
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RERWBE=DDHEE

o MM ENE/NABLE
Stochastic Variance Reduced Gradient descent, SVRG (Johnson and
Zhang, 2013, Xiao and Zhang, 2014)

o MEEXRMEIAEE
Stochastic Average Gradient descent, SAG (Le Roux et al., 2012, Schmidt
et al., 2013, Defazio et al., 2014)

o FEERMIIU EERR[E T IA
Stochastic Dual Coordinate Ascent, SDCA (Shalev-Shwartz and Zhang,
2013)

- SAG & SVRG i3 E[# % i < Jiik.
- SDCA 138U IR % fif < T57K.

71



R7E:
o (;: HEBEEIL v-Fig.

o o IEHMEREEUE M58, BUBIAIIZIE N = O(1/n) 7213 O(1//n).

1
EiELNEE EHI{EEE R
o ke v UK o L, IFHI{b
e UYVAT 1w 7K @ T AT 1y 71w bEHNMEL

® P(x) + Allx|*
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Outline

@ Wit o SR E XL
©Q HbiAE O RE(LD & UL AR
@ flRINEHE L%

Q 1 71 VEIERI AL

Q 5 F BRI
o SR 43 ek VA il

@ Appendix: Convex analysis
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FHEEZRD AE
TAT417: AEODPEENSL TS,

TS0 )

———
LS55 TERLT %27
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FHEEERD AE
AT 47: AEROPEENE LT 3.

E SRR

———
Y5% o TS 547
(g,x)

AVSA VTR Te{l,...,n} BT VX LITERL, S

g=V4(x) = Elg]=;X, V)
> % 0 WD Rl

i
— DA EE
= N FORETRAMEMNIE L Z LHES)
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fle B9 20 B N W B

SVRG (Johnson and Zhang, 2013, Xiao and Zhang, 2014)

min {L(x) + ¥(x)} = min {2 327 4i(x) + ¢(x)}

HB x \TEWSHUT X IZH L, DEEMNU AR ZIRD L SI12RD 5:

g = VE,(X)—V&()?) + % er_r:1 Véj()?)
—_—

VL(R)

RY):
Elg] = Z [Vi(x )+ VL(% Z Vii(x

oEUL?
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D ER DN

van: 8

Varlg] = 1 37, [V4i(x) = VE(R) + VL(Z) = VL(x)|
=150 | Va(x) - VER) P - VLE) - VLK)
(. Var[X] = E[|I X ] - [E[X]|)
< I IVE(x) = V()2

< yllx - 22

0 DNEIET, x & X PSEIFIUESEE N W,
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Variance

a;\)’
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Variance
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SVRG O F|8

SVRG
t=1,2,... IZBWT, ATOFEZ# VKT
Q@ x=8"1 xq=%&LT,

g=VL(R) = ;XL VL(R).  (2EH)

Q@ k=1,.... mIZTBWVWTLT%FEST:

@ ic{l,....n} 2—FRRIZTH T,
@ M ENHE/NE N7z Bl % FHE:

g = V&(X[k_l]) = Vf,(f() aF g’ (ﬁjﬁi&%ﬁd\)
(3] X[k] BIRD L S5 IZHEH

Xk} = Prox(x—1y — ngln).
e )/?(t) = #ZZ’:IX[H ?:’é‘é

t KX TOHRDFHREEE: t x (n+2m).
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YRR R

RTE: ¢ & -FBT, ¢ &30,
ATy THA X n EREREREE m Ay < 1/(4y) 2l L,

o n ! 4ry(m+1)n
P = Xi—amm T T-tmm < b

7o, T REZDHMBEBIEIZIRO XS Iz EroMizons:

E[P(%() — P(x*)] < pT (P(%®) — P(x")).
EHEORE T m PR & W29 Z & % B
n>a(3).

o WESNKEDEHE: O(n+ m)
o i e X TOIMMKEDREIE: T = O(log(1/€))
= R EHEE:

O(Ur%nﬂbgﬂ/d)::O<<n+f})bgﬂ/d)
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FERERMIFIE & DL

E[P(x(T) — P(x*)] < ¢ £ TOFIHEZ K.
k=7/A&T D (RHE).
e SVRG:

(n+k)log(1/e€)

Q((n+ k) log(1/e)) MDE x 1 KEZ & Q1)

o JEMERMABLIE:

nk log (1/¢)

Q(rlog(1/e)) MIDKE x 1 KEZ & Q(n)

F— &% n = 100,000, EHI{L/SF A —%& X\ =1/1000, E#ElE v = 1:
nxk =108, n+k =105

1000 1%

80
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SVRG /N v F BIF IR D il



Catalyst: SVRG, SAG, SAGA D& (RAMLFEE)

Catalyst (Lin et al., 2015)

Fort=1,2,...:
Q BMMEE RO LA N ORE % i < :

x® ~ argmin, {P(x) + 2 [Ix — y"V|?}  (up to e precision).

Q % "Ik 35 y(t) = x(®) ¢ 5t(x(t) _ X(t—l))_

— Catalyst [ JERIFE B SIE D IEIEIC H 72 5
— e =C(1—+/22A+ )t T NIZ,

P(x() — P(x*) < C’(l - m)t

— a=max{cX,A\} £ LT SVRG, SAG, SAGA W)L — 7T § 1L, 24K
(n+ /A7) log(1/e) DEMERTHE.

- ?Rﬁﬁﬂ@@??%fii%%ﬁ PRI — T DB R o DEGUZBUR.

— APPA (Frostig et al., 2015) H 17z & 5 wFik.
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Katyusha : SVRG O fill& %



Katyusha

Katyusha = SVRG + Inner Acceleration + Katyusha momentum
(Allen-Zhu, 2016, 2017) (STOC2017)

Katyusha I “negative momentum” % NIV — 7 THW5:

e N

Vi = 0{xk—1+ Bxk—1 —xk—2)} + (1 —6) xo
acceleration
= Xk—1 + 08(xk—1 — xkk—2) + (1 — 0)(x0 — X—1)

Katyusha momentum
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Katyusha

Katyusha (Allen-Zhu (2016))
Fors=0,...,5—-1:
Q 1) = VL(x$).
Q@ Forj=0,....m—1:
@ k= (sm)+].
0 Xy =7nzc + X0+ (1—n —n)yy (MERFvF)
Q@ ic{l,....n} 2—RRITY VTV I, HHEINAEL % EHE:

g = 1 + Veli(xpry) — VEED) (4N D).

Q Zjktq = arg m!nz{§||z - Z[k]||2 ‘|2‘ (g,2z) + TZ’(Z)}-
9 Yty = argmin {Zly — xpaqy I + (g, ¥) + ¥(y)}

Q x(s+1) — m(z (1 + OZU)JYSerJJrl)

(] ﬁﬁ@?ﬁﬂﬁ@?ﬁb:ﬁ@?éﬂﬂﬁli X[k+1] =T1Zx + (1 — Tl)}/[k] el j—éfﬁ, )?(S)
B H ANS Z & T SVRG THIIEE L.
—LARTORIZE DT 5 DT [negative momentum] & E 5.

o 71,7, a \FHYNIEE (RDR—Y)
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Katyusha OFtEE (58)

o Ui MM -TEBMD, o B \-BE DB

m 1 1 . 1
12 =5 = 3y

(n+ /) log(1/e)

5] D B AR TRAE € & THIEE.

[SVRG]| (n + 1) log(1/¢) (n—i—\/»}Iog 1/e) Izt

m=2n, 71 = min{,/ 32, 3

S DL R O(ny/~/N log(1/e) O TERA T /n fEE L.
n =108 72 5 1000 5\ .
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Katyusha OFtEE (FEi&M)

o U BN ~-FEJ/EMD, o bfﬁﬁlﬂttillﬁb&\,\ﬁ
m = 2n, leﬁ, 7'2:%, a= 3m (n & alds Tt hTEs) &9
ix

VP =Pl [0 = ()

5] D EE T [ BTt e & TRERK.

X 512, AdaptReg (Allen-Zhu and Hazan (2016)) &\ 5 fikeflatbE s Z
7T
nlog(1/€) + 4/ i
€

= EBAREO LD R O(ny/7/e) £ AT /a kL

FTCHESTDHILNTES.
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Katyusha DFtEEF & &

SVRG DNNE % K.

A DK
p-strongly convex Non-strongly convex
GD O (nlog (1)) O(n\/g)
SVRG O ((n+k)log (1)) O (L)
Katyusha | O ((n+ /nx)log (1)) (n log (%) + \F)
(k= L/p: =180

S DN L — ISR AR R %D APCG (Lin et al., 2014) » 33054 # D SPDC
(Zhang and Lin, 2015) THEKTE 5.



XoHITlE I 2NNy FE 4+ IE
( B0 43 #E /N )
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Doubly accelerated stochastic variance reduced

dual averaging method (Murata and suzuki, NIPS2017)
mine P(x) = % 321, fi(x) + ¥(x) = F(x) +9(x)

SSNYFiE FEHTIC 0] (| =b) BBI=ZNYFET VK AITER

g = MZfot) V. fi(% va

iel

[ T =/N\YyFSVRG + ZEINEE




Doubly accelerated stochastic variance reduced

dual averaging method (Murata and suzuki, NIPS2017)
miny P(x) = 7 321, fi(x) + ¥ (x) = F(x) +1(x)

SSNYFiE FEHTIC 0] (| =b) BBI=ZNYFET VK AITER

g = MZfot) V. fi(% va
iel
[ I =Ny F SVRG + ZEM&EE ]

0 I=NyFHA XADIKEFHENE.

@ Katyusha L IERTF a—= U 7T A=K P D7,

Bt e X TORFR. (b=|I|BI=y FY1X)
Katyusha DASVRDA

Strong conv. | O ((n + \/M) Iog(l/e)) O ((n+ v/nk + by/k) log(1/€))
Non-Strong | O (n log(1/€) + b%) o (n log(1/¢€) + \/g—i— b\/g)

AT Vb IEEL.




GD Inexact PPA

\Outer Acceleration *

SGD AGD Inexact APPA

-------------------------------------

Universal Cat%lyst *
SVRG #»  UC+ SVRG

/ \kner Acceleration:
L
L

Katyusha AccProxSVRG

'Katyusha momentum This Work

-------------------------------------

AccProxSVRG: Nitanda (2014)
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Algorithm (Murata and Suzuki, 2017)

DASVRDA(%, 7, m, b, S)

Iterate the following for s =1,2,...,S:
o Vo =Xs—1+ ;—f(is,l —Xs_2) + =5 =0 1(2_1 — %_2) (outer acceleration)
o (Xs,2s) = One-Pass-AccSVRDA(Js, Xs—1, 7, 8, m, b)
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Algorithm (Murata and Suzuki, 2017)

DASVRDA (%, 7, m, b, S)

Iterate the following for s =1,2,...,S:
o Vo =Xs—1+ ;—f(is,l —Xs_2) + =5 =0 1(2_1 — %_2) (outer acceleration)
o (Xs,2s) = One-Pass-AccSVRDA(Js, Xs—1, 7, 8, m, b)

MDA, X612 TV AR—NE] 2#HT 5.
DASVRDA* (X, n, m, b, S, T)

Iterate the following for t =1,2,..., T:
@ X; = DASVRDA(X:_1,n, m, b, S).
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One-Pass-AccSVRDA(xg, X, 17, m, b)

Iterate the following for k =1,2,..., m:
e Sample I, C {1,...,n} with size b uniformly.
@ Yk = Xk_1+ ﬁ—;%(xk_l — xk—2) (inner acceleration)
o vik = 1 X ie (Viilvk) — VFi(X)) + VF(X) (variance reduction)
oV = (1 — k%lvk,l + k%lvk (dual averaging)

M' |"k(§+1)1/;) (prox. gradient descent)

@ z, = prox(xp —
o Xy = (1 — k_+1> Xk_1 + k—sz (inner acceleration)

Output: (Xm, Zm)

TAT47: REINE & AEHINE OMAGLE
(Double acceleration)

o SMUDNE : APG (Accelerated Proximal Gradient)

HUWE— AV RLIH (%1 — %2) MR 2.

o D NIE : AccSVRDA = AccSDA (Xiao, 2009) + £ #i#fE/1

AccProxSVRG (Nitanda, 2014) DEEB A E W I =Ny F e,

2Ny FAT K B /N2 FIN T & D RS L BTk

I —
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N SRERAT
o HIBIH P IF p-5810.
e /; & ’}/—qz‘?'%.
Theorem (Eﬁﬂl)
DASVRDA®¢(X, 7, n/b b, 5 T) (—/— B Wéﬂﬂﬁ(

O(("+ AE)

FOAREIET E[P(%r) — P(x*)] < ¢ %K.

R7E:

= O(log(1/¢)) &5 5.

t l

N =3

Katyusha O((n + V/nby/k) log(1/¢))
DASVRDA | O((n+ (v/n + b)y/k) log(1/€))

— min{v/b, \/n/b} f&EFE
b =max{\/n,n/\/k} ETNIE, BFOEIE = /klog(1/e).

(k:=7/n)
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R7E: ¢; 1% -,
Theorem (FEi# )
n=0 (e ) S = 0L+ &I+ VZ) e ¥ g,

DASVRDA(xq,n,n/b, b, S) I&

O(nlogl/ \/>+b\f)

] D ARLEHE T E[P(ks) — P(x*)] < € % k.

o (ZDV— MZEEKT ZI1ZIX warm-start ZRHIZANDIBELRDH S. )

Katyusha O((nlog(1/€) + vV/nby/~/e))
DASVRDA | O((nlog(1/€) + (v/n + b)\/7/e€))

— min{v/b, \/n/b} f&E L
b=yn&dnE, BHROEKIE=/1/e
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Proposed method

" 0
107 IJ" 107
al ol g v
8w - 8w 8w
o o © 1
2. 20 2w
8 o g 5
=, - o
o [SE O
0] 209 w
» % 0 T 200 o % W il b % W
Gradient Evaluations / n Gradient Evaluations / n Gradient Evaluations / n
(a) a%a, (1. A\2) = (107%.0) (b) a9a, (A1, A2) = (107*,107°%) (c) a9, (A1, A2) = (0,107%)
10
107 104
1 10¢
3 Sw
(U] w (VT
P o v
2. e
g g
B 0t =
= 2y
o= o.r
Wt w0
* £ w1 » % i 150 o % i@ %
Gradient Evaluations / n Gradient Evaluations / n Gradient Evaluations / n
(d) revl, (M. A2) = (1074.0) (e) revl, (A1, o) = (1074.107%) (f) revl. (M. A2) = (0.107%)
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=Ny FHA XDmiEE
WY I =Ny FH A X% 7z DASVRDA ZEER FIE, REHHE S I0IRE
%8 (Nitanda, Murata, and Suzuki, 2019) (see also Nesterov (2004), Woodworth and
Srebro (2016), Arjevani and Shamir (2016)).

AR (AROFHERE) = I =Ny FH 1 X x FHFEE

et EEEER
GD ny/r log(1/€) Vrlog(1/e)
DASVRDA | O ((n+ v/nr)log(1/€)) O (y/rlog(1/€))

(with b*)
Optimal Q(n+ /nrklog(1/e)) Q(v/rlog(1/e))

(RODBA, Bl = FH AL b = /n+ = L)

BIZIE n <k OB, =Ny FHA X% b> b* =0(/n) & LTHMEEL
DD, WEHEOERED &5 BANY FH A ZOFEIMTITE £5% LA,

a9, A 2=0.01 a9a, A_2 = 0.0001 a9a, A_2 = 1e-06 a9a, A_2 = 1e-08
2
A X A

) ST

2 22 2 2
minibatch size minibatch size minibatch size
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Ny FRBERNRBECFEDT O

BETIROMEE

Fik SDCA SVRG SAG/SAGA
ERIS S B ES X
AE YRR v v A
B (1> 0) v Katyusha/DASVRDA Catalyst
Z DMK | (8) = fi(xTB) —ELV-—7 S 7R E AL




Ny FRBERNSRBECLFEOT LD
ERTFIEOME

Fik SDCA SVRG SAG/SAGA
3 /B0 B * +
AE R v v A
B (p> 0) v Katyusha/DASVRDA Catalyst
Z DMK | (8) = fi(xTB) —HEHL-T S 7R EHIME
IRV — & (v, p D log HIFRL)
Fik uw>0 uw=0 IEE (> 0)
i A IRES n2 log(1/e) ny//e (7Jﬂi_) n\/g log(1/€)
SDCA & SVRG | (n+ Z)log(1/e) O( (nlog(X)+/n (n+/72)log(1/e)
SAG/SAGA | (n+ 2)log(1/e) yn/e(3%) (n+ /) log(1/e)

¥ p=0 OWF, Catalyst i O((n+ /nvy/e)log?(1/¢)), Katyusha i% AdaptReg & &bt
T O(nlog(1/€) + +/ny/e) DKL — h ZZK.

Bl YA[ ke S TR B E AL

n\/alog(1/e) = (n+,/5)log(1/c)
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Convex set

Definition (Convex set)

A convex set is a set that contains the segment connecting two points in the set:

x, 0 € C = Oxx+(1—06)x e C (0€]0,1]).

RS FFES FEES
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Let R := R U {oo}. Epigraph and domain

Definition (Epigraph and domain)
@ The epigraph of a function f : R? — R is given by

epi(f) = {(x, ) € R : f(x) < p}.

@ The domain of a function f : RP — R is given by

dom(f) := {x € RP: f(x) < oo}.

epigraph

domain
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Convex function

Let R := RU {oc}.

Definition (Convex function)

A function f : RP — R is a convex function if f satisfies
OF(x)+ (1 — O)F(y) = F(Ox + (1—O)y) (vx,y € R?,0 € [0,1]),

where co + 0o = 00, 0o < 0.

ik FEh

@ f is convex < epi(f) is a convex set.
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Proper and closed convex function

If the domain of a function f is not empty (dom(f) # 0), f is called proper.
If the epigraph of a convex function f is a closed set, then f is called closed.

Even if f is closed, it's domain is not necessarily closed (even for 1D).
“f is closed” does not imply“f is continuous.”
Closed convex function is continuous on a segment in its domain.

Closed function is “lower semicontinuity.”



Convex loss functions (regression)

All well used loss functions are (closed) convex. The followings are convex w.r.t. u
with a fixed label y € R.
@ Squared loss: Uy, u) =iy —u)
e 7-quantile loss:  {(y,u) = (1 — 7)max{u —y,0} + 7max{y — u,0}. for
some 7 € (0,1). Used for quantile regression.
o e-sensitive loss:  ¢(y,u) = max{|y — u| — €,0} for some € > 0. Used for
support vector regression.

T
—— Squared

***** T-quantile
Huber

105 /119



Convex surrogate loss (classification)

y € {£1}
o Logistic loss: Uy, u) = log((1 + exp(—yu))/2).
@ Hinge loss: Ly, u) = max{1 — yu,0}.

o Exponential loss:  £(y, u) = exp(—yu).
@ Smoothed hinge loss:

0, (yu = 1),
g(yvu): %—yu, (yu<0)7
(1 —yu)?, (otherwise).

—o01
— Logistic
---Hinge
exp
Smoothed-hinge|
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Convex regularization functions

e Ridge regularization: R(x) = [Ix|I5 := 220, X7
@ L; regularization: R(x) = |Ix]l1 :== f:l xi].
@ Trace norm regularization:  R(X) = || Xt = km:l{q’r} o;j(X)

where ¢;(X) > 0 is the j-th singular value.

Elasticnet

% S (vi — 2" x)? + Al|x||1: Lasso
>
n

i, log(1 +exp(—yiz;" x)) + A||X||t: Low rank matrix recovery
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Other definitions of sets

Convex hull: conv(C) is the smallest convex set that contains a set C C RP.

Affine set: A set A is an affine set if and only if Vx,y € A, the line that
intersects x and y lies in A: Ax+ (1 —A)y VAeR.
Affine hull: The smallest affine set that contains a set C C RP”.
Relative interior: 1i(C). Let A be the affine hull of a convex set C C R”. ri(C) is

a set of internal points with respect to the relative topology
induced by the affine hull A.

Affine hull

Convex hull

\ ‘~“\
\, Relative interior >
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Continuity of a closed convex function

For a (possibly non-convex) function f : RP — R, the following three conditions
are equivalent to each other.

@ f is lower semi-continuous.

@ For any converging sequence {x,}32; C RP s.t. X0 = lim, Xy,
liminf, f(x,) > f(Xs0)-

@ f is closed.

Remark: Any convex function f is continuous in ri(dom(f)). The continuity could be
broken on the boundary of the domain.
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Subgradient

We want to deal with non-differentiable function such as L; regularization. To do
so, we need to define something like gradient.

Definition (Subdifferential, subgradient)

For a proper convex function f : RP — R, the subdifferential of f at x € dom(f)
is defined by

If(x) :={g eR? | (X' — x,g) + f(x) < f(x") (VX' € RP)}.

An element of the subdifferential is called subgradient.

T g
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Properties of subgradient
@ Subgradient does not necessarily exist (0f(x) could be empty).

f(x) = xlog(x) (x > 0) is proper convex but not subdifferentiable at x = 0.
@ Subgradient always exists on ri(dom(f)).
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Properties of subgradient

@ Subgradient does not necessarily exist (0f(x) could be empty).
f(x) = xlog(x) (x > 0) is proper convex but not subdifferentiable at x = 0.
@ Subgradient always exists on ri(dom(f)).
o If f is differentiable at x, its gradient is the unique element of subdiff.

Of (x) = {VF(x)}.
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Properties of subgradient

@ Subgradient does not necessarily exist (0f(x) could be empty).
f(x) = xlog(x) (x > 0) is proper convex but not subdifferentiable at x = 0.
@ Subgradient always exists on ri(dom(f)).
o If f is differentiable at x, its gradient is the unique element of subdiff.

of (x) = {VFf(x)}.

o If ri(dom(f)) Nri(dom(h)) # 0, then
(F + h)(x) = DF(x) + Oh(x)

={g+8'|gcdf(x), g’ € 0h(x)}
(Vx € dom(f) N dom(h)).
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Properties of subgradient

@ Subgradient does not necessarily exist (0f(x) could be empty).
f(x) = xlog(x) (x > 0) is proper convex but not subdifferentiable at x = 0.
@ Subgradient always exists on ri(dom(f)).
o If f is differentiable at x, its gradient is the unique element of subdiff.

of (x) = {VFf(x)}.

o If ri(dom(f)) Nri(dom(h)) # 0, then
(F + h)(x) = DF(x) + Oh(x)

={g+8'|gcdf(x), g’ € 0h(x)}
(Vx € dom(f) N dom(h)).

e For all g € 9f(x) and all g’ € 9f(x’) (x,x" € dom(f)),

(g—g,x—x)>0.
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Legendre transform

Defines the other representation on the dual space (the space of gradients).

Definition (Legendre transform)
Let f be a (possibly non-convex) function f : RP — R s.t. dom(f) # (. Its

convex conjugate is given by
F*(y) = sup{(x,y) = f(x)}.

X€ERP

The map from f to f* is called Legendre transform.

A f(.’l?)/

line with gradient y

f(a*)

(", y)

—f*(y) — f@®) = (", y)
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Examples

f(x) ()
Squared loss %x2 %y2
-1<y<
Hinge loss max{1 — x, 0} y (-1<y<0),

Logistic loss

log(1 + exp(—x))

{

oo (otherwise).
(=y)log(—y) + (1 +y)log(1+y) (-1 <y <0),

oo (otherwise).
0 Pyl <1
Ly regularization Ix]11 (max; |YJ| <1),
oo (otherwise).
-
L, regularization 27:1 |x;|P 27:1 Pl |y [P
pp—1
(p>1)
0 1
Ol Li-norm dual

logistic

dual of logistic



Properties of Legendre transform

@ * is a convex function even if f is not.
@ ** is the closure of the convex hull of f:

** = cl(conv(f)).

Legendre transform is a bijection from the set of proper closed convex functions
onto that defined on the dual space.

f (proper closed convex) < f* (proper closed convex)

— f(x)
- cl.conv.
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Connection to subgradient

y€of(x) & f(x)+f"(y)=(x,y) < xeof(y).

y € 0f(x) = x = argmax{(x’,y) — f(X')}
x’ €RP

(take the “derivative” of (x',y) — f(x"))
= (y) = 6 y) = f(x).

Remark: By definition, we always have
F(x)+£7(y) = (x,).

— Young-Fenchel’s inequality.

116 /119



% Fenchel’s duality theorem

Theorem (Fenchel’s duality theorem)

Let f :RP - R, g :RY — R be proper closed convex, and A € R9*P. Suppose
that either of condition (a) or (b) is satisfied, then it holds that

Jnf {f(x)+g(Ax)} = ysetlﬂgq{*f*(ATy) —-g*(-y)}-

(a) Ix e RP s.t. x € ri(dom(f)) and Ax € ri(dom(g)).
(b) 3y € R9s.t. ATy € ri(dom(f*)) and —y € ri(dom(g*)).

If (a) is satisfied, there exists y* € RY that attains sup of the RHS.

If (b) is satisfied, there exists x* € RP that attains inf of the LHS.

Under (a) and (b), x*, y* are the optimal solutions of the each side iff
ATy* € Of(x*), Ax* € dg*(—y*).

— Karush-Kuhn-Tucker condition.
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Equivalence to the separation theorem

Convex

Concave
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Applying Fenchel’s duality theorem to RERM

RERM (Regularized Empirical Risk Minimizatino):
Let £;(z x) = €(yi, z" x) where (z;, ;) is the input-output pair of the i-th
observation.

(Primal) Xigﬂgp{zﬁf(ziTX) + w(x)}
i=1

f(Zx)

[Fenchel's duality theorem]

Inf {29+ 000} = = inf {£()+ 0" (=27 y)}

yeRn

(Dual) sup {ZE yi)+ v (—Z )}

This fact will be used to derive dual coordinate descent alg.
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