HitE 7S5 7 OREEL (safe set) Elx. RO XS ITEFEEINS,

Given a connected graph ¢ = (V,E), 8 # S c V is a safe set if the following holds:

vV component C of G[S], V component D of G[V — §]
If there is an edge between C and D, then |C| = |D|.

~
Vg \
(%] L
( Vs U12
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[Safe number s(G)]

Given a connected graph G = (V,E), the safe number s(G)
of G is the size of a safe set with the minimum cardinality.

s(G) = min { |S|:Sis a safe set of G }

s(G) < 4
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[Safe number s(G)]

Given a connected graph G = (V,E), the safe number s(G)
of G is the size of a safe set with the minimum cardinality.

s(G) = min { |S|:Sis a safe set of G }

—Q s(G) < 4
u G[Sm/ \ o
>/ v \ FRIILZELEZMVET L s(G) = 3THAHAZLBHh 5.
1(]2 v\r\x/(“ulz v, Vs



Safe Set Problem

[Safe Set Problem]

Given a connected graph G = (V,E), find a safe set of G with the
minimum cardinality.
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‘Connected safe set]

Given a connected graph ¢ = (V,E), @ # S c Vis a connected
safe set if it is a safe set and G[S]is connected.

The connected safe number ¢s(G) of G is the size of a
connected safe set with the minimum cardinality.

v, Vs * ForapathG, s(G) =cs(G) = [lv(:)q.

v b \ V1o * Foracycle G, s(G) =cs(G) = [IV(G)I}.

° 2 ‘
'/lv“ 12 [Note] 52812V, s(G)=cs(G)THY. —fZiLs(G)= cs(G)

> XD NETZ780, es(G)D_ER s (G) 2 FIVWTER T Z
EDHERD, XIEHE MES R

s(G) = cs(G)
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[Weighted safe set]

Given a connected graph ¢ = (V,E), and a vertex weight function w,
@ = S c Vis a weighted safe set of (G, w) if the following holds:

vV component C of G[S], V component D of G[V — S]
If there is an edge between C and D, then w(C) = w(D).
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[Weighted safe set]

Given a connected graph ¢ = (V,E), and a vertex weight function
w, @ #S cVis a weighted safe set of (G, w) if the following holds:

vV component C of G[S], V component D of G[V — S]
If there is an edge between C and D, then w(C) = w(D).

v3|20| (G, w) T weighted safe number ws(G, w) EWH A EAEETH S,
Note] [AERIZ. weighted connected safe number wes(G, w) F X 6N B,
ote

« FHEHADPN Uiz L3583 BEOREESOMELHFMTDH S,
« HAMNZIREBRBFITBOTY, @R XEBEZRRICERTEZ 5,
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[Weighted safe set]
Given a connected graph ¢ = (V,E), and a vertex weight function
w, @ #S cVis a weighted safe set of (G, w) if the following holds:

vV component C of G[S], V component D of G[V — S]
If there is an edge between C and D, then w(C) = w(D).

Uy g
(2
V11

020

ik 757 G Lvertex weight function w IZRFLT. (G, w) ® weighted safe
number ws(G, w) %, B/NEAMZ L DOEAMIZXLZLEEESOEAMWS) EEHET D,



Computational Results

Theorem (Fujita, MacGillivary, Sakuma, 2016)
The Safe Set Problem is NP-hard. mm) Reduction from the independence number of a graph

Theorem (Bapat, Fujita, Manoussakis, Matsui, Sakuma, Tuza, 2017)
The Weighted Safe Set Problem is NP-hard (even if we restrict the domain into

the stars.)

Theorem (Agueda, Cohen, Fujita, Legay, Manoussakis, Matsui, Montero,
Naserasr, Ono, Otachi, Sakuma, Tuza, Xu, 2018)

For an n-vertex tree, a safe set of the minimum size can be found in time O(n>).

Theorem ’(Agueda, Cohen, Fujita, Legay, Manoussakis, Matsui, Montero,
Naserasr, Ono, Otachi, Sakuma, Tuza, Xu, 2018)
Let k be a fixed constant. For an n-vertex graph of treewidth at most k, a

(connected) safe set of minimum size can be found in time O(n>**8).

Some other results:
Agueda et al., (2017), Ehard and D. Rautenbach (2020).
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[2% (k] C.A. Barefoot, R. Entringer and H.C. Swart, Vulnerability in graphs—a comparative survey,
J. Combin. Math. Combin. Comput. 1 (1987)

The integrity of a graph ¢ = (V, E) is defined as
I1(G) = min{|S| + t(G][V -S| ScV}
where t(G[V — S]) means the order of the largest components of G[V — S].

1(G) <3+3=6 s(G) < cs(G) < 1(G) < 2s(G) < 2cs(G)

Theorem (Fujita and Furuya, 2018)

. v \ve o Let G be a connected graph.
\”"<D « If G is not a star, then 2,/s(G)—2+1<I1(6G)

24/cs(G) — 1 < 1(G)

[ 3CHR] S.Fujita, M.Furuya: Safe number and integrity of graphs.
Discrete Appl. Math. 247 (2018)

3<1(6) [Note] EDOFRXTIE. AERD ERTHERE TS
727 DL 5L TVS,
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[Recall: Weighted safe set]

Given a connected graph ¢ = (V,E), and a vertex weight function
w, ® # S cVis a weighted safe set of (G, w) if the following holds:

vV component C of G[S], V component D of G[V — S]

If there is an edge between C and D, then w(C) = w(D).

U7

v, o \ Yio HFE 7 2 7G6GH s(G) = cs(G) &2z 3 Z &3,

?//“9 N A S S I RS B A A LTV D o
o LA B, SRS, 20 kSRR
>—%. %%ga7mﬁwﬁwé%zam@MEe%a

T °

CZTHAMIZ IS5 7 ETORBEEITBWT,
s(G,w) < cs(G,w)
PEEOEABEE 0 TRV VD Z EITHET 5,

U3

s(G) = cs(G) = 3.

ZOWNWT



Research Question

ZZTxY b= ZEMoBlEN S, RO XS BWEZWTI-T 77 7 2R T v,
Q. RZEWlIITHB T FZT7CIEEARTFIT7N?
Vv vertex weight function w: V(G)—R, ws(G,w) = wes(G, o) (%)

gt LT, (R ORI T VST 25 LEHT B,
(Ex) IEZ D527 571k g Itgd 2,

(8 FRE)
G 5 A(G)=|V(G)|-1%&0T= T 72561X G 1T g Ilg 3522 mH

(Ex) L FOBIM D, 5 TSR B AL gCSIIBIR RN T LA 5B,

—v * v ° ws(G,w) =5+ 6 =11

5 5 3 6 6

® ® ® ® ® wes(G,w) =5+5+3 =13
5 5 3 6 6
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g% B FROWE Zil- 3857 S5 7 DEEKEET S,

V vertex weight function w, ws(G, w) = wes(G,w).

Subdivision

x y - - > x  z y
> ‘< ~ Suppressing > ¢ ‘<

Theorem (Fujita, Jensen, Park, Sakuma, 2019)

The family gCS Is closed under suppressing .

Ps ¢ g©° , P,g&g% (n=5)
® () () o o Subdivision
5 5 3 6 6

Proposition (Fujita, Jensen, Park, Sakuma, 2019)
Let G be a path with n vertices.

n<4 if and only if G belongs to gCS.
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Theorem (Fujita, Park, Sakuma, 2021)
Let G be a tree.

diam(G) < 3 if and only if G belongs to gCS.

(Fujita, MacGillivary, Sakuma, 2016)
e polynomial-time ((O(n)) algorithm for the connected safe number of a tree
(Agueda, Cohen, Fujita, Legay, Manoussakis, Matsui, Montero, Naserasr,
Ono, Otachi, Sakuma, Tuza, Xu, 2018)
 polynomial-time ((O(n°)) algorithm for the safe number of a tree
(Bapat, Fujita, Manoussakis, Matsui, Sakuma, Tuza, 2017)
* polynomial-time ((O(n?3)) algorithm for the safe number of a weighted path
* O(nlogn) time 2-approximation algorithm for the connected safe number of
a weighted tree
(and so 3 4-approximation algorithm for the safe number of a weighted tree)
(Ehard and D. Rautenbach, 2020)

1
* Ve, O(Ei4 nO(E)) time (1 + €) -approximation algorithm for the connected

safe number of a weighted tree
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Theorem (Fujita, Jensen, Park, Sakuma, 2019)

Any cycle belongs to gCS.

Corollary (Fujita, Park, Sakuma, 2021)
Let G be a tree.
diam(G) < 3 if and only if G belongs to g°°.

S(1,6) S(4,5)

Theorem (Fujita, Park, Sakuma, 2021)
For a connected chordal graph G, the following are equivalent:

(i) G belongs to g©3
(ii) diam(G) < 3.
(iii) G has a dominating clique.
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Theorem (Fujita, Park, Sakuma, 2021)
For a connected nontrivial bipartite graph G, G belongs to g% if and only if G is one of the
following:

() anevencycleor K33 —e

(ii) a double star S, . (iiiy a book graph By,

e e S H <5

5(4,5) B

(iv) Knn + Rpq (n = 3)

(V) Knn+1 + Kmy1im + Rp g (M, n = 2) whose adjacency between two big parts
form a complete bipartite graph or a double star at x and y.
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Theorem (Fujita, Park, Sakuma, 2021)
For a connected nontrivial bipartite graph G, G belongs to g% if and only if G is one of the
following:

() anevencycleor K33 —e

(ii) a double star S, . (iiiy a book graph By,

e RS S S <5

5(4,5) B

(iv) Knn + Rpq (n = 3)

(V) Knn+1 + Kms1im + Rp g (M, n = 2) whose adjacency between two big parts
form a complete bipartite graph or a double star at x and y.
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Theorem (Fujita, Park, Sakuma, 2021)
For a connected nontrivial bipartite graph G, G belongs to g% if and only if G is one of the
following:

() anevencycleor K33 —e

(ii) a double star S, . (iiiy a book graph By,

e RS S S <5

5(4,5) B

(iv) Knn + Rpq (n = 3)

(V) Knn+1 + Kms1m + Rp g (M, n = 2) whose adjacency between two big parts
form a complete bipartite graph or a double star at x and y.
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A graph G is contractible to H or (H-contractible) if H can be obtained from a
partition of V(G) by contracting each part to a vertex.

A graph G and S = {vy, vg, 4}

For a graph G not in g»CS B(G,S) is not in g-CS for a minimum safe set S of (G, w).

Proposition (Fujita, Park, Sakuma, 2021)
For a connected graph G, if B(G,S) is in g»CS for any S, then G is in ngS.




Key lemmas

Lemma (Fujita, Park, Sakuma, 2021)
If a graph is contractible to one of the following (in some sense), then G & g%

u9 U4 u9 U4 u9 U4
U1 us us uy us us Uuq us us
Hl H2 H3
l/\ L CS——(OO——OO—COO——CO AR =« < Ul
- 9} Gu s
S > o el e
y A (84 e, ;
(o X \ v S _‘1 Val 2ee N/ 3
“—“ ED—CO & o

SQ(;JUQ) = Deltl L QSQ@)wB:Zokfl*PE




Key lemmas

Lemma (Fujita, Park, Sakuma, 2021)
If a graph is contractible to one of the following (in some sense), then G & g°.

M M iUQ 362 M:
(a| us (A uil us Us u1 us us
Hy Hy Hs

Proposition (Fujita, Park, Sakuma, 2021)

For a connected triangle-free graph G in ¢, if Gis not a cycle, then diam(G) < 3.
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Theorem (Fujita, Jensen, Park, Sakuma, 2019)
Any cycle belongs to gCS.

For any weighted cycle (C, w), LORRS B, MR AR IO TARR
ws(Cw) = w((V(C))/2 MOMEEZE & SRTERSRN,

Theorem (Fujita, Jensen, Park, Sakuma, 2019)

(i) G is a cycle or a complete graph.
(i) For any weight function w, ws(G, w) = w(V(G))/2.

\ 4
ZOFETHHILZ AL TUVKIBFET,
subgraph component polynomial ( introduced by Tittmann, Averbouch, Makowsky (2011) )
EVOME RO B H DT LA o7z,



Subgraph component polynomial & D4

k(G): the number of the components of G.
The subgraph component polynomial Q = Q(G; x,y) of G is a polynomial s.t.
Qx'y’'] = q;;(G) = {X cV(G)| |X]|=iand k(GIX]) =/}

[Note]

* q1,1(G) = |V(G)|

* q21(G) = |E(G)|

* q11(G) = qu_11(G) ZBIX, G II2WHKGTH S,

Theorem (Fujita, Jensen, Park, Sakuma, 2019)

GZhBOBLL EDTS57L35LE, ()-(vIFFRETH S,

(i) G IE AN, FHIRETFT7TH %, (iii) = () Zat,
(i) FEEOEAFZEE 0 IZHLT. ws(G, w) = w(V(G)) /253D,

g 35 )7

(iill) FEEDOIEREEE My, vz LT, k(G — {u,v}) = 2HD9KDr D,
(V) q1,1(G) = qn-1,1(G) DD q21(G) = qp_21(C)HIEVILD,




AR

(FRE] EEDOEATZBIBIZHL T,
s(G, w) = ¢s(G, w) BIIUNIEDN. D LK 7T 7 G R &Ko

Lo HIREELT, k7 576h
s(G) = cs(G) EWIFEE, QIEDIIRISTH? ILVAIR B RIRRTH .

(5% (k]

S. Fujita, T. Jensen, B. Park, T. Sakuma: On the weighted safe set problem on paths and cycles. ).
Combin. Optim. 37 (2019)

S. Fujita, B. Park, T. Sakuma: Stable structure on safe set problems in vertex-weighted graphs.
European J. Combin. 91 (2021)
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Safe sets, network majority on weighted trees. Networks 71 (2018)
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