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d Policy network e

* Or.. *
[Silver et al. (Google Deep Mind): Mastering the game of Go with
=3 =Hp deep neural networks and tree search, Nature, 529, 484—489, 2016]
@'fg% nl‘\nﬁ&

[Glow: Generative Flow with Invertible 1x1 Convolutions. Kingma
and Dhariwal, 2018]

[He, Gkioxari, Dollar, Girshick: Mask R-CNN, ICCV2017]

B BT

yl‘ — y2 —»;/s>
/B layers Encoder LSTMs

l //’ DqtoderLSTMs R ."'.'.. . f
GPUS GPUS ".\-.. e 1 P e

ff 3 5 .. = R E
i > Attention . - v 4

GPU3 \ GPU3 it - 2 ? o= -_ s s . E.
GPU2 GPU2

; [Zhu, Park, Isola, and Efros: Unpaired image-to-image translation using
GPU2 | . .

cycle-consistent adversarial networks. ICCV2017.]
GPUL ; ! GPUL

h TUISHEIST NGRS G </s> —>iHola —>

[Wu et al.: éoogle's Neural Machine Translation"S'.ystem: Bridging the Gap between Human and I\/Iévchine Translation. arXiv:1609.08144]



HDEFNDRR

[Google AI Blog Deep Learning for Robots: Learmng from Large-
Scale Interaction,” 2016/5/8]

EFILFEE, 2 FOYIETH

— WO +w, ‘”i”)

o @:z

reR jENT

LI LS
Mm I\ ~ 10% seconds [£,wo, ..

. +»m*| T
I Message Passing Neural Net
8
@ ' TRty LSS Y
N4 W4 N4

~ 1072 seconds

|4|

[l;] (o]

[Niepert, Ahmed&Kutzkov: Learning Convolutional Neural Networks
for Graphs, 2016]

[Gilmer et al.: Neural Message Passing for Quantum Chemistry, 2017]
[Faber et al.:Machine learning prediction errors better than DFT
accuracy, 2017.]
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mAl mCNN [ RBM

[Litjens, et al. (2017)]

RNN = AE mOther B Multiple

L AEBR BB
- (FROC73.3% -> 87.3%)
EUEEOBFLET

TN

[Detecting Cancer Metastases on
Gigapixel Pathology Images: Liu et
al., arXiv:1703.02442, 2017]
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BEAMIC REZER] & [3EREEMSECEE] Dfgl) R L.
[ x—>W1x—> hl (Wl.X')—’ W2h1 (Wlx)—>h2 (WZhl (Wlx)) }

A7 AR R A

_ T SEMHCERITEREERILICHAN S, Poolingd &
hl (u) - [hll(ul); hlZ(uZ)i Ly hld(ud)] 5 L:gg% & Th L\éFﬁﬂé%}fﬁg% »5

- vRelLU (Rectified Linear Unit) :  h(u) = max{u,0}
« A FEEH : h(u) =

rrrrrrrrrr



eREEETI

W=
dor1(z) = (W gy(x) + b))

W(g) c Rm£+1 XMy b(e) c ]R’me-u

o
Uy




aTE(LEIE D Hl

Y7RelLU (Rectified Linear Unit) T FEA FE#

(u) = max{u, 0} o) = ——




FEFEDFH”

REZ21—F N2y bNT—0%T—
XIZT7A4v bSE2EIRL7
1 n
L(W) = — (W
(T) P> {

S A — (BEOT—XTERELTLHNIE
Wi/t A== NE L, AE-> TONIFKREL

BRBEE T —Z~NDHTFEFYVEAWL

IRREHEIME L(W) ¢

%$1LUV)

(W +1EXTT)
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B, EENARERTECREL 7
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1w, (x) fa.w, © f1.w, () fa.ws © fa.w, © fi,w, ()

B R EIES
[ W) = f3w, (f2,w, (f1,w, (7))
= f3,ws © fa,w, © f1,w, ()
BB DD
f (z) = Ofs.w, 0f2,w, Of1.w, (2)
oWy dfaw, 0f1,w, OWq




EFETEITEOLN D HEXRNFRECE

e SGD
o E— X% L SGD (Nesterov D IFEIAEHM, —HLSAHEINTNVD)

Aw, = 0Aw,_1 — (1 — 0)ng

Wep1 = We + Awy
o Nesterov DNIRZE (MHBERUZ B T A NEILE L FARE, NT A —-RDOFTEIZELRD)
= VL(wy + 0Aw_1), Awy = 0Aw_1 — (1 — 0)nge, wer = wy + Aw,

o AdaGrad (Duchi et al., 2011)

e Adam (Kingma and Ba, 2014) : AdaGrad & IiEEZ A GHOELZ K D47
/R, AdaGrad &2\, HED / NV AZBRERIETRIZEAD. E—A VXL
SGD LA TKLEOLNT WS,

® RMSprop (Hinton et al.) : AdaGrad IZEWTHE D / IV A ZFEREIETH
% U TiiA.



[l =

B2 DN FE T B 24

Mg 0f (x) + (1 = 0)f(y) = F(Ox+ (1 -0)y) (¥x,y eRP,0<c]0,1])

W\

\_
7 > / X >
™ T
BrrRIEEE = KIS RIEEE J5 P B 3 i KB =B A%

FRFTEREZECHRIE T DAL Y

Wy T =0 OFEIINP-TL:
« Judd (1988), Neural Network Design and the Complexity of Learning.
« Blum&Rivest (1992), Training a 3-node neural network is NP-complete.



XBRY B

HIETE OB RBEIEIEN
TR B A2
NI B A2

« SRILERENND BT ERIERE 32 TREBIRER
Kawaguchi, 2016; Lu&Kawaguchi, 2017.
X172 LIRIZBEEZNND A,

— BRADNAKENRER TCHAL I LOERELHEINTWS
(Yun, Sra&Jadbabaie, 2018)

« K7 > 71T O RTNRIER L2 T RER &I
Ge, Lee&Ma, 2016; Bhojanapalli, Neyshabur&Srebro, 2016.

- T 2
ymin > (Vi —(uUT)y)
(ij)EE




Loss landscape
« MR D L WNNDFIERERZE (C AL L 7o P g

X
AL, (BB KB BB &
BA->TW5D) MXEEWR, GRECAENRBRICEERAES LRIRIE.
I
nBOIRT — X (x, y)L BN EZoNTWB T 5, BREHLIL
HEHE B,
FEOERAEENEEICOWT, BEAT—X A4 X LY LEW
(M > n) :)%NNf(a’W)(X) = Z%=1 amn(W,le)LCSWLT%EJH%%E,—E&%
L(a, W) =137 i fraw) () DIERD L )Lt b+ DRER
I RENEREZEY . EVWRZ 5L, FEORFAREREIL
\_ KB BERTH . ,/

[Venturi, Bandeira, Bruna: Spurious Valleys in One-hidden-layer Neural Network Optimization Landscapes.
JMLR, 20:1-34, 2019.]

\ ZOIEE S AL / \ kB /
™\
\/ ; ; I ;

(DA > T L)




%) 2BNN-FERRAEIE{LEIEL-

— = == == =L ==
" EBOEATETET DIKE
(Tian, 2017; Brutzkus and Globerson, 2017; Li and Yuan, 2017; Soltanolkotabi, 2017;
Soltanolkotabi et al., 2017; Shalev-Shwartz et al., 2017; Brutzkus et al., 2018)

N EE ZboDArEHN T
=Y unwfz+b)

e Liand Yuan (2017): ReLU, AHIZH Y 2D HEIRE
> SGD X% B A SR T AR &E AR [ C UV TR
>EEDIA F I 7 A (F2EPE N .
— FEEDIIE~ED KM + 03 OB EL S
« Soltanolkotabi (2017): ReLU, ABIEH Y AN EIRE
> B5E0E EiE>Y v 7L A4 X)) o GRdE TRBE g IR UNGER
(Soltanolkotabi et al. R017) I Z == FEBEEH T L Vg W IERE)
e Brutzkus et al. (2018): RelU
>IN BERIRER T — 2 Im o BT A Yy b7 — 7 TEH L7SGDIZ
KB REREREICERETINE L, B%FF LA,
FE/s—t 7 A kay OERIZH LY IRTE)

Li and Yuan (2017): Convergence Analysis of Two-layer Neural Networks with ReLU Activation.

Soltanolkotabi (2017): Learning RelLUs via Gradient Descent.

Brutzkus, Globerson, Malach and Shalev-Shwartz (2018): SGD learns over parameterized networks that provably generalized
on linearly separable data.




F—IN—I/NTF X}

NSNS/
P2 L 2 lvi

FAtE—<3
HEIEAYL W & BRTEEAE D KIS EREIZWR 5.

L(W) NN

HEHED LA B, MHEDSSER \\ /
(227 4 v M NEELPT L, N/ \nN /.

« _TBEOBITFE

> Neural Tangent Kerne

|
5 ART)

> Mean-field analysis (3



fw(z) = Z ajn(w; )

g=1

 Neural Tangent Kernel®regime (lazy learning )

> a = ()(1/\/M) [Jacot+ 2018][Du+ 2019][Arora+ 2019]
« LI EENT Dregime
[Nitanda & Suzuki (2017), Chizat & Bach
> aj — O(l/M) (2018), Mei, Montanari, & Nguyen (2018)]

MENTKD1/VMBIRIEZ Z EF TARETIEARWL, I/MEYVKEWIEHLEE,

HERfb DO R —1) > 7IC &k > T, FEREE L
NTCREICE->TEHLKRZTZIDEIEHED S,
> 2EDOLXAFT IR, JLEREICEE

(FEATDH L THED)



NTK

fw (@) = (W = WNTVy fiyo ()

MHEO X —ILAAKRE VDT, MEERY D
SRl —&RIC74y bTcETLE S,

Y e

ETFILDOES



NTK & J1335 08 L

M

— . T n: RelLU 95, a;=0(1),w; = 0(1/\/ﬁ)
fW (x) Z aj[n(wj xj F 7= Cin = 0(1/M]) - X’T—}]lx’zﬁ{ﬁg

g=1

cBw; N0(/M)FZIFBNFIE, 2FE LTO)DENM(T—RICT7 4y FTES),
MR+ K E <HLD: M » n (overparameterization)

NTK : fHXTHIZ /) £33 L EXTRIE(L KR

MR T A — & w' — ! @ p®

J J

|

|\ ~ J\(J — A~

1/vVM 1/M /M 1/M
T OT N T
oy e) ()
| | HENRECDIRKENDTT A Z —
| (t) ON OT .\ .
: ~(w; " — w; )" xn' (w; " ) : BENTERL,

— Beac E'x\_élr_ VAN

T NIK@_{TFX%_@S_ | AERICIEERBICR S,
TAZ7—EBRICLIVBEET VEALED (RIS LB L TH B LA,

—H—FILEDEBHFIZIZETE S 77 LTS O IEEEEAMRIE S s L)



Neural Tangent Kernel
EEHEXA T I RZTEZD,

M . a; ZEE
Model : fw(z) = E ajn(w; ' z) . W]]_ % Bam
j=1

[Jacot, Gabriel&Hongler, NeurlPS2018]

d . ~
% = —Vu,L(fw)  (Gradient descent, GD)
1<,
T n Zgi(fw(l’i))ajij n(w; ;) Vu,n(w; x:) =z (w; ;)
=1
dfw () zia-VT.n(wTa?)% 0(1/M) -
P Ta LTS s kom0 T
(BESEIC y
£ 2 EH) _ 1 z (Z a?vljn(w;x)ijn(wywi)) O (fw (z4))
ni \o residual

Y (BA%ED)
kw(x, x;)
Neural Tangent Kernel



B RIEZL DR 2 R

dL(fw) 1 <=dfw(z:)
dt nz i

= _EHVJCL(]CW)HKW

1 A
S _)\mlnﬁvaL(fW)Hz v Amin - 77 LT o R/IMNEBE)

[Du et al., 2018: Allen-Zhu, Li & Song, 2018] )
L C 5L LB L THFIE, Ko > e AEHE TR

« RELORFICR/NEBEIZFEDEE (> €/2).

J

B SRR (exp(—Amint)



7 X LYIAAE ENTKD EEEH

T T

Kooij = EwwN(O,I) [%‘T%‘U/(w wi)n’(w 559)]

(ENE R R DNTK)

H%H =1, Hﬂ?z — CEJH >0 = K. = Cqbn—Q

HoeffdingdA~ZFEZ L V)
log(2/0’
P (KW(0>,¢,j — Ke.ij| < \/ og2(]\§ )> >1—¢

— RN R AR - T
log(2n2/5
P <HKW<0> —Koo||12: < n? Og(2]7\14/ )> >1-—9

TomEEBMDL T NIE, T X LEHEME L 7
K, ©® EEBHENRIES NS,




Optimization in NTK regime

UTDO LD ICHER LT %
cq; ~ (+1)\/_ (4, — is generated evenly)

* w; ~ N(0,) Zaw (wj @)
Theorem [Arora et al., 2019]
M = Q(n?log(n)/Amin ) & 9 NIE, DELEIC L - TREBREIE

BEEREANTRIANGE L, T DONLiRE| ;t\/yT(KW(o)) ly/n T
Mz ouhns,

See also[Du et al., 2018; Allen-Zhu, Li & Song, 2018; Li & Liang, 2018]

o« FIFREREODERRICHRIZINR T 5.
« NRED—ISIZLNTWD

¢« T—RICERIIT A4y FESETLESDOTHBEEORIEESESL Y .
« Early stoppmg’PIEﬁlHl:%J\#’L?(L L@ Jﬂf‘%. (k=)

:II




Spectral bias
°E—1_1|30)%E575\ |[Xoverparameterizationld B

ICRZ 5.
,Mlz BEEEXEDTHAHH?
NTKOEBED
— =10

i}
= 1073
]
=
©10° |
= nxn2 7 LTFIOHNEHIE (i)
~ 1079 \ .

0 n 2000 10000
k

« 77 LT D E/NEBEIL/NE L (1/poly(n)).
c BEBEDRDL — MIZEH A —X — @E@mhrzmh).
— Spectral bias: VWAL DBEERTILEFE L L.




KerneliCX 38 E W H R=

» Frechet %% in L,(P,): VeL(f)
ViL(f) = ((f(2:)))is
(VrL(f) B) 1apoy + o(I1R113, p,)

L(f+h)=L(f)+

|

- FRLEDTFRZ:

Tof(z) = / k(e o) f(2')d Py (2')

Tkwqu — Mj¢j
[« NTKICH 13 3 DRI AR E B L1 b 0: N
d
% — _TkWVfL(fW> S S—
\_ (= —% izt kw (- 2) 0 (fw (24))) )

ky D & BRSNS TR
&L TEN K — 1By /N A4 77 R

=]

BEEETIE, T, ETBLIERER

(inductive bias).



NTK regime TDSGD .

T, fuw (@) = —— > a0
(We train both of firsignd second layers)

L(a, W) = E[(Y = fo,w(X))?] + 5 ([ = a D) + W = W)
HAfSiaR HAED S DT Hh
Y=f"(X)+€e 1xnyomm)

4 Averaged Stochastic Gradient Descent )

fort =0to’l"—1do

Randomly draw a sample (2, y:) ~ p
Perform SGD update for all j € {1,..., M}:

a§t+1) — ag’t) — [Vaé(yt, fa(t),vv(t) (xt)) + A(a(t) — CL(O))]
Wj(t+1) — Wj(t) — a [V by, fa(t),W(t) (z¢)) + )\(W<t) _ W(O))]
end for

| Retum o™ = LTl i@ — Ly~ by )




NTKICH 1T 5 RFIERZE DEWVIUR

[Nitanda&Suzuki: Fast Convergence Rates of Averaged Stochastic Gradient Descent under
Neural Tangent Kernel Regime, 2020.]

RE  EORBRMHANTKOEZRKHSICA>TWA ET 3,

NTKEXE Tt ERMb Z AN7-SGDIF“R\WFE L — 1~
ZEMRTE 5,
— NTKIZ & B2smoothing® EH 7.

Thm (GEVIRL — 1) N\

fr: TRIEHE DR NTKOBEBEDOFEEZEL — bk
rxj

§ _ _2rB"
E[llfr — f*II7,] < eamr + O(T ™ 25+1)

HNFE L — b
S 00T0|o I8 -
. M - o TOICINRT 5 1H (O(A/NT) & ¥ L) )

_2rp
> T gl [FI 2y 7 AEEL— .
(BFE/RXT X — X DEBRITRR— T ZFFE)



R %E

2 ENNODONTK:

koo (2,2") = By (0D T 2)n(w DT 2")] + Eyo [ (0T 2)n (w® T2z ]

BHiIgERICH T 5B ERE:
T f() = [ hoolira') Fa)APy

population
ARG Mg T b5 = 1d), koo(m,2') = 322 id;(x)ds(x)

s f*(X)=E[Y|X=x]DRDLHICEITS:
T,L”ooh =f" 5 DB DB
for h € L,(Px), and r € [1/2,1].
- EHER=ESA: H— ZILEH O
u; = 0. T

H—xIL Yy PEIISOREITICE T 2 RENLIRTE; see, e.g., Dieuleveut et al.
(2016); Caponnetto and De Vito (2007) (rao &30 X008 5).



N : NTK o B A EES B 7
" FHREXEE.
NTKD EBED T
— d=10
30 EREONTKOBEGEIZZIER
E'.J':J-D i j——ﬁ\\_f\ﬂﬁﬁ—a—%.
o [Bietti&Mairal (2019); Cao et al. (2019);
T 107 Ronen et al. (2019)]
0 25000 10000
Kk
NN BRRRSHERYIBESNS,

Z D&, SRS DR ICH

B3h3,
@Q//\%Eﬂiﬁ@\




Beyond kernel
MIRES - NTKIZEEMT A LT WA, &R —FILED

BREAO CRESBORE"AEALL.

» NTKZ [ZAHTEROEAD N DN ZEINTWND
(SREENTFREND)

« Allen-Zhu&Li (2019,2020)

Allen-Zhu&Li: What Can ResNet Learn Efficiently, Going Beyond Kernels? NIPS20109.
Allen-Zhu&Li: Backward Feature Correction: How Deep Learning Performs Deep
Learning. arXiv:2001.04413.

(ResNetBdxy k7 —2 TH—XILEEHT 24R5%)
e Li, Ma&Zhang (2019)

Li, Ma&Zhang: Learning Over-Parametrized Two-Layer ReLU Neural Networks
beyond NTK. arXiv:2007.04596.

(T Y NDBROERTREFEN D — 2N EEET D% RLT)
« Bai&Lee (2020)

Bai&Lee: Beyond Linearization: On Quadratic and Higher-Order Approximation of
Wide Neural Networks. [CLR2020.

(ZRkOoT47—ERETED)




P15 RET

e Za—JIlxy T =7 DFEENZT/INT A —X
DothigxmEit & L THERT,
fp(x)

f(z) = % Zajn(wﬁ) =3 an(w' z)p(a, w)dadw

71=1
) (ow) BT IHEEENICL DT ELLES:
fOEREL & pDFEEL

ot

[ 0Pt _ 7 (wypy) s s ]

Wasserstein & fig i

[Atsushi Nitanda and Taiji Suzuki: Stochastic Particle Gradient Descent for Infinite Ensembles. arXiv:1712.05438.]

vi(a, w) ——me) (an(w Tz ) (ys, fo, (7)) (RAIFIZDERE T HA~BE))



ALF B EChE Tk

1 M . B —AVDINTA— R E—DORFE BT
@)= 37 Laela) - ERFAREEASTHEOCH L THHNE
j=1

- BlbEIN5,
1> DHF
T—EZ~ADHETIEEY %
pr  BLTBAMICER

v

Uy
(BRI FoOBREAR : AEAHM)

M{E D RLFH B
M - coDBR T, FEHENDPRALY ILDHZENH 5.

[Nitanda&Suzuki, 2017][Chizat&Bach, 2018][Chizat, 2019]

[Nitanda&Suzuki, 2017]

JAZXBHYDEAF I X McKean-Vlasovi@ig
[Mei, Montanari&Nguyen, 2018]



WassersteinfEgf(C DL T

U, v: R B 22 [H] (X, C)J: @Eﬁg—(iﬂurg(i@%xciPoland?ﬁ'ﬁﬂ)

mell(p,v)
N, v): AP Du,vTHHX Xx X EORBFSTHOES
BN % EFE L 7B 9% O+ e/t
(X =R%: c(z,y) = ||lz — yl))
« DO YR—EHAFTNTULTHwell-defined

« EZEFDEHIARIREINT LS
X KL-divergence 3 FEBEAN AR X /L7 L,

(Wt F=IR: KantorovichXXxd)
i [ e(e.y)ran(e,y) = sup { [t [ o) + o) < c(x,wp}

mell(p,v) b

W, (. v) = ( in /X XXc(sc,wpdw(x,y))l/p

[#XIERE] CHEbND




W, EB i & BF ) BobE T iz DR

w, EE%’ECC;E HirtER T IV (X 11%%2% ?5) £,00) = [ h(w, x)dv(w)
L(V) + W2é§7 V)

~ Ry [e ( / h(w,X)du(w))] n Wgég‘ )

2
||’w v|| dr(w, v)

R
T~
X
VR
“\
=
S
s
o,
E
~__
—
=
\.@
s
=
<
|
E
%
5
>]
m
=5
‘é:
s
—

\ e
Vv

=:A,(X)
o . lw —v]?
~ weﬁ%i,u)/ <<A“, h(v, )>L2(P) - % dm(w,v) + const.
\_ /
'
VICDOWTHRAME=>Bw I & IZvD &9 = &/IME —DiraclIE (- BATEYIC &%)

. lw —'|?
v = arg min {(AM, h(v', ) L2(p) + . S
v’ 25 o EX%\ Igé—lt;f

~ w — V. (h(w, ), 0 (fu))

e BRFTEICHADEBEMAERRETE
o N FHBCRET RIIW, BBt Z Azl E L7-aEa 7T X LD —RiIEM
— § - 0DIR[R (EHciFME) : Wasserstein gradient flow




EiDHIEI & BB

\ =+ O — a ==
(& D525 g = V- (vpr) DERE

d
- / fw)dpe(w) = [ (V1 (w)) vy (w)dpe (w)
_ _'/f(w)d[v-(vtpt)]) (Vf: >80 bHE— b, -

o 5, plIBIRT,RY > RUCKL Bp, DI LHLTH D ET S & p = Teupo.
DFY, w~pllHT BT WD Dp, THBET B,

¢ BRTEERTHRY PUBE I W) = v (T,w) & T 5.

E/f(w)dpt(w = &/f T3 (w))dpo(w) Pt
(97)
/Vf Ty (w Tth po(w)
_ / V£ (To(w)) Toe (T (w))dpo(w) i N
o7
/ VF(w) v (w)dpr(w). (EEEDHER)

Wy = Tt<w> XL, ve(wy) = —Vu (h(w, ')ag/(fpt)ﬂw:wt EL7=2DDFIR—T DEFH.



AEgL

* pt = Trupo
dry

- (W) = ve(Te(w))
« HBPp, ANy, =V, EEITBHET B,
Z D, LITHEY ILD:

i Wa(pigs, (id + 0vg) 4 pt)

d—0 ) =0

FMIILLT =z 0R:
Ambrosio, Gigli, and Savaré. Gradient Flows in Metric Spaces and in the
Space of Probability Measures. Lectures in Mathematics. ETH Zdrich.

Birkhauser Basel, 2008. Ot A\ P46




Brenierd &

Do, Pt M FEXRBE M DR, LUTAEY ILD:
Wipospr) = _inf  Exop[IX - T(X)|?)

T Ty po=p1
o INfZERRT DERT*HFET 5.
c LDH, HAHABEEYIFEL T (x) edp(x) 2T 5
« ZOT " ZHREBHIEEIRE LD,

Benamou Brenier formula & AR & W, BBEE O BER):

XHDDH &
W3 (po, p1) = {1vn£ / Ve ll7, () At

7=7= L, |nf‘j:p07b\bp1/\l_%b0)j7—$£_tf =< v

STORERY b L 2B L TIRS. /},ﬂi"”
o gt — Tt#pO Po '/(»-'.
) d:t (w) = v (T (w)) /m'/‘




« Wasserstein Bt 7| ;’EWZEE%E%E Vbl =N
WY X LTHEHHDOIToNS Z é:75\/\75\0f‘

- HRVEBE A W2RERE(CBI 9 2 (it (displacement
convexity) AR Y I DA, KIHIEERE~D
INEDTRED (zvror—ne)
W, (pe, p*) < e MW, (po, p*)-
« LA L, NNOFE@ENTIEAMEILRY L7z 0,
Z D128, KIBNKRZRT I ENEEL L,
e Ho & hH, BATWIICIEZIYEDLRY LB D 5.

B @ RN— X EAE  [Chizat, 2019]

W
VT




TEIE (Nitanda&Suzuki, 2017)

HLMAN AV INT R DEREBEERBEEFT O LT 5.

ZOR, HDu st L) <L@HWFELT

e supp(u*) € supp(Q) D PutlIHEREBEE =D, or

o WHIBREZFF-T supp(u) idsupp(D)ICHREBICE N5,
NmicenNd & E, BTARNFEL TRFETEICK > THRE
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[Chizat&Bach:Implicit Bias of
Gradient Descent for Wide
Two-layer Neural Networks

Trained with the Logistic Loss.
COLT2020.]
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Gunasekar et al.: Implicit Regularization in Matrix Factorization, NIPS2017]

Soudry et al.: The implicit bias of gradient descent on separable data. JMLR2018]

Gunasekar et al.: Implicit Bias of Gradient Descent on Linear Convolutional Networks, NIPS2018]

Moroshko et al.: Implicit Bias in Deep Linear Classification: Initialization Scale vs Training
Accuracy, arXiv:2007.06738]
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Ny F ) — 7')—3 > 3>, Dropout, Weight decay, MixUp, ...
« —AT, FEFEOESENBENICAAHT [EIIERIME] 53R <%
WTWbEEZZbND,

= F—=N=RITAZF7AA XL THBFE LAV,



/A XHY) Bk & KEBRREE




Sharp minima vs flat minima
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Flat Mmlmum Sharp Minimum
Keskar, Mudigere, Nocedal, Smelyanskiy, Tang (2017):
On large-batch training for deep learning: generalization gap and sharp minima.

1
0 =01 — b Zvef(zz‘j59) c [ 7Ty b EWOBERISEZERDERY
\ =1 | HIZE DD OEBRA R E WD HEH),
| .
(Dinh et al., 2017)
~ AN ’
=1E 0% ‘PAC-Bayes|C & % &4 (Dziugaite, Roy,

— ZYZLF—=7137 7y PEFEEIC  2017)
LEEYPTL



/A XICEBFEIEIHE -

Original function f f convolved with [—0.6, 0.6]
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[Kleinberg, Li, and Yuan, ICML2018]

HENAERZAVS = BIC/ M1 XZ2RETWVW5=> BRREAKOTEEL
Ty = x—1 — N(VL(x4—1) + &) (Y = x¢ +1&4)
=y = Yi—1 — N&—1 — NVL(y—1 — n&t—1)
= B¢, Yt = yt—1 —nVE¢, | [L(yt—1 — nét—1)]

/A XEMATEBLI-BHNBEHE L(y,) =Ee, [L(y: —né)] ZREAL.




BEEZE: Graduated optimization

« Graduated non-convexity

Blake and Zisserman: Visual reconstruction, volume 2. MIT press Cambridge, 1987.

Gaussian kernel & D& A H w/\/

Z. Wu. The effective energy transformation scheme as a special -
continuation approach to global optimization with application to molecular
conformation. SIAM Journal on Optimization, 6(3):748-768, 1996.

« Graduated optimization ;
Hazan, Levy, and Shalev-Shwartz: On graduated optimization for
stochastic non-convex problems. /nternational conference on machine N
learning, pp. 1833-1841, 2016. . >
og-nicefDEA, ZIEAF—X—TODUNE, \ .
\\ /
~ _ K
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— § =0.25
Survey: K\\‘/\/

Mobahi and Fisher Ill. On the link between gaussian homotopy
continuation and convex envelopes. Energy Minimization Methods .\W’/\f‘!
in Computer Vision and Pattern Recognition, pp. 43-56, 2015.



GLD/SGLD

« Stochastic Gradient Langevin Dynamics (SGLD)

L(x) = — ¥ 4i(
min L) ;gggnz ()

( l__/ﬂ]lr— \
dX; = —VL(X;)dt + v 25 1d B, (AEELangevin&71%)

TEstm: 1o exp(—FL(X))

\ _J
il [Gelfand and Mitter (1991); Borkar and
Mitter (1999); Welling and Teh (2011)]
GLD: X1 =X; —nVL(X;) + V2n8-1& (Euler-Maruyamaz{il)
gt ~ N(07 ])
SGLD: X;., = Z V(X)) + V20871
ZEI
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Gaussian noise

Gradient descent
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/e f BR, LipschitzEls, 8o Ak I
1illoe < A, |[Vlilloo < B, ||Vli(z) — Vii(y)|] < M|z -y
o BUREH:

(VL,w) > m|w|*—b (Vw € RY)
\_ (+ Z O L) -

[Raginsky, Rakhlin and Telgarsky, COLT2017]
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« Xuetal (NeurlPS2018) (FUNRL — FZHEL TWLWB A, EFRBICWLWDH D
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Y3#SobolevAER

Too(dz) ox exp(—BL(z))dz : EfEX A T I 7 XDEE D

H&l_%'f/‘-l: (—PoincaredF~&EK)
R

m) T}#ESobolevAER
dv = f dn  (probability)

\V4 2
/flog(f)dﬂoo §26L3/ H ffH dms (D(V||7oo) < 2cr,81(V]|Ts0))

mm) Geometric ergodicity ., ominss

D(pt||moo) < exp(—2t/crLs)D(pol|meo)
EEN T RIUK

[Bakry, Gentil, and Ledoux: Analysis and Geometry of Markov Diffusion Operators. Springer, 2014. Th. 5.2.1]
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Ope =V - (PtVIOg(Pt/Woo))

e AT v anvEARFENTY FaE— (KL-2 4
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(XTI
dp
D(pl[me0) = /10g (dﬂ )dp

Remark:
BE D Ganonw) T bOE—3W,-EBEEICEE L T (displacement
convexity), DF Y, W,-EEEEICEIY 2 HHIR ETIMBEIEIC A B,
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[Muzellec, Sato, Massias, Suzuki, arXiv:2003.00306][Suzuki, arXiv:2007.05824]

min L(Qj) H: Hilbert space

rEH

‘ EAIE

min L(z) -+ )\HIH%K H i : “smaller” Hilber space

rTEH HK s H
H
Ex.
« H:L*(p)
o Hy BERKEILNIL FZERA (e.g. SobolevZEf)
=

EEEADIRE: REBHRERZ IIH TT oIS TE 5.

E.g., Bayesian optimization on infinite dimensional space

[Zimmermann and Toussaint. Bayesian functional optimization. AAAI, 2018]
[Vellanki, Rana, Gupta, de Celis Leal, Sutti, Height, and Venkatesh: Bayesian functional optimisation
with shape prior. AAAI, 2019]
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2ENNDZE: EiERIA .

Ntr

LOV) = == 3t fwe) + 27
fw(x) = Zajﬁ(’ijm)

{0 a; <3 7 fory>1/2

e 7) is a smooth activation, e.g., sigmoid.

A NTKEEL, qldF— 25 A X

ICHERICHEKESET AT —
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A 2
X, = =9 (LX) + Xl ) de + \ﬁdgt

oo oo

JIVL:For x = Z:I:jfj e H , we let ||:BH§{K — Zuglx? where [t ~ j72
j=1 j=1

Cylindrical Brownian motion: ¢&; = Z;’;l Eitf;

PR ) e 54 b -

4 )
Xnt+1 = 5y (X —nVL(Xy) + /2 §n) 5 = (I+77>u4)_1)

L (ZERzRYEUler X £ — L) A= dlag(uflauz_ly---))

En = 2101 Yng S5 Where vy, ; ~ N(0,1) (Lid.).
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A 2

e = N(0,C)  (HilbertZfE_ LD A7 2 BIE)
where C' = (8\) " tdiag(uo, p1, ... ).

Too(Z) oC exp (—BL(:U) — %xTC_1x> CRERL THRL.

(ERRTT) BRIy anvHhFEoEELHIL
A RBESHRHZAVWIENLA XERSHICTHIET S,

— i@.f‘?ﬁ-g % BH giﬂa'ﬂ:? A [Suzuki, arXiv:2007.05824]
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H= {210 arfr | Dopeo i < 0o
(,y) =D peo @kBr  for z=3 arfi, v =4 Brfr-
Hie = {2 neo Ok fr | Dopeo 0/ lk < 00
(T W) Hre = Dpeo WkBr/ ik for o =3 arfi, y= 34 Befe:

RE (EREORD) S,
pr =k
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L(z) =min =Y 4i(2) + (22||z)?) |7
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Assumption (1) :
€ It either holds: N
e (Strict Dissipativity) A > Mpug , or (38):38
e (Bounded gradients) ||VL(:)|| < B, for B > 0. (53
L ( ) IVL() y




Assumption (2)

r ™
e Smoothness:

IVL(z) = VL(y)|| < M|z — y]|

Y,
G e Strong smoothness condition: I

= NS A — e ~
For o € (1/4,1), (ZHEWEEIEL — FPELC A D)

IVL(z) = VL(y)|| -0 < M|[z —y|

1/2
where [l7]l. = (Zyso ()% (@, fi)?)

\ (This is not standard, but, is satisfied in the previous examples)

AN

e Third order smoothness:
Let Ly = L(Pnz). There exists o’ € [0, 1) such that
ID?Ly(z) - (h,k)|lar < Corllhllollkllo,
N |ID?Ln(z) - (h,k)|lo < Carllh]|-ar||Ello- Y




2= O BRAR

TR e [Muzellec, Sato, Massias, Suzuki, 2020]

ittt &, RAKY LD :

L(X,)— /L(a:)dﬁoo(x) < exp (—A;nn) + %nlﬂ_"
0

(seometric ergodicity + time discretization)

72720 k>0 ISEBDEDEY, ¢ = /f (BRHDE), g =1 (GREL
R St).

Remark: /L(gj)dﬁoo(ﬂj) ~ L(Z) for & :=argmin {L(az) + %HxH%K}
rEH

EERBIELU T O DT 7 = v 7 %1 H: Brehier 2014; Brehier&Kopec 2016;
Mattingly et al., 2002; Goldys&Maslowski, 2006.



SLE DR (2)

A
" := argmin L(x) X 1= arg min {L(cv) - —||xH%LK}
xceH rEH 2

[Muzellec, Sato, Massias, Suzuki, arXiv:2003.00306 (2020)]
FROKMHEDODL E, RARBRY IO

% % €8 _1/2—x (geometric ergodicit
L(X,) — L(z*) <exp (—A*nn) + = y
(Xn) (27) Sexp ( n 77) Agn + time discretization)

1{ /1 12l -
G (ﬂ“) “( 5 el
+ L(%) — L(z*) (bias of invariant measure)

72720 k>0 IFERBDEDEH, ¢ = /f (BRZAM), g =1 (BHK
R H).
Ny AN R F vy 7, BICH L THEBRIKENH 5.
EFRRIZLIT o DT 7 = v o #32H: Brehier 2014; Brehier&Kopec 2016;
Mattingly et al., 2002; Goldys&Maslowski, 2006.

o FEFEDOEBEIANDIGH & NLIEESZENT ¢ Suzuki, arXiv:2007.05824.
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« RKIBHIEBEEE B DT-DITIEL - oV NE,

« AT FILE vy SIELICIERBICAKTE.

« KIBWTREEEHY TRAICHICAR > TWLWT,
BEN-EAT L Y BRBERELNE /NS [TNIEE

HhCHELEICTI B ZTH R L,

« I ZIL2NNT X IR E DR D BATHYIIC

REMMIC7 A Z & D% 3 [Liand Yuan, 2017][Chizat, 2019]
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E[¢(X5)] — o(27)] <7

for a smooth function ¢.

« Raginsky et al. (2017),
Bréhier (2014), Bréhier and Kopec (2016):

Elp(Xn) — ¢(X(nn)))]

+ Elo(X(nn)) — o(X7)]

+ E[p(X7™) — ¢(z7)]

g

/e Xu et al. (2018):

E[p(Xn) — ¢(XH7)]
+ E[p(XH7) — o(X7)]
+ E[p(X7) — ¢(z7)

~

i jﬁi& iSdr

L — FAEWD, — A TE Y BVOEEINE

(Strong smoothness)



E—IED/NY VR :

Bl6(Xn) — ¢(a")] =[E[6(Xn) — p(X#)]|+ Elg(X*7) — (X™)] + E[$(X™) — g(2”)]

B (BEEEE & 1 + 2 7 A D Geometric ergodicity)

B EES T, D2 1—DTE L T (RS ),
geometric ergodicity (&% 0 ~DIRFZUNER) AV Y 3L D:

E[p(Xn) — ¢(X*7)] < C(1+ [|zol) exp (—Ajnn)
fefel, "ART MAF vy TTA BUTOLSICEZ NS,

(i) (Strict dissipative) (i) (Bounded gradient)
A
A*:d A;:Cmin(i,l)(s
n 1 +77% 2,LLO 2
for ¢ =exp(—-0
- | w-0@)
XHn: r.v. obeying p, Xo = x¢ (constant)

o BRRITOBZE LEL, BEBFEALTWEEZ O Y LML,
- Coupling argument: LyapunovZf, majorizations&f & V)
(Mattingly et al. (2002) & Goldys&Maslowski (2006) D72 — v 7 #&bhHE )



Geometric ergodicity
e Coupling argument

Prob(“couple” until time t)
>1—e ¢t
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=3 = 17) VALY *

E[6(X0) — ¢(a")] = E[$(X,) — (X#")] +E[6(X"7) — $(X™)|+ E[p(X™) — g(2")]

Xtn: BBV X A S 2 7 XOJE‘ SaXis]
X©™: EEEA A T I ADOEBD (FrEE —ZHITETEEINTLD)

B (ERE - BERNEAA S I ROEEDHDEWN)

TEDO<k <1/2I2% L, HBHIEHR CHEFELT,

Elp(X#) — ¢(X™)]| < Cll6]l0.2 Cf) /2,

[ ¢llo2 = max{[|¢llsc, [ Dol [ D* oo }

S ccp = \/E for bounded gradient condition, and B = 1 otherwise )
- Malliavinf&#f
« RT v TH A ZXn%0ITEDITB E, BERBRAXA F I 7

AN ERRREI X A F 2 77\ 1D <.
o BIFAGICEZEL TW 5.



BRXT/N— 3 > & DER

Hi = {2 neo Ok fr | Doneo %/ 1tk < 00}

e up ~ 1/k* @eok)
« C
B9(X,) ~ 6(X)]| < C [exp (~Aym) + 1%
° ,uk ~ l/k‘p (%3@) see [Andersson,Kruse&Larsson, 2016] for finite time horizon.
pHRELLGZIFERHS 7 RITHM"ICHS.

|E[¢<Xn>—¢<x7f>]|§0[exp( Ayrn) + Aﬁn]

HERRITORMNTEp - ol T (s asmmynz): 4,

BI6(X,) = S(X)]| < C [exp (~Ajrn) + L2

.
..,
e,

e,
v
.,

[Xu et al. (2018)]
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> 1
BR{E/ 1 &M —~
P(Y =1|X)—1/2| >4 (as.) 1/2ﬂg::::::::
o supp(Pyx) C [0,1]¢ and Px has density p such that /\/
p(z) = co (¥ € supp(Px)). —_— 7
o EMEALEREIL 7 8 b D supp(Px)
oceC™(R) for2m >d 0o _
B DREMITETIMICASTWE ET D1 f* = fiy-. Jw (@) = ;aﬂ'”(wi 2

+PKRKEHEnEL <nlIXL,
E[Pr, ({Wk € H | Px|[sign(fw, (X)) = sign(f*(X))] # 0})]

. 2m/(2m—d) 2k
SJ eXp( ¢Bo ) + 52m/(2m—d)

NA X HIRIEN S WERTKE D, GuEEgoricsEL)
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« Overparameterization IR T 13 Fx il

EALLERAY R L A2 9 Ly,

> Neural Tangent Kernel

> 135 BR AT

« /A X%
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=T ) ):?—“UDEEE K IEMFEEEANDBEREAE X - 7=,
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(NTK, Wassersteinié/a])
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