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集合　　　について，  のときに，  を  と書きます
<latexit sha1_base64="pQCrpvdWE6UD7NeqZqlruxkpSA4="></latexit>

A →B = ↑
<latexit sha1_base64="43+xjdd9q7eoG5aUdyEl8KOuuIY="></latexit>

A →B
<latexit sha1_base64="eEGtCVKzSWZ37ZahViFpM7dDySw="></latexit>

A+B

　　　　を   と略記します<latexit sha1_base64="DAzVyHSv6KxqBx0g7DfwWnJUlz0="></latexit>

A→ x

　　　　を  　　  と略記します

2はじめに｜記法のおことわり

集合　　　について，　　　 のときに，　　   を 　　　と書きます

のような表記は，  かつ  の場合，つまり
<latexit sha1_base64="Sbs5gZo25Tul4ELOYdhHBdWFFF4="></latexit>

A → X
<latexit sha1_base64="snQAmAQ/WbQa87CMd+dyNMYcseo="></latexit>

A → Y = ↑

と解釈しても，
と解釈しても，

<latexit sha1_base64="R4+Kz1bhoY6jdMkH54bsgtR065o="></latexit>

A→ {x}
<latexit sha1_base64="hzPDifDyW2DAFzqgXvnYblcZPzU="></latexit>

A+ {y} <latexit sha1_base64="l2PV/5oAyF0LEit2cJgx/kXIGLE="></latexit>

A+ y

<latexit sha1_base64="th4cDLa9Zc65LEyQI9iyiFfg3RI="></latexit>

A,B

<latexit sha1_base64="th4cDLa9Zc65LEyQI9iyiFfg3RI="></latexit>

A,B
<latexit sha1_base64="EgR76vOAZ4gv8j+wwfAEfdvA6yE="></latexit>

A → B
<latexit sha1_base64="NSg9PO21cskYowFLUa77kT1Z7iU="></latexit>

A \B
<latexit sha1_base64="/M74YHG7XivttZe29+uoZeMEA0w="></latexit>

A→B

<latexit sha1_base64="7r+cB9mdqGSSak7fDhWqJOzBamk="></latexit>

A→X + Y
<latexit sha1_base64="b2pkdRojwFqNma0WQHj06UA3AFQ="></latexit>

(A→X) + Y
<latexit sha1_base64="oXPXgjp53mNvo5IKuCf3Irk+bFQ="></latexit>

(A+ Y )→X

問題がない場合にのみ用います
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交換性 (exchange property)

s.t.
<latexit sha1_base64="9qAtdRCPdjcGRLr9z4bNGdWEs4E=">AAACE3icbZDLSgMxFIYzXmu9jbrsJlgEV2VGpLqsCuKygr1AZyiZ9LQNTTJDkhFLKehD+Axude1O3PoALn0T08vCth4I/Pz/CeecL0o408bzvp2l5ZXVtfXMRnZza3tn193br+o4VRQqNOaxqkdEA2cSKoYZDvVEARERh1rUuxrltXtQmsXyzvQTCAXpSNZmlBhrNd1c0I4V4Rw/4IBJfIEDDUYwmWp82XTzXsEbF14U/lTk0bTKTfcnaMU0FSAN5UTrhu8lJhwQZRjlMMwGqYaE0B7pQMNKSQTocDA+YoiPrNPCdhv7pMFj9++PARFa90VkOwUxXT2fjcz/skZq2ufhgMkkNSDpZFA75djEeEQEt5gCanjfCkIVs7ti2iWKUGO5zUyJxNAy8ecJLIrqScEvFoq3p/nS9eOETgbl0CE6Rj46QyV0g8qogih6Qi/oFb05z8678+F8TlqXnCnRAzRTztcvpvyeXA==</latexit>

→x ↑ A \B
<latexit sha1_base64="El7/vEIQHjCf8h0WNzTkuVUy9Lc=">AAACFXicbZBLSwMxFIUzPmt9VV2KECyCqzIjUl1WBXFZwT6gM5RMetuGJpkhyYhDKQj+CH+DW127E7euXfpPTB8L23ohcDjnhpN8YcyZNq777SwsLi2vrGbWsusbm1vbuZ3dqo4SRaFCIx6pekg0cCahYpjhUI8VEBFyqIW9q2FeuwelWSTvTBpDIEhHsjajxFirmTvAPjzYGo1T7DOJL7GvwQgmE40vcDOXdwvuaPC88CYijyZTbuZ+/FZEEwHSUE60bnhubII+UYZRDoOsn2iICe2RDjSslESADvqjbwzwkXVauB0pe6TBI/fvjT4RWqcitJuCmK6ezYbmf1kjMe3zoM9knBiQdFzUTjg2ER4ywS2mgBqeWkGoYvatmHaJItRYclMtoRhYJt4sgXlRPSl4xULx9jRfun4c08mgfXSIjpGHzlAJ3aAyqiCKntALekVvzrPz7nw4n+PVBWdCdA9NjfP1C5o5ntE=</latexit>

→y ↑ B \A

… 非空な部分集合族で，任意の              が以下の交換性を満たす

3マトロイド

：有限台集合<latexit sha1_base64="IYyCHt+JZz6MUJj4uD8GbzHtpU8=">AAAB93icbVA9SwNBEJ2LXzF+RS1tFoNgFe5EomVAFMsETAwkR9jbzCVLdu+O3T3hCAF7W63txNafY+k/cfNRmMQHA4/3ZpiZFySCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQKqUfAIG4Ybga1EIZWBwMdgeDPxH59QaR5HDyZL0Je0H/GQM2qsVL/tFktu2Z2CrBJvTkowR61b/On0YpZKjAwTVOu25ybGH1FlOBM4LnRSjQllQ9rHtqURlaj90fTQMTmzSo+EsbIVGTJV/06MqNQ6k4HtlNQM9LI3Ef/z2qkJr/0Rj5LUYMRmi8JUEBOTydekxxUyIzJLKFPc3krYgCrKjM1mYUsgxzYTbzmBVdK8KHuVcqV+WarePc/SycMJnMI5eHAFVbiHGjSAAcILvMKbkznvzofzOWvNOfNEj2EBztcvZcaT7g==</latexit>

E
<latexit sha1_base64="tjDEUAW0d5z+dKFtCT3IrQyWHts=">AAACEXicbZDLSsNAFIYnXmu9RV2Jm8EiuCpJkeqyKIrLCvYCbSyT6Uk7dHJxZiKUEPQdfAa3unYnbn0Cl76Jk7YL23pg4Of/z3DO+dyIM6ks69tYWFxaXlnNreXXNza3ts2d3boMY0GhRkMeiqZLJHAWQE0xxaEZCSC+y6HhDi6yvPEAQrIwuFXDCByf9ALmMUqUtjrmftsnqk8JT85T3JaxK0HBPS7dXXbMglW0RoXnhT0RBTSpasf8aXdDGvsQKMqJlC3bipSTEKEY5ZDm27GEiNAB6UFLy4D4IJ1kdEKKj7TTxV4o9AsUHrl/fyTEl3Lou7ozW1jOZpn5X9aKlXfmJCyIYgUBHQ/yYo5ViDMeuMsEUMWHWhAqmN4V0z4RhCpNbWqK66eaiT1LYF7US0W7XCzfnBQqV09jOjl0gA7RMbLRKaqga1RFNUTRI3pBr+jNeDbejQ/jc9y6YEyI7qGpMr5+AQcenhc=</latexit>

B → 2E

<latexit sha1_base64="d2ZlsOIUPaiXTrrrBcauMFMhCUE=">AAACC3icbZDLSgMxGIUzXmu9jXbpJlgEF1JmRKrLWkFcVrAX6Awlk2ba0CQzJBlhGAq+gM/gVtfuxK0P4dI3MdN2YVt/CBzO+cN/+IKYUaUd59taWV1b39gsbBW3d3b39u2Dw5aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawegmz9uPRCoaiQedxsTnaCBoSDHSxurZpeuzOvSogB5HeogRy+rjnl12Ks5k4LJwZ6IMZtPo2T9eP8IJJ0JjhpTquk6s/QxJTTEj46KXKBIjPEID0jVSIE6Un03Kj+GJcfowjKR5QsOJ+/dHhrhSKQ/MZl5RLWa5+V/WTXR45WdUxIkmAk8PhQmDOoI5CdinkmDNUiMQltR0hXiIJMLa8Jq7EvCcibtIYFm0zitutVK9vyjXbp+mdArgCByDU+CCS1ADd6ABmgCDFLyAV/BmPVvv1of1OV1dsWZES2BurK9fmm2bIA==</latexit>

A,B → B
exchange property

<latexit sha1_base64="6tMVjTFUrkxXGriq+GTT9jmgZ48=">AAACEnicbZDLSgMxFIYz9VbrbdSdboJFqCBlRqS6EYqiuBEq2Au0Q8mkmTY0kxmSjFCGgT6Ez+BW1+7ErS/g0jcxM+3CVn8I/PnPCefkc0NGpbKsLyO3sLi0vJJfLaytb2xumds7DRlEApM6DlggWi6ShFFO6ooqRlqhIMh3GWm6w6u03nwkQtKAP6hRSBwf9Tn1KEZKR11zr+MjNXC9+C65KF0fZzeMWHyZHHXNolW2MsG/xp6aIpiq1jW/O70ARz7hCjMkZdu2QuXESCiKGUkKnUiSEOEh6pO2thz5RDpx9ocEHuqkB71A6MMVzNLfL2LkSznyXd2Z7ijna2n4X60dKe/ciSkPI0U4ngzyIgZVAFMgsEcFwYqNtEFYUL0rxAMkEFYa28wU1080E3uewF/TOCnblXLl/rRYvRlP6OTBPjgAJWCDM1AFt6AG6gCDMXgGL+DVeDLejHfjY9KaM6ZEd8GMjM8fg9SeVg==</latexit>

M = (E,B)

[Whitney ’35, Nakasawa ’35]

：基族
base family

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="1BoFr66X1E82QsmQlrS+b45ggog="></latexit>x

<latexit sha1_base64="2K4DsPNZgBUNOS0kXNzaczODRZ8="></latexit>y

全ての基のサイズは一定 [Rado ’49]．これをマトロイド  の階数という<latexit sha1_base64="9uz41ysQv2hOCOOyIJ8KWTSCpWg=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFQdwIFewD26Fk0kwbmmSGJCOUoSB+g1tduxO3/olL/8RM24VtPRA4nHPDPfcEMWfauO63k1tZXVvfyG8WtrZ3dveK+wcNHSWK0DqJeKRaAdaUM0nrhhlOW7GiWAScNoPhVeY3H6nSLJL3ZhRTX+C+ZCEj2FjpoSOwGQRhejvuFktu2Z0ALRNvRkowQ61b/On0IpIIKg3hWOu258bGT7EyjHA6LnQSTWNMhrhP25ZKLKj200niMTqxSg+FkbJPGjRR//5IsdB6JAI7mSXUi14m/ue1ExNe+imTcWKoJNNFYcKRiVB2PuoxRYnhI0swUcxmRWSAFSbGljS3JRBZJ95iA8ukcVb2KuXK3Xmpev00bScPR3AMp+DBBVThBmpQBwISXuAV3pxn5935cD6nozln1ughzMH5+gXCVJgW</latexit>

M
rank

  の要素を基という<latexit sha1_base64="gpT7DyckRs5AwAF0whdFi3H0VBY=">AAACAXicbVDLSsNAFL3xWeur6tJNsAiuSiJSXRYFcVnBPiANZTKdtEPnEWYmQgkFwW9wq2t34tYvcemfOGm7sK0HBg7n3OGee6KEUW0879tZWV1b39gsbBW3d3b39ksHh00tU4VJA0smVTtCmjAqSMNQw0g7UQTxiJFWNLzJ/dYjUZpK8WBGCQk56gsaU4yMlYIOR2aAEcuux91S2at4E7jLxJ+RMsxQ75Z+Oj2JU06EwQxpHfheYsIMKUMxI+NiJ9UkQXiI+iSwVCBOdJhNIo/dU6v03Fgq+4RxJ+rfHxniWo94ZCfziHrRy8X/vCA18VWYUZGkhgg8XRSnzDXSze93e1QRbNjIEoQVtVldPEAKYWNbmtsS8bwTf7GBZdI8r/jVSvX+oly7fZq2U4BjOIEz8OESanAHdWgABgkv8ApvzrPz7nw4n9PRFWfW6BHMwfn6BX3HmH0=</latexit>

B
base / basis

<latexit sha1_base64="LPJNdn6zPmJZiBlZlYbolDltjcI="></latexit>

A→ x+ y ↑ B
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一様マトロイド 分割マトロイド

グラフ的マトロイド

層族マトロイド

横断マトロイド ガンモイド

正則マトロイド 線形（表現可能）マトロイド

⊆ ⊆

⊆ ⊆

⊆

⊆

⊆

⊆
=1 =2 =1=6

全域木

=3
≦2≦1 ≦1

片側完マ

正則
<latexit sha1_base64="cJtYkdrp1/lY02JWJiMkq/6Mko0="></latexit>

→ F3→6
任意の体上表現可能

⇔ 完全単模行列で  上表現可能
<latexit sha1_base64="IHKG3D/NRmaTXD7N7cYH2G9Np00="></latexit>

Q

点素パス

uniform partition laminar

transversalgraphic

regular linear representable

gammoid



/895なぜマトロイドは面白い？
マトロイド上の線形関数は貪欲法により最適化できる（実はマトロイドの特徴づけでもある）

<latexit sha1_base64="Z9NQqv/84DeY52cEzblVhby7Qkc="></latexit>

max
B→B

∑

e→B

w(e)

<latexit sha1_base64="APi7NOkqTzoj22eAmFdR1MvtQD4="></latexit>

I → ↑
for  in a non-increasing order of :<latexit sha1_base64="5AIdsbIi/CiiuXANGHB7aR4guzA="></latexit>

e → E
<latexit sha1_base64="xX4MmH5H/z2GJXoN2fr5mpcbGZQ="></latexit>w

<latexit sha1_base64="BGKYF3QoslcERAC7wFo1Qapa1T4="></latexit>

w : E → R

if             is independent:
<latexit sha1_base64="xuja+wt76YnAsPz+zTIGB2Am03k="></latexit>

I + e
<latexit sha1_base64="bEhJX0HsXlSEwf7q2a6IgQ7BKGQ="></latexit>

I → I + e

return  as a maximum-weight basis
<latexit sha1_base64="B6bwgn1XtGYit2nxl3N9q2YpTB0="></latexit>

I

 はある基の部分集合
<latexit sha1_base64="B6bwgn1XtGYit2nxl3N9q2YpTB0="></latexit>

I

台集合が同じ２つのマトロイドの（最大重み）共通基も多項式時間で求まる（マトロイド交叉）
→ 組合せ最適化における様々な制約や問題の共通の一般化として活用される

でも，個人的には，マトロイドの交換性が最近アツい！

組合せ最適化の観点から
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<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="1BoFr66X1E82QsmQlrS+b45ggog="></latexit>x

<latexit sha1_base64="2K4DsPNZgBUNOS0kXNzaczODRZ8="></latexit>y

同時交換性 (symmetric exchange property / simultaneous exchange property)

s.t.
<latexit sha1_base64="Co/sBERSKREnN7Gc1SJEdTNwxz0=">AAACFHicbZDLSsNAFIYn9VbrLepSF4NFEGpLIlJd1grisoK9QBPKZDpph04mYWYiDaEgPoTP4FbX7sSte5e+iUnbhW09MPDz/2c453xOwKhUhvGtZZaWV1bXsuu5jc2t7R19d68h/VBgUsc+80XLQZIwykldUcVIKxAEeQ4jTWdwnebNByIk9fm9igJie6jHqUsxUonV0Q+visNCdAqrhWExghbl0PKQ6mPE4uqoo+eNkjEuuCjMqciDadU6+o/V9XHoEa4wQ1K2TSNQdoyEopiRUc4KJQkQHqAeaSeSI49IOx5fMYLHidOFri+SxxUcu39/xMiTMvKcpDNdUc5nqflf1g6Ve2nHlAehIhxPBrkhg8qHKRLYpYJgxaJEICxosivEfSQQVgm4mSmOlzIx5wksisZZySyXynfn+crN44ROFhyAI3ACTHABKuAW1EAdYPAEXsAreNOetXftQ/uctGa0KdF9MFPa1y9kV54s</latexit>

A→ x+ y,B + x→ y ↑ B

[Brualdi ’69]
<latexit sha1_base64="9qAtdRCPdjcGRLr9z4bNGdWEs4E=">AAACE3icbZDLSgMxFIYzXmu9jbrsJlgEV2VGpLqsCuKygr1AZyiZ9LQNTTJDkhFLKehD+Axude1O3PoALn0T08vCth4I/Pz/CeecL0o408bzvp2l5ZXVtfXMRnZza3tn193br+o4VRQqNOaxqkdEA2cSKoYZDvVEARERh1rUuxrltXtQmsXyzvQTCAXpSNZmlBhrNd1c0I4V4Rw/4IBJfIEDDUYwmWp82XTzXsEbF14U/lTk0bTKTfcnaMU0FSAN5UTrhu8lJhwQZRjlMMwGqYaE0B7pQMNKSQTocDA+YoiPrNPCdhv7pMFj9++PARFa90VkOwUxXT2fjcz/skZq2ufhgMkkNSDpZFA75djEeEQEt5gCanjfCkIVs7ti2iWKUGO5zUyJxNAy8ecJLIrqScEvFoq3p/nS9eOETgbl0CE6Rj46QyV0g8qogih6Qi/oFb05z8678+F8TlqXnCnRAzRTztcvpvyeXA==</latexit>

→x ↑ A \B
<latexit sha1_base64="El7/vEIQHjCf8h0WNzTkuVUy9Lc=">AAACFXicbZBLSwMxFIUzPmt9VV2KECyCqzIjUl1WBXFZwT6gM5RMetuGJpkhyYhDKQj+CH+DW127E7euXfpPTB8L23ohcDjnhpN8YcyZNq777SwsLi2vrGbWsusbm1vbuZ3dqo4SRaFCIx6pekg0cCahYpjhUI8VEBFyqIW9q2FeuwelWSTvTBpDIEhHsjajxFirmTvAPjzYGo1T7DOJL7GvwQgmE40vcDOXdwvuaPC88CYijyZTbuZ+/FZEEwHSUE60bnhubII+UYZRDoOsn2iICe2RDjSslESADvqjbwzwkXVauB0pe6TBI/fvjT4RWqcitJuCmK6ezYbmf1kjMe3zoM9knBiQdFzUTjg2ER4ywS2mgBqeWkGoYvatmHaJItRYclMtoRhYJt4sgXlRPSl4xULx9jRfun4c08mgfXSIjpGHzlAJ3aAyqiCKntALekVvzrPz7nw4n+PVBWdCdA9NjfP1C5o5ntE=</latexit>

→y ↑ B \A

交換性 (exchange property)

s.t.
<latexit sha1_base64="9qAtdRCPdjcGRLr9z4bNGdWEs4E=">AAACE3icbZDLSgMxFIYzXmu9jbrsJlgEV2VGpLqsCuKygr1AZyiZ9LQNTTJDkhFLKehD+Axude1O3PoALn0T08vCth4I/Pz/CeecL0o408bzvp2l5ZXVtfXMRnZza3tn193br+o4VRQqNOaxqkdEA2cSKoYZDvVEARERh1rUuxrltXtQmsXyzvQTCAXpSNZmlBhrNd1c0I4V4Rw/4IBJfIEDDUYwmWp82XTzXsEbF14U/lTk0bTKTfcnaMU0FSAN5UTrhu8lJhwQZRjlMMwGqYaE0B7pQMNKSQTocDA+YoiPrNPCdhv7pMFj9++PARFa90VkOwUxXT2fjcz/skZq2ufhgMkkNSDpZFA75djEeEQEt5gCanjfCkIVs7ti2iWKUGO5zUyJxNAy8ecJLIrqScEvFoq3p/nS9eOETgbl0CE6Rj46QyV0g8qogih6Qi/oFb05z8678+F8TlqXnCnRAzRTztcvpvyeXA==</latexit>

→x ↑ A \B
<latexit sha1_base64="El7/vEIQHjCf8h0WNzTkuVUy9Lc=">AAACFXicbZBLSwMxFIUzPmt9VV2KECyCqzIjUl1WBXFZwT6gM5RMetuGJpkhyYhDKQj+CH+DW127E7euXfpPTB8L23ohcDjnhpN8YcyZNq777SwsLi2vrGbWsusbm1vbuZ3dqo4SRaFCIx6pekg0cCahYpjhUI8VEBFyqIW9q2FeuwelWSTvTBpDIEhHsjajxFirmTvAPjzYGo1T7DOJL7GvwQgmE40vcDOXdwvuaPC88CYijyZTbuZ+/FZEEwHSUE60bnhubII+UYZRDoOsn2iICe2RDjSslESADvqjbwzwkXVauB0pe6TBI/fvjT4RWqcitJuCmK6ezYbmf1kjMe3zoM9knBiQdFzUTjg2ER4ywS2mgBqeWkGoYvatmHaJItRYclMtoRhYJt4sgXlRPSl4xULx9jRfun4c08mgfXSIjpGHzlAJ3aAyqiCKntALekVvzrPz7nw4n+PVBWdCdA9NjfP1C5o5ntE=</latexit>

→y ↑ B \A <latexit sha1_base64="LPJNdn6zPmJZiBlZlYbolDltjcI="></latexit>

A→ x+ y ↑ B

多重交換性 (multiple exchange property)

s.t.

[Brylawski ’73, Greene ’73, Woodall ’74]
<latexit sha1_base64="sgNY/Aq4v+SNFPr0PbrvWlw1Plo=">AAACFHicbZDNSsNAFIUn9a/Wv6hLXQwWQagtiUh1WSuIywq2TWlCmUwn7dDJJMxMhBIK4kP4DG517U7cunfpm5i0XdjWCwOHc+5w7/3ckFGpDONbyywtr6yuZddzG5tb2zv67l5DBpHApI4DFgjLRZIwykldUcWIFQqCfJeRpju4TvPmAxGSBvxeDUPi+KjHqUcxUonV0Q+vilahdQqrBavYgjbl0PaR6mPE4uqoo+eNkjEuuCjMqciDadU6+o/dDXDkE64wQ1K2TSNUToyEopiRUc6OJAkRHqAeaSeSI59IJx5fMYLHidOFXiCSxxUcu39/xMiXcui7SWe6opzPUvO/rB0p79KJKQ8jRTieDPIiBlUAUySwSwXBig0TgbCgya4Q95FAWCXgZqa4fsrEnCewKBpnJbNcKt+d5ys3jxM6WXAAjsAJMMEFqIBbUAN1gMETeAGv4E171t61D+1z0prRpkT3wUxpX7+QiJ2s</latexit>

A→X + Y,B +X → Y ↑ B
<latexit sha1_base64="HtlmLWWW59hlzF75ukU9Je07EtY=">AAACGXicbZC7SgNBFIZnvcZ71NJmNAhWYVckWkYFsYxgYiAbwuzkrBkyM7vOnBVCCNj5ED6DrdZ2Ymtl6Zs4uRTeDgx8/P8Zzjl/lEph0fc/vKnpmdm5+dzC4tLyyupafn2jZpPMcKjyRCamHjELUmiookAJ9dQAU5GEq6h7OvSvbsFYkehL7KXQVOxai1hwhk5q5bfDODFMSlqnoc0iCwg39NgxoBI6s/SklS/4RX9U9C8EEyiQSVVa+c+wnfBMgUYumbWNwE+x2WcGBZcwWAwzCynjXXYNDYeaKbDN/uiUAd11Spu6ndzTSEfq9x99pqztqch1KoYd+9sbiv95jQzjo2Zf6DRD0Hw8KM4kxYQOc6FtYYCj7Dlg3Ai3K+UdZhhHl96PKZEauEyC3wn8hdp+MSgVSxcHhfLZ3TidHNkiO2SPBOSQlMk5qZAq4eSePJIn8uw9eC/eq/c2bp3yJolukh/lvX8BqaqhDQ==</latexit>

→X ↑ A \B
<latexit sha1_base64="GI0aV3zyQqgc0Lu4O9YjyKYEOJ4=">AAACGnicbZBLSwMxFIUzPuu76tJNaBFclRmR6rIqiEsF+5C2lEx6a0OTzJjcEUspuPRH+Bvc6tqduHXj0n9i+lhY64XAxzk3nOSEsRQWff/Lm5mdm19YTC0tr6yurW+kN7dKNkoMhyKPZGQqIbMghYYiCpRQiQ0wFUooh53TgV++A2NFpK+wG0NdsRstWoIzdFIjnanBvUux9JrWbBJaQLilJ44BldCJpce0kc76OX84dBqCMWTJeC4a6e9aM+KJAo1cMmurgR9jvccMCi6hv1xLLMSMd9gNVB1qpsDWe8O/9OmuU5q0FRl3NNKh+vtGjylruyp0m4ph2/71BuJ/XjXB1lG9J3ScIGg+CmolkmJEB8XQpjDAUXYdMG6EeyvlbWYYR1ffREqo+q6T4G8D01DazwX5XP7yIFs4exi1kyI7JEP2SEAOSYGckwtSJJw8kmfyQl69J+/Ne/c+Rqsz3rjRbTIx3ucPRQahWA==</latexit>

→Y ↑ B \A

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

Greene の交換性

s.t.

<latexit sha1_base64="TaKtLga8Y2POmig1vZss0AQoZBA=">AAACNHicbZDLSkMxEIZzvNZ6q7p0EyyCCynniKgLF20FcVnBXqQtJSedajDJOSZzhFIKPosP4TO41Z3gRsStz2B6WdTLQODj/yfMzB/GUlj0/Vdvanpmdm4+tZBeXFpeWc2srVdslBgOZR7JyNRCZkEKDWUUKKEWG2AqlFANb04GfvUOjBWRvsBuDE3FrrToCM7QSa3McaMTGSYlrdGGTUILCLe04BhQCZ1YWtyllxNWccIqtDJZP+cPi/6FYAxZMq5SK/PeaEc8UaCRS2ZtPfBjbPaYQcEl9NONxELM+A27grpDzRTYZm94ZZ9uO6VN3bruaaRDdfJHjylruyp0nYrhtf3tDcT/vHqCnaNmT+g4QdB8NKiTSIoRHURG28IAR9l1wLgRblfKr5lhHF2wP6aEqu8yCX4n8Bcqe7ngIHdwvp/Nn96P0kmRTbJFdkhADkmenJESKRNOHsgTeSYv3qP35n14n6PWKW+c6Ab5Ud7XN+ljq18=</latexit>

→X ↑ A \B, Y ↑ B \A with
<latexit sha1_base64="J6sTaz+dTHMPpEWjo2tavvBZvZ0=">AAACEHicbZDLSgMxGIUzXmu9jboR3ASLIAhlRqS6kqogLivYi7RDyaSZNjTJDElGKDMVn8FncKtrd+LWN3Dpm5heFrb1QOBwzh/+5PMjRpV2nG9rbn5hcWk5s5JdXVvf2LS3tisqjCUmZRyyUNZ8pAijgpQ11YzUIkkQ9xmp+t2rQV99IFLRUNzpXkQ8jtqCBhQjbaKmvZvW0qP0PoXnML1oKKI5FbGCl2nTzjl5Zyg4a9yxyYGxSk37p9EKccyJ0JghpequE2kvQVJTzEg/24gViRDuojapGysQJ8pLhj/owwOTtGAQSnOEhsP0740EcaV63DeTHOmOmu4G4X9dPdbBmZdQEcWaCDxaFMQM6hAOcMAWlQRr1jMGYUnNWyHuIImwNtAmtvi8b5i40wRmTeU47xbyhduTXPH6aUQnA/bAPjgELjgFRXADSqAMMHgEL+AVvFnP1rv1YX2ORuesMdEdMCHr6xfnWp15</latexit>

|X|+ |Y | > |A \B|
<latexit sha1_base64="azKSogx1SaPUtQNr+qrvUQeVVqQ=">AAACFHicbZDNSsNAFIUn9a/Wv6hLXQwWQagtiUh1WSuIywomLTShTKaTduhkEmYmQgkF8SF8Bre6didu3bv0TUzaLmzrhYHDOXe4935exKhUhvGt5ZaWV1bX8uuFjc2t7R19d8+WYSwwsXDIQtHykCSMcmIpqhhpRYKgwGOk6Q2us7z5QISkIb9Xw4i4Aepx6lOMVGp19MOrslWyT2G9ZJVt6FAOnQCpPkYsqY86etGoGOOCi8KciiKYVqOj/zjdEMcB4QozJGXbNCLlJkgoihkZFZxYkgjhAeqRdio5Coh0k/EVI3icOl3ohyJ9XMGx+/dHggIph4GXdmYryvksM//L2rHyL92E8ihWhOPJID9mUIUwQwK7VBCs2DAVCAua7gpxHwmEVQpuZooXZEzMeQKLwj6rmNVK9e68WLt5nNDJgwNwBE6ACS5ADdyCBrAABk/gBbyCN+1Ze9c+tM9Ja06bEt0HM6V9/QJ8rp2g</latexit>

A→ U + V,B + U → V ↑ B
<latexit sha1_base64="EY1rZTPYIn4dfZTcupLSUMkK+1U=">AAACLnicbVDLSgMxFM34rO+qSzfBIriQMiNSXRYEcalga6VTSia91WCSGZM70jIU/BA/wm9wq2vBhYg7P8P0sdDWA4GTc+7lJCdKpLDo++/e1PTM7Nx8bmFxaXlldS2/vlG1cWo4VHgsY1OLmAUpNFRQoIRaYoCpSMJldHvc9y/vwVgR6wvsJtBQ7FqLtuAMndTMl0LouBRLQ4QOZlTHGlSCXdqjFRraNLKAcEdre7T663rVzBf8oj8AnSTBiBTICGfN/FfYinmqQCOXzNp64CfYyJhBwSX0FsPUQsL4LbuGuqOaKbCNbPC/Ht1xSou2Y+OORjpQf29kTFnbVZGbVAxv7LjXF//z6im2jxqZ0EmKoPkwqJ1KijHtl0VbwgBH2XWEcSPcWym/YYZxdJX+SYlUz3USjDcwSar7xaBULJ0fFMonD8N2cmSLbJNdEpBDUian5IxUCCeP5Jm8kFfvyXvzPrzP4eiUN2p0k/yB9/0Dav+psw==</latexit>

→ nonempty U ↑ X,V ↑ Y

※ 条件  は「  が従属」に緩和可能 [Kung ’78]
<latexit sha1_base64="J6sTaz+dTHMPpEWjo2tavvBZvZ0=">AAACEHicbZDLSgMxGIUzXmu9jboR3ASLIAhlRqS6kqogLivYi7RDyaSZNjTJDElGKDMVn8FncKtrd+LWN3Dpm5heFrb1QOBwzh/+5PMjRpV2nG9rbn5hcWk5s5JdXVvf2LS3tisqjCUmZRyyUNZ8pAijgpQ11YzUIkkQ9xmp+t2rQV99IFLRUNzpXkQ8jtqCBhQjbaKmvZvW0qP0PoXnML1oKKI5FbGCl2nTzjl5Zyg4a9yxyYGxSk37p9EKccyJ0JghpequE2kvQVJTzEg/24gViRDuojapGysQJ8pLhj/owwOTtGAQSnOEhsP0740EcaV63DeTHOmOmu4G4X9dPdbBmZdQEcWaCDxaFMQM6hAOcMAWlQRr1jMGYUnNWyHuIImwNtAmtvi8b5i40wRmTeU47xbyhduTXPH6aUQnA/bAPjgELjgFRXADSqAMMHgEL+AVvFnP1rv1YX2ORuesMdEdMCHr6xfnWp15</latexit>

|X|+ |Y | > |A \B| <latexit sha1_base64="ocRk+w0M50YkA0FCMikTXnSvXFU=">AAAB+XicbVBNSwMxEJ2tX7V+VT16CRZBEMquSPVYEMRjRfsh7VKyabYNTbJLkhXKUvAPeNWzN/Hqr/HoPzHt9mBbHww83pthZl4Qc6aN6347uZXVtfWN/GZha3tnd6+4f9DQUaIIrZOIR6oVYE05k7RumOG0FSuKRcBpMxheT/zmE1WaRfLBjGLqC9yXLGQEGyvdt84eu8WSW3anQMvEm5ESzFDrFn86vYgkgkpDONa67bmx8VOsDCOcjgudRNMYkyHu07alEguq/XR66hidWKWHwkjZkgZN1b8TKRZaj0RgOwU2A73oTcT/vHZiwis/ZTJODJUkWxQmHJkITf5GPaYoMXxkCSaK2VsRGWCFibHpzG0JxNhm4i0msEwa52WvUq7cXZSqN89ZOnk4gmM4BQ8uoQq3UIM6EOjDC7zCm5M6786H85m15pxZoocwB+frF55NlJk=</latexit>

X + Y

[Greene ’74]

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="M1RWHLMmyQRQaOz2kYr/aPsXsqs=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe5EomVAEMsEvCSQHGFvM5cs2d07dveE4wjY22ptJ7b+HEv/iZuPwiQ+GHi8N8PMvDDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKXjVFHwacxj1QmJBs4k+IYZDp1EAREhh3Y4vpv67SdQmsXy0WQJBIIMJYsYJcZKTb9frrhVdwa8TrwFqaAFGv3yT28Q01SANJQTrbuem5ggJ8owymFS6qUaEkLHZAhdSyURoIN8dugEX1hlgKNY2ZIGz9S/EzkRWmcitJ2CmJFe9abif143NdFtkDOZpAYknS+KUo5NjKdf4wFTQA3PLCFUMXsrpiOiCDU2m6UtoZjYTLzVBNZJ66rq1aq15nWlfv88T6eIztA5ukQeukF19IAayEcUAXpBr+jNyZx358P5nLcWnEWip2gJztcvfvaT/g==</latexit>

U

<latexit sha1_base64="LyCkjqAbmPfPoU4pVaCqvtUK1Ms=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbzCVLdveO3T0hHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZFyacaeN5305uY3Nreye/W9jbPzg8Kh6fNHWcKooNGvNYtUOikTOJDcMMx3aikIiQYysc3U391hMqzWL5aMYJBoIMJIsYJcZK9WavWPLK3gzuOvEXpAQL1HrFn24/pqlAaSgnWnd8LzFBRpRhlOOk0E01JoSOyAA7lkoiUAfZ7NCJe2GVvhvFypY07kz9O5ERofVYhLZTEDPUq95U/M/rpCa6DTImk9SgpPNFUcpdE7vTr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiYjPxVxNYJ82rsl8pV+rXper98zydPJzBOVyCDzdQhQeoQQMoILzAK7w5Y+fd+XA+5605Z5HoKSzB+foFgImT/w==</latexit>

V



/897均衡改善交換性（この講演では）

s.t.

<latexit sha1_base64="TaKtLga8Y2POmig1vZss0AQoZBA=">AAACNHicbZDLSkMxEIZzvNZ6q7p0EyyCCynniKgLF20FcVnBXqQtJSedajDJOSZzhFIKPosP4TO41Z3gRsStz2B6WdTLQODj/yfMzB/GUlj0/Vdvanpmdm4+tZBeXFpeWc2srVdslBgOZR7JyNRCZkEKDWUUKKEWG2AqlFANb04GfvUOjBWRvsBuDE3FrrToCM7QSa3McaMTGSYlrdGGTUILCLe04BhQCZ1YWtyllxNWccIqtDJZP+cPi/6FYAxZMq5SK/PeaEc8UaCRS2ZtPfBjbPaYQcEl9NONxELM+A27grpDzRTYZm94ZZ9uO6VN3bruaaRDdfJHjylruyp0nYrhtf3tDcT/vHqCnaNmT+g4QdB8NKiTSIoRHURG28IAR9l1wLgRblfKr5lhHF2wP6aEqu8yCX4n8Bcqe7ngIHdwvp/Nn96P0kmRTbJFdkhADkmenJESKRNOHsgTeSYv3qP35n14n6PWKW+c6Ab5Ud7XN+ljq18=</latexit>

→X ↑ A \B, Y ↑ B \A with

[Akrami–Liu–Raj–Végh ’26]
<latexit sha1_base64="mDklj3vNP3f/az9+mWmh/KsXByc="></latexit>

|X| > |Y |
<latexit sha1_base64="mXHhWWPvPqRBtz+5Tkr6zvw6iwA=">AAACKHicbVDLSgMxFM34rO+qSzfBIriQMiNSXVYFcVnB1kJnKJn0VoNJZkzuiKUU/Ao/wm9wq2t34lK/xPSxsNYDgZNz7uUkJ06lsOj7n97U9Mzs3HxuYXFpeWV1Lb++UbNJZjhUeSITU4+ZBSk0VFGghHpqgKlYwlV8e9r3r+7BWJHoS+ykECl2rUVbcIZOaub9EB5ciqVVGtostoBwR+t7tPbreuI4oBI6s/S4mS/4RX8AOkmCESmQESrN/FfYSnimQCOXzNpG4KcYdZlBwSX0FsPMQsr4LbuGhqOaKbBRd/CzHt1xSou2E+OORjpQf290mbK2o2I3qRje2L9eX/zPa2TYPoq6QqcZgubDoHYmKSa0XxNtCQMcZccRxo1wb6X8hhnG0ZU5lhKrnusk+NvAJKntF4NSsXRxUCifPQ7byZEtsk12SUAOSZmckwqpEk6eyAt5JW/es/fufXifw9Epb9ToJhmD9/0Dv1ymwg==</latexit>

→U ↑ X,V ↑ B \A
<latexit sha1_base64="n+x+cTtOHc9Nzhe8vCqHktbxOQE=">AAACCXicbZBLSwMxFIUz9VXrq9Wlm2ARXJUZkepGKAjisoJ9SFtKJr3ThiaZIckoZVpw729wq2t34tZf4dJ/YvpY2NYDgcM5N9zL50ecaeO6305qZXVtfSO9mdna3tndy+b2qzqMFYUKDXmo6j7RwJmEimGGQz1SQITPoeb3r8Z97QGUZqG8M4MIWoJ0JQsYJcZG7WxuWMVNDUYwGWt8P7z02tm8W3AnwsvGm5k8mqnczv40OyGNBUhDOdG64bmRaSVEGUY5jDLNWENEaJ90oWGtJAJ0K5mcPsLHNungIFT2SYMn6d8fCRFaD4RvJwUxPb3YjcP/ukZsgotWwmQUG5B0uiiIOTYhHnPAHaaAGj6whlDF7K2Y9ogi1Fhac1t8MbJMvEUCy6Z6WvCKheLtWb50/TSlk0aH6AidIA+doxK6QWVUQRQ9ohf0it6cZ+fd+XA+p6MpZ0b0AM3J+foFqZ+aow==</latexit>

|V \ Y | = 1

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="M1RWHLMmyQRQaOz2kYr/aPsXsqs=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe5EomVAEMsEvCSQHGFvM5cs2d07dveE4wjY22ptJ7b+HEv/iZuPwiQ+GHi8N8PMvDDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKXjVFHwacxj1QmJBs4k+IYZDp1EAREhh3Y4vpv67SdQmsXy0WQJBIIMJYsYJcZKTb9frrhVdwa8TrwFqaAFGv3yT28Q01SANJQTrbuem5ggJ8owymFS6qUaEkLHZAhdSyURoIN8dugEX1hlgKNY2ZIGz9S/EzkRWmcitJ2CmJFe9abif143NdFtkDOZpAYknS+KUo5NjKdf4wFTQA3PLCFUMXsrpiOiCDU2m6UtoZjYTLzVBNZJ66rq1aq15nWlfv88T6eIztA5ukQeukF19IAayEcUAXpBr+jNyZx358P5nLcWnEWip2gJztcvfvaT/g==</latexit>

U

<latexit sha1_base64="LyCkjqAbmPfPoU4pVaCqvtUK1Ms=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbzCVLdveO3T0hHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZFyacaeN5305uY3Nreye/W9jbPzg8Kh6fNHWcKooNGvNYtUOikTOJDcMMx3aikIiQYysc3U391hMqzWL5aMYJBoIMJIsYJcZK9WavWPLK3gzuOvEXpAQL1HrFn24/pqlAaSgnWnd8LzFBRpRhlOOk0E01JoSOyAA7lkoiUAfZ7NCJe2GVvhvFypY07kz9O5ERofVYhLZTEDPUq95U/M/rpCa6DTImk9SgpPNFUcpdE7vTr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiYjPxVxNYJ82rsl8pV+rXper98zydPJzBOVyCDzdQhQeoQQMoILzAK7w5Y+fd+XA+5605Z5HoKSzB+foFgImT/w==</latexit>

V

均衡改善交換性

<latexit sha1_base64="azKSogx1SaPUtQNr+qrvUQeVVqQ=">AAACFHicbZDNSsNAFIUn9a/Wv6hLXQwWQagtiUh1WSuIywomLTShTKaTduhkEmYmQgkF8SF8Bre6didu3bv0TUzaLmzrhYHDOXe4935exKhUhvGt5ZaWV1bX8uuFjc2t7R19d8+WYSwwsXDIQtHykCSMcmIpqhhpRYKgwGOk6Q2us7z5QISkIb9Xw4i4Aepx6lOMVGp19MOrslWyT2G9ZJVt6FAOnQCpPkYsqY86etGoGOOCi8KciiKYVqOj/zjdEMcB4QozJGXbNCLlJkgoihkZFZxYkgjhAeqRdio5Coh0k/EVI3icOl3ohyJ9XMGx+/dHggIph4GXdmYryvksM//L2rHyL92E8ihWhOPJID9mUIUwQwK7VBCs2DAVCAua7gpxHwmEVQpuZooXZEzMeQKLwj6rmNVK9e68WLt5nNDJgwNwBE6ACS5ADdyCBrAABk/gBbyCN+1Ze9c+tM9Ja06bEt0HM6V9/QJ8rp2g</latexit>

A→ U + V,B + U → V ↑ B

抱き合わせ交換性（この講演では）

s.t.

<latexit sha1_base64="TaKtLga8Y2POmig1vZss0AQoZBA=">AAACNHicbZDLSkMxEIZzvNZ6q7p0EyyCCynniKgLF20FcVnBXqQtJSedajDJOSZzhFIKPosP4TO41Z3gRsStz2B6WdTLQODj/yfMzB/GUlj0/Vdvanpmdm4+tZBeXFpeWc2srVdslBgOZR7JyNRCZkEKDWUUKKEWG2AqlFANb04GfvUOjBWRvsBuDE3FrrToCM7QSa3McaMTGSYlrdGGTUILCLe04BhQCZ1YWtyllxNWccIqtDJZP+cPi/6FYAxZMq5SK/PeaEc8UaCRS2ZtPfBjbPaYQcEl9NONxELM+A27grpDzRTYZm94ZZ9uO6VN3bruaaRDdfJHjylruyp0nYrhtf3tDcT/vHqCnaNmT+g4QdB8NKiTSIoRHURG28IAR9l1wLgRblfKr5lhHF2wP6aEqu8yCX4n8Bcqe7ngIHdwvp/Nn96P0kmRTbJFdkhADkmenJESKRNOHsgTeSYv3qP35n14n6PWKW+c6Ab5Ud7XN+ljq18=</latexit>

→X ↑ A \B, Y ↑ B \A

[O.–Schwarcz ’26]

<latexit sha1_base64="d36G7/BYlbXIJFJ8IUcKJY5l0mo=">AAACNHicbZDLSgMxFIYz9VbvVZdugkVwIWVGRF248ALisoKtQltKJj1tQ5PMmJwRSyn4LD6Ez+BWd4IbEbc+g+ll0VoPBH7+/4Q/+cJYCou+/+6lpqZnZufS8wuLS8srq5m19aKNEsOhwCMZmduQWZBCQwEFSriNDTAVSrgJW+e9/OYejBWRvsZ2DBXFGlrUBWforGrmuAwPrsXSAi3bJLSAcEdPnQZUQieWnu3S4kh0NhKdVjNZP+f3h06KYCiyZDj5auazXIt4okAjl8zaUuDHWOkwg4JL6C6UEwsx4y3WgJKTmimwlU7/l1267ZwarUfGHY20747e6DBlbVuFblMxbNq/Wc/8LyslWD+qdISOEwTNB0X1RFKMaA8ZrQkDHGXbCcaNcG+lvMkM4+jAjrWEquuYBH8JTIriXi44yB1c7WdPLh4HdNJkk2yRHRKQQ3JCLkmeFAgnT+SFvJI379n78L6878FqyhsS3SBj4/38AhhPq3k=</latexit>

→U ↑ A \B, V ↑ B \A
<latexit sha1_base64="azKSogx1SaPUtQNr+qrvUQeVVqQ=">AAACFHicbZDNSsNAFIUn9a/Wv6hLXQwWQagtiUh1WSuIywomLTShTKaTduhkEmYmQgkF8SF8Bre6didu3bv0TUzaLmzrhYHDOXe4935exKhUhvGt5ZaWV1bX8uuFjc2t7R19d8+WYSwwsXDIQtHykCSMcmIpqhhpRYKgwGOk6Q2us7z5QISkIb9Xw4i4Aepx6lOMVGp19MOrslWyT2G9ZJVt6FAOnQCpPkYsqY86etGoGOOCi8KciiKYVqOj/zjdEMcB4QozJGXbNCLlJkgoihkZFZxYkgjhAeqRdio5Coh0k/EVI3icOl3ohyJ9XMGx+/dHggIph4GXdmYryvksM//L2rHyL92E8ihWhOPJID9mUIUwQwK7VBCs2DAVCAua7gpxHwmEVQpuZooXZEzMeQKLwj6rmNVK9e68WLt5nNDJgwNwBE6ACS5ADdyCBrAABk/gBbyCN+1Ze9c+tM9Ja06bEt0HM6V9/QJ8rp2g</latexit>

A→ U + V,B + U → V ↑ B

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="M1RWHLMmyQRQaOz2kYr/aPsXsqs=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe5EomVAEMsEvCSQHGFvM5cs2d07dveE4wjY22ptJ7b+HEv/iZuPwiQ+GHi8N8PMvDDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKXjVFHwacxj1QmJBs4k+IYZDp1EAREhh3Y4vpv67SdQmsXy0WQJBIIMJYsYJcZKTb9frrhVdwa8TrwFqaAFGv3yT28Q01SANJQTrbuem5ggJ8owymFS6qUaEkLHZAhdSyURoIN8dugEX1hlgKNY2ZIGz9S/EzkRWmcitJ2CmJFe9abif143NdFtkDOZpAYknS+KUo5NjKdf4wFTQA3PLCFUMXsrpiOiCDU2m6UtoZjYTLzVBNZJ66rq1aq15nWlfv88T6eIztA5ukQeukF19IAayEcUAXpBr+jNyZx358P5nLcWnEWip2gJztcvfvaT/g==</latexit>

U

<latexit sha1_base64="LyCkjqAbmPfPoU4pVaCqvtUK1Ms=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbzCVLdveO3T0hHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZFyacaeN5305uY3Nreye/W9jbPzg8Kh6fNHWcKooNGvNYtUOikTOJDcMMx3aikIiQYysc3U391hMqzWL5aMYJBoIMJIsYJcZK9WavWPLK3gzuOvEXpAQL1HrFn24/pqlAaSgnWnd8LzFBRpRhlOOk0E01JoSOyAA7lkoiUAfZ7NCJe2GVvhvFypY07kz9O5ERofVYhLZTEDPUq95U/M/rpCa6DTImk9SgpPNFUcpdE7vTr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiYjPxVxNYJ82rsl8pV+rXper98zydPJzBOVyCDzdQhQeoQQMoILzAK7w5Y+fd+XA+5605Z5HoKSzB+foFgImT/w==</latexit>

V

抱き合わせ交換性

<latexit sha1_base64="PvQ75LViLnIjCUWbvwxX2PAkOSU=">AAACJnicbZDLSgMxFIYzXmu9VV26CRZBsAwzItWNUBDEZQWnF9pSMumZNjRzMckIpVPwIXwIn8Gtrt2JuNM3Mb0sevGHwJ//nMNJPjfiTCrL+jaWlldW19ZTG+nNre2d3czefkmGsaDg0JCHouISCZwF4CimOFQiAcR3OZTd7vWwXn4EIVkY3KteBA2ftAPmMUqUjpoZs4LrMnYlKHjATg5Xp66lHE6c5CopJXUOOKmcVpNmJmuZ1kh40dgTk0UTFZuZ33orpLEPgaKcSFmzrUg1+kQoRjkM0vVYQkRol7Shpm1AfJCN/uhfA3yskxb2QqFPoPAonZ7oE1/Knu/qTp+ojpyvDcP/arVYeZeNPguiWEFAx4u8mGMV4iEk3GICqOI9bQgVTL8V0w4RhCqNcmaL6w80E3uewKIpnZl23szfnWcLN09jOil0iI7QCbLRBSqgW1REDqLoGb2iN/RuvBgfxqfxNW5dMiZED9CMjJ8/j4OlmQ==</latexit>

X → U, Y → V, |U | = |V | ↑ |X + Y |

※ 上界  は  の階数に改善可能
<latexit sha1_base64="4deG/5pvLhLuqVjLHqXaGw85QOI=">AAAB+3icbVDLSgNBEOz1GeMr6tHLYBAEIeyKRI8BQTxGMA9JljA7mU2GzMwuM7NC2Cz4B1717E28+jEe/RMnj4NJLGgoqrrp7gpizrRx3W9nZXVtfWMzt5Xf3tnd2y8cHNZ1lChCayTikWoGWFPOJK0ZZjhtxopiEXDaCAY3Y7/xRJVmkXwww5j6AvckCxnBxkq1UfP8cdQpFN2SOwFaJt6MFGGGaqfw0+5GJBFUGsKx1i3PjY2fYmUY4TTLtxNNY0wGuEdblkosqPbTybEZOrVKF4WRsiUNmqh/J1IstB6KwHYKbPp60RuL/3mtxITXfspknBgqyXRRmHBkIjT+HHWZosTwoSWYKGZvRaSPFSbG5jO3JRCZzcRbTGCZ1C9KXrlUvr8sVm6fp+nk4BhO4Aw8uIIK3EEVakCAwQu8wpuTOe/Oh/M5bV1xZokewRycr19xj5Wl</latexit>

|X + Y | <latexit sha1_base64="ocRk+w0M50YkA0FCMikTXnSvXFU=">AAAB+XicbVBNSwMxEJ2tX7V+VT16CRZBEMquSPVYEMRjRfsh7VKyabYNTbJLkhXKUvAPeNWzN/Hqr/HoPzHt9mBbHww83pthZl4Qc6aN6347uZXVtfWN/GZha3tnd6+4f9DQUaIIrZOIR6oVYE05k7RumOG0FSuKRcBpMxheT/zmE1WaRfLBjGLqC9yXLGQEGyvdt84eu8WSW3anQMvEm5ESzFDrFn86vYgkgkpDONa67bmx8VOsDCOcjgudRNMYkyHu07alEguq/XR66hidWKWHwkjZkgZN1b8TKRZaj0RgOwU2A73oTcT/vHZiwis/ZTJODJUkWxQmHJkITf5GPaYoMXxkCSaK2VsRGWCFibHpzG0JxNhm4i0msEwa52WvUq7cXZSqN89ZOnk4gmM4BQ8uoQq3UIM6EOjDC7zCm5M6786H85m15pxZoocwB+frF55NlJk=</latexit>

X + Y



/898

同時交換性 
[Brualdi ’69]

Greene の交換性 
[Greene ’74]

多重交換性 
[Brylawski ’73, Greene ’73, Woodall ’74]

<latexit sha1_base64="1BoFr66X1E82QsmQlrS+b45ggog="></latexit>x

<latexit sha1_base64="2K4DsPNZgBUNOS0kXNzaczODRZ8="></latexit>y

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

均衡改善交換性 
[Akrami–Liu–Raj–Végh ’26]

抱き合わせ交換性 
[O.–Schwarcz ’26]

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="M1RWHLMmyQRQaOz2kYr/aPsXsqs=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe5EomVAEMsEvCSQHGFvM5cs2d07dveE4wjY22ptJ7b+HEv/iZuPwiQ+GHi8N8PMvDDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKXjVFHwacxj1QmJBs4k+IYZDp1EAREhh3Y4vpv67SdQmsXy0WQJBIIMJYsYJcZKTb9frrhVdwa8TrwFqaAFGv3yT28Q01SANJQTrbuem5ggJ8owymFS6qUaEkLHZAhdSyURoIN8dugEX1hlgKNY2ZIGz9S/EzkRWmcitJ2CmJFe9abif143NdFtkDOZpAYknS+KUo5NjKdf4wFTQA3PLCFUMXsrpiOiCDU2m6UtoZjYTLzVBNZJ66rq1aq15nWlfv88T6eIztA5ukQeukF19IAayEcUAXpBr+jNyZx358P5nLcWnEWip2gJztcvfvaT/g==</latexit>

U

<latexit sha1_base64="LyCkjqAbmPfPoU4pVaCqvtUK1Ms=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbzCVLdveO3T0hHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZFyacaeN5305uY3Nreye/W9jbPzg8Kh6fNHWcKooNGvNYtUOikTOJDcMMx3aikIiQYysc3U391hMqzWL5aMYJBoIMJIsYJcZK9WavWPLK3gzuOvEXpAQL1HrFn24/pqlAaSgnWnd8LzFBRpRhlOOk0E01JoSOyAA7lkoiUAfZ7NCJe2GVvhvFypY07kz9O5ERofVYhLZTEDPUq95U/M/rpCa6DTImk9SgpPNFUcpdE7vTr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiYjPxVxNYJ82rsl8pV+rXper98zydPJzBOVyCDzdQhQeoQQMoILzAK7w5Y+fd+XA+5605Z5HoKSzB+foFgImT/w==</latexit>

V

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="M1RWHLMmyQRQaOz2kYr/aPsXsqs=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe5EomVAEMsEvCSQHGFvM5cs2d07dveE4wjY22ptJ7b+HEv/iZuPwiQ+GHi8N8PMvDDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKXjVFHwacxj1QmJBs4k+IYZDp1EAREhh3Y4vpv67SdQmsXy0WQJBIIMJYsYJcZKTb9frrhVdwa8TrwFqaAFGv3yT28Q01SANJQTrbuem5ggJ8owymFS6qUaEkLHZAhdSyURoIN8dugEX1hlgKNY2ZIGz9S/EzkRWmcitJ2CmJFe9abif143NdFtkDOZpAYknS+KUo5NjKdf4wFTQA3PLCFUMXsrpiOiCDU2m6UtoZjYTLzVBNZJ66rq1aq15nWlfv88T6eIztA5ukQeukF19IAayEcUAXpBr+jNyZx358P5nLcWnEWip2gJztcvfvaT/g==</latexit>

U

<latexit sha1_base64="LyCkjqAbmPfPoU4pVaCqvtUK1Ms=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbzCVLdveO3T0hHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZFyacaeN5305uY3Nreye/W9jbPzg8Kh6fNHWcKooNGvNYtUOikTOJDcMMx3aikIiQYysc3U391hMqzWL5aMYJBoIMJIsYJcZK9WavWPLK3gzuOvEXpAQL1HrFn24/pqlAaSgnWnd8LzFBRpRhlOOk0E01JoSOyAA7lkoiUAfZ7NCJe2GVvhvFypY07kz9O5ERofVYhLZTEDPUq95U/M/rpCa6DTImk9SgpPNFUcpdE7vTr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiYjPxVxNYJ82rsl8pV+rXper98zydPJzBOVyCDzdQhQeoQQMoILzAK7w5Y+fd+XA+5605Z5HoKSzB+foFgImT/w==</latexit>

V

（片側）交換性
<latexit sha1_base64="1BoFr66X1E82QsmQlrS+b45ggog="></latexit>x

<latexit sha1_base64="2K4DsPNZgBUNOS0kXNzaczODRZ8="></latexit>y

✔ 演習問題１ 
抱き合わせ交換性から 
Greene の交換性を 
導いてください



/899なぜマトロイドの基の交換性は面白い？

１時限目

２時限目

３時限目 表現可能なマトロイドの交換性

証明のアプローチ

交換性を味わう

✔ アルゴリズムの設計・解析に使える  

✔ マトロイドの様々な定理・予想に関連する 

✔ 様々な証明のテクニックがある



１交換性を味わう

時限目・この交換性は，どのような経緯で着想されたのか？ 
・「この交換性は成立しそうだ」という直感は，どのように得られるか？ 
・この交換性から，どのような帰結が成り立つか？
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同時交換性 
[Brualdi ’69]

Greene の交換性 
[Greene ’74]

多重交換性 
[Brylawski ’73, Greene ’73, Woodall ’74]

均衡改善交換性 
[Akrami–Liu–Raj–Végh ’26]

抱き合わせ交換性 
[O.–Schwarcz ’26]

（片側）交換性

同時交換性 (symmetric exchange property / simultaneous exchange property)

s.t.
<latexit sha1_base64="Co/sBERSKREnN7Gc1SJEdTNwxz0=">AAACFHicbZDLSsNAFIYn9VbrLepSF4NFEGpLIlJd1grisoK9QBPKZDpph04mYWYiDaEgPoTP4FbX7sSte5e+iUnbhW09MPDz/2c453xOwKhUhvGtZZaWV1bXsuu5jc2t7R19d68h/VBgUsc+80XLQZIwykldUcVIKxAEeQ4jTWdwnebNByIk9fm9igJie6jHqUsxUonV0Q+visNCdAqrhWExghbl0PKQ6mPE4uqoo+eNkjEuuCjMqciDadU6+o/V9XHoEa4wQ1K2TSNQdoyEopiRUc4KJQkQHqAeaSeSI49IOx5fMYLHidOFri+SxxUcu39/xMiTMvKcpDNdUc5nqflf1g6Ve2nHlAehIhxPBrkhg8qHKRLYpYJgxaJEICxosivEfSQQVgm4mSmOlzIx5wksisZZySyXynfn+crN44ROFhyAI3ACTHABKuAW1EAdYPAEXsAreNOetXftQ/uctGa0KdF9MFPa1y9kV54s</latexit>

A→ x+ y,B + x→ y ↑ B

[Brualdi ’69]

<latexit sha1_base64="9qAtdRCPdjcGRLr9z4bNGdWEs4E=">AAACE3icbZDLSgMxFIYzXmu9jbrsJlgEV2VGpLqsCuKygr1AZyiZ9LQNTTJDkhFLKehD+Axude1O3PoALn0T08vCth4I/Pz/CeecL0o408bzvp2l5ZXVtfXMRnZza3tn193br+o4VRQqNOaxqkdEA2cSKoYZDvVEARERh1rUuxrltXtQmsXyzvQTCAXpSNZmlBhrNd1c0I4V4Rw/4IBJfIEDDUYwmWp82XTzXsEbF14U/lTk0bTKTfcnaMU0FSAN5UTrhu8lJhwQZRjlMMwGqYaE0B7pQMNKSQTocDA+YoiPrNPCdhv7pMFj9++PARFa90VkOwUxXT2fjcz/skZq2ufhgMkkNSDpZFA75djEeEQEt5gCanjfCkIVs7ti2iWKUGO5zUyJxNAy8ecJLIrqScEvFoq3p/nS9eOETgbl0CE6Rj46QyV0g8qogih6Qi/oFb05z8678+F8TlqXnCnRAzRTztcvpvyeXA==</latexit>

→x ↑ A \B
<latexit sha1_base64="El7/vEIQHjCf8h0WNzTkuVUy9Lc=">AAACFXicbZBLSwMxFIUzPmt9VV2KECyCqzIjUl1WBXFZwT6gM5RMetuGJpkhyYhDKQj+CH+DW127E7euXfpPTB8L23ohcDjnhpN8YcyZNq777SwsLi2vrGbWsusbm1vbuZ3dqo4SRaFCIx6pekg0cCahYpjhUI8VEBFyqIW9q2FeuwelWSTvTBpDIEhHsjajxFirmTvAPjzYGo1T7DOJL7GvwQgmE40vcDOXdwvuaPC88CYijyZTbuZ+/FZEEwHSUE60bnhubII+UYZRDoOsn2iICe2RDjSslESADvqjbwzwkXVauB0pe6TBI/fvjT4RWqcitJuCmK6ezYbmf1kjMe3zoM9knBiQdFzUTjg2ER4ywS2mgBqeWkGoYvatmHaJItRYclMtoRhYJt4sgXlRPSl4xULx9jRfun4c08mgfXSIjpGHzlAJ3aAyqiCKntALekVvzrPz7nw4n+PVBWdCdA9NjfP1C5o5ntE=</latexit>

→y ↑ B \A

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="KBp0/MLxFynVB1/SOWtdwGIfCQQ="></latexit>

→x

<latexit sha1_base64="bkM+gFVdc8z1iCQ4Ih/yrY+oOdQ="></latexit>

→y
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マトロイド　　　　　　 の双対：

12同時交換性｜帰結 非常に基本的な命題なので，帰結はマトロイド理論の 
全域にわたるが，強いて私が二つ挙げるならば

双対マトロイド

離散凸性（お気持ち）

<latexit sha1_base64="6tMVjTFUrkxXGriq+GTT9jmgZ48=">AAACEnicbZDLSgMxFIYz9VbrbdSdboJFqCBlRqS6EYqiuBEq2Au0Q8mkmTY0kxmSjFCGgT6Ez+BW1+7ErS/g0jcxM+3CVn8I/PnPCefkc0NGpbKsLyO3sLi0vJJfLaytb2xumds7DRlEApM6DlggWi6ShFFO6ooqRlqhIMh3GWm6w6u03nwkQtKAP6hRSBwf9Tn1KEZKR11zr+MjNXC9+C65KF0fZzeMWHyZHHXNolW2MsG/xp6aIpiq1jW/O70ARz7hCjMkZdu2QuXESCiKGUkKnUiSEOEh6pO2thz5RDpx9ocEHuqkB71A6MMVzNLfL2LkSznyXd2Z7ijna2n4X60dKe/ciSkPI0U4ngzyIgZVAFMgsEcFwYqNtEFYUL0rxAMkEFYa28wU1080E3uewF/TOCnblXLl/rRYvRlP6OTBPjgAJWCDM1AFt6AG6gCDMXgGL+DVeDLejHfjY9KaM6ZEd8GMjM8fg9SeVg==</latexit>

M = (E,B)
dual

 の同時交換性：
<latexit sha1_base64="CmLeKZZ7Albno7huQIOCL16TXeU="></latexit>

M s.t.
<latexit sha1_base64="Co/sBERSKREnN7Gc1SJEdTNwxz0=">AAACFHicbZDLSsNAFIYn9VbrLepSF4NFEGpLIlJd1grisoK9QBPKZDpph04mYWYiDaEgPoTP4FbX7sSte5e+iUnbhW09MPDz/2c453xOwKhUhvGtZZaWV1bXsuu5jc2t7R19d68h/VBgUsc+80XLQZIwykldUcVIKxAEeQ4jTWdwnebNByIk9fm9igJie6jHqUsxUonV0Q+visNCdAqrhWExghbl0PKQ6mPE4uqoo+eNkjEuuCjMqciDadU6+o/V9XHoEa4wQ1K2TSNQdoyEopiRUc4KJQkQHqAeaSeSI49IOx5fMYLHidOFri+SxxUcu39/xMiTMvKcpDNdUc5nqflf1g6Ve2nHlAehIhxPBrkhg8qHKRLYpYJgxaJEICxosivEfSQQVgm4mSmOlzIx5wksisZZySyXynfn+crN44ROFhyAI3ACTHABKuAW1EAdYPAEXsAreNOetXftQ/uctGa0KdF9MFPa1y9kV54s</latexit>

A→ x+ y,B + x→ y ↑ B<latexit sha1_base64="9qAtdRCPdjcGRLr9z4bNGdWEs4E=">AAACE3icbZDLSgMxFIYzXmu9jbrsJlgEV2VGpLqsCuKygr1AZyiZ9LQNTTJDkhFLKehD+Axude1O3PoALn0T08vCth4I/Pz/CeecL0o408bzvp2l5ZXVtfXMRnZza3tn193br+o4VRQqNOaxqkdEA2cSKoYZDvVEARERh1rUuxrltXtQmsXyzvQTCAXpSNZmlBhrNd1c0I4V4Rw/4IBJfIEDDUYwmWp82XTzXsEbF14U/lTk0bTKTfcnaMU0FSAN5UTrhu8lJhwQZRjlMMwGqYaE0B7pQMNKSQTocDA+YoiPrNPCdhv7pMFj9++PARFa90VkOwUxXT2fjcz/skZq2ufhgMkkNSDpZFA75djEeEQEt5gCanjfCkIVs7ti2iWKUGO5zUyJxNAy8ecJLIrqScEvFoq3p/nS9eOETgbl0CE6Rj46QyV0g8qogih6Qi/oFb05z8678+F8TlqXnCnRAzRTztcvpvyeXA==</latexit>

→x ↑ A \B
<latexit sha1_base64="El7/vEIQHjCf8h0WNzTkuVUy9Lc=">AAACFXicbZBLSwMxFIUzPmt9VV2KECyCqzIjUl1WBXFZwT6gM5RMetuGJpkhyYhDKQj+CH+DW127E7euXfpPTB8L23ohcDjnhpN8YcyZNq777SwsLi2vrGbWsusbm1vbuZ3dqo4SRaFCIx6pekg0cCahYpjhUI8VEBFyqIW9q2FeuwelWSTvTBpDIEhHsjajxFirmTvAPjzYGo1T7DOJL7GvwQgmE40vcDOXdwvuaPC88CYijyZTbuZ+/FZEEwHSUE60bnhubII+UYZRDoOsn2iICe2RDjSslESADvqjbwzwkXVauB0pe6TBI/fvjT4RWqcitJuCmK6ezYbmf1kjMe3zoM9knBiQdFzUTjg2ER4ywS2mgBqeWkGoYvatmHaJItRYclMtoRhYJt4sgXlRPSl4xULx9jRfun4c08mgfXSIjpGHzlAJ3aAyqiCKntALekVvzrPz7nw4n+PVBWdCdA9NjfP1C5o5ntE=</latexit>

→y ↑ B \A<latexit sha1_base64="kN+DIVYjoQHgiKM0ovtJi6J1vLg="></latexit>

→A,B ↑ B
<latexit sha1_base64="PkMcZdq85LWQT2lH78aqhgJ2S+E="></latexit>

A→ := E →A, B→ := E →B
<latexit sha1_base64="Q14lhAtt7rtKAwmutT5a6WypKq0="></latexit>

=→
<latexit sha1_base64="S3UC/h5qm6D5YECUfIImYAtD6r4=">AAACFXicbZDLSgMxFIYzXmu9jboUIVikrsqMSHVZFcRlBXuBTimZNG1Dk8yQnBFLKQg+hM/gVtfuxK1rl76J6WVhWw8Efv7/hHPOF8aCG/C8b2dhcWl5ZTW1ll7f2Nzadnd2yyZKNGUlGolIV0NimOCKlYCDYNVYMyJDwSph92qYV+6ZNjxSd9CLWV2StuItTglYq+EeBK1IEyHwAw64wpdZHBgGkqvE4Itsw814OW9UeF74E5FBkyo23J+gGdFEMgVUEGNqvhdDvU80cCrYIB0khsWEdkmb1axURDJT74/OGOAj6zSx3cc+BXjk/v3RJ9KYngxtpyTQMbPZ0PwvqyXQOq/3uYoTYIqOB7USgSHCQya4yTWjIHpWEKq53RXTDtGEgiU3NSWUA8vEnyUwL8onOT+fy9+eZgrXj2M6KbSPDtEx8tEZKqAbVEQlRNETekGv6M15dt6dD+dz3LrgTIjuoalyvn4BfRGevg==</latexit>

→x ↑ B→ \A→ <latexit sha1_base64="kRenKTqE09irUjrZbJ7dHwBfLok=">AAACFnicbZBLSwMxFIUzPmt9jboUJFikrsqMSHVZFcRlBfuATimZ9LYNTTJDkhFLKbjwR/gb3Oranbh169J/YvpY2NYLgcM5N5zkC2POtPG8b2dhcWl5ZTW1ll7f2Nzadnd2yzpKFIUSjXikqiHRwJmEkmGGQzVWQETIoRJ2r4Z55R6UZpG8M70Y6oK0JWsxSoy1Gu4BDuDB1mjcwwGT+CKLAw1GMJlofJltuBkv540Gzwt/IjJoMsWG+xM0I5oIkIZyonXN92JT7xNlGOUwSAeJhpjQLmlDzUpJBOh6f/SPAT6yThO3ImWPNHjk/r3RJ0LrngjtpiCmo2ezoflfVktM67zeZzJODEg6LmolHJsID6HgJlNADe9ZQahi9q2Ydogi1Fh0Uy2hGFgm/iyBeVE+yfn5XP72NFO4fhzTSaF9dIiOkY/OUAHdoCIqIYqe0At6RW/Os/PufDif49UFZ0J0D02N8/ULD1SfCQ==</latexit>

→y ↑ A→ \B→ <latexit sha1_base64="h1/5U4/1blHCXD1nTtk3SR5fbcU=">AAACGnicbZDLSsNAFIYnXmu9RV26GVrESmlJRKoboVQUlxXsBZpQJtNpO3QyCTMTaQgFlz6Ez+BW1+7ErRuXvolJ24VtPTDw8/9nOOd8js+oVIbxrS0tr6yurac20ptb2zu7+t5+XXqBwKSGPeaJpoMkYZSTmqKKkaYvCHIdRhrO4CrJGw9ESOrxexX6xHZRj9MuxUjFVlvPVPLDQggv4XUhVzkuDPPhCbQoh5aLVB8jFlVGbT1rFI1xwUVhTkUWTKva1n+sjocDl3CFGZKyZRq+siMkFMWMjNJWIImP8AD1SCuWHLlE2tH4lhE8ip0O7HoiflzBsfv3R4RcKUPXiTuTFeV8lpj/Za1AdS/siHI/UITjyaBuwKDyYAIGdqggWLEwFggLGu8KcR8JhFWMb2aK4yZMzHkCi6J+WjRLxdLdWbZ88zihkwKHIANywATnoAxuQRXUAAZP4AW8gjftWXvXPrTPSeuSNiV6AGZK+/oFKaefhA==</latexit>

B + x→ y = E → (B→ → x+ y) ↑ Bs.t.

よって，  はマトロイドとなる．
<latexit sha1_base64="TxH7zZ7juWxkUNGc4GYngFerN6k="></latexit>

M→

<latexit sha1_base64="fJEP6fdNOvEebeKuMNj2J4EQR40="></latexit>

M→ = (E,B→)
<latexit sha1_base64="RhCAfQfB/HP8a57pmm+GJqv9+Ys="></latexit>

B→ := {E →B | B ↑ B }with

<latexit sha1_base64="+3lvnkqxz2rXoBc5angB/XIt3+g=">AAACFXicbZDLSsNAFIYn9VbrLepShMEiimJJRKrLUkFcVrAXaGKZTCft0MkkzEzEEgqCD+EzuNW1O3Hr2qVv4qTtwrYeGPj5/zOccz4vYlQqy/o2MnPzC4tL2eXcyura+oa5uVWTYSwwqeKQhaLhIUkY5aSqqGKkEQmCAo+Rute7TPP6PRGShvxW9SPiBqjDqU8xUtpqmbsO9X1YPjh5OO5Dh3LoBEh1MWJJeXB31DLzVsEaFpwV9ljkwbgqLfPHaYc4DghXmCEpm7YVKTdBQlHMyCDnxJJECPdQhzS15Cgg0k2GZwzgvnba0A+FflzBofv3R4ICKfuBpzvTJeV0lpr/Zc1Y+RduQnkUK8LxaJAfM6hCmDKBbSoIVqyvBcKC6l0h7iKBsNLkJqZ4wUAzsacJzIraacEuFoo3Z/nS1eOIThbsgD1wCGxwDkrgGlRAFWDwBF7AK3gzno1348P4HLVmjDHRbTBRxtcvdceewA==</latexit>

→↑ B→ ↓ x+ y ↔ B↑

基　　　　　から，対称的な方向にお互い少しずつ近づいた集合　　　　　　　　　　 も基
<latexit sha1_base64="d2ZlsOIUPaiXTrrrBcauMFMhCUE=">AAACC3icbZDLSgMxGIUzXmu9jXbpJlgEF1JmRKrLWkFcVrAX6Awlk2ba0CQzJBlhGAq+gM/gVtfuxK0P4dI3MdN2YVt/CBzO+cN/+IKYUaUd59taWV1b39gsbBW3d3b39u2Dw5aKEolJE0cskp0AKcKoIE1NNSOdWBLEA0bawegmz9uPRCoaiQedxsTnaCBoSDHSxurZpeuzOvSogB5HeogRy+rjnl12Ks5k4LJwZ6IMZtPo2T9eP8IJJ0JjhpTquk6s/QxJTTEj46KXKBIjPEID0jVSIE6Un03Kj+GJcfowjKR5QsOJ+/dHhrhSKQ/MZl5RLWa5+V/WTXR45WdUxIkmAk8PhQmDOoI5CdinkmDNUiMQltR0hXiIJMLa8Jq7EvCcibtIYFm0zitutVK9vyjXbp+mdArgCByDU+CCS1ADd6ABmgCDFLyAV/BmPVvv1of1OV1dsWZES2BurK9fmm2bIA==</latexit>

A,B → B
<latexit sha1_base64="Eh7nuJDcq1aH/3l2h/mB1/3S3Ko=">AAACA3icbZBLSwMxFIUz9VXrq+rSTbAIQm2ZEakuq4K4rGAf0A4lk2ba0CQzJhnpMBTc+Bvc6tqduPWHuPSfmD4WtvVA4HDODffyeSGjStv2t5VaWl5ZXUuvZzY2t7Z3srt7NRVEEpMqDlggGx5ShFFBqppqRhqhJIh7jNS9/vWorz8SqWgg7nUcEpejrqA+xUibyL0sDPLxCbzKDwoxbGdzdtEeCy4aZ2pyYKpKO/vT6gQ44kRozJBSTccOtZsgqSlmZJhpRYqECPdRlzSNFYgT5Sbjo4fwyCQd6AfSPKHhOP37I0FcqZh7ZpIj3VPz3Sj8r2tG2r9wEyrCSBOBJ4v8iEEdwBEB2KGSYM1iYxCW1NwKcQ9JhLXhNLPF40PDxJknsGhqp0WnVCzdneXKN08TOmlwAA7BMXDAOSiDW1ABVYDBA3gBr+DNerberQ/rczKasqZE98GMrK9fTqaXog==</latexit>

A→ x+ y,B + x→ y
<latexit sha1_base64="gDWT4nsNQh+ORLOrX11iNNvZNHg=">AAACB3icbZBLSwMxFIXv+Kz10VGXboJFcFVmRKrLgiAuXFSwD2iHkkkzbWgmGZKMUoaCW3+DW127E7f+DJf+E9PHwrYeCBzOueFevjDhTBvP+3ZWVtfWNzZzW/ntnd29grt/UNcyVYTWiORSNUOsKWeC1gwznDYTRXEcctoIB1fjvvFAlWZS3JthQoMY9wSLGMHGRh230L6VoqdYr2+wUvKx4xa9kjcRWjb+zBRhpmrH/Wl3JUljKgzhWOuW7yUmyLAyjHA6yrdTTRNMBrhHW9YKHFMdZJPDR+jEJl0USWWfMGiS/v2R4VjrYRzayRibvl7sxuF/XSs10WWQMZGkhgoyXRSlHBmJxhRQlylKDB9ag4li9lZE+lhhYiyruS1hPLJM/EUCy6Z+VvLLpfLdebFy/TSlk4MjOIZT8OECKnADVagBgRRe4BXenGfn3flwPqejK86M6CHMyfn6BWikmps=</latexit>

=→
<latexit sha1_base64="gpT7DyckRs5AwAF0whdFi3H0VBY=">AAACAXicbVDLSsNAFL3xWeur6tJNsAiuSiJSXRYFcVnBPiANZTKdtEPnEWYmQgkFwW9wq2t34tYvcemfOGm7sK0HBg7n3OGee6KEUW0879tZWV1b39gsbBW3d3b39ksHh00tU4VJA0smVTtCmjAqSMNQw0g7UQTxiJFWNLzJ/dYjUZpK8WBGCQk56gsaU4yMlYIOR2aAEcuux91S2at4E7jLxJ+RMsxQ75Z+Oj2JU06EwQxpHfheYsIMKUMxI+NiJ9UkQXiI+iSwVCBOdJhNIo/dU6v03Fgq+4RxJ+rfHxniWo94ZCfziHrRy8X/vCA18VWYUZGkhgg8XRSnzDXSze93e1QRbNjIEoQVtVldPEAKYWNbmtsS8bwTf7GBZdI8r/jVSvX+oly7fZq2U4BjOIEz8OESanAHdWgABgkv8ApvzrPz7nw4n9PRFWfW6BHMwfn6BX3HmH0=</latexit>

B は「凸っぽい」集合族 Cf.  が凸  
<latexit sha1_base64="9WvxLurUB6a5jk73owKmG6zn/fw=">AAACEHicbZDLSgMxFIYz9VbrrepGcBMsgqsyI1JdFgRxWS+9QDuWJD1tQzMXk4xQhhGfwWdwq2t34tY3cOmbmGm7sK0HAj//f8I556Oh4Erb9reVWVhcWl7JrubW1jc2t/LbOzUVRJJBlQUikA1KFAjuQ1VzLaARSiAeFVCng/M0rz+AVDzwb/UwBNcjPZ93OSPaWO383g1uqYgq0HCPWx7RfUrj6+TORAW7aI8KzwtnIgpoUpV2/qfVCVjkga+ZIEo1HTvUbkyk5kxAkmtFCkLCBqQHTSN94oFy49EFCT40Tgd3A2mer/HI/fsjJp5SQ4+aznRHNZul5n9ZM9LdMzfmfhhp8Nl4UDcSWAc4xYE7XALTYmgEYZKbXTHrE0mYNtCmplAvMUycWQLzonZcdErF0tVJoXzxNKaTRfvoAB0hB52iMrpEFVRFDD2iF/SK3qxn6936sD7HrRlrQnQXTZX19Qu22537</latexit>

S → Rn <latexit sha1_base64="f4rplREBjVnFTO7vv3/X0yKfzS4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR4LgnisYD+gXUo2zbahSXZJskJZC/4Cr3r2Jl79Mx79J2a3PdjWBwOP92aYmRfEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md9+pEqzSD6YSUx9gYeShYxgk0k9Fob9csWtujnQKvHmpAJzNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zW+dojOrDFAYKVvSoFz9O5FiofVEBLZTYDPSy14m/ud1ExNe+ymTcWKoJLNFYcKRiVD2OBowRYnhE0swUczeisgIK0yMjWdhSyCmNhNvOYFV0rqoerVq7f6yUr99nqVThBM4hXPw4ArqcAcNaAKBEbzAK7w5T8678+F8zloLzjzRY1iA8/UL4bOVWA==</latexit>→↑
<latexit sha1_base64="nsv5dtWiLjzHWZMBmQIvZWUccfM=">AAACEXicbZDLSsNAFIYnXmu9RV2Jm8EiuJCSiFSXBUFcVrAXaEI5mUzaoZNJmJkIJRR9B5/Bra7diVufwKVv4vSysK0/DPz85xzOmS9IOVPacb6tpeWV1bX1wkZxc2t7Z9fe22+oJJOE1knCE9kKQFHOBK1rpjltpZJCHHDaDPrXo3rzgUrFEnGvByn1Y+gKFjEC2kQd+9CLEgmcY4+boRCwxwRuO2eu37FLTtkZCy8ad2pKaKpax/7xwoRkMRWacFCq7Tqp9nOQmhFOh0UvUzQF0ocubRsrIKbKz8dfGOITk4TY3GKe0Hic/p3IIVZqEAemMwbdU/O1UfhfrZ3p6MrPmUgzTQWZLIoyjnWCRzxwyCQlmg+MASKZuRWTHkgg2lCb2RLEQ8PEnSewaBrnZbdSrtxdlKo3TxM6BXSEjtEpctElqqJbVEN1RNAjekGv6M16tt6tD+tz0rpkTYkeoBlZX7+l5J07</latexit>

→ω ↑ [0, 1]
<latexit sha1_base64="iv2MxOEVIyDprM+L8ZyLLQzr+5A=">AAACCXicbZBLSwMxFIXv1Fetr6ku3QSL4ELKjEh1WRDEZUX7gM5QMmmmDc1khiSjlKHg3t/gVtfuxK2/wqX/xPSxsK0XAodzbriHL0g4U9pxvq3cyura+kZ+s7C1vbO7Zxf3GypOJaF1EvNYtgKsKGeC1jXTnLYSSXEUcNoMBlfjvPlApWKxuNfDhPoR7gkWMoK1sTp20QtjiTlH+DRAHhPormOXnLIzGbQs3JkowWxqHfvH68YkjajQhGOl2q6TaD/DUjPC6ajgpYommAxwj7aNFDiiys8m1Ufo2DhdZDqYJzSauH9/ZDhSahgFZjPCuq8Ws7H5X9ZOdXjpZ0wkqaaCTA+FKUc6RmMOqMskJZoPjcBEMtMVkT6WmGhDa+5KEI0ME3eRwLJonJXdSrlye16qXj9N6eThEI7gBFy4gCrcQA3qQOARXuAV3qxn6936sD6nqzlrRvQA5sb6+gXqQJor</latexit>

→a, b ↑ S
<latexit sha1_base64="CRbEC9NYIdOfrhv8B96OFvlpJKk=">AAACHHicbVDLSgMxFM3UV62vqks3wSpUtGVGpLosCOKyon1AW8qdTKYNzWSGJCOUUnDtR/gNbnXtTtwKLv0T08eiDw8ETs45l5scN+JMadv+sRJLyyura8n11Mbm1vZOenevosJYElomIQ9lzQVFORO0rJnmtBZJCoHLadXtXg/96iOVioXiQfci2gygLZjPCGgjtdJHcNrgJu5B1s3ByRl2c9N33GAC37fSGTtvj4AXiTMhGTRBqZX+bXghiQMqNOGgVN2xI93sg9SMcDpINWJFIyBdaNO6oQICqpr90W8G+NgoHvZDaY7QeKROT/QhUKoXuCYZgO6oeW8o/ufVY+1fNftMRLGmgowX+THHOsTDarDHJCWa9wwBIpl5KyYdkEC0KXBmixsMTCfOfAOLpHKedwr5wt1FpnjzNG4niQ7QIcoiB12iIrpFJVRGBD2jV/SG3q0X68P6tL7G0YQ1aXQfzcD6/gPiYaBh</latexit>

a+ ω(b→ a), b→ ω(b→ a) ↑ S

同時交換性を基礎として，マトロイドは，付値マトロイドやＭ凸関数へ拡張されていく
[Dress–Wenzel ’90, ’92, Murota ’98]



/8913同時交換性│Grassmann–Plücker 恒等式

Grassmann–Plücker 恒等式
<latexit sha1_base64="rNRxh4zGwrIMBhehSbYrKKjfRnc="></latexit>

detK[A] detK[B] =
∑

y→B\A

± detK[A→ x+ y] detK[B + x→ y]

[Grassmann 1844, Plücker 1868, Hodge–Pedoe ’47]

表現可能マトロイドに対する同時交換性を与える！ → 一般のマトロイドでも考える動機

<latexit sha1_base64="nxloRu7Vc3vn/B4XPnnwbm3flpk="></latexit>

detK[A→ x+ y] detK[B + x→ y] ↑= 0

<latexit sha1_base64="wOZ8stOr1NU5+BLmG10R/GBlWtg="></latexit>

A,B → B <latexit sha1_base64="GoCq1ChVODD+jnX3fvHW0QYUAX8="></latexit>

detK[A] detK[B] →= 0
<latexit sha1_base64="Y12DmHbqDw+MfMJK9WjUHsATIPQ="></latexit> ∑

y→B\A

± detK[A→ x+ y] detK[B + x→ y] ↑= 0

<latexit sha1_base64="Q14lhAtt7rtKAwmutT5a6WypKq0="></latexit>

=→
<latexit sha1_base64="PCIZkDsh1uLb9fPMZTO09w7cHMk="></latexit>

A→ x+ y,B + x→ y ↑ B

<latexit sha1_base64="l1Em/Ui0Oz4jSAwVZn7r7EkNzWA="></latexit>

→y ↑ B \A s.t.
<latexit sha1_base64="l1Em/Ui0Oz4jSAwVZn7r7EkNzWA="></latexit>

→y ↑ B \A s.t.

<latexit sha1_base64="nDRxICLop1gQSVyWL835mKIGwvM="></latexit>→↑
<latexit sha1_base64="nDRxICLop1gQSVyWL835mKIGwvM="></latexit>→↑

<latexit sha1_base64="nDRxICLop1gQSVyWL835mKIGwvM="></latexit>→↑

<latexit sha1_base64="7TiPnriQBNz1RVtZT3rD2D1Uz3k="></latexit>

x → A \B

<latexit sha1_base64="wrhoB8Z69wKYG0hiO2MDSEoB64s="></latexit>([n]
r

)
:= {A → [n] | |A| = r }

<latexit sha1_base64="QQiDWiFPY3bsbx/PjNHt7jM9oWY="></latexit>

K[S] :=  の列を選択して得られる部分行列
<latexit sha1_base64="p8TNHuMdQKbqS2Af+WGGrZXCjgE="></latexit>

S
<latexit sha1_base64="MmGEczF3FH2TZsCDyGFmozndtZ0="></latexit>

(S → [n])
<latexit sha1_base64="3SMG/L4ay+4wnwdEuCjWQnY3QVY="></latexit>

K → Fr→n

<latexit sha1_base64="Kxw65GJtEs7C7dM2PzlthHCAGiA="></latexit>

A,B →
([n]

r

)
<latexit sha1_base64="eb2oUP7SQkj7QFzgqTIUrvdwN/k="></latexit>

K =

<latexit sha1_base64="p8TNHuMdQKbqS2Af+WGGrZXCjgE="></latexit>

S

<latexit sha1_base64="QQiDWiFPY3bsbx/PjNHt7jM9oWY="></latexit>

K[S]



/8914同時交換性｜着想
[Brualdi ’69] では，同時交換性は，同論文で示された以下の定理の拡張の必要条件として導入された

補題（完全マッチング補題） [Brualdi ’69]

<latexit sha1_base64="QBHBB9F1cgcxlreXgR9PpGZRKmI="></latexit>

A,B → B
<latexit sha1_base64="pnb4wjp16ZN0plFxMHxsbVUTXL4="></latexit>

ω : A \B → B \Aならば，ある全単射　 　　　　　　　　が存在し，
<latexit sha1_base64="WvZ26G7SsS63natag0apoGalxW0="></latexit>

x → A \B
<latexit sha1_base64="Yn6vm6M/NMaALicOLBEy7469A7I="></latexit>

A→ x+ ω(x) ↑ B任意の　　　　　  に対して

❝ 対称的に，任意の　　　　　に対して　　　　　　　　 となる 
   全単射　　　　　　　　 も存在するが，  とできるか？ ❞

<latexit sha1_base64="pWY764FbslGfArJPHDoJWtJupRM="></latexit>

ω = ε→1

<latexit sha1_base64="rFa/4UuqjEk+4phVLoeCkJUH8dk="></latexit>

y → B \A
<latexit sha1_base64="9tyk5PaVz4B7xwbsbVkUVLq4EgQ="></latexit>

B → y + ω(y) ↑ B
<latexit sha1_base64="zsy4SaxztON65Qv6T2NXZ86CpCY="></latexit>

ω : B \A → A \B
引用：R. A. Brualdi.  Comments on bases in dependence structures. Bull. Austral. Math. Soc., 1:161–167, 1969.

これは任意のマトロイドでは成立せず，同論文 [Brualdi ’69] で反例が与えられている 

これが成立する特殊なマトロイドを（弱） 基対付合という
(weakly) base orderable



/8915基対付合性
マトロイド　　　　　　　が

（弱）基対付合
(weakly) base orderable

<latexit sha1_base64="5VhJ88+k4J3EhSs9GHM/TxFeN+k=">AAACE3icbVDLSgMxFM3UV62vUZfdBIvgQsqMSHVZK4jLCvYBnaFk0kwbmmSGJCOUoaAf4Te41bU7cesHuPRPzLRd2NYDgcM5N9xzTxAzqrTjfFu5ldW19Y38ZmFre2d3z94/aKookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVDK8zv/VApKKRuNejmPgc9QUNKUbaSF276IWRRIzBq9Ma9KiAHkd6gBFLa+OuXXLKzgRwmbgzUgIz1Lv2j9eLcMKJ0JghpTquE2s/RVJTzMi44CWKxAgPUZ90DBWIE+WnkyPG8NgoPWjSmCc0nKh/f6SIKzXigZnMIqpFLxP/8zqJDi/9lIo40UTg6aIwYVBHMGsE9qgkWLORIQhLarJCPEASYW16m9sS8KwTd7GBZdI8K7uVcuXuvFS9eZy2kwdFcAROgAsuQBXcgjpoAAyewAt4BW/Ws/VufVif09GcNWv0EMzB+voFu1mebA==</latexit>

→A,B ↑ B
<latexit sha1_base64="sWqzAZ9vWl0y65x51XxeNmWajP4=">AAACK3icbVDLSgMxFM34rPVVdekmWARXZUalumwriMsK9gGdUjLpbRuaZIYkUyyl4G/4EX6DW127Uty48D9MH6BtPRA4nHOTk3uCiDNtXPfdWVpeWV1bT2wkN7e2d3ZTe/tlHcaKQomGPFTVgGjgTELJMMOhGikgIuBQCbpXI7/SA6VZKO9MP4K6IG3JWowSY6VG6syHe5uisd8jKuowf/SkxHlfgxFMxhoXsG9CXPgV8o1U2s24Y+BF4k1JGk1RbKS+/GZIYwHSUE60rnluZOoDogyjHIZJP9YQEdolbahZKokAXR+MlxviY6s0cStU9kiDx+rfGwMitO6LwE4KYjp63huJ/3m12LQu6wMmo9iApJOgVsyx3XbUFG4yBdTwviWEKmb/immHKEKN7XMmJRBD24k338AiKZ9mvGwme3uezl0/TNpJoEN0hE6Qhy5QDt2gIiohih7RM3pBr86T8+Z8OJ+T0SVn2ugBmoHz/QOWRajU</latexit>

→ω : A \B ↑ B \A
<latexit sha1_base64="nzziBUGcJM5i0Wz9c7dWP9+wgy4=">AAACEnicbZDLSgMxFIYzXmu9Vd3pJlgEV2VGpLqsCuKygr1AZyiZNG1Dk8yQnBHLUOhD+Axude1O3PoCLn0T08vCth4I/Pz/CeecL4wFN+C6387S8srq2npmI7u5tb2zm9vbr5oo0ZRVaCQiXQ+JYYIrVgEOgtVjzYgMBauFvZtRXntk2vBIPUA/ZoEkHcXbnBKwVjN36LcjTYTAT9jnCl/5hoHkKjH4upnLuwV3XHhReFORR9MqN3M/fiuiiWQKqCDGNDw3hiAlGjgVbJD1E8NiQnukwxpWKiKZCdLxDQN8Yp0WtsvYpwCP3b8/UiKN6cvQdkoCXTOfjcz/skYC7csg5SpOgCk6GdROBIYIj4DgFteMguhbQajmdldMu0QTChbbzJRQDiwTb57AoqieFbxioXh/ni/dDid0MugIHaNT5KELVEJ3qIwqiKIhekGv6M15dt6dD+dz0rrkTIkeoJlyvn4BSNCeMg==</latexit>

→x ↑ A \B
<latexit sha1_base64="PYAipRT8IZMd/qyUlNzzgp2qd+E=">AAACJnicbZDLSsNAFIYn9VbrLerSzWARKtqSiFSXtYK4rGAv0IQymU7aoZNJmJmUllDwIXwIn8Gtrt2JuNM3MWm76MUfBv75zxnOmc8JGJXKML611Mrq2vpGejOztb2zu6fvH9SkHwpMqthnvmg4SBJGOakqqhhpBIIgz2Gk7vRuk3q9T4SkPn9Uw4DYHupw6lKMVBy19MJNfnBm9ZEIujQ3OD2H5ZlbfgAtyqHlIdXFiEXlUUvPGgVjLLhszKnJgqkqLf3Xavs49AhXmCEpm6YRKDtCQlHMyChjhZIECPdQhzRjy5FHpB2N/zWCJ3HShq4v4sMVHKezLyLkSTn0nLgzWVEu1pLwv1ozVO61HVEehIpwPBnkhgwqHyaQYJsKghUbxgZhQeNdIe4igbCKUc5NcbyEiblIYNnULgpmsVB8uMyW7p4mdNLgCByDHDDBFSiBe1ABVYDBM3gFb+Bde9E+tE/ta9Ka0qZED8GctJ8/BBWlTA==</latexit>

A→ x+ ω(x), B + ω(x)→ x ↑ B

<latexit sha1_base64="f4rplREBjVnFTO7vv3/X0yKfzS4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR4LgnisYD+gXUo2zbahSXZJskJZC/4Cr3r2Jl79Mx79J2a3PdjWBwOP92aYmRfEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md9+pEqzSD6YSUx9gYeShYxgk0k9Fob9csWtujnQKvHmpAJzNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zW+dojOrDFAYKVvSoFz9O5FiofVEBLZTYDPSy14m/ud1ExNe+ymTcWKoJLNFYcKRiVD2OBowRYnhE0swUczeisgIK0yMjWdhSyCmNhNvOYFV0rqoerVq7f6yUr99nqVThBM4hXPw4ArqcAcNaAKBEbzAK7w5T8678+F8zloLzjzRY1iA8/UL4bOVWA==</latexit>→↑def

s.t.

<latexit sha1_base64="6tMVjTFUrkxXGriq+GTT9jmgZ48=">AAACEnicbZDLSgMxFIYz9VbrbdSdboJFqCBlRqS6EYqiuBEq2Au0Q8mkmTY0kxmSjFCGgT6Ez+BW1+7ErS/g0jcxM+3CVn8I/PnPCefkc0NGpbKsLyO3sLi0vJJfLaytb2xumds7DRlEApM6DlggWi6ShFFO6ooqRlqhIMh3GWm6w6u03nwkQtKAP6hRSBwf9Tn1KEZKR11zr+MjNXC9+C65KF0fZzeMWHyZHHXNolW2MsG/xp6aIpiq1jW/O70ARz7hCjMkZdu2QuXESCiKGUkKnUiSEOEh6pO2thz5RDpx9ocEHuqkB71A6MMVzNLfL2LkSznyXd2Z7ijna2n4X60dKe/ciSkPI0U4ngzyIgZVAFMgsEcFwYqNtEFYUL0rxAMkEFYa28wU1080E3uewF/TOCnblXLl/rRYvRlP6OTBPjgAJWCDM1AFt6AG6gCDMXgGL+DVeDLejHfjY9KaM6ZEd8GMjM8fg9SeVg==</latexit>

M = (E,B)

強基対付合
strongly base orderable

<latexit sha1_base64="f4rplREBjVnFTO7vv3/X0yKfzS4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR4LgnisYD+gXUo2zbahSXZJskJZC/4Cr3r2Jl79Mx79J2a3PdjWBwOP92aYmRfEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md9+pEqzSD6YSUx9gYeShYxgk0k9Fob9csWtujnQKvHmpAJzNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zW+dojOrDFAYKVvSoFz9O5FiofVEBLZTYDPSy14m/ud1ExNe+ymTcWKoJLNFYcKRiVD2OBowRYnhE0swUczeisgIK0yMjWdhSyCmNhNvOYFV0rqoerVq7f6yUr99nqVThBM4hXPw4ArqcAcNaAKBEbzAK7w5T8678+F8zloLzjzRY1iA8/UL4bOVWA==</latexit>→↑def <latexit sha1_base64="5VhJ88+k4J3EhSs9GHM/TxFeN+k=">AAACE3icbVDLSgMxFM3UV62vUZfdBIvgQsqMSHVZK4jLCvYBnaFk0kwbmmSGJCOUoaAf4Te41bU7cesHuPRPzLRd2NYDgcM5N9xzTxAzqrTjfFu5ldW19Y38ZmFre2d3z94/aKookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVDK8zv/VApKKRuNejmPgc9QUNKUbaSF276IWRRIzBq9Ma9KiAHkd6gBFLa+OuXXLKzgRwmbgzUgIz1Lv2j9eLcMKJ0JghpTquE2s/RVJTzMi44CWKxAgPUZ90DBWIE+WnkyPG8NgoPWjSmCc0nKh/f6SIKzXigZnMIqpFLxP/8zqJDi/9lIo40UTg6aIwYVBHMGsE9qgkWLORIQhLarJCPEASYW16m9sS8KwTd7GBZdI8K7uVcuXuvFS9eZy2kwdFcAROgAsuQBXcgjpoAAyewAt4BW/Ws/VufVif09GcNWv0EMzB+voFu1mebA==</latexit>

→A,B ↑ B
<latexit sha1_base64="sWqzAZ9vWl0y65x51XxeNmWajP4=">AAACK3icbVDLSgMxFM34rPVVdekmWARXZUalumwriMsK9gGdUjLpbRuaZIYkUyyl4G/4EX6DW127Uty48D9MH6BtPRA4nHOTk3uCiDNtXPfdWVpeWV1bT2wkN7e2d3ZTe/tlHcaKQomGPFTVgGjgTELJMMOhGikgIuBQCbpXI7/SA6VZKO9MP4K6IG3JWowSY6VG6syHe5uisd8jKuowf/SkxHlfgxFMxhoXsG9CXPgV8o1U2s24Y+BF4k1JGk1RbKS+/GZIYwHSUE60rnluZOoDogyjHIZJP9YQEdolbahZKokAXR+MlxviY6s0cStU9kiDx+rfGwMitO6LwE4KYjp63huJ/3m12LQu6wMmo9iApJOgVsyx3XbUFG4yBdTwviWEKmb/immHKEKN7XMmJRBD24k338AiKZ9mvGwme3uezl0/TNpJoEN0hE6Qhy5QDt2gIiohih7RM3pBr86T8+Z8OJ+T0SVn2ugBmoHz/QOWRajU</latexit>

→ω : A \B ↑ B \A
s.t.

<latexit sha1_base64="skL9/L0YLOdKxbhK6BqyK23QAA8=">AAACGHicbZDLSgMxFIYz9VbrrerSTbAIrsqMSHVZFcRlBXuBTimZ9EwbmmTGJCOUoeDKh/AZ3Oranbh159I3Mb0sbOuBkJ//P+GcfEHMmTau++1klpZXVtey67mNza3tnfzuXk1HiaJQpRGPVCMgGjiTUDXMcGjECogIONSD/tUorz+A0iySd2YQQ0uQrmQho8RYq53HfhgpwjluYF8ngQYD9/jCt7dgMtH4sp0vuEV3XHhReFNRQNOqtPM/fieiiQBpKCdaNz03Nq2UKMMoh2HOTzTEhPZJF5pWSiJAt9LxT4b4yDodbFeyRxo8dv++SInQeiAC2ymI6en5bGT+lzUTE563UibjxICkk0FhwrGJ8AgL7jAF1PCBFYQqZnfFtEcUocbCm5kSiKFl4s0TWBS1k6JXKpZuTwvl68cJnSw6QIfoGHnoDJXRDaqgKqLoCb2gV/TmPDvvzofzOWnNOFOi+2imnK9fSP2g4w==</latexit>

→X ↑ A \B
<latexit sha1_base64="G6iixe1NaJWAr787R6W1bzfxUdo=">AAACJnicbZDLSsNAFIYn9VbrLerSzWARKtqSiFSXtYK4rGDbQBPKZDpph04mYWZSKKHgQ/gQPoNbXbsTcadvYtJ20Ys/DPzznzOcM58bMiqVYXxrmZXVtfWN7GZua3tnd0/fP2jIIBKY1HHAAmG5SBJGOakrqhixQkGQ7zLSdPu3ab05IELSgD+qYUgcH3U59ShGKonaeummaJ3ZAyTCHi1Yp+ewOnMrWtCmHNo+Uj2MWFwdtfW8UTLGgsvGnJo8mKrW1n/tToAjn3CFGZKyZRqhcmIkFMWMjHJ2JEmIcB91SSuxHPlEOvH4XyN4kiQd6AUiOVzBcTr7Ika+lEPfTTrTFeViLQ3/q7Ui5V07MeVhpAjHk0FexKAKYAoJdqggWLFhYhAWNNkV4h4SCKsE5dwU10+ZmIsElk3jomSWS+WHy3zl7mlCJwuOwDEoABNcgQq4BzVQBxg8g1fwBt61F+1D+9S+Jq0ZbUr0EMxJ+/kDLKakzA==</latexit>

A→X + ω(X), B + ω(X)→X ↑ B

同時交換性は（弱・強）基対付合性を仮定すると直ちに従う．一般に交換性がこれらの仮定から 
導かれるどうかを考えることは，一般のマトロイドにおける成立の検証の第一歩として効果的

一様マトロイド ⊆ 分割マトロイド 層族マトロイド
横断マトロイド

ガンモイド ⊆ SBO ⊆ BO

(BO)

(SBO)

⊆
⊆

⊆
⊆ ⊆

グラフ的マトロイド

全単射

全単射



/8916多重交換性

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="lOY9Epwzp9FVKRUftq9i/ixvJVw="></latexit>

→X

<latexit sha1_base64="eJAnPK6aEfYI9mjy5+lyVqzG4y0="></latexit>

→Y

多重交換性 (multiple exchange property)

s.t.

[Brylawski ’73, Greene ’73, Woodall ’74]

<latexit sha1_base64="sgNY/Aq4v+SNFPr0PbrvWlw1Plo=">AAACFHicbZDNSsNAFIUn9a/Wv6hLXQwWQagtiUh1WSuIywq2TWlCmUwn7dDJJMxMhBIK4kP4DG517U7cunfpm5i0XdjWCwOHc+5w7/3ckFGpDONbyywtr6yuZddzG5tb2zv67l5DBpHApI4DFgjLRZIwykldUcWIFQqCfJeRpju4TvPmAxGSBvxeDUPi+KjHqUcxUonV0Q+vilahdQqrBavYgjbl0PaR6mPE4uqoo+eNkjEuuCjMqciDadU6+o/dDXDkE64wQ1K2TSNUToyEopiRUc6OJAkRHqAeaSeSI59IJx5fMYLHidOFXiCSxxUcu39/xMiXcui7SWe6opzPUvO/rB0p79KJKQ8jRTieDPIiBlUAUySwSwXBig0TgbCgya4Q95FAWCXgZqa4fsrEnCewKBpnJbNcKt+d5ys3jxM6WXAAjsAJMMEFqIBbUAN1gMETeAGv4E171t61D+1z0prRpkT3wUxpX7+QiJ2s</latexit>

A→X + Y,B +X → Y ↑ B
<latexit sha1_base64="HtlmLWWW59hlzF75ukU9Je07EtY=">AAACGXicbZC7SgNBFIZnvcZ71NJmNAhWYVckWkYFsYxgYiAbwuzkrBkyM7vOnBVCCNj5ED6DrdZ2Ymtl6Zs4uRTeDgx8/P8Zzjl/lEph0fc/vKnpmdm5+dzC4tLyyupafn2jZpPMcKjyRCamHjELUmiookAJ9dQAU5GEq6h7OvSvbsFYkehL7KXQVOxai1hwhk5q5bfDODFMSlqnoc0iCwg39NgxoBI6s/SklS/4RX9U9C8EEyiQSVVa+c+wnfBMgUYumbWNwE+x2WcGBZcwWAwzCynjXXYNDYeaKbDN/uiUAd11Spu6ndzTSEfq9x99pqztqch1KoYd+9sbiv95jQzjo2Zf6DRD0Hw8KM4kxYQOc6FtYYCj7Dlg3Ai3K+UdZhhHl96PKZEauEyC3wn8hdp+MSgVSxcHhfLZ3TidHNkiO2SPBOSQlMk5qZAq4eSePJIn8uw9eC/eq/c2bp3yJolukh/lvX8BqaqhDQ==</latexit>

→X ↑ A \B
<latexit sha1_base64="GI0aV3zyQqgc0Lu4O9YjyKYEOJ4=">AAACGnicbZBLSwMxFIUzPuu76tJNaBFclRmR6rIqiEsF+5C2lEx6a0OTzJjcEUspuPRH+Bvc6tqduHXj0n9i+lhY64XAxzk3nOSEsRQWff/Lm5mdm19YTC0tr6yurW+kN7dKNkoMhyKPZGQqIbMghYYiCpRQiQ0wFUooh53TgV++A2NFpK+wG0NdsRstWoIzdFIjnanBvUux9JrWbBJaQLilJ44BldCJpce0kc76OX84dBqCMWTJeC4a6e9aM+KJAo1cMmurgR9jvccMCi6hv1xLLMSMd9gNVB1qpsDWe8O/9OmuU5q0FRl3NNKh+vtGjylruyp0m4ph2/71BuJ/XjXB1lG9J3ScIGg+CmolkmJEB8XQpjDAUXYdMG6EeyvlbWYYR1ffREqo+q6T4G8D01DazwX5XP7yIFs4exi1kyI7JEP2SEAOSYGckwtSJJw8kmfyQl69J+/Ne/c+Rqsz3rjRbTIx3ucPRQahWA==</latexit>

→Y ↑ B \A
<latexit sha1_base64="kN+DIVYjoQHgiKM0ovtJi6J1vLg="></latexit>

→A,B ↑ B

同時交換性 
[Brualdi ’69]

Greene の交換性 
[Greene ’74]

多重交換性 
[Brylawski ’73, Greene ’73, Woodall ’74]

均衡改善交換性 
[Akrami–Liu–Raj–Végh ’26]

抱き合わせ交換性 
[O.–Schwarcz ’26]

（片側）交換性

観察：強基対付合性から直ちに従う



/8917多重交換性│応用

応用は多岐 マトロイド制約下の（単調）劣モジュラ関数最大化

 マトロイド制約下の単調劣モ最大化
<latexit sha1_base64="s25N5FGM8iihqdO2yzXqXX8OyaQ="></latexit>

k [Lee–Sviridenko–Vondrak ’10]

決定性  近似
<latexit sha1_base64="WWPQlZbkV/0i5Cy5V3cM6kwzOvE="></latexit>

2 + ω [Buchbinder–Feldman–Garg ’23]

ノイズつきオラクル [Huang–Wang–Yang–Zhou ’22]

最大重み直並列部分グラフ問題に対する近似アルゴリズム [Călinescu–Wang ’24]

グラフ信号処理 [Li–Jin–Shuman ’19]

階数をパラメータとした FPT [Nematollahi–Vladu–Zhao ’26]

さらなる拡張の応用
グラフ TSP に対する 1.497 近似 [Traub–Vygen ’23]



/8918多重交換性│着想

❝ 不変式論での結果を基に，Gian–Carlo Rota が予想した ❞
引用：T. H. Brylawski.  Some properties of basic families of subsets. Disc. Math., 6:333–341, 1973.

引用：D. R. Woodall.  An exchange theorem for bases of matroids. J. Comb. Theory B, 16:227–228, 1974.

❝ （出自について特に言及なし） ❞

This result was first brought to my attention by D. Wright, who needed it in the case of p-groups and proved it for vector spaces in general [4]. I then proved it for matroids. Paul Seymour 
subsequently mentioned it as an unsolved problem at the 1973 (Aberystwyth) British Combinatorial Conference, and, since the result did not appear to be generally known, I have 
resurrected my proof. A recent paper by Greene [2] is devoted to a much longer proof of the same result; and it has since been pointed out to me that Greene also announced a short proof, 
apparently similar to mine, at the Dallas meeting of the A.M.S. in January 1973 [3], although the details have not been published.

引用：C. Greene.  A multiple exchange property for bases. In Proc. Am. Math. Soc., 39(1):45–50, 1973.

❝

❞
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引用：T. H. Brylawski.  Some properties of basic families of subsets. Disc. Math., 6:333–341, 1973.

引用：C. Greene.  A multiple exchange property for bases. In Proc. Am. Math. Soc., 39(1):45–50, 1973.

19

❝ 不変式論での結果を基に，Gian–Carlo Rota が予想した ❞

引用：D. R. Woodall.  An exchange theorem for bases of matroids. J. Comb. Theory B, 16:227–228, 1974.

❝ （出自について特に言及なし） ❞

This result was first brought to my attention by D. Wright, who needed it in the case of p-groups and proved it for vector spaces in general [4]. I then proved it for matroids. Paul Seymour 
subsequently mentioned it as an unsolved problem at the 1973 (Aberystwyth) British Combinatorial Conference, and, since the result did not appear to be generally known, I have 
resurrected my proof. A recent paper by Greene [2] is devoted to a much longer proof of the same result; and it has since been pointed out to me that Greene also announced a short proof, 
apparently similar to mine, at the Dallas meeting of the A.M.S. in January 1973 [3], although the details have not been published.

多重交換性│着想

❝

❞

D. Wright が線形マトロイドに対して示したのを見て，私が一般のマトロイドに対し
て証明した．その後，会議で Paul Seymour が未解決問題として言及したので，こ
れは一般には知られていない結果なのではないかと思い至り，証明を復活させた．
最近の Greene の論文も，同じ結果を非常に長い証明により示している．その後，
Greene は短い証明があるとアナウンスしたが，詳細は出版されていない．

昔は未解決問題だった．Woodall が与えたシンプルな証明は２時限目で紹介



/8920多重交換性│Grassmann–Plücker 恒等式

（多重） Grassmann–Plücker 恒等式
<latexit sha1_base64="glwT6F+wCRdJMWozfmg9mxYkOuA="></latexit>

detK[A] detK[B] =
∑

Y→B\A : |Y |=|X|

± detK[A→X + Y ] detK[B +X → Y ]

[Grassmann 1844, Plücker 1868, Hodge–Pedoe ’47]

引用：T. H. Brylawski.  Some properties of basic families of subsets. Disc. Math., 6:333–341, 1973.

引用：C. Greene.  A multiple exchange property for bases. In Proc. Am. Math. Soc., 39(1):45–50, 1973.

<latexit sha1_base64="FNxMOqhu//36zy3apFYsx6rTAgc="></latexit>

X → A \B

Grassmann–Plücker 恒等式の多重交換版も古くから知られている

❝

❞

❝

❞



/8921Greene の交換性

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

Greene の交換性

s.t.

<latexit sha1_base64="TaKtLga8Y2POmig1vZss0AQoZBA=">AAACNHicbZDLSkMxEIZzvNZ6q7p0EyyCCynniKgLF20FcVnBXqQtJSedajDJOSZzhFIKPosP4TO41Z3gRsStz2B6WdTLQODj/yfMzB/GUlj0/Vdvanpmdm4+tZBeXFpeWc2srVdslBgOZR7JyNRCZkEKDWUUKKEWG2AqlFANb04GfvUOjBWRvsBuDE3FrrToCM7QSa3McaMTGSYlrdGGTUILCLe04BhQCZ1YWtyllxNWccIqtDJZP+cPi/6FYAxZMq5SK/PeaEc8UaCRS2ZtPfBjbPaYQcEl9NONxELM+A27grpDzRTYZm94ZZ9uO6VN3bruaaRDdfJHjylruyp0nYrhtf3tDcT/vHqCnaNmT+g4QdB8NKiTSIoRHURG28IAR9l1wLgRblfKr5lhHF2wP6aEqu8yCX4n8Bcqe7ngIHdwvp/Nn96P0kmRTbJFdkhADkmenJESKRNOHsgTeSYv3qP35n14n6PWKW+c6Ab5Ud7XN+ljq18=</latexit>

→X ↑ A \B, Y ↑ B \A with
<latexit sha1_base64="J6sTaz+dTHMPpEWjo2tavvBZvZ0=">AAACEHicbZDLSgMxGIUzXmu9jboR3ASLIAhlRqS6kqogLivYi7RDyaSZNjTJDElGKDMVn8FncKtrd+LWN3Dpm5heFrb1QOBwzh/+5PMjRpV2nG9rbn5hcWk5s5JdXVvf2LS3tisqjCUmZRyyUNZ8pAijgpQ11YzUIkkQ9xmp+t2rQV99IFLRUNzpXkQ8jtqCBhQjbaKmvZvW0qP0PoXnML1oKKI5FbGCl2nTzjl5Zyg4a9yxyYGxSk37p9EKccyJ0JghpequE2kvQVJTzEg/24gViRDuojapGysQJ8pLhj/owwOTtGAQSnOEhsP0740EcaV63DeTHOmOmu4G4X9dPdbBmZdQEcWaCDxaFMQM6hAOcMAWlQRr1jMGYUnNWyHuIImwNtAmtvi8b5i40wRmTeU47xbyhduTXPH6aUQnA/bAPjgELjgFRXADSqAMMHgEL+AVvFnP1rv1YX2ORuesMdEdMCHr6xfnWp15</latexit>

|X|+ |Y | > |A \B|
<latexit sha1_base64="azKSogx1SaPUtQNr+qrvUQeVVqQ=">AAACFHicbZDNSsNAFIUn9a/Wv6hLXQwWQagtiUh1WSuIywomLTShTKaTduhkEmYmQgkF8SF8Bre6didu3bv0TUzaLmzrhYHDOXe4935exKhUhvGt5ZaWV1bX8uuFjc2t7R19d8+WYSwwsXDIQtHykCSMcmIpqhhpRYKgwGOk6Q2us7z5QISkIb9Xw4i4Aepx6lOMVGp19MOrslWyT2G9ZJVt6FAOnQCpPkYsqY86etGoGOOCi8KciiKYVqOj/zjdEMcB4QozJGXbNCLlJkgoihkZFZxYkgjhAeqRdio5Coh0k/EVI3icOl3ohyJ9XMGx+/dHggIph4GXdmYryvksM//L2rHyL92E8ihWhOPJID9mUIUwQwK7VBCs2DAVCAua7gpxHwmEVQpuZooXZEzMeQKLwj6rmNVK9e68WLt5nNDJgwNwBE6ACS5ADdyCBrAABk/gBbyCN+1Ze9c+tM9Ja06bEt0HM6V9/QJ8rp2g</latexit>

A→ U + V,B + U → V ↑ B
<latexit sha1_base64="EY1rZTPYIn4dfZTcupLSUMkK+1U=">AAACLnicbVDLSgMxFM34rO+qSzfBIriQMiNSXRYEcalga6VTSia91WCSGZM70jIU/BA/wm9wq2vBhYg7P8P0sdDWA4GTc+7lJCdKpLDo++/e1PTM7Nx8bmFxaXlldS2/vlG1cWo4VHgsY1OLmAUpNFRQoIRaYoCpSMJldHvc9y/vwVgR6wvsJtBQ7FqLtuAMndTMl0LouBRLQ4QOZlTHGlSCXdqjFRraNLKAcEdre7T663rVzBf8oj8AnSTBiBTICGfN/FfYinmqQCOXzNp64CfYyJhBwSX0FsPUQsL4LbuGuqOaKbCNbPC/Ht1xSou2Y+OORjpQf29kTFnbVZGbVAxv7LjXF//z6im2jxqZ0EmKoPkwqJ1KijHtl0VbwgBH2XWEcSPcWym/YYZxdJX+SYlUz3USjDcwSar7xaBULJ0fFMonD8N2cmSLbJNdEpBDUian5IxUCCeP5Jm8kFfvyXvzPrzP4eiUN2p0k/yB9/0Dav+psw==</latexit>

→ nonempty U ↑ X,V ↑ Y

※ 条件  は「  が従属」に緩和可能 [Kung ’78]
<latexit sha1_base64="J6sTaz+dTHMPpEWjo2tavvBZvZ0=">AAACEHicbZDLSgMxGIUzXmu9jboR3ASLIAhlRqS6kqogLivYi7RDyaSZNjTJDElGKDMVn8FncKtrd+LWN3Dpm5heFrb1QOBwzh/+5PMjRpV2nG9rbn5hcWk5s5JdXVvf2LS3tisqjCUmZRyyUNZ8pAijgpQ11YzUIkkQ9xmp+t2rQV99IFLRUNzpXkQ8jtqCBhQjbaKmvZvW0qP0PoXnML1oKKI5FbGCl2nTzjl5Zyg4a9yxyYGxSk37p9EKccyJ0JghpequE2kvQVJTzEg/24gViRDuojapGysQJ8pLhj/owwOTtGAQSnOEhsP0740EcaV63DeTHOmOmu4G4X9dPdbBmZdQEcWaCDxaFMQM6hAOcMAWlQRr1jMGYUnNWyHuIImwNtAmtvi8b5i40wRmTeU47xbyhduTXPH6aUQnA/bAPjgELjgFRXADSqAMMHgEL+AVvFnP1rv1YX2ORuesMdEdMCHr6xfnWp15</latexit>

|X|+ |Y | > |A \B| <latexit sha1_base64="ocRk+w0M50YkA0FCMikTXnSvXFU=">AAAB+XicbVBNSwMxEJ2tX7V+VT16CRZBEMquSPVYEMRjRfsh7VKyabYNTbJLkhXKUvAPeNWzN/Hqr/HoPzHt9mBbHww83pthZl4Qc6aN6347uZXVtfWN/GZha3tnd6+4f9DQUaIIrZOIR6oVYE05k7RumOG0FSuKRcBpMxheT/zmE1WaRfLBjGLqC9yXLGQEGyvdt84eu8WSW3anQMvEm5ESzFDrFn86vYgkgkpDONa67bmx8VOsDCOcjgudRNMYkyHu07alEguq/XR66hidWKWHwkjZkgZN1b8TKRZaj0RgOwU2A73oTcT/vHZiwis/ZTJODJUkWxQmHJkITf5GPaYoMXxkCSaK2VsRGWCFibHpzG0JxNhm4i0msEwa52WvUq7cXZSqN89ZOnk4gmM4BQ8uoQq3UIM6EOjDC7zCm5M6786H85m15pxZoocwB+frF55NlJk=</latexit>

X + Y

[Greene ’74]

<latexit sha1_base64="fKRSkOczWkTA5fAZ1et5DUYBssw="></latexit>

→Y

<latexit sha1_base64="lOY9Epwzp9FVKRUftq9i/ixvJVw="></latexit>

→X
<latexit sha1_base64="rYW1fQd3nCgDb1xwU6NVAOLrjeE="></latexit>

→U

<latexit sha1_base64="FcswS/pLK2WjfPk/IV6nyLUfAcU="></latexit>

→V

同時交換性 
[Brualdi ’69]

Greene の交換性 
[Greene ’74]

多重交換性 
[Brylawski ’73, Greene ’73, Woodall ’74]

均衡改善交換性 
[Akrami–Liu–Raj–Végh ’26]

抱き合わせ交換性 
[O.–Schwarcz ’26]

（片側）交換性

観察：弱基対付合性から従う



/8922Greene の交換性│着想・応用

あまり知られていないと思われるが，Schrijver ABC では（主張なしで）引用されている

引用：C. Greene.  Another exchange property for bases. In Proc. Am. Math. Soc., 46(1):155–156, 1974.

❝ Gian–Carlo Rota が予想した ❞

いくつかの論文において，強基対付合が仮定されているものの， 
Greene の交換性しか使用していないため，仮定を外せる結果がある



/8923抱き合わせ交換性

同時交換性 
[Brualdi ’69]

Greene の交換性 
[Greene ’74]

多重交換性 
[Brylawski ’73, Greene ’73, Woodall ’74]

均衡改善交換性 
[Akrami–Liu–Raj–Végh ’26]

抱き合わせ交換性 
[O.–Schwarcz ’26]

（片側）交換性

抱き合わせ交換性（この講義では）

s.t.

<latexit sha1_base64="TaKtLga8Y2POmig1vZss0AQoZBA=">AAACNHicbZDLSkMxEIZzvNZ6q7p0EyyCCynniKgLF20FcVnBXqQtJSedajDJOSZzhFIKPosP4TO41Z3gRsStz2B6WdTLQODj/yfMzB/GUlj0/Vdvanpmdm4+tZBeXFpeWc2srVdslBgOZR7JyNRCZkEKDWUUKKEWG2AqlFANb04GfvUOjBWRvsBuDE3FrrToCM7QSa3McaMTGSYlrdGGTUILCLe04BhQCZ1YWtyllxNWccIqtDJZP+cPi/6FYAxZMq5SK/PeaEc8UaCRS2ZtPfBjbPaYQcEl9NONxELM+A27grpDzRTYZm94ZZ9uO6VN3bruaaRDdfJHjylruyp0nYrhtf3tDcT/vHqCnaNmT+g4QdB8NKiTSIoRHURG28IAR9l1wLgRblfKr5lhHF2wP6aEqu8yCX4n8Bcqe7ngIHdwvp/Nn96P0kmRTbJFdkhADkmenJESKRNOHsgTeSYv3qP35n14n6PWKW+c6Ab5Ud7XN+ljq18=</latexit>

→X ↑ A \B, Y ↑ B \A

[O.–Schwarcz ’26]

<latexit sha1_base64="d36G7/BYlbXIJFJ8IUcKJY5l0mo=">AAACNHicbZDLSgMxFIYz9VbvVZdugkVwIWVGRF248ALisoKtQltKJj1tQ5PMmJwRSyn4LD6Ez+BWd4IbEbc+g+ll0VoPBH7+/4Q/+cJYCou+/+6lpqZnZufS8wuLS8srq5m19aKNEsOhwCMZmduQWZBCQwEFSriNDTAVSrgJW+e9/OYejBWRvsZ2DBXFGlrUBWforGrmuAwPrsXSAi3bJLSAcEdPnQZUQieWnu3S4kh0NhKdVjNZP+f3h06KYCiyZDj5auazXIt4okAjl8zaUuDHWOkwg4JL6C6UEwsx4y3WgJKTmimwlU7/l1267ZwarUfGHY20747e6DBlbVuFblMxbNq/Wc/8LyslWD+qdISOEwTNB0X1RFKMaA8ZrQkDHGXbCcaNcG+lvMkM4+jAjrWEquuYBH8JTIriXi44yB1c7WdPLh4HdNJkk2yRHRKQQ3JCLkmeFAgnT+SFvJI379n78L6878FqyhsS3SBj4/38AhhPq3k=</latexit>

→U ↑ A \B, V ↑ B \A
<latexit sha1_base64="azKSogx1SaPUtQNr+qrvUQeVVqQ=">AAACFHicbZDNSsNAFIUn9a/Wv6hLXQwWQagtiUh1WSuIywomLTShTKaTduhkEmYmQgkF8SF8Bre6didu3bv0TUzaLmzrhYHDOXe4935exKhUhvGt5ZaWV1bX8uuFjc2t7R19d8+WYSwwsXDIQtHykCSMcmIpqhhpRYKgwGOk6Q2us7z5QISkIb9Xw4i4Aepx6lOMVGp19MOrslWyT2G9ZJVt6FAOnQCpPkYsqY86etGoGOOCi8KciiKYVqOj/zjdEMcB4QozJGXbNCLlJkgoihkZFZxYkgjhAeqRdio5Coh0k/EVI3icOl3ohyJ9XMGx+/dHggIph4GXdmYryvksM//L2rHyL92E8ihWhOPJID9mUIUwQwK7VBCs2DAVCAua7gpxHwmEVQpuZooXZEzMeQKLwj6rmNVK9e68WLt5nNDJgwNwBE6ACS5ADdyCBrAABk/gBbyCN+1Ze9c+tM9Ja06bEt0HM6V9/QJ8rp2g</latexit>

A→ U + V,B + U → V ↑ B

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="PvQ75LViLnIjCUWbvwxX2PAkOSU=">AAACJnicbZDLSgMxFIYzXmu9VV26CRZBsAwzItWNUBDEZQWnF9pSMumZNjRzMckIpVPwIXwIn8Gtrt2JuNM3Mb0sevGHwJ//nMNJPjfiTCrL+jaWlldW19ZTG+nNre2d3czefkmGsaDg0JCHouISCZwF4CimOFQiAcR3OZTd7vWwXn4EIVkY3KteBA2ftAPmMUqUjpoZs4LrMnYlKHjATg5Xp66lHE6c5CopJXUOOKmcVpNmJmuZ1kh40dgTk0UTFZuZ33orpLEPgaKcSFmzrUg1+kQoRjkM0vVYQkRol7Shpm1AfJCN/uhfA3yskxb2QqFPoPAonZ7oE1/Knu/qTp+ojpyvDcP/arVYeZeNPguiWEFAx4u8mGMV4iEk3GICqOI9bQgVTL8V0w4RhCqNcmaL6w80E3uewKIpnZl23szfnWcLN09jOil0iI7QCbLRBSqgW1REDqLoGb2iN/RuvBgfxqfxNW5dMiZED9CMjJ8/j4OlmQ==</latexit>

X → U, Y → V, |U | = |V | ↑ |X + Y |

※ 上界  は  の階数に改善可能
<latexit sha1_base64="4deG/5pvLhLuqVjLHqXaGw85QOI=">AAAB+3icbVDLSgNBEOz1GeMr6tHLYBAEIeyKRI8BQTxGMA9JljA7mU2GzMwuM7NC2Cz4B1717E28+jEe/RMnj4NJLGgoqrrp7gpizrRx3W9nZXVtfWMzt5Xf3tnd2y8cHNZ1lChCayTikWoGWFPOJK0ZZjhtxopiEXDaCAY3Y7/xRJVmkXwww5j6AvckCxnBxkq1UfP8cdQpFN2SOwFaJt6MFGGGaqfw0+5GJBFUGsKx1i3PjY2fYmUY4TTLtxNNY0wGuEdblkosqPbTybEZOrVKF4WRsiUNmqh/J1IstB6KwHYKbPp60RuL/3mtxITXfspknBgqyXRRmHBkIjT+HHWZosTwoSWYKGZvRaSPFSbG5jO3JRCZzcRbTGCZ1C9KXrlUvr8sVm6fp+nk4BhO4Aw8uIIK3EEVakCAwQu8wpuTOe/Oh/M5bV1xZokewRycr19xj5Wl</latexit>

|X + Y | <latexit sha1_base64="ocRk+w0M50YkA0FCMikTXnSvXFU=">AAAB+XicbVBNSwMxEJ2tX7V+VT16CRZBEMquSPVYEMRjRfsh7VKyabYNTbJLkhXKUvAPeNWzN/Hqr/HoPzHt9mBbHww83pthZl4Qc6aN6347uZXVtfWN/GZha3tnd6+4f9DQUaIIrZOIR6oVYE05k7RumOG0FSuKRcBpMxheT/zmE1WaRfLBjGLqC9yXLGQEGyvdt84eu8WSW3anQMvEm5ESzFDrFn86vYgkgkpDONa67bmx8VOsDCOcjgudRNMYkyHu07alEguq/XR66hidWKWHwkjZkgZN1b8TKRZaj0RgOwU2A73oTcT/vHZiwis/ZTJODJUkWxQmHJkITf5GPaYoMXxkCSaK2VsRGWCFibHpzG0JxNhm4i0msEwa52WvUq7cXZSqN89ZOnk4gmM4BQ8uoQq3UIM6EOjDC7zCm5M6786H85m15pxZoocwB+frF55NlJk=</latexit>

X + Y

<latexit sha1_base64="kN+DIVYjoQHgiKM0ovtJi6J1vLg="></latexit>

→A,B ↑ B

<latexit sha1_base64="fKRSkOczWkTA5fAZ1et5DUYBssw="></latexit>

→Y

<latexit sha1_base64="lOY9Epwzp9FVKRUftq9i/ixvJVw="></latexit>

→X
<latexit sha1_base64="rYW1fQd3nCgDb1xwU6NVAOLrjeE="></latexit>

→U

<latexit sha1_base64="FcswS/pLK2WjfPk/IV6nyLUfAcU="></latexit>

→V

観察：強基対付合性から従う



/8924抱き合わせ交換性│応用
応用は多岐 … とは言えないが：重みつき最適基問題に対する局所探索法の頑健性

<latexit sha1_base64="Z9NQqv/84DeY52cEzblVhby7Qkc="></latexit>

max
B→B

∑

e→B

w(e) for 
<latexit sha1_base64="BGKYF3QoslcERAC7wFo1Qapa1T4="></latexit>

w : E → R

<latexit sha1_base64="/DTBpPlhY6Fye3ybUj4vufUPMsI="></latexit>

B0 → B

[Shioura ’22]

そうでない場合でも，

<latexit sha1_base64="VHlm36G4ObJcMuVYpCpFud+OxOU="></latexit>

Bt → B ↑ B
<latexit sha1_base64="FJ/LUPomj2S1+Z/ZF66WTKAExto="></latexit>

|B \Bt→1| → 1with

なら

<latexit sha1_base64="YZfCH9jbmW4lW0WNQ2bd6JsPT5Q="></latexit>

t = 1, . . . , T

<latexit sha1_base64="pUL23NXPcPFgwIFkPit/UWsN6+Q="></latexit>

BT → argmax{w(B) | B → B, |B \B0| ↑ T }

各反復での移動が局所的に最適
<latexit sha1_base64="hGe5R+sOtXtnnvBQGvp2HdA91gQ="></latexit>

(Bt → argmax{w(B) | B → B, |B \Bt→1| ↑ 1 } ↓t)

最終出力の suboptimality 第  反復での局所探索の suboptimalityt

[O.–Schwarcz ’26]この証明に，抱き合わせ交換性の　　　　　　   の場合を使える
<latexit sha1_base64="7zl92yAR7kOLDvuZy2T36Um8z2A="></latexit>

|X| = |Y | = 1

[Cf. O.–Sakaue ’24]

<latexit sha1_base64="b5HmdDsCM6QMdmv9580rDtnijlE="></latexit>

max{w(B) | B → B, |B \B0| ↑ T }↓ w(BT ) ↑
T∑

t=1

(max{w(B) | B → B, |B \Bt→1| ↑ 1 }↓ w(Bt→1))



/8925抱き合わせ交換性│後日談
抱き合わせ交換性の  の場合|X | = |Y | = 1

s.t.

<latexit sha1_base64="px3oJDKAfyteLp5eJfG6yNRdaHs=">AAACKHicbZDLSgMxFIYz9VbrbdSlm2ARXEiZEaku2wrisoK9QGcomTRtQ5PMkGTEMhR8Ch/CZ3Cra3fSpT6J6bSLXjwQ+Pn+E845fxAxqrTjjK3M2vrG5lZ2O7ezu7d/YB8e1VUYS0xqOGShbAZIEUYFqWmqGWlGkiAeMNIIBrcTv/FEpKKheNTDiPgc9QTtUoy0QW3b8bqhRIzBZ+hRAcvQU0RzKmIFKxdwmMLKHCy37bxTcNKCq8KdiTyYVbVt/3idEMecCI0ZUqrlOpH2EyQ1xYyMcl6sSITwAPVIy0iBOFF+kl42gmeGdKBZ0TyhYUrnfySIKzXkgenkSPfVsjeB/3mtWHdv/ISKKNZE4OmgbsygDuEkJtihkmDNhkYgLKnZFeI+kghrE+bClICPTCbucgKron5ZcIuF4sNVvnT3Mk0nC07AKTgHLrgGJXAPqqAGMHgF7+ADfFpv1pf1bY2nrRlrlugxWCjr9w92lqX9</latexit>

→x ↑ A \B, y ↑ B \A
<latexit sha1_base64="5uRgZfoLhbEWQ2Ld55i1zxdmzHs=">AAACKHicbZDNSgMxFIUz9a/+j7p0EyyCCykzItWlVhCXFawKnVIy6Z02NMkMSUYsQ8Gn8CF8Bre6didd6pOYTruw1guBwzk3nOQLE8608byhU5ibX1hcKi6vrK6tb2y6W9u3Ok4VhTqNeazuQ6KBMwl1wwyH+0QBESGHu7B3McrvHkBpFssb00+gKUhHsohRYqzVcr0AHm2LxoADJvE5DjQYwWSqcfUQR7lZ/WWet9ySV/bywbPCn4gSmkyt5X4F7ZimAqShnGjd8L3ENDOiDKMcBitBqiEhtEc60LBSEgG6meU/G+B967RxFCt7pMG5+/tGRoTWfRHaTUFMV//NRuZ/WSM10WkzYzJJDUg6LopSjk2MR5hwmymghvetIFQx+1ZMu0QRaizMqZZQDCwT/y+BWXF7VPYr5cr1cens8mlMp4h20R46QD46QWfoCtVQHVH0jF7RG3p3XpwP59MZjlcLzoToDpoa5/sHbjml9w==</latexit>

→e ↑ A \B, f ↑ B \A
<latexit sha1_base64="oipEkwb6L6MUl51TsxngfM4OcTI="></latexit>

A→ {x, e}+ {y, f}, B + {x, e}→ {y, f} ↑ B
※  を許容

<latexit sha1_base64="WS7euuRp1sIc49oKL/+Bpk7BNI0="></latexit>

(e, f) = (x, y)

後日，この特殊ケースは同時交換性から従うことが判明 ✔ 演習問題３

一般の抱き合わせ交換性の応用が見つからず悩んでいたが…



/8926均衡改善交換性

同時交換性 
[Brualdi ’69]

Greene の交換性 
[Greene ’74]

多重交換性 
[Brylawski ’73, Greene ’73, Woodall ’74]

均衡改善交換性 
[Akrami–Liu–Raj–Végh ’26]

抱き合わせ交換性 
[O.–Schwarcz ’26]

（片側）交換性

均衡改善交換性（この講演では）

s.t.

<latexit sha1_base64="TaKtLga8Y2POmig1vZss0AQoZBA=">AAACNHicbZDLSkMxEIZzvNZ6q7p0EyyCCynniKgLF20FcVnBXqQtJSedajDJOSZzhFIKPosP4TO41Z3gRsStz2B6WdTLQODj/yfMzB/GUlj0/Vdvanpmdm4+tZBeXFpeWc2srVdslBgOZR7JyNRCZkEKDWUUKKEWG2AqlFANb04GfvUOjBWRvsBuDE3FrrToCM7QSa3McaMTGSYlrdGGTUILCLe04BhQCZ1YWtyllxNWccIqtDJZP+cPi/6FYAxZMq5SK/PeaEc8UaCRS2ZtPfBjbPaYQcEl9NONxELM+A27grpDzRTYZm94ZZ9uO6VN3bruaaRDdfJHjylruyp0nYrhtf3tDcT/vHqCnaNmT+g4QdB8NKiTSIoRHURG28IAR9l1wLgRblfKr5lhHF2wP6aEqu8yCX4n8Bcqe7ngIHdwvp/Nn96P0kmRTbJFdkhADkmenJESKRNOHsgTeSYv3qP35n14n6PWKW+c6Ab5Ud7XN+ljq18=</latexit>

→X ↑ A \B, Y ↑ B \A with

[Akrami–Liu–Raj–Végh ’26]

<latexit sha1_base64="mDklj3vNP3f/az9+mWmh/KsXByc="></latexit>

|X| > |Y |
<latexit sha1_base64="mXHhWWPvPqRBtz+5Tkr6zvw6iwA=">AAACKHicbVDLSgMxFM34rO+qSzfBIriQMiNSXVYFcVnB1kJnKJn0VoNJZkzuiKUU/Ao/wm9wq2t34lK/xPSxsNYDgZNz7uUkJ06lsOj7n97U9Mzs3HxuYXFpeWV1Lb++UbNJZjhUeSITU4+ZBSk0VFGghHpqgKlYwlV8e9r3r+7BWJHoS+ykECl2rUVbcIZOaub9EB5ciqVVGtostoBwR+t7tPbreuI4oBI6s/S4mS/4RX8AOkmCESmQESrN/FfYSnimQCOXzNpG4KcYdZlBwSX0FsPMQsr4LbuGhqOaKbBRd/CzHt1xSou2E+OORjpQf290mbK2o2I3qRje2L9eX/zPa2TYPoq6QqcZgubDoHYmKSa0XxNtCQMcZccRxo1wb6X8hhnG0ZU5lhKrnusk+NvAJKntF4NSsXRxUCifPQ7byZEtsk12SUAOSZmckwqpEk6eyAt5JW/es/fufXifw9Epb9ToJhmD9/0Dv1ymwg==</latexit>

→U ↑ X,V ↑ B \A
<latexit sha1_base64="n+x+cTtOHc9Nzhe8vCqHktbxOQE=">AAACCXicbZBLSwMxFIUz9VXrq9Wlm2ARXJUZkepGKAjisoJ9SFtKJr3ThiaZIckoZVpw729wq2t34tZf4dJ/YvpY2NYDgcM5N9zL50ecaeO6305qZXVtfSO9mdna3tndy+b2qzqMFYUKDXmo6j7RwJmEimGGQz1SQITPoeb3r8Z97QGUZqG8M4MIWoJ0JQsYJcZG7WxuWMVNDUYwGWt8P7z02tm8W3AnwsvGm5k8mqnczv40OyGNBUhDOdG64bmRaSVEGUY5jDLNWENEaJ90oWGtJAJ0K5mcPsLHNungIFT2SYMn6d8fCRFaD4RvJwUxPb3YjcP/ukZsgotWwmQUG5B0uiiIOTYhHnPAHaaAGj6whlDF7K2Y9ogi1Fhac1t8MbJMvEUCy6Z6WvCKheLtWb50/TSlk0aH6AidIA+doxK6QWVUQRQ9ohf0it6cZ+fd+XA+p6MpZ0b0AM3J+foFqZ+aow==</latexit>

|V \ Y | = 1
<latexit sha1_base64="azKSogx1SaPUtQNr+qrvUQeVVqQ=">AAACFHicbZDNSsNAFIUn9a/Wv6hLXQwWQagtiUh1WSuIywomLTShTKaTduhkEmYmQgkF8SF8Bre6didu3bv0TUzaLmzrhYHDOXe4935exKhUhvGt5ZaWV1bX8uuFjc2t7R19d8+WYSwwsXDIQtHykCSMcmIpqhhpRYKgwGOk6Q2us7z5QISkIb9Xw4i4Aepx6lOMVGp19MOrslWyT2G9ZJVt6FAOnQCpPkYsqY86etGoGOOCi8KciiKYVqOj/zjdEMcB4QozJGXbNCLlJkgoihkZFZxYkgjhAeqRdio5Coh0k/EVI3icOl3ohyJ9XMGx+/dHggIph4GXdmYryvksM//L2rHyL92E8ihWhOPJID9mUIUwQwK7VBCs2DAVCAua7gpxHwmEVQpuZooXZEzMeQKLwj6rmNVK9e68WLt5nNDJgwNwBE6ACS5ADdyCBrAABk/gBbyCN+1Ze9c+tM9Ja06bEt0HM6V9/QJ8rp2g</latexit>

A→ U + V,B + U → V ↑ B

<latexit sha1_base64="kN+DIVYjoQHgiKM0ovtJi6J1vLg="></latexit>

→A,B ↑ B

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A
<latexit sha1_base64="fKRSkOczWkTA5fAZ1et5DUYBssw="></latexit>

→Y

<latexit sha1_base64="lOY9Epwzp9FVKRUftq9i/ixvJVw="></latexit>

→X
<latexit sha1_base64="rYW1fQd3nCgDb1xwU6NVAOLrjeE="></latexit>

→U

<latexit sha1_base64="FcswS/pLK2WjfPk/IV6nyLUfAcU="></latexit>

→V

観察：弱基対付合性から従う



/8927均衡改善交換性｜応用・着想
均等性定理 (Equitability Theorem) [Akrami–Liu–Raj–Végh ’26]

マトロイドの台集合  は  個の基に分割可能であるとする．<latexit sha1_base64="bYBz0lu6/KWyW47o1l48809Skfs="></latexit>

E
<latexit sha1_base64="s25N5FGM8iihqdO2yzXqXX8OyaQ="></latexit>

k

このとき，任意の  に対し，ある  の  個の基への分割  が存在し，
<latexit sha1_base64="ZSot8CHzh4MaHzCRKAmWhA055Co="></latexit>

S → E
<latexit sha1_base64="bYBz0lu6/KWyW47o1l48809Skfs="></latexit>

E
<latexit sha1_base64="s25N5FGM8iihqdO2yzXqXX8OyaQ="></latexit>

k
<latexit sha1_base64="wnt5KPMfAiIoKLW9g6hvKh3ZoRU="></latexit>

{B1, . . . , Bk}
<latexit sha1_base64="XikXt8M3gW/1yw5YWI9BdWZn4wc="></latexit>⌊
|S|
k

⌋
→ |Bi ↑ S| →

⌈
|S|
k

⌉
<latexit sha1_base64="UUB0ZpXiRotoDvBvWhLNypTR3mM="></latexit>

(→i ↑ {1, . . . , k})

[Fekete–Szabó ’11] により予想 → 14 年後に均衡改善交換性の証明を通して解決

<latexit sha1_base64="PtRJgT+ly5naTpX3D3c0i5xnO3Q="></latexit>

B1
<latexit sha1_base64="OJnZT7XL8NtsY+EFq8eDAMiHSRg="></latexit>

B2
<latexit sha1_base64="ZyvDRHJqMyAMa3JuNb9tu5d/SkQ="></latexit>

B3
<latexit sha1_base64="wWnBKE24l8Z3dwOQwo7rc78OIqQ="></latexit>

B4
<latexit sha1_base64="EIR6/eRDcuMKqzIVooR9zBjH3jE="></latexit>

B5

<latexit sha1_base64="p8TNHuMdQKbqS2Af+WGGrZXCjgE="></latexit>

S



/8928均衡改善交換性｜応用・着想
均等性定理 (Equitability Theorem) [Akrami–Liu–Raj–Végh ’26]

マトロイドの台集合  は  個の基に分割可能であるとする．<latexit sha1_base64="bYBz0lu6/KWyW47o1l48809Skfs="></latexit>

E
<latexit sha1_base64="s25N5FGM8iihqdO2yzXqXX8OyaQ="></latexit>

k

このとき，任意の  に対し，ある  の  個の基への分割  が存在し，
<latexit sha1_base64="ZSot8CHzh4MaHzCRKAmWhA055Co="></latexit>

S → E
<latexit sha1_base64="bYBz0lu6/KWyW47o1l48809Skfs="></latexit>

E
<latexit sha1_base64="s25N5FGM8iihqdO2yzXqXX8OyaQ="></latexit>

k
<latexit sha1_base64="wnt5KPMfAiIoKLW9g6hvKh3ZoRU="></latexit>

{B1, . . . , Bk}
<latexit sha1_base64="XikXt8M3gW/1yw5YWI9BdWZn4wc="></latexit>⌊
|S|
k

⌋
→ |Bi ↑ S| →

⌈
|S|
k

⌉
<latexit sha1_base64="UUB0ZpXiRotoDvBvWhLNypTR3mM="></latexit>

(→i ↑ {1, . . . , k})

公平配分と深い関係：

均等性定理 <latexit sha1_base64="nDRxICLop1gQSVyWL835mKIGwvM="></latexit>→↑
不可分財の分割において， 
全エージェントが同一・加法的・二値評価関数を持っている場合に， 
マトロイド制約下で EF1 配分が存在



/8929関連｜Gabow 予想
Gabow 予想 [Gabow ’76]

<latexit sha1_base64="kN+DIVYjoQHgiKM0ovtJi6J1vLg="></latexit>

→A,B ↑ B
<latexit sha1_base64="J6dk0PNtxLg/EmecZuuZhTNZBBc="></latexit>

→a1, . . . , ar：　　    の順序付け
<latexit sha1_base64="nQEy/OUR1RR7MsizWoYx1Axs6bk="></latexit>

A \B ：　　    の順序付け
<latexit sha1_base64="nQEy/OUR1RR7MsizWoYx1Axs6bk="></latexit>

A \B
<latexit sha1_base64="TWNcTZxbZGxybdlIW8u5gCCuNz8="></latexit>

→b1, . . . , br
s.t.

<latexit sha1_base64="0HIGLkZ9xqE/DIWYF3rtaAHjGes="></latexit>

A→ {a1, . . . , ai}+ {b1, . . . , bi}, B + {a1, . . . , ai}→ {b1, . . . , bi} ↑ B
<latexit sha1_base64="l3XCd78zWYzeCQzhBeW01BrypR8="></latexit>

(→i ↑ {0, . . . , r})

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="lEwCexcPjwKDaHAlebyw0zXQiBk="></latexit>a1
<latexit sha1_base64="HDDWktKTU1q4/3uYEKz9pvvmf+s="></latexit>a2

<latexit sha1_base64="+TQ3jgcT8u0rZLei/j9rzFJA/dQ="></latexit>a3
<latexit sha1_base64="QxlCN7RhqgE8ro9phqKSqwdWogQ="></latexit>a4

<latexit sha1_base64="XGkU8VsTiW3W27gX8r7GPszMYbg="></latexit>

b4
<latexit sha1_base64="WW9jbEV+Pody+8eqVYJIrzEgjX4="></latexit>

b3
<latexit sha1_base64="CeHFd9jGtA538rK/NBFGBPTAgII="></latexit>

b2
<latexit sha1_base64="s5mKVKEPCKl10XcaKGq+OzDb1Kk="></latexit>

b1

<latexit sha1_base64="lEwCexcPjwKDaHAlebyw0zXQiBk="></latexit>a1
<latexit sha1_base64="HDDWktKTU1q4/3uYEKz9pvvmf+s="></latexit>a2

<latexit sha1_base64="+TQ3jgcT8u0rZLei/j9rzFJA/dQ="></latexit>a3
<latexit sha1_base64="QxlCN7RhqgE8ro9phqKSqwdWogQ="></latexit>a4

<latexit sha1_base64="XGkU8VsTiW3W27gX8r7GPszMYbg="></latexit>

b4
<latexit sha1_base64="WW9jbEV+Pody+8eqVYJIrzEgjX4="></latexit>

b3
<latexit sha1_base64="CeHFd9jGtA538rK/NBFGBPTAgII="></latexit>

b2
<latexit sha1_base64="s5mKVKEPCKl10XcaKGq+OzDb1Kk="></latexit>

b1

<latexit sha1_base64="lEwCexcPjwKDaHAlebyw0zXQiBk="></latexit>a1
<latexit sha1_base64="HDDWktKTU1q4/3uYEKz9pvvmf+s="></latexit>a2

<latexit sha1_base64="+TQ3jgcT8u0rZLei/j9rzFJA/dQ="></latexit>a3
<latexit sha1_base64="QxlCN7RhqgE8ro9phqKSqwdWogQ="></latexit>a4

<latexit sha1_base64="XGkU8VsTiW3W27gX8r7GPszMYbg="></latexit>

b4
<latexit sha1_base64="WW9jbEV+Pody+8eqVYJIrzEgjX4="></latexit>

b3
<latexit sha1_base64="CeHFd9jGtA538rK/NBFGBPTAgII="></latexit>

b2
<latexit sha1_base64="s5mKVKEPCKl10XcaKGq+OzDb1Kk="></latexit>

b1

<latexit sha1_base64="lEwCexcPjwKDaHAlebyw0zXQiBk="></latexit>a1
<latexit sha1_base64="HDDWktKTU1q4/3uYEKz9pvvmf+s="></latexit>a2

<latexit sha1_base64="+TQ3jgcT8u0rZLei/j9rzFJA/dQ="></latexit>a3
<latexit sha1_base64="QxlCN7RhqgE8ro9phqKSqwdWogQ="></latexit>a4

<latexit sha1_base64="XGkU8VsTiW3W27gX8r7GPszMYbg="></latexit>

b4
<latexit sha1_base64="WW9jbEV+Pody+8eqVYJIrzEgjX4="></latexit>

b3
<latexit sha1_base64="CeHFd9jGtA538rK/NBFGBPTAgII="></latexit>

b2
<latexit sha1_base64="s5mKVKEPCKl10XcaKGq+OzDb1Kk="></latexit>

b1

<latexit sha1_base64="lEwCexcPjwKDaHAlebyw0zXQiBk="></latexit>a1
<latexit sha1_base64="HDDWktKTU1q4/3uYEKz9pvvmf+s="></latexit>a2

<latexit sha1_base64="+TQ3jgcT8u0rZLei/j9rzFJA/dQ="></latexit>a3
<latexit sha1_base64="QxlCN7RhqgE8ro9phqKSqwdWogQ="></latexit>a4

<latexit sha1_base64="XGkU8VsTiW3W27gX8r7GPszMYbg="></latexit>

b4
<latexit sha1_base64="WW9jbEV+Pody+8eqVYJIrzEgjX4="></latexit>

b3
<latexit sha1_base64="CeHFd9jGtA538rK/NBFGBPTAgII="></latexit>

b2
<latexit sha1_base64="s5mKVKEPCKl10XcaKGq+OzDb1Kk="></latexit>

b1

[Bérczi–Mátravölgyi–Schwarcz ’26]一般のマトロイドでは未解決． 正則マトロイドでは成立

Gabow 予想を仮定すると，同一・（一般の）加法的評価関数における 
マトロイド制約下の EF1 配分の存在が導かれる [Akrami–Liu–Raj–Végh ’26]



/8930関連｜White 予想
White 予想 [White ’80]

s.t.

Gabow 予想　　　　　　　　　　  で　　　　　 （最短距離）を要求する場合

[Larson ’26]

<latexit sha1_base64="P5+8/lFWNaf+XwqDqrUo7UEz0kY="></latexit>

→A,B,A→, B→ ↑ B
<latexit sha1_base64="BgNMVKfOQxm4O2IPO7c0ptVL5rQ="></latexit>

→A0, B0, A1, B1, . . . , Aω, Bω ↑ B
<latexit sha1_base64="gDFZqGU9dtlDMC75uyeh4U3VhFI="></latexit>

(A0, B0) = (A,B)s.t.
<latexit sha1_base64="hWA5h0cNenDCX74O2Kip76IvsTg="></latexit>

(Aω, Bω) = (A→, B→)

<latexit sha1_base64="DlkzLH+HcGhqk57rgorQ1s529WI="></latexit>

(A→, B→) = (B,A)
<latexit sha1_base64="j5N9v3ww+84hYu7tBw2fPflCBAo="></latexit>

ω = |A \B|

[Bérczi–Mátravölgyi–Schwarcz ’26]正則マトロイドでは成立

最近，二進マトロイド（  上表現されるマトロイド）で反例が見つかった
<latexit sha1_base64="nRIRsj4WDxdQExPVM03znH8GJDU="></latexit>

F2

<latexit sha1_base64="nslwoHFWcobU8Vxs1Wh5Ag8hAhw="></latexit>

(→i ↑ [ω])

<latexit sha1_base64="UQcoHLCKjcA4XHWFn4/fFJxh7U0="></latexit>

→ω ↑ 0

<latexit sha1_base64="jrJOp6H+pLIH1XhlhulkkRnwRd4="></latexit>

A →B = A→ →B→, A ↑B = A→ ↑B→

<latexit sha1_base64="4Ule7eZvfdr+ikS2kDE3+DqNPSk="></latexit>

→xi ↑ Ai→1 \Bi→1, yi ↑ Bi→1 \Ai→1

with
<latexit sha1_base64="sHlkRhJ6iZm+6ORmWpMGvKe0IjE="></latexit>

Ai = Ai→1 → xi + yi, Bi = Bi→1 + xi → yi

<latexit sha1_base64="nDRxICLop1gQSVyWL835mKIGwvM="></latexit>→↑



/8931一時限目のまとめ

マトロイドの交換性（に限らず，マトロイドの一般の性質）を示す際に 
基対付合性から従うか・  で成立するか，をまず考えるのは有効

<latexit sha1_base64="F47SM/n/+AsnHmAWn0+1gdN5cg4="></latexit>

K4

交換性を知っていると，余分な仮定を外せることがある

マトロイドの基族は様々な交換性をもつ

アルゴリズムの解析や公平配分への応用がある

マトロイドの様々な予想と関連する



２証明のアプローチ

時限目



/8933

同時交換性 
[Brualdi ’69]

Greene の交換性 
[Greene ’74]

多重交換性 
[Brylawski ’73, Greene ’73, Woodall ’74]

<latexit sha1_base64="1BoFr66X1E82QsmQlrS+b45ggog="></latexit>x

<latexit sha1_base64="2K4DsPNZgBUNOS0kXNzaczODRZ8="></latexit>y

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

均衡改善交換性 
[Akrami–Liu–Raj–Végh ’26]

抱き合わせ交換性 
[O.–Schwarcz ’26]

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="M1RWHLMmyQRQaOz2kYr/aPsXsqs=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe5EomVAEMsEvCSQHGFvM5cs2d07dveE4wjY22ptJ7b+HEv/iZuPwiQ+GHi8N8PMvDDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKXjVFHwacxj1QmJBs4k+IYZDp1EAREhh3Y4vpv67SdQmsXy0WQJBIIMJYsYJcZKTb9frrhVdwa8TrwFqaAFGv3yT28Q01SANJQTrbuem5ggJ8owymFS6qUaEkLHZAhdSyURoIN8dugEX1hlgKNY2ZIGz9S/EzkRWmcitJ2CmJFe9abif143NdFtkDOZpAYknS+KUo5NjKdf4wFTQA3PLCFUMXsrpiOiCDU2m6UtoZjYTLzVBNZJ66rq1aq15nWlfv88T6eIztA5ukQeukF19IAayEcUAXpBr+jNyZx358P5nLcWnEWip2gJztcvfvaT/g==</latexit>

U

<latexit sha1_base64="LyCkjqAbmPfPoU4pVaCqvtUK1Ms=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbzCVLdveO3T0hHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZFyacaeN5305uY3Nreye/W9jbPzg8Kh6fNHWcKooNGvNYtUOikTOJDcMMx3aikIiQYysc3U391hMqzWL5aMYJBoIMJIsYJcZK9WavWPLK3gzuOvEXpAQL1HrFn24/pqlAaSgnWnd8LzFBRpRhlOOk0E01JoSOyAA7lkoiUAfZ7NCJe2GVvhvFypY07kz9O5ERofVYhLZTEDPUq95U/M/rpCa6DTImk9SgpPNFUcpdE7vTr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiYjPxVxNYJ82rsl8pV+rXper98zydPJzBOVyCDzdQhQeoQQMoILzAK7w5Y+fd+XA+5605Z5HoKSzB+foFgImT/w==</latexit>

V

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="M1RWHLMmyQRQaOz2kYr/aPsXsqs=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe5EomVAEMsEvCSQHGFvM5cs2d07dveE4wjY22ptJ7b+HEv/iZuPwiQ+GHi8N8PMvDDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKXjVFHwacxj1QmJBs4k+IYZDp1EAREhh3Y4vpv67SdQmsXy0WQJBIIMJYsYJcZKTb9frrhVdwa8TrwFqaAFGv3yT28Q01SANJQTrbuem5ggJ8owymFS6qUaEkLHZAhdSyURoIN8dugEX1hlgKNY2ZIGz9S/EzkRWmcitJ2CmJFe9abif143NdFtkDOZpAYknS+KUo5NjKdf4wFTQA3PLCFUMXsrpiOiCDU2m6UtoZjYTLzVBNZJ66rq1aq15nWlfv88T6eIztA5ukQeukF19IAayEcUAXpBr+jNyZx358P5nLcWnEWip2gJztcvfvaT/g==</latexit>

U

<latexit sha1_base64="LyCkjqAbmPfPoU4pVaCqvtUK1Ms=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbzCVLdveO3T0hHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZFyacaeN5305uY3Nreye/W9jbPzg8Kh6fNHWcKooNGvNYtUOikTOJDcMMx3aikIiQYysc3U391hMqzWL5aMYJBoIMJIsYJcZK9WavWPLK3gzuOvEXpAQL1HrFn24/pqlAaSgnWnd8LzFBRpRhlOOk0E01JoSOyAA7lkoiUAfZ7NCJe2GVvhvFypY07kz9O5ERofVYhLZTEDPUq95U/M/rpCa6DTImk9SgpPNFUcpdE7vTr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiYjPxVxNYJ82rsl8pV+rXper98zydPJzBOVyCDzdQhQeoQQMoILzAK7w5Y+fd+XA+5605Z5HoKSzB+foFgImT/w==</latexit>

V

（片側）交換性
<latexit sha1_base64="1BoFr66X1E82QsmQlrS+b45ggog="></latexit>x

<latexit sha1_base64="2K4DsPNZgBUNOS0kXNzaczODRZ8="></latexit>y

補遺

補遺
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同時交換性 
[Brualdi ’69]

Greene の交換性 
[Greene ’74]

多重交換性 
[Brylawski ’73, Greene ’73, Woodall ’74]

均衡改善交換性 
[Akrami–Liu–Raj–Végh ’26]

抱き合わせ交換性 
[O.–Schwarcz ’26]

（片側）交換性

均衡改善交換性（この講演では）

s.t.

<latexit sha1_base64="TaKtLga8Y2POmig1vZss0AQoZBA=">AAACNHicbZDLSkMxEIZzvNZ6q7p0EyyCCynniKgLF20FcVnBXqQtJSedajDJOSZzhFIKPosP4TO41Z3gRsStz2B6WdTLQODj/yfMzB/GUlj0/Vdvanpmdm4+tZBeXFpeWc2srVdslBgOZR7JyNRCZkEKDWUUKKEWG2AqlFANb04GfvUOjBWRvsBuDE3FrrToCM7QSa3McaMTGSYlrdGGTUILCLe04BhQCZ1YWtyllxNWccIqtDJZP+cPi/6FYAxZMq5SK/PeaEc8UaCRS2ZtPfBjbPaYQcEl9NONxELM+A27grpDzRTYZm94ZZ9uO6VN3bruaaRDdfJHjylruyp0nYrhtf3tDcT/vHqCnaNmT+g4QdB8NKiTSIoRHURG28IAR9l1wLgRblfKr5lhHF2wP6aEqu8yCX4n8Bcqe7ngIHdwvp/Nn96P0kmRTbJFdkhADkmenJESKRNOHsgTeSYv3qP35n14n6PWKW+c6Ab5Ud7XN+ljq18=</latexit>

→X ↑ A \B, Y ↑ B \A with

[Akrami–Liu–Raj–Végh ’26]

<latexit sha1_base64="mDklj3vNP3f/az9+mWmh/KsXByc="></latexit>

|X| > |Y |
<latexit sha1_base64="mXHhWWPvPqRBtz+5Tkr6zvw6iwA=">AAACKHicbVDLSgMxFM34rO+qSzfBIriQMiNSXVYFcVnB1kJnKJn0VoNJZkzuiKUU/Ao/wm9wq2t34lK/xPSxsNYDgZNz7uUkJ06lsOj7n97U9Mzs3HxuYXFpeWV1Lb++UbNJZjhUeSITU4+ZBSk0VFGghHpqgKlYwlV8e9r3r+7BWJHoS+ykECl2rUVbcIZOaub9EB5ciqVVGtostoBwR+t7tPbreuI4oBI6s/S4mS/4RX8AOkmCESmQESrN/FfYSnimQCOXzNpG4KcYdZlBwSX0FsPMQsr4LbuGhqOaKbBRd/CzHt1xSou2E+OORjpQf290mbK2o2I3qRje2L9eX/zPa2TYPoq6QqcZgubDoHYmKSa0XxNtCQMcZccRxo1wb6X8hhnG0ZU5lhKrnusk+NvAJKntF4NSsXRxUCifPQ7byZEtsk12SUAOSZmckwqpEk6eyAt5JW/es/fufXifw9Epb9ToJhmD9/0Dv1ymwg==</latexit>

→U ↑ X,V ↑ B \A
<latexit sha1_base64="n+x+cTtOHc9Nzhe8vCqHktbxOQE=">AAACCXicbZBLSwMxFIUz9VXrq9Wlm2ARXJUZkepGKAjisoJ9SFtKJr3ThiaZIckoZVpw729wq2t34tZf4dJ/YvpY2NYDgcM5N9zL50ecaeO6305qZXVtfSO9mdna3tndy+b2qzqMFYUKDXmo6j7RwJmEimGGQz1SQITPoeb3r8Z97QGUZqG8M4MIWoJ0JQsYJcZG7WxuWMVNDUYwGWt8P7z02tm8W3AnwsvGm5k8mqnczv40OyGNBUhDOdG64bmRaSVEGUY5jDLNWENEaJ90oWGtJAJ0K5mcPsLHNungIFT2SYMn6d8fCRFaD4RvJwUxPb3YjcP/ukZsgotWwmQUG5B0uiiIOTYhHnPAHaaAGj6whlDF7K2Y9ogi1Fhac1t8MbJMvEUCy6Z6WvCKheLtWb50/TSlk0aH6AidIA+doxK6QWVUQRQ9ohf0it6cZ+fd+XA+p6MpZ0b0AM3J+foFqZ+aow==</latexit>

|V \ Y | = 1
<latexit sha1_base64="azKSogx1SaPUtQNr+qrvUQeVVqQ=">AAACFHicbZDNSsNAFIUn9a/Wv6hLXQwWQagtiUh1WSuIywomLTShTKaTduhkEmYmQgkF8SF8Bre6didu3bv0TUzaLmzrhYHDOXe4935exKhUhvGt5ZaWV1bX8uuFjc2t7R19d8+WYSwwsXDIQtHykCSMcmIpqhhpRYKgwGOk6Q2us7z5QISkIb9Xw4i4Aepx6lOMVGp19MOrslWyT2G9ZJVt6FAOnQCpPkYsqY86etGoGOOCi8KciiKYVqOj/zjdEMcB4QozJGXbNCLlJkgoihkZFZxYkgjhAeqRdio5Coh0k/EVI3icOl3ohyJ9XMGx+/dHggIph4GXdmYryvksM//L2rHyL92E8ihWhOPJID9mUIUwQwK7VBCs2DAVCAua7gpxHwmEVQpuZooXZEzMeQKLwj6rmNVK9e68WLt5nNDJgwNwBE6ACS5ADdyCBrAABk/gBbyCN+1Ze9c+tM9Ja06bEt0HM6V9/QJ8rp2g</latexit>

A→ U + V,B + U → V ↑ B

<latexit sha1_base64="kN+DIVYjoQHgiKM0ovtJi6J1vLg="></latexit>

→A,B ↑ B

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A
<latexit sha1_base64="fKRSkOczWkTA5fAZ1et5DUYBssw="></latexit>

→Y

<latexit sha1_base64="lOY9Epwzp9FVKRUftq9i/ixvJVw="></latexit>

→X
<latexit sha1_base64="rYW1fQd3nCgDb1xwU6NVAOLrjeE="></latexit>

→U

<latexit sha1_base64="FcswS/pLK2WjfPk/IV6nyLUfAcU="></latexit>

→V
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 が独立
independent

<latexit sha1_base64="beLoqxJVyazBOVyZT9dWEheAsLc=">AAACA3icbZBLSwMxFIUz9VXrq+rSTbAIrsqMSHVZEEV3FewD2qFk0jttaJKZJhmhDAU3/ga3unYnbv0hLv0npo+FbT0QOJxzw718QcyZNq777WRWVtfWN7Kbua3tnd29/P5BTUeJolClEY9UIyAaOJNQNcxwaMQKiAg41IP+1bivP4LSLJIPZhiDL0hXspBRYmzk3+GWTgINBgb4up0vuEV3IrxsvJkpoJkq7fxPqxPRRIA0lBOtm54bGz8lyjDKYZRrJRpiQvukC01rJRGg/XRy9Aif2KSDw0jZJw2epH9/pERoPRSBnRTE9PRiNw7/65qJCS/9lMk4MSDpdFGYcGwiPCaAO0wBNXxoDaGK2Vsx7RFFqLGc5rYEYmSZeIsElk3trOiViqX780L55mlKJ4uO0DE6RR66QGV0iyqoiigaoBf0it6cZ+fd+XA+p6MZZ0b0EM3J+foFCSmYtw==</latexit>

I → E
<latexit sha1_base64="gXjv86l0N9ZSt1Lpp4WmdBNptFk=">AAACEXicbVDLSgMxFM34rPU16krcBIvgqsyIVJelgrisYB/QGUomvW1DM5khyYhlKPoPfoNbXbsTt36BS//ETNuFbT0QOJxzw7n3BDFnSjvOt7W0vLK6tp7byG9ube/s2nv7dRUlkkKNRjySzYAo4ExATTPNoRlLIGHAoREMrjK/cQ9SsUjc6WEMfkh6gnUZJdpIbfvQgweTonAFe0xgLyS6TwlPK6O2XXCKzhh4kbhTUkBTVNv2j9eJaBKC0JQTpVquE2s/JVIzymGU9xIFMaED0oOWoYKEoPx0fMIInxilg7uRNE9oPFb//khJqNQwDMxktqKa9zLxP6+V6O6lnzIRJxoEnQR1E451hLM+cIdJoJoPDSFUMrMrpn0iCdWmtZmUIMw6cecbWCT1s6JbKpZuzwvl66dJOzl0hI7RKXLRBSqjG1RFNUTRI3pBr+jNerberQ/rczK6ZE0bPUAzsL5+AeyHngs=</latexit>

→B ↑ B s.t.
<latexit sha1_base64="1WEtlqCsCd5HnDBygf41We/in8M=">AAACA3icbZBLSwMxFIUz9VXrq+rSTbAIrsqMSHVZFER3FewD2qFk0jttaJKZJhmhDAU3/ga3unYnbv0hLv0npo+FbT0QOJxzw718QcyZNq777WRWVtfWN7Kbua3tnd29/P5BTUeJolClEY9UIyAaOJNQNcxwaMQKiAg41IP+9bivP4LSLJIPZhiDL0hXspBRYmzk3+GWTgINBgb4qp0vuEV3IrxsvJkpoJkq7fxPqxPRRIA0lBOtm54bGz8lyjDKYZRrJRpiQvukC01rJRGg/XRy9Aif2KSDw0jZJw2epH9/pERoPRSBnRTE9PRiNw7/65qJCS/9lMk4MSDpdFGYcGwiPCaAO0wBNXxoDaGK2Vsx7RFFqLGc5rYEYmSZeIsElk3trOiViqX780L55mlKJ4uO0DE6RR66QGV0iyqoiigaoBf0it6cZ+fd+XA+p6MZZ0b0EM3J+foFBHCYtA==</latexit>

I → B
<latexit sha1_base64="f4rplREBjVnFTO7vv3/X0yKfzS4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR4LgnisYD+gXUo2zbahSXZJskJZC/4Cr3r2Jl79Mx79J2a3PdjWBwOP92aYmRfEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md9+pEqzSD6YSUx9gYeShYxgk0k9Fob9csWtujnQKvHmpAJzNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zW+dojOrDFAYKVvSoFz9O5FiofVEBLZTYDPSy14m/ud1ExNe+ymTcWKoJLNFYcKRiVD2OBowRYnhE0swUczeisgIK0yMjWdhSyCmNhNvOYFV0rqoerVq7f6yUr99nqVThBM4hXPw4ArqcAcNaAKBEbzAK7w5T8678+F8zloLzjzRY1iA8/UL4bOVWA==</latexit>→↑def

の階数
rank

<latexit sha1_base64="ZSot8CHzh4MaHzCRKAmWhA055Co="></latexit>

S → E
<latexit sha1_base64="QGOc49ehKPnLfc6M9H36eFsoA1U="></latexit>

r(S) := max{ |I| | I → S, I is independent }

独立でない集合を従属という
dependent

<latexit sha1_base64="6tMVjTFUrkxXGriq+GTT9jmgZ48=">AAACEnicbZDLSgMxFIYz9VbrbdSdboJFqCBlRqS6EYqiuBEq2Au0Q8mkmTY0kxmSjFCGgT6Ez+BW1+7ErS/g0jcxM+3CVn8I/PnPCefkc0NGpbKsLyO3sLi0vJJfLaytb2xumds7DRlEApM6DlggWi6ShFFO6ooqRlqhIMh3GWm6w6u03nwkQtKAP6hRSBwf9Tn1KEZKR11zr+MjNXC9+C65KF0fZzeMWHyZHHXNolW2MsG/xp6aIpiq1jW/O70ARz7hCjMkZdu2QuXESCiKGUkKnUiSEOEh6pO2thz5RDpx9ocEHuqkB71A6MMVzNLfL2LkSznyXd2Z7ijna2n4X60dKe/ciSkPI0U4ngzyIgZVAFMgsEcFwYqNtEFYUL0rxAMkEFYa28wU1080E3uewF/TOCnblXLl/rRYvRlP6OTBPjgAJWCDM1AFt6AG6gCDMXgGL+DVeDLejHfjY9KaM6ZEd8GMjM8fg9SeVg==</latexit>

M = (E,B)：マトロイド

マトロイドの基礎事項①│階数関数

（単調性）
<latexit sha1_base64="Xij+HTqzFnCC18E2F4k0MwT69mw="></latexit>

S → T
<latexit sha1_base64="Q14lhAtt7rtKAwmutT5a6WypKq0="></latexit>

=→
<latexit sha1_base64="P74PHPsvgbrCu1Zb/b4SHYGkDhg="></latexit>

r(S) → r(T )

（劣モジュラ性）
<latexit sha1_base64="EYEBzD8oRxPnzhU6wHH+cLE5ptI="></latexit>

r(S) + r(T ) → r(S ↑ T ) + r(S ↓ T )

<latexit sha1_base64="ynI0WnP9QqNOH+oSU+05DO8Z+dw="></latexit>

r(S) → |S|

Matroid Theory 
(J. Oxley ’11)

※ これらはマトロイドの階数関数を特徴づける (cryptomorphism)
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の閉包
closure

<latexit sha1_base64="ZSot8CHzh4MaHzCRKAmWhA055Co="></latexit>

S → E

マトロイドの基礎事項②│閉包
<latexit sha1_base64="6tMVjTFUrkxXGriq+GTT9jmgZ48=">AAACEnicbZDLSgMxFIYz9VbrbdSdboJFqCBlRqS6EYqiuBEq2Au0Q8mkmTY0kxmSjFCGgT6Ez+BW1+7ErS/g0jcxM+3CVn8I/PnPCefkc0NGpbKsLyO3sLi0vJJfLaytb2xumds7DRlEApM6DlggWi6ShFFO6ooqRlqhIMh3GWm6w6u03nwkQtKAP6hRSBwf9Tn1KEZKR11zr+MjNXC9+C65KF0fZzeMWHyZHHXNolW2MsG/xp6aIpiq1jW/O70ARz7hCjMkZdu2QuXESCiKGUkKnUiSEOEh6pO2thz5RDpx9ocEHuqkB71A6MMVzNLfL2LkSznyXd2Z7ijna2n4X60dKe/ciSkPI0U4ngzyIgZVAFMgsEcFwYqNtEFYUL0rxAMkEFYa28wU1080E3uewF/TOCnblXLl/rRYvRlP6OTBPjgAJWCDM1AFt6AG6gCDMXgGL+DVeDLejHfjY9KaM6ZEd8GMjM8fg9SeVg==</latexit>

M = (E,B)：マトロイド
<latexit sha1_base64="ZOLbwYnTrHDqRaOq/lrV7UW1m5g="></latexit>

cl(S) := { e → E | r(S ↑ {e}) = r(S) }
<latexit sha1_base64="sI8o3udEejeOd+MZObhcrekT9X8="></latexit>

S → cl(S) （拡大性）

（単調性）
<latexit sha1_base64="Xij+HTqzFnCC18E2F4k0MwT69mw="></latexit>

S → T
<latexit sha1_base64="Q14lhAtt7rtKAwmutT5a6WypKq0="></latexit>

=→
<latexit sha1_base64="49v4QAGUjg31B61dKik4RY4wBnM="></latexit>

cl(S) → cl(T )
<latexit sha1_base64="sKot+u2280ZVTEhWmHRDnzV7Hs8="></latexit>

cl(cl(S)) = cl(S) （冪等性）
<latexit sha1_base64="VdJrivEmQgiLFxKvXVnbOZ6J4oU="></latexit>

y → cl(S ↑ {x})↓ cl(S) <latexit sha1_base64="Q14lhAtt7rtKAwmutT5a6WypKq0="></latexit>

=→
<latexit sha1_base64="nurdruTP/ZIhXGuGtFCeTp9pThg="></latexit>

x → cl(S ↑ {y})

※ これらはマトロイドの閉包作用素を特徴づける (cryptomorphism)

Matroid Theory 
(J. Oxley ’11)
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補題１

<latexit sha1_base64="i8wnrzh5W6Y3q7WKv0levN4C89I="></latexit>

r(S) = r(cl(S))

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭ を  の極大独立集合とする．各　　　　　　  に対し，<latexit sha1_base64="p8TNHuMdQKbqS2Af+WGGrZXCjgE="></latexit>

S
<latexit sha1_base64="aR22iIzYr8jkFLdN68MtpJhtkiE="></latexit>

I → S
<latexit sha1_base64="1JJnJWEu13aNcBmVGGEG3WslOZw="></latexit>

e → cl(S)↑ S

<latexit sha1_base64="Z6ut3w8onDWcR5VRGLBuF3/RN2U="></latexit>

r(I + e) → r(S + e) = r(S) = |I| = r(I) → r(I + e)

階数の単調性

閉包の定義

階数の単調性階数の定義

 は独立
<latexit sha1_base64="B6bwgn1XtGYit2nxl3N9q2YpTB0="></latexit>

I

より，　　　　　　　　　　  なので，  は従属．
<latexit sha1_base64="xuja+wt76YnAsPz+zTIGB2Am03k="></latexit>

I + e
<latexit sha1_base64="gLwl7mGHBJbFiNiwCRu4Ef64UeY="></latexit>

r(I + e) = |I| < |I + e|

すなわち，  は        における極大独立集合でもあるため，<latexit sha1_base64="B6bwgn1XtGYit2nxl3N9q2YpTB0="></latexit>

I
<latexit sha1_base64="acJFXZkYRSNUeWUgR5h5XgKEGUw="></latexit>

cl(S)
<latexit sha1_base64="gHcj14Fq6HBburl9Br1K4SpquBc="></latexit>

r(cl(S)) = |I| = r(S)

<latexit sha1_base64="YoLlZaYw9dY/nUd0DsmsglZkjAU="></latexit>

(S → E)
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,

<latexit sha1_base64="8feVrAerk8sU6j1vMbi5EebewHM="></latexit>

B → B <latexit sha1_base64="a55QqoDgdyt3rMGWzDj3Tt6/vSc="></latexit>

B

<latexit sha1_base64="vtqOZzAa9g84Rp3v2O2jEdSVie4="></latexit>

E →B
<latexit sha1_base64="BP0LCOqO5Nuge8neD/HKTvVZZTw="></latexit>

x → E ↑B

※一般的な記法ではない

<latexit sha1_base64="+66W94rCM/2b7SAWteZ4MCVTFCE="></latexit>x

は  における  の基本サーキットとよばれる<latexit sha1_base64="a55QqoDgdyt3rMGWzDj3Tt6/vSc="></latexit>

B <latexit sha1_base64="+66W94rCM/2b7SAWteZ4MCVTFCE="></latexit>x※
fundamental circuit

補題２（基本サーキット補題） ※一般的な名称ではない

<latexit sha1_base64="e0MF5ZDDwyEDQWrrxjBspGgY000="></latexit>

InB(x) := { y → B | B + x↑ y → B }

<latexit sha1_base64="2o16h0gABrhWdHCZCAIlpVclUfg="></latexit>

x → cl(InB(x))

<latexit sha1_base64="ug+UFoVnyOpLisUsVpYw4bR5JGE="></latexit>

InB(x) + x

<latexit sha1_base64="gDP8jidJ2bznpSvwHAGBuUqAA+g="></latexit>

InB(x)

<latexit sha1_base64="+66W94rCM/2b7SAWteZ4MCVTFCE="></latexit>x
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 は基なので，　　　　 ．
<latexit sha1_base64="a55QqoDgdyt3rMGWzDj3Tt6/vSc="></latexit>

B

39基本サーキット補題

補題２（基本サーキット補題）

,
<latexit sha1_base64="8feVrAerk8sU6j1vMbi5EebewHM="></latexit>

B → B
<latexit sha1_base64="BP0LCOqO5Nuge8neD/HKTvVZZTw="></latexit>

x → E ↑B

※一般的な記法ではない

背理法：　　　　　　　 を仮定．

<latexit sha1_base64="e0MF5ZDDwyEDQWrrxjBspGgY000="></latexit>

InB(x) := { y → B | B + x↑ y → B }

<latexit sha1_base64="2o16h0gABrhWdHCZCAIlpVclUfg="></latexit>

x → cl(InB(x))

※一般的な名称ではない

<latexit sha1_base64="IPF1CjHt9wNrBwdAYLdeSUt93nA="></latexit>

x /→ cl(InB(x))
<latexit sha1_base64="PsWi4xvKdV7F7t85FdCTX1fF3I4="></latexit>

x → cl(B)

<latexit sha1_base64="rkMRQx+f5wTRKLIyvIMqhE0CDCE="></latexit>

y → B ↑ S

から  まで元を一つずつ追加する列は，どこかで  を閉包に含む
<latexit sha1_base64="a55QqoDgdyt3rMGWzDj3Tt6/vSc="></latexit>

B <latexit sha1_base64="+66W94rCM/2b7SAWteZ4MCVTFCE="></latexit>x
<latexit sha1_base64="WcBLTs8nvSP1xVWT5bkuTjpwzPI="></latexit>

(InB(x) → S → B)

<latexit sha1_base64="gDP8jidJ2bznpSvwHAGBuUqAA+g="></latexit>

InB(x)

つまり，ある                             と　　　　　 が存在し，
<latexit sha1_base64="p8TNHuMdQKbqS2Af+WGGrZXCjgE="></latexit>

S
<latexit sha1_base64="QB+RwFBFx+Z0cdDeO8GQ9J+aqpQ="></latexit>

x → cl(S + y)↑ cl(S)

<latexit sha1_base64="MoaamUyvv0FMAFy7ClwI76VpAHo="></latexit>

y → cl(S + x) ↑ cl(B ↓ y + x)

閉包の性質４つ目 閉包の単調性

(1/2)

<latexit sha1_base64="a55QqoDgdyt3rMGWzDj3Tt6/vSc="></latexit>

B

<latexit sha1_base64="vtqOZzAa9g84Rp3v2O2jEdSVie4="></latexit>

E →B

<latexit sha1_base64="+66W94rCM/2b7SAWteZ4MCVTFCE="></latexit>x

<latexit sha1_base64="gDP8jidJ2bznpSvwHAGBuUqAA+g="></latexit>

InB(x)

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭
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補題２（基本サーキット補題）

,
<latexit sha1_base64="8feVrAerk8sU6j1vMbi5EebewHM="></latexit>

B → B
<latexit sha1_base64="BP0LCOqO5Nuge8neD/HKTvVZZTw="></latexit>

x → E ↑B

※一般的な記法ではない
<latexit sha1_base64="e0MF5ZDDwyEDQWrrxjBspGgY000="></latexit>

InB(x) := { y → B | B + x↑ y → B }

<latexit sha1_base64="2o16h0gABrhWdHCZCAIlpVclUfg="></latexit>

x → cl(InB(x))

※一般的な名称ではない

拡大性 単調性(2/2)

これと
<latexit sha1_base64="KXyuRNN2+NUeXx7h8lc2dphaecs="></latexit>

B → y ↑ cl(B → y) ↑ cl(B → y + x) をあわせると
<latexit sha1_base64="XbmI7kh6MBI+A0hoIO3NXseLRxA="></latexit>

B → cl(B ↑ y + x)

よって
<latexit sha1_base64="ptpGpJc/PideW+VbEgjhfbucnU0="></latexit>

r(B) → r(cl(B ↑ y + x)) = r(B ↑ y + x)

単調性 補題１

から，
<latexit sha1_base64="dpbkWX10RwP7d9mJGudEGvY3RDw="></latexit>

B → y + x ↑ B

すなわち
<latexit sha1_base64="rOkn1fEcfkJHf+4uu1pIcnb94Lw="></latexit>

y → InB(x) ↑ S だが，これは           に矛盾
<latexit sha1_base64="bewmrBr2fuXAhk8nWviykI1kxG0="></latexit>

y /→ S

<latexit sha1_base64="a55QqoDgdyt3rMGWzDj3Tt6/vSc="></latexit>

B

<latexit sha1_base64="vtqOZzAa9g84Rp3v2O2jEdSVie4="></latexit>

E →B

<latexit sha1_base64="+66W94rCM/2b7SAWteZ4MCVTFCE="></latexit>x

<latexit sha1_base64="gDP8jidJ2bznpSvwHAGBuUqAA+g="></latexit>

InB(x)

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭
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の交換可能性グラフ　　　 を以下で定義：

41

exchangeability graph

頂点集合
辺集合

補題３（一意マッチング補題）

一意マッチング補題

誘導部分グラフ               　　に完全マッチングが唯一存在 <latexit sha1_base64="Q14lhAtt7rtKAwmutT5a6WypKq0="></latexit>

=→

[Krogdahl ’74, ’76, ’77]

<latexit sha1_base64="ei+R4xmftUK/NOjxr/GD8GkCKFo="></latexit>

G(A)

<latexit sha1_base64="bYBz0lu6/KWyW47o1l48809Skfs="></latexit>

E

<latexit sha1_base64="5IoxQ9I2OwQg+DdsRVa06Svn7d4="></latexit>

A

<latexit sha1_base64="h4rlm+Kk59ERQAg1j98mMSKELkw="></latexit>

E →A

<latexit sha1_base64="f6MF9abUO0w/r4t+D4ISvxLOt2g="></latexit>

A → B, X ↑ A, Y ↑ E ↓A

<latexit sha1_base64="CfQdI868b21T0R6W+WmLaB4Txks="></latexit>

A → E

<latexit sha1_base64="QkoO5E0GG5EIByK+/kzs27LD0nQ="></latexit>

{ {x, y} | x → A, y → E ↑A, A↑ x+ y → B }

<latexit sha1_base64="LVm3h45CA4oki25rKm4HPS8ANWc="></latexit>

A→X + Y ↑ B

<latexit sha1_base64="5IoxQ9I2OwQg+DdsRVa06Svn7d4="></latexit>

A

<latexit sha1_base64="h4rlm+Kk59ERQAg1j98mMSKELkw="></latexit>

E →A

<latexit sha1_base64="aaxiWMDT35YjnzTh/dfyUPolmW8="></latexit>

X

<latexit sha1_base64="GLQ2dtXjk1JRD7e0wlXAfpN1c6Q="></latexit>

Y

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭ 帰納法 + 基本サーキット補題（詳細は補遺）

<latexit sha1_base64="ItgSjYP1RH4GAnHiNjTYr2fe8Lo="></latexit>

G(A)[X + Y ]
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補題４

42均衡改善交換性の証明に向けて

<latexit sha1_base64="n5zGyh0j3vL80f+gqmj2cGGZSkA="></latexit>

→x ↑ A1
<latexit sha1_base64="LPJNdn6zPmJZiBlZlYbolDltjcI="></latexit>

A→ x+ y ↑ Bs.t.

[Akrami–Liu–Raj–Végh ’26]

：  の二分割
<latexit sha1_base64="jsN/Y8ZPbg4d7ee+dFg+OSkS3aU="></latexit>

A → B
<latexit sha1_base64="AmdCnm2ufcl/blrfnDsnsWeNb+k="></latexit>

(B1, B2)
<latexit sha1_base64="d8/ajLaNUWR5NMt8kNleVZ+RUoY="></latexit>

(A1, A2) ：  の二分割
<latexit sha1_base64="8feVrAerk8sU6j1vMbi5EebewHM="></latexit>

B → B

補題５

s.t.
<latexit sha1_base64="2O1rNgKFLSWiJ8M1tN2cBBy5qOs="></latexit>

→z ↑ A1

<latexit sha1_base64="dVtTZ0N5PvFBcckHqqJzS+zlevk="></latexit>

→y ↑ B2 \ cl(A2)
<latexit sha1_base64="62lfayjDhb7wmwr0kee3a6LkYCA="></latexit>

B → y + z ↑ B

[Akrami–Liu–Raj–Végh ’26]

<latexit sha1_base64="5IoxQ9I2OwQg+DdsRVa06Svn7d4="></latexit>

A

<latexit sha1_base64="a55QqoDgdyt3rMGWzDj3Tt6/vSc="></latexit>

B

<latexit sha1_base64="JMeYu8jOGIPcyoXi0RQGY1AtV2U="></latexit>

A1
<latexit sha1_base64="P05vQex7TaPUTRp6dL2dIGJ1lq0="></latexit>

A2

<latexit sha1_base64="W40SvHWs8Wg/eyKp3aQIgPF9qjs="></latexit>

y /→ cl(A2)

<latexit sha1_base64="vw53RZmPoNTNgTJrRHCkHV3Qaj4="></latexit>z

<latexit sha1_base64="PtRJgT+ly5naTpX3D3c0i5xnO3Q="></latexit>

B1

<latexit sha1_base64="OJnZT7XL8NtsY+EFq8eDAMiHSRg="></latexit>

B2

<latexit sha1_base64="+66W94rCM/2b7SAWteZ4MCVTFCE="></latexit>x

補題４ 補題５

<latexit sha1_base64="SbEOdYVFaTk0bXL71nJqZfKIRXM="></latexit>

|A1| > |B1|

<latexit sha1_base64="ihTGkW/1Xhjx1eHpxJQGzl7f3VI="></latexit>

→y ↑ B \ cl(A2)

<latexit sha1_base64="cIGWrSvq/hfjRjtCMVjlRF77LF4="></latexit>

(A →B = ↑)

仮定：
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補題４

43均衡改善交換性の証明に向けて

<latexit sha1_base64="n5zGyh0j3vL80f+gqmj2cGGZSkA="></latexit>

→x ↑ A1
<latexit sha1_base64="LPJNdn6zPmJZiBlZlYbolDltjcI="></latexit>

A→ x+ y ↑ Bs.t.

[Akrami–Liu–Raj–Végh ’26]

：  の二分割
<latexit sha1_base64="jsN/Y8ZPbg4d7ee+dFg+OSkS3aU="></latexit>

A → B
<latexit sha1_base64="d8/ajLaNUWR5NMt8kNleVZ+RUoY="></latexit>

(A1, A2)

<latexit sha1_base64="ihTGkW/1Xhjx1eHpxJQGzl7f3VI="></latexit>

→y ↑ B \ cl(A2)

背理法：全ての　　　   に対して　　　　　　　と仮定
<latexit sha1_base64="FuK8pYrW9sm3a5M0QpPo13r5e9E="></latexit>

A→ x+ y /↑ B
<latexit sha1_base64="QE6q0mXOcNBhZAw7JdrhvzUKM84="></latexit>

x → A1

<latexit sha1_base64="nDRxICLop1gQSVyWL835mKIGwvM="></latexit>→↑
<latexit sha1_base64="kGC96pgDjfeqIgU+RhYC/DOpebk="></latexit>

InA(y) := {x → A | A↑ x+ y → B } ↓ A2

<latexit sha1_base64="KzPNB7FPicErASGLjWfUyAG7Ljw="></latexit>

y → cl(InA(y)) ↑ cl(A2)

閉包の単調性

だが，これは　　　　　  に矛盾
<latexit sha1_base64="W40SvHWs8Wg/eyKp3aQIgPF9qjs="></latexit>

y /→ cl(A2)

基本サーキット補題

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭

<latexit sha1_base64="cIGWrSvq/hfjRjtCMVjlRF77LF4="></latexit>

(A →B = ↑)
<latexit sha1_base64="AmdCnm2ufcl/blrfnDsnsWeNb+k="></latexit>

(B1, B2)：  の二分割
<latexit sha1_base64="8feVrAerk8sU6j1vMbi5EebewHM="></latexit>

B → B
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：  の二分割

<latexit sha1_base64="jsN/Y8ZPbg4d7ee+dFg+OSkS3aU="></latexit>

A → B
<latexit sha1_base64="d8/ajLaNUWR5NMt8kNleVZ+RUoY="></latexit>

(A1, A2)
<latexit sha1_base64="cIGWrSvq/hfjRjtCMVjlRF77LF4="></latexit>

(A →B = ↑)

補題５

s.t.
<latexit sha1_base64="2O1rNgKFLSWiJ8M1tN2cBBy5qOs="></latexit>

→z ↑ A1

<latexit sha1_base64="dVtTZ0N5PvFBcckHqqJzS+zlevk="></latexit>

→y ↑ B2 \ cl(A2)
<latexit sha1_base64="62lfayjDhb7wmwr0kee3a6LkYCA="></latexit>

B → y + z ↑ B

[Akrami–Liu–Raj–Végh ’26]
<latexit sha1_base64="SbEOdYVFaTk0bXL71nJqZfKIRXM="></latexit>

|A1| > |B1| を仮定

背理法：全ての　　　  　　　　　 　   に対して　　　　　　　と仮定
<latexit sha1_base64="nDRxICLop1gQSVyWL835mKIGwvM="></latexit>→↑

<latexit sha1_base64="jFcreb6kFDq7tlx8APOLG6Lo4mE="></latexit>

y → B2 \ cl(A2), z → A1

<latexit sha1_base64="1pvFtQX1bdnKrJ5PLbl4unWTm3k="></latexit>

= B1 + (cl(A2) →B2)
<latexit sha1_base64="KlAUcvGsimvrejr3RMX/vT7Y5Xc="></latexit>

(→z ↑ A1)

<latexit sha1_base64="QUaFo+IgCfmtKvMMqsuxEEzeMnw="></latexit>

B → y + z /↑ B

より

閉包の単調性

(1/3) <latexit sha1_base64="aoiiwP0UxWn3qE2sG424sTKyJiM="></latexit>

InB(z) := { y → B | B ↑ y + z → B } ↓ B ↑ (B2 \ cl(A2))

<latexit sha1_base64="EzF9PLvcRcTHfmiutXbRmgLSRsk="></latexit>

z → cl(InB(z)) ↑ cl(B1 + (cl(A2) ↓B2))

基本サーキット補題

<latexit sha1_base64="Q14lhAtt7rtKAwmutT5a6WypKq0="></latexit>

=→
<latexit sha1_base64="87mD5ykjE4iQsLsFzM8pcaGNAlI="></latexit>

A1 → cl(B1 + (cl(A2) ↑B2))

<latexit sha1_base64="KlAUcvGsimvrejr3RMX/vT7Y5Xc="></latexit>

(→z ↑ A1)

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭

<latexit sha1_base64="AmdCnm2ufcl/blrfnDsnsWeNb+k="></latexit>

(B1, B2)：  の二分割
<latexit sha1_base64="8feVrAerk8sU6j1vMbi5EebewHM="></latexit>

B → B
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：  の二分割

<latexit sha1_base64="jsN/Y8ZPbg4d7ee+dFg+OSkS3aU="></latexit>

A → B
<latexit sha1_base64="d8/ajLaNUWR5NMt8kNleVZ+RUoY="></latexit>

(A1, A2)
<latexit sha1_base64="cIGWrSvq/hfjRjtCMVjlRF77LF4="></latexit>

(A →B = ↑)

補題５

s.t.
<latexit sha1_base64="2O1rNgKFLSWiJ8M1tN2cBBy5qOs="></latexit>

→z ↑ A1

<latexit sha1_base64="dVtTZ0N5PvFBcckHqqJzS+zlevk="></latexit>

→y ↑ B2 \ cl(A2)
<latexit sha1_base64="62lfayjDhb7wmwr0kee3a6LkYCA="></latexit>

B → y + z ↑ B

[Akrami–Liu–Raj–Végh ’26]
<latexit sha1_base64="SbEOdYVFaTk0bXL71nJqZfKIRXM="></latexit>

|A1| > |B1| を仮定

(2/3)

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭

前スライド：

<latexit sha1_base64="ElYQzgEG63fxKacB1H+SG7ZyuN8="></latexit>

A = A1 +A2
<latexit sha1_base64="87mD5ykjE4iQsLsFzM8pcaGNAlI="></latexit>

A1 → cl(B1 + (cl(A2) ↑B2))
<latexit sha1_base64="sI8o3udEejeOd+MZObhcrekT9X8="></latexit>

S → cl(S)

<latexit sha1_base64="3PQuSOEX6YqRMpx/5cOEZ9DU7O4="></latexit>

→ cl(B1 + (cl(A2) ↑B2)) ↓A2
<latexit sha1_base64="A0qxK4aMYTtkefDgH8u5EzBWui0="></latexit>

→ cl(B1 + (cl(A2) ↑B2)) ↓ cl(A2)
<latexit sha1_base64="SoNoKncrRQQgRTa6IL3o1DfkZ2s="></latexit>

cl(S) → cl(T ) ↑ cl(S → T )
<latexit sha1_base64="51PTk5gyGxL1xIW9neOjianJe5s="></latexit>

→ cl(B1 ↑ cl(A2)) ＆ 閉包の単調性
<latexit sha1_base64="QbvUZ6kq002zPN2MvjY7+85s/30="></latexit>

cl(S → cl(T )) = cl(S → T )

<latexit sha1_base64="WVa9psCZvmKeSBBj6LJb/KQDLU4="></latexit>

→ cl((B1 + (cl(A2) ↑B2)) ↓A2)
<latexit sha1_base64="s5c1vX6sFpedvkAxZrb6pit5OY0="></latexit>

(cl(A2) →B2) ↑A2 ↓ cl(A2)

✔ 演習問題４

<latexit sha1_base64="AmdCnm2ufcl/blrfnDsnsWeNb+k="></latexit>

(B1, B2)：  の二分割
<latexit sha1_base64="8feVrAerk8sU6j1vMbi5EebewHM="></latexit>

B → B

<latexit sha1_base64="36lrCHR+jmzcBXC0JLLLpcOxKVw="></latexit>

= cl(B1 +A2)
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：  の二分割

<latexit sha1_base64="jsN/Y8ZPbg4d7ee+dFg+OSkS3aU="></latexit>

A → B
<latexit sha1_base64="d8/ajLaNUWR5NMt8kNleVZ+RUoY="></latexit>

(A1, A2)
<latexit sha1_base64="cIGWrSvq/hfjRjtCMVjlRF77LF4="></latexit>

(A →B = ↑)

補題５

s.t.
<latexit sha1_base64="2O1rNgKFLSWiJ8M1tN2cBBy5qOs="></latexit>

→z ↑ A1

<latexit sha1_base64="dVtTZ0N5PvFBcckHqqJzS+zlevk="></latexit>

→y ↑ B2 \ cl(A2)
<latexit sha1_base64="62lfayjDhb7wmwr0kee3a6LkYCA="></latexit>

B → y + z ↑ B

[Akrami–Liu–Raj–Végh ’26]
<latexit sha1_base64="SbEOdYVFaTk0bXL71nJqZfKIRXM="></latexit>

|A1| > |B1| を仮定

(3/3)

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭ <latexit sha1_base64="CdiIU492bpQrJvkti5Gr73VwnQA="></latexit>

|A| = r(A)
<latexit sha1_base64="5IoxQ9I2OwQg+DdsRVa06Svn7d4="></latexit>

A

前スライド：

は独立

＆ 階数関数の単調性

<latexit sha1_base64="HSgg1AaNh9IE3TdW/rIWx9N4ObA="></latexit>

→ r(B1) + r(A2) 階数関数の劣モジュラ性（劣加法性）
<latexit sha1_base64="CB/Ty7uMgM9Hb6kZH2l2P2noNN8="></latexit>

= |B1|+ |A2| は独立
<latexit sha1_base64="3GcXZ8rHwcA0CJrGpe9YX+MhYAY="></latexit>

B1, A2

<latexit sha1_base64="gTvSfm8aBfINnbdWf1MnGWphdMM="></latexit>

< |A1|+ |A2| = |A|<latexit sha1_base64="ZycTJ3iFjXidix/6LZISmajabpE="></latexit>

|A1| > |B1|
仮定：

より矛盾．

補題１

<latexit sha1_base64="AmdCnm2ufcl/blrfnDsnsWeNb+k="></latexit>

(B1, B2)：  の二分割
<latexit sha1_base64="8feVrAerk8sU6j1vMbi5EebewHM="></latexit>

B → B

<latexit sha1_base64="Ls70ixEkv+syEk709EWEv1iBSMw="></latexit>

→ r(cl(B1 +A2))
<latexit sha1_base64="CpJnoje1O5nlr74zYOeiUCLjeVc="></latexit>

= r(B1 +A2)

<latexit sha1_base64="ya9rboQFZFM7/Rh013qRqZowJyE="></latexit>

A → cl(B1 +A2)
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による  の縮約<latexit sha1_base64="9uz41ysQv2hOCOOyIJ8KWTSCpWg=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFQdwIFewD26Fk0kwbmmSGJCOUoSB+g1tduxO3/olL/8RM24VtPRA4nHPDPfcEMWfauO63k1tZXVvfyG8WtrZ3dveK+wcNHSWK0DqJeKRaAdaUM0nrhhlOW7GiWAScNoPhVeY3H6nSLJL3ZhRTX+C+ZCEj2FjpoSOwGQRhejvuFktu2Z0ALRNvRkowQ61b/On0IpIIKg3hWOu258bGT7EyjHA6LnQSTWNMhrhP25ZKLKj200niMTqxSg+FkbJPGjRR//5IsdB6JAI7mSXUi14m/ue1ExNe+imTcWKoJNNFYcKRiVB2PuoxRYnhI0swUcxmRWSAFSbGljS3JRBZJ95iA8ukcVb2KuXK3Xmpev00bScPR3AMp+DBBVThBmpQBwISXuAV3pxn5935cD6nozln1ughzMH5+gXCVJgW</latexit>

M

47マトロイドの基礎事項③│マイナー操作
<latexit sha1_base64="6tMVjTFUrkxXGriq+GTT9jmgZ48=">AAACEnicbZDLSgMxFIYz9VbrbdSdboJFqCBlRqS6EYqiuBEq2Au0Q8mkmTY0kxmSjFCGgT6Ez+BW1+7ErS/g0jcxM+3CVn8I/PnPCefkc0NGpbKsLyO3sLi0vJJfLaytb2xumds7DRlEApM6DlggWi6ShFFO6ooqRlqhIMh3GWm6w6u03nwkQtKAP6hRSBwf9Tn1KEZKR11zr+MjNXC9+C65KF0fZzeMWHyZHHXNolW2MsG/xp6aIpiq1jW/O70ARz7hCjMkZdu2QuXESCiKGUkKnUiSEOEh6pO2thz5RDpx9ocEHuqkB71A6MMVzNLfL2LkSznyXd2Z7ijna2n4X60dKe/ciSkPI0U4ngzyIgZVAFMgsEcFwYqNtEFYUL0rxAMkEFYa28wU1080E3uewF/TOCnblXLl/rRYvRlP6OTBPjgAJWCDM1AFt6AG6gCDMXgGL+DVeDLejHfjY9KaM6ZEd8GMjM8fg9SeVg==</latexit>

M = (E,B)：マトロイド
<latexit sha1_base64="VfNubxO16/YCjl/oNtz4Pr5KZyw="></latexit>

X → E
contraction

による  の削除<latexit sha1_base64="9uz41ysQv2hOCOOyIJ8KWTSCpWg=">AAACAHicbVDLSgMxFL1TX7W+qi7dBIvgqsyIVJcFQdwIFewD26Fk0kwbmmSGJCOUoSB+g1tduxO3/olL/8RM24VtPRA4nHPDPfcEMWfauO63k1tZXVvfyG8WtrZ3dveK+wcNHSWK0DqJeKRaAdaUM0nrhhlOW7GiWAScNoPhVeY3H6nSLJL3ZhRTX+C+ZCEj2FjpoSOwGQRhejvuFktu2Z0ALRNvRkowQ61b/On0IpIIKg3hWOu258bGT7EyjHA6LnQSTWNMhrhP25ZKLKj200niMTqxSg+FkbJPGjRR//5IsdB6JAI7mSXUi14m/ue1ExNe+imTcWKoJNNFYcKRiVB2PuoxRYnhI0swUcxmRWSAFSbGljS3JRBZJ95iA8ukcVb2KuXK3Xmpev00bScPR3AMp+DBBVThBmpQBwISXuAV3pxn5935cD6nozln1ughzMH5+gXCVJgW</latexit>

M
<latexit sha1_base64="CBVF+W+N+Z8NKnTBF2jRL0kpQQw="></latexit>

Y → E
deletion

<latexit sha1_base64="5AKjYeAls2iY9S4GzCAPWiuf4a0="></latexit>

M \ Y = (E \ Y, {B → B | B ↑ Y = ↓ })
（  と交叉しない基の存在を仮定）

<latexit sha1_base64="GLQ2dtXjk1JRD7e0wlXAfpN1c6Q="></latexit>

Y

<latexit sha1_base64="AbhL40LvbR2a7qYQBw3NeCgZC8Q="></latexit>

M / X = (E \X, {B \X | B → B, X ↑ B })
（  の独立性を仮定）

<latexit sha1_base64="aaxiWMDT35YjnzTh/dfyUPolmW8="></latexit>

X

これらは再びマトロイドになる．

基 　　　　 に対する交換性を考えるときは，
考察

<latexit sha1_base64="vC7FBQbpft7fjTgoL0Y9orAgZp4="></latexit>

M / (A →B) \ (E ↑ (A ↓B)) 上で証明すればいい

<latexit sha1_base64="QBHBB9F1cgcxlreXgR9PpGZRKmI="></latexit>

A,B → B
<latexit sha1_base64="Zq6Zj3DtbKku9L85aCRjAE0O/bU="></latexit>

A →B

A B

<latexit sha1_base64="/v5kTtJ6X+xJv8MXLYzX6WCmxqI="></latexit>

E → (A ↑B)

<latexit sha1_base64="NSg9PO21cskYowFLUa77kT1Z7iU="></latexit>

A \B
<latexit sha1_base64="76ML6cLvF2rtWyHxp4Hwnbzyb1A="></latexit>

B \A
縮約

削除

※ 台集合を二つの基に分割できるマトロイドをブロックマトロイドとよぶ

<latexit sha1_base64="QS7yBYqkGp3gs1Reg8wDAGldRCM="></latexit>

A →B = ↑, A+B = E を仮定してよい
<latexit sha1_base64="Q14lhAtt7rtKAwmutT5a6WypKq0="></latexit>

=→
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を頂点分割とする有向二部グラフ　　　　　　  を，以下の辺集合で定義：

48均衡改善交換性の証明
均衡改善交換性

s.t.

<latexit sha1_base64="TaKtLga8Y2POmig1vZss0AQoZBA=">AAACNHicbZDLSkMxEIZzvNZ6q7p0EyyCCynniKgLF20FcVnBXqQtJSedajDJOSZzhFIKPosP4TO41Z3gRsStz2B6WdTLQODj/yfMzB/GUlj0/Vdvanpmdm4+tZBeXFpeWc2srVdslBgOZR7JyNRCZkEKDWUUKKEWG2AqlFANb04GfvUOjBWRvsBuDE3FrrToCM7QSa3McaMTGSYlrdGGTUILCLe04BhQCZ1YWtyllxNWccIqtDJZP+cPi/6FYAxZMq5SK/PeaEc8UaCRS2ZtPfBjbPaYQcEl9NONxELM+A27grpDzRTYZm94ZZ9uO6VN3bruaaRDdfJHjylruyp0nYrhtf3tDcT/vHqCnaNmT+g4QdB8NKiTSIoRHURG28IAR9l1wLgRblfKr5lhHF2wP6aEqu8yCX4n8Bcqe7ngIHdwvp/Nn96P0kmRTbJFdkhADkmenJESKRNOHsgTeSYv3qP35n14n6PWKW+c6Ab5Ud7XN+ljq18=</latexit>

→X ↑ A \B, Y ↑ B \A with

[Akrami–Liu–Raj–Végh ’26]

<latexit sha1_base64="mDklj3vNP3f/az9+mWmh/KsXByc="></latexit>

|X| > |Y |
<latexit sha1_base64="mXHhWWPvPqRBtz+5Tkr6zvw6iwA=">AAACKHicbVDLSgMxFM34rO+qSzfBIriQMiNSXVYFcVnB1kJnKJn0VoNJZkzuiKUU/Ao/wm9wq2t34lK/xPSxsNYDgZNz7uUkJ06lsOj7n97U9Mzs3HxuYXFpeWV1Lb++UbNJZjhUeSITU4+ZBSk0VFGghHpqgKlYwlV8e9r3r+7BWJHoS+ykECl2rUVbcIZOaub9EB5ciqVVGtostoBwR+t7tPbreuI4oBI6s/S4mS/4RX8AOkmCESmQESrN/FfYSnimQCOXzNpG4KcYdZlBwSX0FsPMQsr4LbuGhqOaKbBRd/CzHt1xSou2E+OORjpQf290mbK2o2I3qRje2L9eX/zPa2TYPoq6QqcZgubDoHYmKSa0XxNtCQMcZccRxo1wb6X8hhnG0ZU5lhKrnusk+NvAJKntF4NSsXRxUCifPQ7byZEtsk12SUAOSZmckwqpEk6eyAt5JW/es/fufXifw9Epb9ToJhmD9/0Dv1ymwg==</latexit>

→U ↑ X,V ↑ B \A

<latexit sha1_base64="Dind7dBJFdSgJotaKcEBd2P9mV8="></latexit>

G(A,B)
<latexit sha1_base64="OcU46MPIpBgFCLLiJHYtUD1YHSI="></latexit>

G(B,A)の辺 の辺

<latexit sha1_base64="EbP5vOort5P/UqNEjlXrTZr/XV4="></latexit>

D = D(A,B)

 を縮約，　　　　　  を削除することにより，　　　　 　　　　　 を仮定してよい
<latexit sha1_base64="Zq6Zj3DtbKku9L85aCRjAE0O/bU="></latexit>

A →B
<latexit sha1_base64="/v5kTtJ6X+xJv8MXLYzX6WCmxqI="></latexit>

E → (A ↑B)
<latexit sha1_base64="QS7yBYqkGp3gs1Reg8wDAGldRCM="></latexit>

A →B = ↑, A+B = E
<latexit sha1_base64="tW8dxyVnUgA7OVG7jH12uEZk+Q8="></latexit>

(A,B)

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X
<latexit sha1_base64="5IoxQ9I2OwQg+DdsRVa06Svn7d4="></latexit>

A

<latexit sha1_base64="a55QqoDgdyt3rMGWzDj3Tt6/vSc="></latexit>

B
<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="FD6v+jMPPu4rIOnCs0EEe/JeawI="></latexit>

{ (x, y) | x → A, y → B,A↑ x+ y → B } ↓ { (y, x) | x → A, y → B,B + x↑ y → B }

<latexit sha1_base64="WieKdILKerfK7odTFmPo1cYZ2jc="></latexit>

|V \ Y | = 1, A→ U + V,B + U → V ↑ B

(1/5)

[Akrami–Liu–Raj–Végh ’26]

<latexit sha1_base64="kN+DIVYjoQHgiKM0ovtJi6J1vLg="></latexit>

→A,B ↑ B

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="M1RWHLMmyQRQaOz2kYr/aPsXsqs=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe5EomVAEMsEvCSQHGFvM5cs2d07dveE4wjY22ptJ7b+HEv/iZuPwiQ+GHi8N8PMvDDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKXjVFHwacxj1QmJBs4k+IYZDp1EAREhh3Y4vpv67SdQmsXy0WQJBIIMJYsYJcZKTb9frrhVdwa8TrwFqaAFGv3yT28Q01SANJQTrbuem5ggJ8owymFS6qUaEkLHZAhdSyURoIN8dugEX1hlgKNY2ZIGz9S/EzkRWmcitJ2CmJFe9abif143NdFtkDOZpAYknS+KUo5NjKdf4wFTQA3PLCFUMXsrpiOiCDU2m6UtoZjYTLzVBNZJ66rq1aq15nWlfv88T6eIztA5ukQeukF19IAayEcUAXpBr+jNyZx358P5nLcWnEWip2gJztcvfvaT/g==</latexit>

U

<latexit sha1_base64="LyCkjqAbmPfPoU4pVaCqvtUK1Ms=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbzCVLdveO3T0hHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZFyacaeN5305uY3Nreye/W9jbPzg8Kh6fNHWcKooNGvNYtUOikTOJDcMMx3aikIiQYysc3U391hMqzWL5aMYJBoIMJIsYJcZK9WavWPLK3gzuOvEXpAQL1HrFn24/pqlAaSgnWnd8LzFBRpRhlOOk0E01JoSOyAA7lkoiUAfZ7NCJe2GVvhvFypY07kz9O5ERofVYhLZTEDPUq95U/M/rpCa6DTImk9SgpPNFUcpdE7vTr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiYjPxVxNYJ82rsl8pV+rXper98zydPJzBOVyCDzdQhQeoQQMoILzAK7w5Y+fd+XA+5605Z5HoKSzB+foFgImT/w==</latexit>

V
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が誘導する部分グラフ　　　　　の強連結成分　　　　　　であって，

49均衡改善交換性の証明
[Akrami–Liu–Raj–Végh ’26]

<latexit sha1_base64="+USt1l0v7VPnUiw9QG3plnaGbAU="></latexit>

D[X + Y ]
<latexit sha1_base64="+esF+J1j6w+Orjb+JUsYuBiKYko="></latexit>

X + Y
<latexit sha1_base64="Bt2q1BOV5YG1/GsJHvHX0CeuA3w="></latexit>

K → X + Y
<latexit sha1_base64="tXG3lp34GeoMwje752gUVwKsIXQ="></latexit>

|X →K| > |Y →K| であるものをとる（仮定　　　　　より存在）

<latexit sha1_base64="5IoxQ9I2OwQg+DdsRVa06Svn7d4="></latexit>

A

<latexit sha1_base64="a55QqoDgdyt3rMGWzDj3Tt6/vSc="></latexit>

B

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="5IoxQ9I2OwQg+DdsRVa06Svn7d4="></latexit>

A

<latexit sha1_base64="a55QqoDgdyt3rMGWzDj3Tt6/vSc="></latexit>

B
<latexit sha1_base64="+USt1l0v7VPnUiw9QG3plnaGbAU="></latexit>

D[X + Y ]

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="qqJ0WB3iowDBV6cgkr9Qa9cqdt4=">AAAEIXicfVNLbxMxEHa7PEp5tXDkUpFLkaooG6Fy4FJEVegBEQRpI9VR5HUmqRW/sB1ocC3xK7iCxK/hhrghfgzYm4BYosXaGc9+3zej8UhTaM6sa7W+r6xmFy5eurx2Zf3qtes3bm5s3jqyamoodKniyvQKYoEzCV3HHIeeNkBEweG4mDxO/PEbMJYp+crNNPQFGUs2YpS4CG EMr1MNufVokA82Gq1mqzxby0G+CBpocTqDzdWfeKjoVIB0lBNrT/KWdn1PjGOUQ1jHUwua0AkZgyfCCuJOl0A7E8US6E5FFSvifwVItZxS3FZ1klGIlGFnVRzkVDAHZZV9iM0a6BBmYLgfJ5cY47E2Mvjt4O+Feo0FFzz20UKtqufxyyg7aff/KD3eaeQ49Uy5suADlkpaaph2+CEepkzL3sF5BU5ypUH60Gjjnf80RQob/Hn66jUjrpSJzfDfgZkH9RkUGE8Ji9uUdxyfhLdUCUHk0OMnB5FJfRrhYxyqrJJgF3wx8vlfE3sWoecaDHEqDXUcB59cDT9kZBx86WsUWvFZ8KWvUdD4hmg1rCFyEnzp4ws5OHwosAFOzmoSDkXw0eLK5P8uyHJw1G7mu83dF/cbewfv58uzhu6gu2gb5egB2kNPUQd1EUUafUAf0afsc/Yl+5p9m0tXVxYLdxtVTvbjF2HlcUo=</latexit>

=: A1
<latexit sha1_base64="El5VT741RYTQJlQzBwty+WS/B4Q="></latexit>

=: B1
<latexit sha1_base64="JMeYu8jOGIPcyoXi0RQGY1AtV2U="></latexit>

A1
<latexit sha1_base64="U+eX2/fGfG/nE6QrL7COmDmNWp4="></latexit>

A2 := A→A1

<latexit sha1_base64="PtRJgT+ly5naTpX3D3c0i5xnO3Q="></latexit>

B1

<latexit sha1_base64="RATuvi7nErFM6xXkCWfCpub6kGo="></latexit>

B2 := B →B1

<latexit sha1_base64="mDklj3vNP3f/az9+mWmh/KsXByc="></latexit>

|X| > |Y |

強連結

均衡改善交換性

s.t.

<latexit sha1_base64="TaKtLga8Y2POmig1vZss0AQoZBA=">AAACNHicbZDLSkMxEIZzvNZ6q7p0EyyCCynniKgLF20FcVnBXqQtJSedajDJOSZzhFIKPosP4TO41Z3gRsStz2B6WdTLQODj/yfMzB/GUlj0/Vdvanpmdm4+tZBeXFpeWc2srVdslBgOZR7JyNRCZkEKDWUUKKEWG2AqlFANb04GfvUOjBWRvsBuDE3FrrToCM7QSa3McaMTGSYlrdGGTUILCLe04BhQCZ1YWtyllxNWccIqtDJZP+cPi/6FYAxZMq5SK/PeaEc8UaCRS2ZtPfBjbPaYQcEl9NONxELM+A27grpDzRTYZm94ZZ9uO6VN3bruaaRDdfJHjylruyp0nYrhtf3tDcT/vHqCnaNmT+g4QdB8NKiTSIoRHURG28IAR9l1wLgRblfKr5lhHF2wP6aEqu8yCX4n8Bcqe7ngIHdwvp/Nn96P0kmRTbJFdkhADkmenJESKRNOHsgTeSYv3qP35n14n6PWKW+c6Ab5Ud7XN+ljq18=</latexit>

→X ↑ A \B, Y ↑ B \A with

[Akrami–Liu–Raj–Végh ’26]

<latexit sha1_base64="mDklj3vNP3f/az9+mWmh/KsXByc="></latexit>

|X| > |Y |
<latexit sha1_base64="mXHhWWPvPqRBtz+5Tkr6zvw6iwA=">AAACKHicbVDLSgMxFM34rO+qSzfBIriQMiNSXVYFcVnB1kJnKJn0VoNJZkzuiKUU/Ao/wm9wq2t34lK/xPSxsNYDgZNz7uUkJ06lsOj7n97U9Mzs3HxuYXFpeWV1Lb++UbNJZjhUeSITU4+ZBSk0VFGghHpqgKlYwlV8e9r3r+7BWJHoS+ykECl2rUVbcIZOaub9EB5ciqVVGtostoBwR+t7tPbreuI4oBI6s/S4mS/4RX8AOkmCESmQESrN/FfYSnimQCOXzNpG4KcYdZlBwSX0FsPMQsr4LbuGhqOaKbBRd/CzHt1xSou2E+OORjpQf290mbK2o2I3qRje2L9eX/zPa2TYPoq6QqcZgubDoHYmKSa0XxNtCQMcZccRxo1wb6X8hhnG0ZU5lhKrnusk+NvAJKntF4NSsXRxUCifPQ7byZEtsk12SUAOSZmckwqpEk6eyAt5JW/es/fufXifw9Epb9ToJhmD9/0Dv1ymwg==</latexit>

→U ↑ X,V ↑ B \A
<latexit sha1_base64="WieKdILKerfK7odTFmPo1cYZ2jc="></latexit>

|V \ Y | = 1, A→ U + V,B + U → V ↑ B

(2/5)

<latexit sha1_base64="kN+DIVYjoQHgiKM0ovtJi6J1vLg="></latexit>

→A,B ↑ B

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="M1RWHLMmyQRQaOz2kYr/aPsXsqs=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe5EomVAEMsEvCSQHGFvM5cs2d07dveE4wjY22ptJ7b+HEv/iZuPwiQ+GHi8N8PMvDDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKXjVFHwacxj1QmJBs4k+IYZDp1EAREhh3Y4vpv67SdQmsXy0WQJBIIMJYsYJcZKTb9frrhVdwa8TrwFqaAFGv3yT28Q01SANJQTrbuem5ggJ8owymFS6qUaEkLHZAhdSyURoIN8dugEX1hlgKNY2ZIGz9S/EzkRWmcitJ2CmJFe9abif143NdFtkDOZpAYknS+KUo5NjKdf4wFTQA3PLCFUMXsrpiOiCDU2m6UtoZjYTLzVBNZJ66rq1aq15nWlfv88T6eIztA5ukQeukF19IAayEcUAXpBr+jNyZx358P5nLcWnEWip2gJztcvfvaT/g==</latexit>

U

<latexit sha1_base64="LyCkjqAbmPfPoU4pVaCqvtUK1Ms=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbzCVLdveO3T0hHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZFyacaeN5305uY3Nreye/W9jbPzg8Kh6fNHWcKooNGvNYtUOikTOJDcMMx3aikIiQYysc3U391hMqzWL5aMYJBoIMJIsYJcZK9WavWPLK3gzuOvEXpAQL1HrFn24/pqlAaSgnWnd8LzFBRpRhlOOk0E01JoSOyAA7lkoiUAfZ7NCJe2GVvhvFypY07kz9O5ERofVYhLZTEDPUq95U/M/rpCa6DTImk9SgpPNFUcpdE7vTr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiYjPxVxNYJ82rsl8pV+rXper98zydPJzBOVyCDzdQhQeoQQMoILzAK7w5Y+fd+XA+5605Z5HoKSzB+foFgImT/w==</latexit>

V



/8950

<latexit sha1_base64="JMeYu8jOGIPcyoXi0RQGY1AtV2U="></latexit>

A1
<latexit sha1_base64="P05vQex7TaPUTRp6dL2dIGJ1lq0="></latexit>

A2

補題４
<latexit sha1_base64="n5zGyh0j3vL80f+gqmj2cGGZSkA="></latexit>

→x ↑ A1
<latexit sha1_base64="LPJNdn6zPmJZiBlZlYbolDltjcI="></latexit>

A→ x+ y ↑ Bs.t.
<latexit sha1_base64="ihTGkW/1Xhjx1eHpxJQGzl7f3VI="></latexit>

→y ↑ B \ cl(A2)

補題５

s.t.
<latexit sha1_base64="2O1rNgKFLSWiJ8M1tN2cBBy5qOs="></latexit>

→z ↑ A1

<latexit sha1_base64="dVtTZ0N5PvFBcckHqqJzS+zlevk="></latexit>

→y ↑ B2 \ cl(A2)
<latexit sha1_base64="62lfayjDhb7wmwr0kee3a6LkYCA="></latexit>

B → y + z ↑ B

均衡改善交換性の証明
[Akrami–Liu–Raj–Végh ’26]

<latexit sha1_base64="5IoxQ9I2OwQg+DdsRVa06Svn7d4="></latexit>

A

<latexit sha1_base64="a55QqoDgdyt3rMGWzDj3Tt6/vSc="></latexit>

B

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="PtRJgT+ly5naTpX3D3c0i5xnO3Q="></latexit>

B1

<latexit sha1_base64="OJnZT7XL8NtsY+EFq8eDAMiHSRg="></latexit>

B2

<latexit sha1_base64="JMeYu8jOGIPcyoXi0RQGY1AtV2U="></latexit>

A1
強連結

より，　　　　　   というパスが存在．　　　　 における　　　　の強連結性から，　　　．

均衡改善交換性

s.t.

<latexit sha1_base64="TaKtLga8Y2POmig1vZss0AQoZBA=">AAACNHicbZDLSkMxEIZzvNZ6q7p0EyyCCynniKgLF20FcVnBXqQtJSedajDJOSZzhFIKPosP4TO41Z3gRsStz2B6WdTLQODj/yfMzB/GUlj0/Vdvanpmdm4+tZBeXFpeWc2srVdslBgOZR7JyNRCZkEKDWUUKKEWG2AqlFANb04GfvUOjBWRvsBuDE3FrrToCM7QSa3McaMTGSYlrdGGTUILCLe04BhQCZ1YWtyllxNWccIqtDJZP+cPi/6FYAxZMq5SK/PeaEc8UaCRS2ZtPfBjbPaYQcEl9NONxELM+A27grpDzRTYZm94ZZ9uO6VN3bruaaRDdfJHjylruyp0nYrhtf3tDcT/vHqCnaNmT+g4QdB8NKiTSIoRHURG28IAR9l1wLgRblfKr5lhHF2wP6aEqu8yCX4n8Bcqe7ngIHdwvp/Nn96P0kmRTbJFdkhADkmenJESKRNOHsgTeSYv3qP35n14n6PWKW+c6Ab5Ud7XN+ljq18=</latexit>

→X ↑ A \B, Y ↑ B \A with

[Akrami–Liu–Raj–Végh ’26]

<latexit sha1_base64="mDklj3vNP3f/az9+mWmh/KsXByc="></latexit>

|X| > |Y |
<latexit sha1_base64="mXHhWWPvPqRBtz+5Tkr6zvw6iwA=">AAACKHicbVDLSgMxFM34rO+qSzfBIriQMiNSXVYFcVnB1kJnKJn0VoNJZkzuiKUU/Ao/wm9wq2t34lK/xPSxsNYDgZNz7uUkJ06lsOj7n97U9Mzs3HxuYXFpeWV1Lb++UbNJZjhUeSITU4+ZBSk0VFGghHpqgKlYwlV8e9r3r+7BWJHoS+ykECl2rUVbcIZOaub9EB5ciqVVGtostoBwR+t7tPbreuI4oBI6s/S4mS/4RX8AOkmCESmQESrN/FfYSnimQCOXzNpG4KcYdZlBwSX0FsPMQsr4LbuGhqOaKbBRd/CzHt1xSou2E+OORjpQf290mbK2o2I3qRje2L9eX/zPa2TYPoq6QqcZgubDoHYmKSa0XxNtCQMcZccRxo1wb6X8hhnG0ZU5lhKrnusk+NvAJKntF4NSsXRxUCifPQ7byZEtsk12SUAOSZmckwqpEk6eyAt5JW/es/fufXifw9Epb9ToJhmD9/0Dv1ymwg==</latexit>

→U ↑ X,V ↑ B \A
<latexit sha1_base64="WieKdILKerfK7odTFmPo1cYZ2jc="></latexit>

|V \ Y | = 1, A→ U + V,B + U → V ↑ B

（仮定： ）
<latexit sha1_base64="ZycTJ3iFjXidix/6LZISmajabpE="></latexit>

|A1| > |B1|

<latexit sha1_base64="2t1MZ3msycacaxfOE9Ya2yDvyKk=">AAACA3icbZDLSgMxFIbPeK31VnXpJlgEV2VGpLosCOKygr1AO5RMmmlDk8yYZMSxFNz4DG517U7c+iAufRPTaRe29UDCz/+fcE6+IOZMG9f9dpaWV1bX1nMb+c2t7Z3dwt5+XUeJIrRGIh6pZoA15UzSmmGG02asKBYBp41gcDnOG/dUaRbJW5PG1Be4J1nICDbW8h9Q20Qoze7HTqHoltys0KLwpqII06p2Cj/tbkQSQaUhHGvd8tzY+EOsDCOcjvLtRNMYkwHu0ZaVEguq/WG29AgdW6eLwkjZIw3K3L8vhlhonYrAdgps+no+G5v/Za3EhBf+kMk4MVSSyaAw4ch+cUwAdZmixPDUCkwUs7si0scKE2M5zUwJxMgy8eYJLIr6ackrl8o3Z8XK1dOETg4O4QhOwINzqMA1VKEGBO7gBV7hzXl23p0P53PSuuRMiR7ATDlfv8EWmIo=</latexit>x → y → z
<latexit sha1_base64="FRVgV1a2DloRCYcC3pZezpBdjsc=">AAAB+XicbVDJSgNBEK2JW4xb1KOXxiB4CjMi0WNAEI8RzQLJEHo6PUmTXobuHiEMAX/Aq569iVe/xqN/Ymc5mMQHBY/3qqiqFyWcGev7315ubX1jcyu/XdjZ3ds/KB4eNYxKNaF1orjSrQgbypmkdcssp61EUywiTpvR8GbiN5+oNkzJRztKaChwX7KYEWyd9NBhslss+WV/CrRKgjkpwRy1bvGn01MkFVRawrEx7cBPbJhhbRnhdFzopIYmmAxxn7YdlVhQE2bTU8fozCk9FCvtSlo0Vf9OZFgYMxKR6xTYDsyyNxH/89qpja/DjMkktVSS2aI45cgqNPkb9ZimxPKRI5ho5m5FZIA1Jtals7AlEmOXSbCcwCppXJSDSrlyf1mq3j7P0snDCZzCOQRwBVW4gxrUgUAfXuAV3rzMe/c+vM9Za86bJ3oMC/C+fgEnl5Tw</latexit>

→
<latexit sha1_base64="5b2Ypp9HHpfTKNH9OMPZHyhwv9E=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAbBU9gNEj1GBPEY0TwgWcLsZDYZMjO7zMwKYQn4A1717E28+jUe/RMnj4NJLGgoqrrp7goTzrTxvG8nt7a+sbmV3y7s7O7tH7iHRw0dp4rQOol5rFoh1pQzSeuGGU5biaJYhJw2w+HNxG8+UaVZLB/NKKGBwH3JIkawsdLDdbfcdYteyZsCrRJ/ToowR63r/nR6MUkFlYZwrHXb9xITZFgZRjgdFzqppgkmQ9ynbUslFlQH2fTUMTqzSg9FsbIlDZqqfycyLLQeidB2CmwGetmbiP957dREV0HGZJIaKslsUZRyZGI0+Rv1mKLE8JElmChmb0VkgBUmxqazsCUUY5uJv5zAKmmUS36lVLm/KFZvn2fp5OEETuEcfLiEKtxBDepAoA8v8ApvTua8Ox/O56w158wTPYYFOF+/jpWUjw==</latexit>

A2
<latexit sha1_base64="JMeYu8jOGIPcyoXi0RQGY1AtV2U="></latexit>

A1

<latexit sha1_base64="FRVgV1a2DloRCYcC3pZezpBdjsc=">AAAB+XicbVDJSgNBEK2JW4xb1KOXxiB4CjMi0WNAEI8RzQLJEHo6PUmTXobuHiEMAX/Aq569iVe/xqN/Ymc5mMQHBY/3qqiqFyWcGev7315ubX1jcyu/XdjZ3ds/KB4eNYxKNaF1orjSrQgbypmkdcssp61EUywiTpvR8GbiN5+oNkzJRztKaChwX7KYEWyd9NBhslss+WV/CrRKgjkpwRy1bvGn01MkFVRawrEx7cBPbJhhbRnhdFzopIYmmAxxn7YdlVhQE2bTU8fozCk9FCvtSlo0Vf9OZFgYMxKR6xTYDsyyNxH/89qpja/DjMkktVSS2aI45cgqNPkb9ZimxPKRI5ho5m5FZIA1Jtals7AlEmOXSbCcwCppXJSDSrlyf1mq3j7P0snDCZzCOQRwBVW4gxrUgUAfXuAV3rzMe/c+vM9Za86bJ3oMC/C+fgEnl5Tw</latexit>

→
<latexit sha1_base64="FRVgV1a2DloRCYcC3pZezpBdjsc=">AAAB+XicbVDJSgNBEK2JW4xb1KOXxiB4CjMi0WNAEI8RzQLJEHo6PUmTXobuHiEMAX/Aq569iVe/xqN/Ymc5mMQHBY/3qqiqFyWcGev7315ubX1jcyu/XdjZ3ds/KB4eNYxKNaF1orjSrQgbypmkdcssp61EUywiTpvR8GbiN5+oNkzJRztKaChwX7KYEWyd9NBhslss+WV/CrRKgjkpwRy1bvGn01MkFVRawrEx7cBPbJhhbRnhdFzopIYmmAxxn7YdlVhQE2bTU8fozCk9FCvtSlo0Vf9OZFgYMxKR6xTYDsyyNxH/89qpja/DjMkktVSS2aI45cgqNPkb9ZimxPKRI5ho5m5FZIA1Jtals7AlEmOXSbCcwCppXJSDSrlyf1mq3j7P0snDCZzCOQRwBVW4gxrUgUAfXuAV3rzMe/c+vM9Za86bJ3oMC/C+fgEnl5Tw</latexit>

→
<latexit sha1_base64="JMeYu8jOGIPcyoXi0RQGY1AtV2U="></latexit>

A1
<latexit sha1_base64="OJnZT7XL8NtsY+EFq8eDAMiHSRg="></latexit>

B2
<latexit sha1_base64="+66W94rCM/2b7SAWteZ4MCVTFCE="></latexit>x

<latexit sha1_base64="7PKe1TGw6R0lahNf1WaAwm9Be+M="></latexit>y

<latexit sha1_base64="vw53RZmPoNTNgTJrRHCkHV3Qaj4="></latexit>z

<latexit sha1_base64="hzUxmPdDTni0GzauHEWA2XxppWU="></latexit>

y /→ Y
<latexit sha1_base64="+USt1l0v7VPnUiw9QG3plnaGbAU="></latexit>

D[X + Y ]
<latexit sha1_base64="Q8clqwG3DpgcJ8mxsIuccAp2Hx8="></latexit>

A1 +B1

(3/5)

<latexit sha1_base64="kN+DIVYjoQHgiKM0ovtJi6J1vLg="></latexit>

→A,B ↑ B

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="M1RWHLMmyQRQaOz2kYr/aPsXsqs=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe5EomVAEMsEvCSQHGFvM5cs2d07dveE4wjY22ptJ7b+HEv/iZuPwiQ+GHi8N8PMvDDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKXjVFHwacxj1QmJBs4k+IYZDp1EAREhh3Y4vpv67SdQmsXy0WQJBIIMJYsYJcZKTb9frrhVdwa8TrwFqaAFGv3yT28Q01SANJQTrbuem5ggJ8owymFS6qUaEkLHZAhdSyURoIN8dugEX1hlgKNY2ZIGz9S/EzkRWmcitJ2CmJFe9abif143NdFtkDOZpAYknS+KUo5NjKdf4wFTQA3PLCFUMXsrpiOiCDU2m6UtoZjYTLzVBNZJ66rq1aq15nWlfv88T6eIztA5ukQeukF19IAayEcUAXpBr+jNyZx358P5nLcWnEWip2gJztcvfvaT/g==</latexit>

U

<latexit sha1_base64="LyCkjqAbmPfPoU4pVaCqvtUK1Ms=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbzCVLdveO3T0hHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZFyacaeN5305uY3Nreye/W9jbPzg8Kh6fNHWcKooNGvNYtUOikTOJDcMMx3aikIiQYysc3U391hMqzWL5aMYJBoIMJIsYJcZK9WavWPLK3gzuOvEXpAQL1HrFn24/pqlAaSgnWnd8LzFBRpRhlOOk0E01JoSOyAA7lkoiUAfZ7NCJe2GVvhvFypY07kz9O5ERofVYhLZTEDPUq95U/M/rpCa6DTImk9SgpPNFUcpdE7vTr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiYjPxVxNYJ82rsl8pV+rXper98zydPJzBOVyCDzdQhQeoQQMoILzAK7w5Y+fd+XA+5605Z5HoKSzB+foFgImT/w==</latexit>

V



/8951均衡改善交換性の証明
[Akrami–Liu–Raj–Végh ’26]

均衡改善交換性

s.t.

<latexit sha1_base64="TaKtLga8Y2POmig1vZss0AQoZBA=">AAACNHicbZDLSkMxEIZzvNZ6q7p0EyyCCynniKgLF20FcVnBXqQtJSedajDJOSZzhFIKPosP4TO41Z3gRsStz2B6WdTLQODj/yfMzB/GUlj0/Vdvanpmdm4+tZBeXFpeWc2srVdslBgOZR7JyNRCZkEKDWUUKKEWG2AqlFANb04GfvUOjBWRvsBuDE3FrrToCM7QSa3McaMTGSYlrdGGTUILCLe04BhQCZ1YWtyllxNWccIqtDJZP+cPi/6FYAxZMq5SK/PeaEc8UaCRS2ZtPfBjbPaYQcEl9NONxELM+A27grpDzRTYZm94ZZ9uO6VN3bruaaRDdfJHjylruyp0nYrhtf3tDcT/vHqCnaNmT+g4QdB8NKiTSIoRHURG28IAR9l1wLgRblfKr5lhHF2wP6aEqu8yCX4n8Bcqe7ngIHdwvp/Nn96P0kmRTbJFdkhADkmenJESKRNOHsgTeSYv3qP35n14n6PWKW+c6Ab5Ud7XN+ljq18=</latexit>

→X ↑ A \B, Y ↑ B \A with

[Akrami–Liu–Raj–Végh ’26]

<latexit sha1_base64="mDklj3vNP3f/az9+mWmh/KsXByc="></latexit>

|X| > |Y |
<latexit sha1_base64="mXHhWWPvPqRBtz+5Tkr6zvw6iwA=">AAACKHicbVDLSgMxFM34rO+qSzfBIriQMiNSXVYFcVnB1kJnKJn0VoNJZkzuiKUU/Ao/wm9wq2t34lK/xPSxsNYDgZNz7uUkJ06lsOj7n97U9Mzs3HxuYXFpeWV1Lb++UbNJZjhUeSITU4+ZBSk0VFGghHpqgKlYwlV8e9r3r+7BWJHoS+ykECl2rUVbcIZOaub9EB5ciqVVGtostoBwR+t7tPbreuI4oBI6s/S4mS/4RX8AOkmCESmQESrN/FfYSnimQCOXzNpG4KcYdZlBwSX0FsPMQsr4LbuGhqOaKbBRd/CzHt1xSou2E+OORjpQf290mbK2o2I3qRje2L9eX/zPa2TYPoq6QqcZgubDoHYmKSa0XxNtCQMcZccRxo1wb6X8hhnG0ZU5lhKrnusk+NvAJKntF4NSsXRxUCifPQ7byZEtsk12SUAOSZmckwqpEk6eyAt5JW/es/fufXifw9Epb9ToJhmD9/0Dv1ymwg==</latexit>

→U ↑ X,V ↑ B \A
<latexit sha1_base64="WieKdILKerfK7odTFmPo1cYZ2jc="></latexit>

|V \ Y | = 1, A→ U + V,B + U → V ↑ B

<latexit sha1_base64="5IoxQ9I2OwQg+DdsRVa06Svn7d4="></latexit>

A

<latexit sha1_base64="a55QqoDgdyt3rMGWzDj3Tt6/vSc="></latexit>

B

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="PtRJgT+ly5naTpX3D3c0i5xnO3Q="></latexit>

B1

<latexit sha1_base64="JMeYu8jOGIPcyoXi0RQGY1AtV2U="></latexit>

A1
強連結

<latexit sha1_base64="+66W94rCM/2b7SAWteZ4MCVTFCE="></latexit>x

<latexit sha1_base64="7PKe1TGw6R0lahNf1WaAwm9Be+M="></latexit>y

<latexit sha1_base64="vw53RZmPoNTNgTJrRHCkHV3Qaj4="></latexit>z

<latexit sha1_base64="+lh1rk7LWQ22aJZTCAc2rPtLa1U="></latexit>

D[A1 +B1] は強連結なので，　　　　　  内で  から  へ至るパスが存在<latexit sha1_base64="vw53RZmPoNTNgTJrRHCkHV3Qaj4="></latexit>z <latexit sha1_base64="+66W94rCM/2b7SAWteZ4MCVTFCE="></latexit>x
<latexit sha1_base64="+lh1rk7LWQ22aJZTCAc2rPtLa1U="></latexit>

D[A1 +B1]

<latexit sha1_base64="Q14lhAtt7rtKAwmutT5a6WypKq0="></latexit>

=→ 有向閉路  で，　　　　　　　　　　　　 なるものが存在
<latexit sha1_base64="7cqi4is/00ZO4XyLaA/+2AUJmhU="></latexit>

C
<latexit sha1_base64="PGuEOgS0VK5J4fvtX6DfZ5OA6as="></latexit>

y → V (C) ↑ A1 +B1 + y

そのようなものの中で　　　が極小のものを取る
<latexit sha1_base64="56K3talR7V+/hztKhnAcE1cFchg="></latexit>

V (C)

(4/5)

<latexit sha1_base64="kN+DIVYjoQHgiKM0ovtJi6J1vLg="></latexit>

→A,B ↑ B

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="M1RWHLMmyQRQaOz2kYr/aPsXsqs=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe5EomVAEMsEvCSQHGFvM5cs2d07dveE4wjY22ptJ7b+HEv/iZuPwiQ+GHi8N8PMvDDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKXjVFHwacxj1QmJBs4k+IYZDp1EAREhh3Y4vpv67SdQmsXy0WQJBIIMJYsYJcZKTb9frrhVdwa8TrwFqaAFGv3yT28Q01SANJQTrbuem5ggJ8owymFS6qUaEkLHZAhdSyURoIN8dugEX1hlgKNY2ZIGz9S/EzkRWmcitJ2CmJFe9abif143NdFtkDOZpAYknS+KUo5NjKdf4wFTQA3PLCFUMXsrpiOiCDU2m6UtoZjYTLzVBNZJ66rq1aq15nWlfv88T6eIztA5ukQeukF19IAayEcUAXpBr+jNyZx358P5nLcWnEWip2gJztcvfvaT/g==</latexit>

U

<latexit sha1_base64="LyCkjqAbmPfPoU4pVaCqvtUK1Ms=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbzCVLdveO3T0hHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZFyacaeN5305uY3Nreye/W9jbPzg8Kh6fNHWcKooNGvNYtUOikTOJDcMMx3aikIiQYysc3U391hMqzWL5aMYJBoIMJIsYJcZK9WavWPLK3gzuOvEXpAQL1HrFn24/pqlAaSgnWnd8LzFBRpRhlOOk0E01JoSOyAA7lkoiUAfZ7NCJe2GVvhvFypY07kz9O5ERofVYhLZTEDPUq95U/M/rpCa6DTImk9SgpPNFUcpdE7vTr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiYjPxVxNYJ82rsl8pV+rXper98zydPJzBOVyCDzdQhQeoQQMoILzAK7w5Y+fd+XA+5605Z5HoKSzB+foFgImT/w==</latexit>

V
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<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="M1RWHLMmyQRQaOz2kYr/aPsXsqs=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe5EomVAEMsEvCSQHGFvM5cs2d07dveE4wjY22ptJ7b+HEv/iZuPwiQ+GHi8N8PMvDDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKXjVFHwacxj1QmJBs4k+IYZDp1EAREhh3Y4vpv67SdQmsXy0WQJBIIMJYsYJcZKTb9frrhVdwa8TrwFqaAFGv3yT28Q01SANJQTrbuem5ggJ8owymFS6qUaEkLHZAhdSyURoIN8dugEX1hlgKNY2ZIGz9S/EzkRWmcitJ2CmJFe9abif143NdFtkDOZpAYknS+KUo5NjKdf4wFTQA3PLCFUMXsrpiOiCDU2m6UtoZjYTLzVBNZJ66rq1aq15nWlfv88T6eIztA5ukQeukF19IAayEcUAXpBr+jNyZx358P5nLcWnEWip2gJztcvfvaT/g==</latexit>

U

<latexit sha1_base64="LyCkjqAbmPfPoU4pVaCqvtUK1Ms=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbzCVLdveO3T0hHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZFyacaeN5305uY3Nreye/W9jbPzg8Kh6fNHWcKooNGvNYtUOikTOJDcMMx3aikIiQYysc3U391hMqzWL5aMYJBoIMJIsYJcZK9WavWPLK3gzuOvEXpAQL1HrFn24/pqlAaSgnWnd8LzFBRpRhlOOk0E01JoSOyAA7lkoiUAfZ7NCJe2GVvhvFypY07kz9O5ERofVYhLZTEDPUq95U/M/rpCa6DTImk9SgpPNFUcpdE7vTr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiYjPxVxNYJ82rsl8pV+rXper98zydPJzBOVyCDzdQhQeoQQMoILzAK7w5Y+fd+XA+5605Z5HoKSzB+foFgImT/w==</latexit>

V

均衡改善交換性

s.t.

<latexit sha1_base64="TaKtLga8Y2POmig1vZss0AQoZBA=">AAACNHicbZDLSkMxEIZzvNZ6q7p0EyyCCynniKgLF20FcVnBXqQtJSedajDJOSZzhFIKPosP4TO41Z3gRsStz2B6WdTLQODj/yfMzB/GUlj0/Vdvanpmdm4+tZBeXFpeWc2srVdslBgOZR7JyNRCZkEKDWUUKKEWG2AqlFANb04GfvUOjBWRvsBuDE3FrrToCM7QSa3McaMTGSYlrdGGTUILCLe04BhQCZ1YWtyllxNWccIqtDJZP+cPi/6FYAxZMq5SK/PeaEc8UaCRS2ZtPfBjbPaYQcEl9NONxELM+A27grpDzRTYZm94ZZ9uO6VN3bruaaRDdfJHjylruyp0nYrhtf3tDcT/vHqCnaNmT+g4QdB8NKiTSIoRHURG28IAR9l1wLgRblfKr5lhHF2wP6aEqu8yCX4n8Bcqe7ngIHdwvp/Nn96P0kmRTbJFdkhADkmenJESKRNOHsgTeSYv3qP35n14n6PWKW+c6Ab5Ud7XN+ljq18=</latexit>

→X ↑ A \B, Y ↑ B \A with

[Akrami–Liu–Raj–Végh ’26]

<latexit sha1_base64="mDklj3vNP3f/az9+mWmh/KsXByc="></latexit>

|X| > |Y |
<latexit sha1_base64="mXHhWWPvPqRBtz+5Tkr6zvw6iwA=">AAACKHicbVDLSgMxFM34rO+qSzfBIriQMiNSXVYFcVnB1kJnKJn0VoNJZkzuiKUU/Ao/wm9wq2t34lK/xPSxsNYDgZNz7uUkJ06lsOj7n97U9Mzs3HxuYXFpeWV1Lb++UbNJZjhUeSITU4+ZBSk0VFGghHpqgKlYwlV8e9r3r+7BWJHoS+ykECl2rUVbcIZOaub9EB5ciqVVGtostoBwR+t7tPbreuI4oBI6s/S4mS/4RX8AOkmCESmQESrN/FfYSnimQCOXzNpG4KcYdZlBwSX0FsPMQsr4LbuGhqOaKbBRd/CzHt1xSou2E+OORjpQf290mbK2o2I3qRje2L9eX/zPa2TYPoq6QqcZgubDoHYmKSa0XxNtCQMcZccRxo1wb6X8hhnG0ZU5lhKrnusk+NvAJKntF4NSsXRxUCifPQ7byZEtsk12SUAOSZmckwqpEk6eyAt5JW/es/fufXifw9Epb9ToJhmD9/0Dv1ymwg==</latexit>

→U ↑ X,V ↑ B \A
<latexit sha1_base64="WieKdILKerfK7odTFmPo1cYZ2jc="></latexit>

|V \ Y | = 1, A→ U + V,B + U → V ↑ B

　　　　　　　 において，　　　   の辺には一意の完全マッチングが存在

<latexit sha1_base64="5IoxQ9I2OwQg+DdsRVa06Svn7d4="></latexit>

A

<latexit sha1_base64="a55QqoDgdyt3rMGWzDj3Tt6/vSc="></latexit>

B

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y
<latexit sha1_base64="7PKe1TGw6R0lahNf1WaAwm9Be+M="></latexit>y

<latexit sha1_base64="VzlACB+2TJu1w6wws4xwnPhnZG0="></latexit>

U

<latexit sha1_base64="DLsbjO3zid0LjVrqZhAC4sph7bE="></latexit>

V
<latexit sha1_base64="DLsbjO3zid0LjVrqZhAC4sph7bE="></latexit>

V

<latexit sha1_base64="cR3ge9k8puPVVphev//tCBYWlxA="></latexit>

U := V (C) →A
<latexit sha1_base64="iahWBJsQIIUNsgCwCpFWAtupgJQ="></latexit>

V := V (C) →B
<latexit sha1_base64="rAMkLI32zSuPkfg7Ep2K+54XTpc="></latexit>

D[V (C)]
<latexit sha1_base64="lXAAiVsYW9ul5P14O9q5Wo+vKKQ="></latexit>

U → V
<latexit sha1_base64="WjWHnGpT2jcSgQVT37NV4y271xg="></latexit>

V → U の辺にも一意の完全マッチングが存在

一意マッチング補題より， <latexit sha1_base64="azKSogx1SaPUtQNr+qrvUQeVVqQ=">AAACFHicbZDNSsNAFIUn9a/Wv6hLXQwWQagtiUh1WSuIywomLTShTKaTduhkEmYmQgkF8SF8Bre6didu3bv0TUzaLmzrhYHDOXe4935exKhUhvGt5ZaWV1bX8uuFjc2t7R19d8+WYSwwsXDIQtHykCSMcmIpqhhpRYKgwGOk6Q2us7z5QISkIb9Xw4i4Aepx6lOMVGp19MOrslWyT2G9ZJVt6FAOnQCpPkYsqY86etGoGOOCi8KciiKYVqOj/zjdEMcB4QozJGXbNCLlJkgoihkZFZxYkgjhAeqRdio5Coh0k/EVI3icOl3ohyJ9XMGx+/dHggIph4GXdmYryvksM//L2rHyL92E8ihWhOPJID9mUIUwQwK7VBCs2DAVCAua7gpxHwmEVQpuZooXZEzMeQKLwj6rmNVK9e68WLt5nNDJgwNwBE6ACS5ADdyCBrAABk/gBbyCN+1Ze9c+tM9Ja06bEt0HM6V9/QJ8rp2g</latexit>

A→ U + V,B + U → V ↑ B

<latexit sha1_base64="Q14lhAtt7rtKAwmutT5a6WypKq0="></latexit>

=→
<latexit sha1_base64="2ijofbZ5FxmtU/pOb5DFUWq9yVI=">AAACHXicbZBLSwMxFIUzPmt9VV26CRbBhZQZkepGKAjisoJ9SFtKJr3VYJIZkztCaQvu/RH+Bre6diduxaX/xPSxsNYDgcM5N9zkC2MpLPr+lzczOze/sJhaSi+vrK6tZzY2yzZKDIcSj2RkqiGzIIWGEgqUUI0NMBVKqIS3p4O+cg/GikhfYieGhmLXWrQFZ+iiZma3ROs2CS0g3NHqPq3v017ZRYBK6MTSqx49oUEzk/Vz/lB02gRjkyVjFZuZ73or4okCjVwya2uBH2OjywwKLqGfricWYsZv2TXUnNVMgW10h9/p012XtGg7Mu5opMP0940uU9Z2VOgmFcMb+7cbhP91tQTbx42u0HGCoPloUTuRFCM6YENbwgBH2XGGcSPcWym/YYZxdAQntoSq75gEfwlMm/JBLsjn8heH2cLZw4hOimyTHbJHAnJECuScFEmJcPJInskLefWevDfv3fsYjc54Y6JbZELe5w+OzaFU</latexit>

U → X, |V \ Y | = 1

直感的理由：完全マッチングが一意でなければ，         の極小性に反する．
<latexit sha1_base64="LYECq8CrBcsMfzMSgdzrgrAx24Y=">AAAB+nicbVBNSwMxEJ31s9avqkcvwSLUS9kVqR4LBfFYwX5Au5Rsmm1Dk+ySZIWyFvwFXvXsTbz6Zzz6T8y2PdjWBwOP92aYmRfEnGnjut/O2vrG5tZ2bie/u7d/cFg4Om7qKFGENkjEI9UOsKacSdowzHDajhXFIuC0FYxqmd96pEqzSD6YcUx9gQeShYxgk0nNUu2iVyi6ZXcKtEq8OSnCHPVe4afbj0giqDSEY607nhsbP8XKMMLpJN9NNI0xGeEB7VgqsaDaT6e3TtC5VfoojJQtadBU/TuRYqH1WAS2U2Az1MteJv7ndRIT3vgpk3FiqCSzRWHCkYlQ9jjqM0WJ4WNLMFHM3orIECtMjI1nYUsgJjYTbzmBVdK8LHuVcuX+qli9fZ6lk4NTOIMSeHANVbiDOjSAwBBe4BXenCfn3flwPmeta8480RNYgPP1C9oIlLE=</latexit>

V (C)

(5/5)

<latexit sha1_base64="kN+DIVYjoQHgiKM0ovtJi6J1vLg="></latexit>

→A,B ↑ B

主張
<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭
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同時交換性 
[Brualdi ’69]

Greene の交換性 
[Greene ’74]

多重交換性 
[Brylawski ’73, Greene ’73, Woodall ’74]

<latexit sha1_base64="1BoFr66X1E82QsmQlrS+b45ggog="></latexit>x

<latexit sha1_base64="2K4DsPNZgBUNOS0kXNzaczODRZ8="></latexit>y

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

均衡改善交換性 
[Akrami–Liu–Raj–Végh ’26]

抱き合わせ交換性 
[O.–Schwarcz ’26]

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="M1RWHLMmyQRQaOz2kYr/aPsXsqs=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe5EomVAEMsEvCSQHGFvM5cs2d07dveE4wjY22ptJ7b+HEv/iZuPwiQ+GHi8N8PMvDDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKXjVFHwacxj1QmJBs4k+IYZDp1EAREhh3Y4vpv67SdQmsXy0WQJBIIMJYsYJcZKTb9frrhVdwa8TrwFqaAFGv3yT28Q01SANJQTrbuem5ggJ8owymFS6qUaEkLHZAhdSyURoIN8dugEX1hlgKNY2ZIGz9S/EzkRWmcitJ2CmJFe9abif143NdFtkDOZpAYknS+KUo5NjKdf4wFTQA3PLCFUMXsrpiOiCDU2m6UtoZjYTLzVBNZJ66rq1aq15nWlfv88T6eIztA5ukQeukF19IAayEcUAXpBr+jNyZx358P5nLcWnEWip2gJztcvfvaT/g==</latexit>

U

<latexit sha1_base64="LyCkjqAbmPfPoU4pVaCqvtUK1Ms=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbzCVLdveO3T0hHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZFyacaeN5305uY3Nreye/W9jbPzg8Kh6fNHWcKooNGvNYtUOikTOJDcMMx3aikIiQYysc3U391hMqzWL5aMYJBoIMJIsYJcZK9WavWPLK3gzuOvEXpAQL1HrFn24/pqlAaSgnWnd8LzFBRpRhlOOk0E01JoSOyAA7lkoiUAfZ7NCJe2GVvhvFypY07kz9O5ERofVYhLZTEDPUq95U/M/rpCa6DTImk9SgpPNFUcpdE7vTr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiYjPxVxNYJ82rsl8pV+rXper98zydPJzBOVyCDzdQhQeoQQMoILzAK7w5Y+fd+XA+5605Z5HoKSzB+foFgImT/w==</latexit>

V

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="M1RWHLMmyQRQaOz2kYr/aPsXsqs=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe5EomVAEMsEvCSQHGFvM5cs2d07dveE4wjY22ptJ7b+HEv/iZuPwiQ+GHi8N8PMvDDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKXjVFHwacxj1QmJBs4k+IYZDp1EAREhh3Y4vpv67SdQmsXy0WQJBIIMJYsYJcZKTb9frrhVdwa8TrwFqaAFGv3yT28Q01SANJQTrbuem5ggJ8owymFS6qUaEkLHZAhdSyURoIN8dugEX1hlgKNY2ZIGz9S/EzkRWmcitJ2CmJFe9abif143NdFtkDOZpAYknS+KUo5NjKdf4wFTQA3PLCFUMXsrpiOiCDU2m6UtoZjYTLzVBNZJ66rq1aq15nWlfv88T6eIztA5ukQeukF19IAayEcUAXpBr+jNyZx358P5nLcWnEWip2gJztcvfvaT/g==</latexit>

U

<latexit sha1_base64="LyCkjqAbmPfPoU4pVaCqvtUK1Ms=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbzCVLdveO3T0hHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZFyacaeN5305uY3Nreye/W9jbPzg8Kh6fNHWcKooNGvNYtUOikTOJDcMMx3aikIiQYysc3U391hMqzWL5aMYJBoIMJIsYJcZK9WavWPLK3gzuOvEXpAQL1HrFn24/pqlAaSgnWnd8LzFBRpRhlOOk0E01JoSOyAA7lkoiUAfZ7NCJe2GVvhvFypY07kz9O5ERofVYhLZTEDPUq95U/M/rpCa6DTImk9SgpPNFUcpdE7vTr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiYjPxVxNYJ82rsl8pV+rXper98zydPJzBOVyCDzdQhQeoQQMoILzAK7w5Y+fd+XA+5605Z5HoKSzB+foFgImT/w==</latexit>

V

（片側）交換性
<latexit sha1_base64="1BoFr66X1E82QsmQlrS+b45ggog="></latexit>x

<latexit sha1_base64="2K4DsPNZgBUNOS0kXNzaczODRZ8="></latexit>y

済
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<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="lOY9Epwzp9FVKRUftq9i/ixvJVw="></latexit>

→X

<latexit sha1_base64="eJAnPK6aEfYI9mjy5+lyVqzG4y0="></latexit>

→Y

多重交換性 (multiple exchange property)

s.t.

[Brylawski ’73, Greene ’73, Woodall ’74]

<latexit sha1_base64="sgNY/Aq4v+SNFPr0PbrvWlw1Plo=">AAACFHicbZDNSsNAFIUn9a/Wv6hLXQwWQagtiUh1WSuIywq2TWlCmUwn7dDJJMxMhBIK4kP4DG517U7cunfpm5i0XdjWCwOHc+5w7/3ckFGpDONbyywtr6yuZddzG5tb2zv67l5DBpHApI4DFgjLRZIwykldUcWIFQqCfJeRpju4TvPmAxGSBvxeDUPi+KjHqUcxUonV0Q+vilahdQqrBavYgjbl0PaR6mPE4uqoo+eNkjEuuCjMqciDadU6+o/dDXDkE64wQ1K2TSNUToyEopiRUc6OJAkRHqAeaSeSI59IJx5fMYLHidOFXiCSxxUcu39/xMiXcui7SWe6opzPUvO/rB0p79KJKQ8jRTieDPIiBlUAUySwSwXBig0TgbCgya4Q95FAWCXgZqa4fsrEnCewKBpnJbNcKt+d5ys3jxM6WXAAjsAJMMEFqIBbUAN1gMETeAGv4E171t61D+1z0prRpkT3wUxpX7+QiJ2s</latexit>

A→X + Y,B +X → Y ↑ B
<latexit sha1_base64="HtlmLWWW59hlzF75ukU9Je07EtY=">AAACGXicbZC7SgNBFIZnvcZ71NJmNAhWYVckWkYFsYxgYiAbwuzkrBkyM7vOnBVCCNj5ED6DrdZ2Ymtl6Zs4uRTeDgx8/P8Zzjl/lEph0fc/vKnpmdm5+dzC4tLyyupafn2jZpPMcKjyRCamHjELUmiookAJ9dQAU5GEq6h7OvSvbsFYkehL7KXQVOxai1hwhk5q5bfDODFMSlqnoc0iCwg39NgxoBI6s/SklS/4RX9U9C8EEyiQSVVa+c+wnfBMgUYumbWNwE+x2WcGBZcwWAwzCynjXXYNDYeaKbDN/uiUAd11Spu6ndzTSEfq9x99pqztqch1KoYd+9sbiv95jQzjo2Zf6DRD0Hw8KM4kxYQOc6FtYYCj7Dlg3Ai3K+UdZhhHl96PKZEauEyC3wn8hdp+MSgVSxcHhfLZ3TidHNkiO2SPBOSQlMk5qZAq4eSePJIn8uw9eC/eq/c2bp3yJolukh/lvX8BqaqhDQ==</latexit>

→X ↑ A \B
<latexit sha1_base64="GI0aV3zyQqgc0Lu4O9YjyKYEOJ4=">AAACGnicbZBLSwMxFIUzPuu76tJNaBFclRmR6rIqiEsF+5C2lEx6a0OTzJjcEUspuPRH+Bvc6tqduHXj0n9i+lhY64XAxzk3nOSEsRQWff/Lm5mdm19YTC0tr6yurW+kN7dKNkoMhyKPZGQqIbMghYYiCpRQiQ0wFUooh53TgV++A2NFpK+wG0NdsRstWoIzdFIjnanBvUux9JrWbBJaQLilJ44BldCJpce0kc76OX84dBqCMWTJeC4a6e9aM+KJAo1cMmurgR9jvccMCi6hv1xLLMSMd9gNVB1qpsDWe8O/9OmuU5q0FRl3NNKh+vtGjylruyp0m4ph2/71BuJ/XjXB1lG9J3ScIGg+CmolkmJEB8XQpjDAUXYdMG6EeyvlbWYYR1ffREqo+q6T4G8D01DazwX5XP7yIFs4exi1kyI7JEP2SEAOSYGckwtSJJw8kmfyQl69J+/Ne/c+Rqsz3rjRbTIx3ucPRQahWA==</latexit>

→Y ↑ B \A
<latexit sha1_base64="kN+DIVYjoQHgiKM0ovtJi6J1vLg="></latexit>

→A,B ↑ B

同時交換性 
[Brualdi ’69]

Greene の交換性 
[Greene ’74]

多重交換性 
[Brylawski ’73, Greene ’73, Woodall ’74]

均衡改善交換性 
[Akrami–Liu–Raj–Végh ’26]

抱き合わせ交換性 
[O.–Schwarcz ’26]

（片側）交換性

マトロイド交叉の最大最小定理を用いて証明できる [Woodall ’74]
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：マトロイド
<latexit sha1_base64="+2rCQxdVVYCA97WcAobTALS/v5M=">AAACFnicbZBNS8MwGMfT+TbnW9WjIMEhTJDRikwvwlAUL8IE9wJbGWmWbmFJW5JUGKXgwQ/hZ/CqZ2/i1atHv4lpt4Ob/iHwz/95wvPk54aMSmVZX0Zubn5hcSm/XFhZXVvfMDe3GjKIBCZ1HLBAtFwkCaM+qSuqGGmFgiDuMtJ0hxdpvXlPhKSBf6dGIXE46vvUoxgpHXXN3Q5HauB68U3Stc9Kl4fZHSMWn+vgoGsWrbKVCf419sQUwUS1rvnd6QU44sRXmCEp27YVKidGQlHMSFLoRJKECA9Rn7S19REn0omzfyRwXyc96AVCH1/BLP39IkZcyhF3dWe6pZytpeF/tXakvFMnpn4YKeLj8SAvYlAFMIUCe1QQrNhIG4QF1btCPEACYaXRTU1xeaKZ2LME/prGUdmulCu3x8Xq1cOYTh7sgD1QAjY4AVVwDWqgDjB4BM/gBbwaT8ab8W58jFtzxoToNpiS8fkDBMOfng==</latexit>

M1 = (E,B1)
<latexit sha1_base64="6olxkwQiqh2Ic+XZSgSFM3EaV4U=">AAACFnicbZBNS8MwGMfT+TbnW9WjIMUhTJDRDplehKEoXoQJ7gW2UtIs3cLStCSpMErBgx/Cz+BVz97Eq1ePfhPTbge3+YfAP//nCc+TnxtSIqRpfmu5hcWl5ZX8amFtfWNzS9/eaYog4gg3UEAD3nahwJQw3JBEUtwOOYa+S3HLHV6m9dYD5oIE7F6OQmz7sM+IRxCUKnL0/a4P5cD14tvEqZyXro6zO4I0vlDBkaMXzbKZyZg31sQUwUR1R//p9gIU+ZhJRKEQHcsMpR1DLgmiOCl0I4FDiIawjzvKMuhjYcfZPxLjUCU9wwu4OkwaWfr3RQx9IUa+qzrTLcVsLQ3/q3Ui6Z3ZMWFhJDFD40FeRA0ZGCkUo0c4RpKOlIGIE7WrgQaQQyQVuqkprp8oJtYsgXnTrJStarl6d1KsXT+O6eTBHjgAJWCBU1ADN6AOGgCBJ/ACXsGb9qy9ax/a57g1p02I7oIpaV+/B/yfoA==</latexit>

M2 = (E,B2)

マトロイド交叉：台集合が同じ二つのマトロイドが共通基を持つか判定する問題
matroid intersection

[Edmonds ’70]Edmonds のマトロイド交叉定理

多項式回の独立性オラクル呼び出しで解ける

<latexit sha1_base64="f4rplREBjVnFTO7vv3/X0yKfzS4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR4LgnisYD+gXUo2zbahSXZJskJZC/4Cr3r2Jl79Mx79J2a3PdjWBwOP92aYmRfEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md9+pEqzSD6YSUx9gYeShYxgk0k9Fob9csWtujnQKvHmpAJzNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zW+dojOrDFAYKVvSoFz9O5FiofVEBLZTYDPSy14m/ud1ExNe+ymTcWKoJLNFYcKRiVD2OBowRYnhE0swUczeisgIK0yMjWdhSyCmNhNvOYFV0rqoerVq7f6yUr99nqVThBM4hXPw4ArqcAcNaAKBEbzAK7w5T8678+F8zloLzjzRY1iA8/UL4bOVWA==</latexit>→↑
<latexit sha1_base64="pc5odiH7BDtEx6tDnzTO0rpjDDE=">AAACJnicbZDLSgMxFIYzXmu9VV26CRbBVZkRqS6LgrisYC/QKSWTnmowyQzJGaEMBR/Ch/AZ3OranYg7fRPTy8K2Hgj8/P8J55wvSqSw6Ptf3sLi0vLKam4tv76xubVd2Nmt2zg1HGo8lrFpRsyCFBpqKFBCMzHAVCShEd1fDPPGAxgrYn2D/QTait1q0ROcobM6hVKoGN5xJrPzQSegIWcJ/Wsd01ADDUEl2LeAnULRL/mjovMimIgimVS1U/gJuzFPFWjkklnbCvwE2xkzKLiEQT5MLSSM37NbaDmpmQLbzkZ3Deihc7q0Fxv3NNKR+/dHxpS1fRW5zuHKdjYbmv9lrRR7Z+1M6CRF0Hw8qJdKijEdQqJdYYCj7DvBuBFuV8rvmGEcHcqpKZEaOCbBLIF5UT8uBeVS+fqkWLl8HNPJkX1yQI5IQE5JhVyRKqkRTp7IC3klb96z9+59eJ/j1gVvQnSPTJX3/Qtjraaz</latexit>

B1 → B2 ↑= ↓
<latexit sha1_base64="Ffr/0TZCQwDXT+TYysGK+Yb31g4=">AAACG3icbZBNS8MwHMbT+Tbn29Sjl+AQNsTRDplehIFMPE50L7CVkmbpFpa0JUmFUQZe/RB+Bq969iZePXj0m5h2O7jpHwIPv+cJ/+RxQ0alMs0vI7O0vLK6ll3PbWxube/kd/daMogEJk0csEB0XCQJoz5pKqoY6YSCIO4y0nZHl4nfvidC0sC/U+OQ2BwNfOpRjJRGTr4gHKt4W4LHUDiVYv1Ey96AwITWSxcpK+mUWTbTgX+FNRMFMJuGk//u9QMcceIrzJCUXcsMlR0joShmZJLrRZKECI/QgHS19BEn0o7Tz0zgkSZ96AVCH1/BlP6+ESMu5Zi7OsmRGspFL4H/ed1Ieed2TP0wUsTH00VexKAKYNIM7FNBsGJjLRAWVL8V4iESCCvd39wWl090J9ZiA39Fq1K2quXqzWmhdvUwbScLDsAhKAILnIEauAYN0AQYPIJn8AJejSfjzXg3PqbRjDFrdB/MjfH5AyeEni4=</latexit>

r1(S) + r2(E → S) ↑ r1(E) = r2(E)
<latexit sha1_base64="C0wboUI1ifEI1up6TRlaR/1nhR0=">AAACD3icbZC7SgNBFIZn4y3G26qFhc1gEGITdkWiZUAUy4jmAtklzE7OJkNmL87MCmFZ8BV8Blut7cTWR7D0TZxcCpN4YODn/89wzvm8mDOpLOvbyC0tr6yu5dcLG5tb2zvm7l5DRomgUKcRj0TLIxI4C6GumOLQigWQwOPQ9AaXo7z5CEKyKLxXwxjcgPRC5jNKlLY65kHJ8SNBOMd32JGJJ0HBA7466ZhFq2yNCy8KeyqKaFq1jvnjdCOaBBAqyomUbduKlZsSoRjlkBWcREJM6ID0oK1lSAKQbjo+IMPH2ulivYh+ocJj9++PlARSDgNPdwZE9eV8NjL/y9qJ8i/clIVxoiCkk0F+wrGK8IgG7jIBVPGhFoQKpnfFtE8EoUozm5niBZlmYs8TWBSN07JdKVduz4rV66cJnTw6REeohGx0jqroBtVQHVGUoRf0it6MZ+Pd+DA+J605Y0p0H82U8fULdl+cow==</latexit>

(→S ↑ E)

：　　　　の階数関数<latexit sha1_base64="2B9M19aeBc9+ortfrCVcac24M8c=">AAAB/nicbVDLSgNBEOyNrxhfUY9eBoPgQcJukOgxIIjHCOYBybLMTmaTITOzy8ysEJZAvsGrnr2JV3/Fo3/i5HEwiQUNRVU33V1hwpk2rvvt5DY2t7Z38ruFvf2Dw6Pi8UlTx6kitEFiHqt2iDXlTNKGYYbTdqIoFiGnrXB4N/Vbz1RpFssnM0qoL3BfsogRbKzUVoF3hVRQCYolt+zOgNaJtyAlWKAeFH+6vZikgkpDONa647mJ8TOsDCOcjgvdVNMEkyHu046lEguq/Wx27xhdWKWHoljZkgbN1L8TGRZaj0RoOwU2A73qTcX/vE5qols/YzJJDZVkvihKOTIxmj6PekxRYvjIEkwUs7ciMsAKE2MjWtoSirHNxFtNYJ00K2WvWq4+Xpdq95N5Onk4g3O4BA9uoAYPUIcGEODwAq/w5kycd+fD+Zy35pxFoqewBOfrF6pVlkA=</latexit>r1, r2
<latexit sha1_base64="MjEtX8+WqKLdPNopYJeML1Jfjzc=">AAACEnicbZDLSgMxFIYz9VbrbdSdboJFcCFlpkh1WRDEjVDBXqAdhkyaaUOTzJBkhDIU+hA+g1tduxO3voBL38RM20Uv/hD4858TzskXxIwq7Tg/Vm5tfWNzK79d2Nnd2z+wD48aKkokJnUcsUi2AqQIo4LUNdWMtGJJEA8YaQaD26zefCZS0Ug86WFMPI56goYUI20i3z7pcKT7QZg+jHz3Es7dyr5ddErORHDVuDNTBDPVfPu3041wwonQmCGl2q4Tay9FUlPMyKjQSRSJER6gHmkbKxAnyksnfxjBc5N0YRhJc4SGk3T+RYq4UkMemM5sR7Vcy8L/au1EhzdeSkWcaCLwdFCYMKgjmAGBXSoJ1mxoDMKSml0h7iOJsDbYFqYEfGSYuMsEVk2jXHIrpcrjVbF6N57SyYNTcAYugAuuQRXcgxqoAwzG4BW8gXfrxfqwPq2vaWvOmhE9Bguyvv8An1ueZw==</latexit>

M1,M2
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双対：

マトロイド 　　　　　  の階数関数を ，<latexit sha1_base64="Ajxz7Zj4m/gJFn9vX4zVCOnk56g="></latexit>r
<latexit sha1_base64="6tMVjTFUrkxXGriq+GTT9jmgZ48=">AAACEnicbZDLSgMxFIYz9VbrbdSdboJFqCBlRqS6EYqiuBEq2Au0Q8mkmTY0kxmSjFCGgT6Ez+BW1+7ErS/g0jcxM+3CVn8I/PnPCefkc0NGpbKsLyO3sLi0vJJfLaytb2xumds7DRlEApM6DlggWi6ShFFO6ooqRlqhIMh3GWm6w6u03nwkQtKAP6hRSBwf9Tn1KEZKR11zr+MjNXC9+C65KF0fZzeMWHyZHHXNolW2MsG/xp6aIpiq1jW/O70ARz7hCjMkZdu2QuXESCiKGUkKnUiSEOEh6pO2thz5RDpx9ocEHuqkB71A6MMVzNLfL2LkSznyXd2Z7ijna2n4X60dKe/ciSkPI0U4ngzyIgZVAFMgsEcFwYqNtEFYUL0rxAMkEFYa28wU1080E3uewF/TOCnblXLl/rRYvRlP6OTBPjgAJWCDM1AFt6AG6gCDMXgGL+DVeDLejHfjY9KaM6ZEd8GMjM8fg9SeVg==</latexit>

M = (E,B)

の階数関数

それ以外のマトロイド  の階数関数を  とかくことにする
<latexit sha1_base64="RPCziTR9uyZnSP8+4jenRR9jXww="></latexit>

M→ <latexit sha1_base64="Mkvlt68R4Hc/nU+rwgDLnExeb0o=">AAACB3icbZBLS8NAFIVvfNb6aNSlm8EiuiqJSHVZEMSNUME+oA1hMp20QyeTMDMRSii49Te41bU7cevPcOk/cdJ2YVsvDBzOucM9fEHCmdKO822trK6tb2wWtorbO7t7JXv/oKniVBLaIDGPZTvAinImaEMzzWk7kRRHAaetYHid561HKhWLxYMeJdSLcF+wkBGsjeXbJeln3QjrQRBmd+PTsW+XnYozGbQs3Jkow2zqvv3T7cUkjajQhGOlOq6TaC/DUjPC6bjYTRVNMBniPu0YKXBElZdNio/RiXF6KIyleUKjifv3R4YjpUZRYDbzjmoxy83/sk6qwysvYyJJNRVkeihMOdIxyimgHpOUaD4yAhPJTFdEBlhiog2ruStBlDNxFwksi+Z5xa1WqvcX5drN05ROAY7gGM7AhUuowS3UoQEEUniBV3iznq1368P6nK6uWDOihzA31tcvG0KaaQ==</latexit>rM→

縮約： （ ：独立）
<latexit sha1_base64="B4hdn1j3uXUkkjaln0lSgSvcjs8=">AAACA3icbZA7SwNBFIXv+ozxFbW0GQyCVdgViZYBUSwjmAckS5id3CRDZnY3M7NCWAI2/gZbre3E1h9i6T9x8ihM4oGBwzl3uJcviAXXxnW/nZXVtfWNzcxWdntnd28/d3BY1VGiGFZYJCJVD6hGwUOsGG4E1mOFVAYCa0H/etzXHlFpHoUPZhijL2k35B3OqLGRXydNnQQaDQ7ITSuXdwvuRGTZeDOTh5nKrdxPsx2xRGJomKBaNzw3Nn5KleFM4CjbTDTGlPVpFxvWhlSi9tPJ0SNyapM26UTKvtCQSfr3R0ql1kMZ2ElJTU8vduPwv66RmM6Vn/IwTgyGbLqokwhiIjImQNpcITNiaA1littbCetRRZmxnOa2BHJkmXiLBJZN9bzgFQvF+4t86fZpSicDx3ACZ+DBJZTgDspQAQYDeIFXeHOenXfnw/mcjq44M6JHMCfn6xchepjG</latexit>

X → E

<latexit sha1_base64="/tjgIKpXo2C919/nBrwypEookIE="></latexit>

rM→(S) = r(E → S) + |S|→ r(E)

<latexit sha1_base64="AbhL40LvbR2a7qYQBw3NeCgZC8Q="></latexit>

M / X = (E \X, {B \X | B → B, X ↑ B })

の階数関数

<latexit sha1_base64="Xd8KUlI9qBzaiPX+TdaeFNGzwlg="></latexit>

M→ = (E, {E →B | B ↑ B })

<latexit sha1_base64="b/iZqvZloIEmHgN582YPFwV5ULo=">AAACGnicbZDLSgMxFIYz9VbrrerSTWgRWsQ6I1LdCAVB3AiV2nagHYZMmmlDMxeSjFCmAy59CJ/Bra7diVs3Ln0T08vCth4I/Pz/CeeczwkZFVLXv7XU0vLK6lp6PbOxubW9k93da4gg4pjUccACbjpIEEZ9UpdUMmKGnCDPYaTp9K9GefOBcEED/14OQmJ5qOtTl2IklWVnc9yO2x6SPceNb5MTMynUivAS8kLtyCzCYzg0h3Y2r5f0ccFFYUxFHkyramd/2p0ARx7xJWZIiJahh9KKEZcUM5Jk2pEgIcJ91CUtJX3kEWHF41sSeKicDnQDrp4v4dj9+yNGnhADz1Gdo7XFfDYy/8takXQvrJj6YSSJjyeD3IhBGcARGNihnGDJBkogzKnaFeIe4ghLhW9miuMliokxT2BRNE5LRrlUvjvLV64fJ3TS4ADkQAEY4BxUwA2ogjrA4Am8gFfwpj1r79qH9jlpTWlTovtgprSvXxizn/4=</latexit>

rM/X(S) = r(S +X)→ |X|

制限：
<latexit sha1_base64="ikjj4MXAjPEkNh/U59Gmoui1aGw="></latexit>

M | Y = (Y, {B → B | B ↑ Y }) （ ： ）
<latexit sha1_base64="CBVF+W+N+Z8NKnTBF2jRL0kpQQw="></latexit>

Y → E
<latexit sha1_base64="E3B7wNqdajy4Ot8ZWwKxYbcfOwo="></latexit>

r(Y ) = r(E)

の階数関数
<latexit sha1_base64="P7GBoGoUknHLVb0Iaiulr+urILM=">AAACHHicbZBNS8MwGMfT+TbnW9Wjl+AU5mW0ItOLMBDEizDRvchWRpqlW1ialiQVRi149kP4Gbzq2Zt4FTz6TUzXHdz0gZA///8Tnic/N2RUKsv6MnJz8wuLS/nlwsrq2vqGubnVkEEkMKnjgAWi5SJJGOWkrqhipBUKgnyXkaY7PEvz5h0Rkgb8Ro1C4vioz6lHMVLa6pp7oht3fKQGrhdfJpmiPL5PbpPS9QE8hUJfXbNola1xwb/CnogimFSta353egGOfMIVZkjKtm2FyomRUBQzkhQ6kSQhwkPUJ20tOfKJdOLxbxK4r50e9AKhD1dw7P5+ESNfypHv6s50XTmbpeZ/WTtS3okTUx5GinCcDfIiBlUAUzSwRwXBio20QFhQvSvEAyQQVhrg1BTXTzQTe5bAX9E4LNuVcuXqqFg9f8jo5MEO2AUlYINjUAUXoAbqAINH8AxewKvxZLwZ78ZH1pozJkS3wVQZnz8tQqJX</latexit>

rM|Y (S) = r(S)
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 を縮約，　　　　　  を削除することにより，　　　　 　　　　　 を仮定してよい
<latexit sha1_base64="Zq6Zj3DtbKku9L85aCRjAE0O/bU="></latexit>

A →B
<latexit sha1_base64="/v5kTtJ6X+xJv8MXLYzX6WCmxqI="></latexit>

E → (A ↑B)
<latexit sha1_base64="QS7yBYqkGp3gs1Reg8wDAGldRCM="></latexit>

A →B = ↑, A+B = E

多重交換性 (multiple exchange property)

s.t.

[Brylawski ’73, Greene ’73, Woodall ’74]
<latexit sha1_base64="sgNY/Aq4v+SNFPr0PbrvWlw1Plo=">AAACFHicbZDNSsNAFIUn9a/Wv6hLXQwWQagtiUh1WSuIywq2TWlCmUwn7dDJJMxMhBIK4kP4DG517U7cunfpm5i0XdjWCwOHc+5w7/3ckFGpDONbyywtr6yuZddzG5tb2zv67l5DBpHApI4DFgjLRZIwykldUcWIFQqCfJeRpju4TvPmAxGSBvxeDUPi+KjHqUcxUonV0Q+vilahdQqrBavYgjbl0PaR6mPE4uqoo+eNkjEuuCjMqciDadU6+o/dDXDkE64wQ1K2TSNUToyEopiRUc6OJAkRHqAeaSeSI59IJx5fMYLHidOFXiCSxxUcu39/xMiXcui7SWe6opzPUvO/rB0p79KJKQ8jRTieDPIiBlUAUySwSwXBig0TgbCgya4Q95FAWCXgZqa4fsrEnCewKBpnJbNcKt+d5ys3jxM6WXAAjsAJMMEFqIBbUAN1gMETeAGv4E171t61D+1z0prRpkT3wUxpX7+QiJ2s</latexit>

A→X + Y,B +X → Y ↑ B
<latexit sha1_base64="HtlmLWWW59hlzF75ukU9Je07EtY=">AAACGXicbZC7SgNBFIZnvcZ71NJmNAhWYVckWkYFsYxgYiAbwuzkrBkyM7vOnBVCCNj5ED6DrdZ2Ymtl6Zs4uRTeDgx8/P8Zzjl/lEph0fc/vKnpmdm5+dzC4tLyyupafn2jZpPMcKjyRCamHjELUmiookAJ9dQAU5GEq6h7OvSvbsFYkehL7KXQVOxai1hwhk5q5bfDODFMSlqnoc0iCwg39NgxoBI6s/SklS/4RX9U9C8EEyiQSVVa+c+wnfBMgUYumbWNwE+x2WcGBZcwWAwzCynjXXYNDYeaKbDN/uiUAd11Spu6ndzTSEfq9x99pqztqch1KoYd+9sbiv95jQzjo2Zf6DRD0Hw8KM4kxYQOc6FtYYCj7Dlg3Ai3K+UdZhhHl96PKZEauEyC3wn8hdp+MSgVSxcHhfLZ3TidHNkiO2SPBOSQlMk5qZAq4eSePJIn8uw9eC/eq/c2bp3yJolukh/lvX8BqaqhDQ==</latexit>

→X ↑ A \B
<latexit sha1_base64="GI0aV3zyQqgc0Lu4O9YjyKYEOJ4=">AAACGnicbZBLSwMxFIUzPuu76tJNaBFclRmR6rIqiEsF+5C2lEx6a0OTzJjcEUspuPRH+Bvc6tqduHXj0n9i+lhY64XAxzk3nOSEsRQWff/Lm5mdm19YTC0tr6yurW+kN7dKNkoMhyKPZGQqIbMghYYiCpRQiQ0wFUooh53TgV++A2NFpK+wG0NdsRstWoIzdFIjnanBvUux9JrWbBJaQLilJ44BldCJpce0kc76OX84dBqCMWTJeC4a6e9aM+KJAo1cMmurgR9jvccMCi6hv1xLLMSMd9gNVB1qpsDWe8O/9OmuU5q0FRl3NNKh+vtGjylruyp0m4ph2/71BuJ/XjXB1lG9J3ScIGg+CmolkmJEB8XQpjDAUXYdMG6EeyvlbWYYR1ffREqo+q6T4G8D01DazwX5XP7yIFs4exi1kyI7JEP2SEAOSYGckwtSJJw8kmfyQl69J+/Ne/c+Rqsz3rjRbTIx3ucPRQahWA==</latexit>

→Y ↑ B \A

<latexit sha1_base64="ZAlqTV1Z94gBPCjscKr5/BbhvHo=">AAACDXicbZDLSgMxGIUz9VbrbVRcuQkWQRDLjEh1WRXEZQV7kc5QMmmmDU0yQ5IRylDwDXwGt7p2J259Bpe+iZm2C9v6Q+Bwzh/+wxfEjCrtON9WbmFxaXklv1pYW9/Y3LK3d+oqSiQmNRyxSDYDpAijgtQ01Yw0Y0kQDxhpBP3rLG88EqloJO71ICY+R11BQ4qRNlbb3rs8aR4/QI8K6HGkexix9GrYtotOyRkNnBfuRBTBZKpt+8frRDjhRGjMkFIt14m1nyKpKWZkWPASRWKE+6hLWkYKxIny01H9ITw0TgeGkTRPaDhy//5IEVdqwAOzmVVUs1lm/pe1Eh1e+CkVcaKJwONDYcKgjmDGAnaoJFizgREIS2q6QtxDEmFtiE1dCXjGxJ0lMC/qpyW3XCrfnRUrN09jOnmwDw7AEXDBOaiAW1AFNYBBCl7AK3iznq1368P6HK/mrAnRXTA11tcv5FObzw==</latexit>

A→X + Y ↑ B

<latexit sha1_base64="f4rplREBjVnFTO7vv3/X0yKfzS4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR4LgnisYD+gXUo2zbahSXZJskJZC/4Cr3r2Jl79Mx79J2a3PdjWBwOP92aYmRfEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md9+pEqzSD6YSUx9gYeShYxgk0k9Fob9csWtujnQKvHmpAJzNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zW+dojOrDFAYKVvSoFz9O5FiofVEBLZTYDPSy14m/ud1ExNe+ymTcWKoJLNFYcKRiVD2OBowRYnhE0swUczeisgIK0yMjWdhSyCmNhNvOYFV0rqoerVq7f6yUr99nqVThBM4hXPw4ArqcAcNaAKBEbzAK7w5T8678+F8zloLzjzRY1iA8/UL4bOVWA==</latexit>→↑

[Woodall ’74]

<latexit sha1_base64="Q6pPtRNNMJH8FtdErQKJDdLg52o=">AAACDXicbZDLSgMxGIUz9VbrbVRcuQkWQRDLjEh1WSqIywr2Ip2hZNJMG5pkhiQjlKHgG/gMbnXtTtz6DC59EzNtF7b1h8DhnD/8hy+IGVXacb6t3NLyyupafr2wsbm1vWPv7jVUlEhM6jhikWwFSBFGBalrqhlpxZIgHjDSDAbXWd58JFLRSNzrYUx8jnqChhQjbayOfVA9bZ09QI8K6HGk+xixtDrq2EWn5IwHLgp3KopgOrWO/eN1I5xwIjRmSKm268TaT5HUFDMyKniJIjHCA9QjbSMF4kT56bj+CB4bpwvDSJonNBy7f3+kiCs15IHZzCqq+Swz/8vaiQ6v/JSKONFE4MmhMGFQRzBjAbtUEqzZ0AiEJTVdIe4jibA2xGauBDxj4s4TWBSN85JbLpXvLoqVm6cJnTw4BEfgBLjgElTALaiBOsAgBS/gFbxZz9a79WF9TlZz1pToPpgZ6+sX5fab0A==</latexit>

B +X → Y ↑ B
<latexit sha1_base64="f4rplREBjVnFTO7vv3/X0yKfzS4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR4LgnisYD+gXUo2zbahSXZJskJZC/4Cr3r2Jl79Mx79J2a3PdjWBwOP92aYmRfEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md9+pEqzSD6YSUx9gYeShYxgk0k9Fob9csWtujnQKvHmpAJzNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zW+dojOrDFAYKVvSoFz9O5FiofVEBLZTYDPSy14m/ud1ExNe+ymTcWKoJLNFYcKRiVD2OBowRYnhE0swUczeisgIK0yMjWdhSyCmNhNvOYFV0rqoerVq7f6yUr99nqVThBM4hXPw4ArqcAcNaAKBEbzAK7w5T8678+F8zloLzjzRY1iA8/UL4bOVWA==</latexit>→↑

<latexit sha1_base64="f4rplREBjVnFTO7vv3/X0yKfzS4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR4LgnisYD+gXUo2zbahSXZJskJZC/4Cr3r2Jl79Mx79J2a3PdjWBwOP92aYmRfEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md9+pEqzSD6YSUx9gYeShYxgk0k9Fob9csWtujnQKvHmpAJzNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zW+dojOrDFAYKVvSoFz9O5FiofVEBLZTYDPSy14m/ud1ExNe+ymTcWKoJLNFYcKRiVD2OBowRYnhE0swUczeisgIK0yMjWdhSyCmNhNvOYFV0rqoerVq7f6yUr99nqVThBM4hXPw4ArqcAcNaAKBEbzAK7w5T8678+F8zloLzjzRY1iA8/UL4bOVWA==</latexit>→↑

より <latexit sha1_base64="sgNY/Aq4v+SNFPr0PbrvWlw1Plo=">AAACFHicbZDNSsNAFIUn9a/Wv6hLXQwWQagtiUh1WSuIywq2TWlCmUwn7dDJJMxMhBIK4kP4DG517U7cunfpm5i0XdjWCwOHc+5w7/3ckFGpDONbyywtr6yuZddzG5tb2zv67l5DBpHApI4DFgjLRZIwykldUcWIFQqCfJeRpju4TvPmAxGSBvxeDUPi+KjHqUcxUonV0Q+vilahdQqrBavYgjbl0PaR6mPE4uqoo+eNkjEuuCjMqciDadU6+o/dDXDkE64wQ1K2TSNUToyEopiRUc6OJAkRHqAeaSeSI59IJx5fMYLHidOFXiCSxxUcu39/xMiXcui7SWe6opzPUvO/rB0p79KJKQ8jRTieDPIiBlUAUySwSwXBig0TgbCgya4Q95FAWCXgZqa4fsrEnCewKBpnJbNcKt+d5ys3jxM6WXAAjsAJMMEFqIBbUAN1gMETeAGv4E171t61D+1z0prRpkT3wUxpX7+QiJ2s</latexit>

A→X + Y,B +X → Y ↑ B <latexit sha1_base64="f4rplREBjVnFTO7vv3/X0yKfzS4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR4LgnisYD+gXUo2zbahSXZJskJZC/4Cr3r2Jl79Mx79J2a3PdjWBwOP92aYmRfEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md9+pEqzSD6YSUx9gYeShYxgk0k9Fob9csWtujnQKvHmpAJzNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zW+dojOrDFAYKVvSoFz9O5FiofVEBLZTYDPSy14m/ud1ExNe+ymTcWKoJLNFYcKRiVD2OBowRYnhE0swUczeisgIK0yMjWdhSyCmNhNvOYFV0rqoerVq7f6yUr99nqVThBM4hXPw4ArqcAcNaAKBEbzAK7w5T8678+F8zloLzjzRY1iA8/UL4bOVWA==</latexit>→↑

逆に共通基  に対し，  とすると，
<latexit sha1_base64="EkkDMFIRfPOI4RaUHEQoowkwOl4="></latexit>

B→ <latexit sha1_base64="wm6m85h6ViGXy2hjL493BCCd+VM="></latexit>

Y := B →B→

<latexit sha1_base64="RxHts6BHkgavUAdPY71+0ylfGK4="></latexit>

(M / X) |B
<latexit sha1_base64="P0pEBWkcOCsnYt0bCgeprjU08fs="></latexit>

(M→ / X) |Bと　　　　　　   が共通基を持つことを示せば良い

<latexit sha1_base64="sgNY/Aq4v+SNFPr0PbrvWlw1Plo=">AAACFHicbZDNSsNAFIUn9a/Wv6hLXQwWQagtiUh1WSuIywq2TWlCmUwn7dDJJMxMhBIK4kP4DG517U7cunfpm5i0XdjWCwOHc+5w7/3ckFGpDONbyywtr6yuZddzG5tb2zv67l5DBpHApI4DFgjLRZIwykldUcWIFQqCfJeRpju4TvPmAxGSBvxeDUPi+KjHqUcxUonV0Q+vilahdQqrBavYgjbl0PaR6mPE4uqoo+eNkjEuuCjMqciDadU6+o/dDXDkE64wQ1K2TSNUToyEopiRUc6OJAkRHqAeaSeSI59IJx5fMYLHidOFXiCSxxUcu39/xMiXcui7SWe6opzPUvO/rB0p79KJKQ8jRTieDPIiBlUAUySwSwXBig0TgbCgya4Q95FAWCXgZqa4fsrEnCewKBpnJbNcKt+d5ys3jxM6WXAAjsAJMMEFqIBbUAN1gMETeAGv4E171t61D+1z0prRpkT3wUxpX7+QiJ2s</latexit>

A→X + Y,B +X → Y ↑ B

<latexit sha1_base64="EnE62aZ5iTvw+s55Od5eZXD3F+I="></latexit>

B → Y ↑ B((M/X)|B)
<latexit sha1_base64="XXbMWIm72p0glshIgSKy7Y4Ob/0="></latexit>

E → (A→X + Y ) = B +X → Y ↑ B(M→)
<latexit sha1_base64="TQ1EnBStkPZjCPQI6NVG9qp6bls="></latexit>

B → Y ↑ B((M→/X)|B)
<latexit sha1_base64="+FPIZkK1S44M1bZPqGKL9Cla54Q="></latexit>

B → Y ↑ B((M/X)|B) ↓ B((M→/X)|B)

<latexit sha1_base64="PPTGj9alHshbJPJJVC4f4wGjhE8=">AAACA3icbZBLSwMxFIUz9VXrq+rSTbAIrsqMSHVZFMRlBfuQdiiZ9E4bmmSmSUYoQ8GNv8Gtrt2JW3+IS/+J6WNhWw8EDufccC9fEHOmjet+O5mV1bX1jexmbmt7Z3cvv39Q01GiKFRpxCPVCIgGziRUDTMcGrECIgIO9aB/Pe7rj6A0i+S9GcbgC9KVLGSUGBv5D7ilk0CDgQG+aucLbtGdCC8bb2YKaKZKO//T6kQ0ESAN5UTrpufGxk+JMoxyGOVaiYaY0D7pQtNaSQRoP50cPcInNungMFL2SYMn6d8fKRFaD0VgJwUxPb3YjcP/umZiwks/ZTJODEg6XRQmHJsIjwngDlNADR9aQ6hi9lZMe0QRaiynuS2BGFkm3iKBZVM7K3qlYunuvFC+eZrSyaIjdIxOkYcuUBndogqqIooG6AW9ojfn2Xl3PpzP6WjGmRE9RHNyvn4BHmCYxA==</latexit>

Y → B に対し(1/4)

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

の基族
<latexit sha1_base64="4/TLjjDu55dAWvwsXPkGi/2ZnQw="></latexit>

(M/X)|B



/8958多重交換性の証明
[Woodall ’74]

Edmonds のマトロイド交叉定理により，

<latexit sha1_base64="RxHts6BHkgavUAdPY71+0ylfGK4="></latexit>

(M / X) |B の階数関数 の階数関数
<latexit sha1_base64="P0pEBWkcOCsnYt0bCgeprjU08fs="></latexit>

(M→ / X) |B

を示せば良い
<latexit sha1_base64="78We8m/lUau3YM48uaChmnx7Pis="></latexit>

(→S ↑ B)
<latexit sha1_base64="pHvDmwS34PhleOpPMBjZ3Fr/daI="></latexit>

r(M/X)|B(S) + r(M→/X)|B(B → S) ↑ |B|→ |X|

<latexit sha1_base64="5zera1FEuUbiLlmogciC33yB9QA="></latexit>

B((M/X)|B) → B((M→/X)|B) ↑= ↓目標

(2/4)
<latexit sha1_base64="5zera1FEuUbiLlmogciC33yB9QA="></latexit>

B((M/X)|B) → B((M→/X)|B) ↑= ↓
<latexit sha1_base64="9CyFvGjMqxv07TdLCQNRw/IukTo="></latexit>

→↑ r(M/X)|B(S) + r(M→/X)|B(B ↓ S) ↔ |B|↓ |X|
<latexit sha1_base64="78We8m/lUau3YM48uaChmnx7Pis="></latexit>

(→S ↑ B)
<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y



/8959多重交換性の証明
[Woodall ’74]

<latexit sha1_base64="78We8m/lUau3YM48uaChmnx7Pis="></latexit>

(→S ↑ B)

<latexit sha1_base64="UDc7mKo4efeZAdQx8LzCDN1D2cE="></latexit>

r(M→/X)|B(B → S) = rM→/X(B → S)

<latexit sha1_base64="pHvDmwS34PhleOpPMBjZ3Fr/daI="></latexit>

r(M/X)|B(S) + r(M→/X)|B(B → S) ↑ |B|→ |X|

より
<latexit sha1_base64="aCYRC6aLBOeS/9EhZbtcbNlses0="></latexit>

r(M→/X)|B(B → S) = r(A→X + S)→ |S|

<latexit sha1_base64="oEmBkW0WfHbZNIiDDbAf4Mne0LM="></latexit>

r(M/X)|B(S) = rM/X(S) = r(S +X)→ |X|

<latexit sha1_base64="Ze1kzQ4c9OTZbFd4x/sLMLA2jbo="></latexit>

= rM→(B → S +X)→ |X|
<latexit sha1_base64="0z5cQYtJvBQVKPhKdk2awAFxitw="></latexit>

= r(A→X + S) + |B → S +X|→ |B|→ |X|
<latexit sha1_base64="nEREB7GD3kVejEionU+1qvYMoDI="></latexit>

= r(A→X + S)→ |S|

目標

(3/4)

<latexit sha1_base64="nDRxICLop1gQSVyWL835mKIGwvM="></latexit>→↑目標
<latexit sha1_base64="78We8m/lUau3YM48uaChmnx7Pis="></latexit>

(→S ↑ B)
<latexit sha1_base64="GP393DeNMa/yWGQNBx4IYAS/p/4="></latexit>

r(S +X) + r(A→X + S) ↑ |B|+ |S|

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y



/8960多重交換性の証明
<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

[Woodall ’74]

 は独立，  は基
<latexit sha1_base64="p8TNHuMdQKbqS2Af+WGGrZXCjgE="></latexit>

S
<latexit sha1_base64="5IoxQ9I2OwQg+DdsRVa06Svn7d4="></latexit>

A

<latexit sha1_base64="78We8m/lUau3YM48uaChmnx7Pis="></latexit>

(→S ↑ B)目標

(4/4)

階数関数の劣モジュラ性から，
<latexit sha1_base64="+PXk8R6PbFfGSVX/ErTdOdRUdrQ="></latexit>

r(S +X) + r(A→X + S) ↑ r(S) + r(A+ S)

<latexit sha1_base64="GP393DeNMa/yWGQNBx4IYAS/p/4="></latexit>

r(S +X) + r(A→X + S) ↑ |B|+ |S|

<latexit sha1_base64="0jCUZ8sebINHkFy1NVSmv5n9W4o="></latexit>

= |S|+ |A|
<latexit sha1_base64="QH2cAN6oZbhd6WZVBApSkHD8YCI="></latexit>

= |S|+ |B|
<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭



/8961

同時交換性 
[Brualdi ’69]

Greene の交換性 
[Greene ’74]

多重交換性 
[Brylawski ’73, Greene ’73, Woodall ’74]

<latexit sha1_base64="1BoFr66X1E82QsmQlrS+b45ggog="></latexit>x

<latexit sha1_base64="2K4DsPNZgBUNOS0kXNzaczODRZ8="></latexit>y

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

均衡改善交換性 
[Akrami–Liu–Raj–Végh ’26]

抱き合わせ交換性 
[O.–Schwarcz ’26]

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="M1RWHLMmyQRQaOz2kYr/aPsXsqs=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe5EomVAEMsEvCSQHGFvM5cs2d07dveE4wjY22ptJ7b+HEv/iZuPwiQ+GHi8N8PMvDDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKXjVFHwacxj1QmJBs4k+IYZDp1EAREhh3Y4vpv67SdQmsXy0WQJBIIMJYsYJcZKTb9frrhVdwa8TrwFqaAFGv3yT28Q01SANJQTrbuem5ggJ8owymFS6qUaEkLHZAhdSyURoIN8dugEX1hlgKNY2ZIGz9S/EzkRWmcitJ2CmJFe9abif143NdFtkDOZpAYknS+KUo5NjKdf4wFTQA3PLCFUMXsrpiOiCDU2m6UtoZjYTLzVBNZJ66rq1aq15nWlfv88T6eIztA5ukQeukF19IAayEcUAXpBr+jNyZx358P5nLcWnEWip2gJztcvfvaT/g==</latexit>

U

<latexit sha1_base64="LyCkjqAbmPfPoU4pVaCqvtUK1Ms=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbzCVLdveO3T0hHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZFyacaeN5305uY3Nreye/W9jbPzg8Kh6fNHWcKooNGvNYtUOikTOJDcMMx3aikIiQYysc3U391hMqzWL5aMYJBoIMJIsYJcZK9WavWPLK3gzuOvEXpAQL1HrFn24/pqlAaSgnWnd8LzFBRpRhlOOk0E01JoSOyAA7lkoiUAfZ7NCJe2GVvhvFypY07kz9O5ERofVYhLZTEDPUq95U/M/rpCa6DTImk9SgpPNFUcpdE7vTr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiYjPxVxNYJ82rsl8pV+rXper98zydPJzBOVyCDzdQhQeoQQMoILzAK7w5Y+fd+XA+5605Z5HoKSzB+foFgImT/w==</latexit>

V

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="M1RWHLMmyQRQaOz2kYr/aPsXsqs=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe5EomVAEMsEvCSQHGFvM5cs2d07dveE4wjY22ptJ7b+HEv/iZuPwiQ+GHi8N8PMvDDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKXjVFHwacxj1QmJBs4k+IYZDp1EAREhh3Y4vpv67SdQmsXy0WQJBIIMJYsYJcZKTb9frrhVdwa8TrwFqaAFGv3yT28Q01SANJQTrbuem5ggJ8owymFS6qUaEkLHZAhdSyURoIN8dugEX1hlgKNY2ZIGz9S/EzkRWmcitJ2CmJFe9abif143NdFtkDOZpAYknS+KUo5NjKdf4wFTQA3PLCFUMXsrpiOiCDU2m6UtoZjYTLzVBNZJ66rq1aq15nWlfv88T6eIztA5ukQeukF19IAayEcUAXpBr+jNyZx358P5nLcWnEWip2gJztcvfvaT/g==</latexit>

U

<latexit sha1_base64="LyCkjqAbmPfPoU4pVaCqvtUK1Ms=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbzCVLdveO3T0hHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZFyacaeN5305uY3Nreye/W9jbPzg8Kh6fNHWcKooNGvNYtUOikTOJDcMMx3aikIiQYysc3U391hMqzWL5aMYJBoIMJIsYJcZK9WavWPLK3gzuOvEXpAQL1HrFn24/pqlAaSgnWnd8LzFBRpRhlOOk0E01JoSOyAA7lkoiUAfZ7NCJe2GVvhvFypY07kz9O5ERofVYhLZTEDPUq95U/M/rpCa6DTImk9SgpPNFUcpdE7vTr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiYjPxVxNYJ82rsl8pV+rXper98zydPJzBOVyCDzdQhQeoQQMoILzAK7w5Y+fd+XA+5605Z5HoKSzB+foFgImT/w==</latexit>

V

（片側）交換性
<latexit sha1_base64="1BoFr66X1E82QsmQlrS+b45ggog="></latexit>x

<latexit sha1_base64="2K4DsPNZgBUNOS0kXNzaczODRZ8="></latexit>y

済

済



/8962抱き合わせ交換性の証明のアイデア
[O.–Schwarcz ’26]

s.t.

<latexit sha1_base64="TaKtLga8Y2POmig1vZss0AQoZBA=">AAACNHicbZDLSkMxEIZzvNZ6q7p0EyyCCynniKgLF20FcVnBXqQtJSedajDJOSZzhFIKPosP4TO41Z3gRsStz2B6WdTLQODj/yfMzB/GUlj0/Vdvanpmdm4+tZBeXFpeWc2srVdslBgOZR7JyNRCZkEKDWUUKKEWG2AqlFANb04GfvUOjBWRvsBuDE3FrrToCM7QSa3McaMTGSYlrdGGTUILCLe04BhQCZ1YWtyllxNWccIqtDJZP+cPi/6FYAxZMq5SK/PeaEc8UaCRS2ZtPfBjbPaYQcEl9NONxELM+A27grpDzRTYZm94ZZ9uO6VN3bruaaRDdfJHjylruyp0nYrhtf3tDcT/vHqCnaNmT+g4QdB8NKiTSIoRHURG28IAR9l1wLgRblfKr5lhHF2wP6aEqu8yCX4n8Bcqe7ngIHdwvp/Nn96P0kmRTbJFdkhADkmenJESKRNOHsgTeSYv3qP35n14n6PWKW+c6Ab5Ud7XN+ljq18=</latexit>

→X ↑ A \B, Y ↑ B \A

[O.–Schwarcz ’26]

<latexit sha1_base64="d36G7/BYlbXIJFJ8IUcKJY5l0mo=">AAACNHicbZDLSgMxFIYz9VbvVZdugkVwIWVGRF248ALisoKtQltKJj1tQ5PMmJwRSyn4LD6Ez+BWd4IbEbc+g+ll0VoPBH7+/4Q/+cJYCou+/+6lpqZnZufS8wuLS8srq5m19aKNEsOhwCMZmduQWZBCQwEFSriNDTAVSrgJW+e9/OYejBWRvsZ2DBXFGlrUBWforGrmuAwPrsXSAi3bJLSAcEdPnQZUQieWnu3S4kh0NhKdVjNZP+f3h06KYCiyZDj5auazXIt4okAjl8zaUuDHWOkwg4JL6C6UEwsx4y3WgJKTmimwlU7/l1267ZwarUfGHY20747e6DBlbVuFblMxbNq/Wc/8LyslWD+qdISOEwTNB0X1RFKMaA8ZrQkDHGXbCcaNcG+lvMkM4+jAjrWEquuYBH8JTIriXi44yB1c7WdPLh4HdNJkk2yRHRKQQ3JCLkmeFAgnT+SFvJI379n78L6878FqyhsS3SBj4/38AhhPq3k=</latexit>

→U ↑ A \B, V ↑ B \A

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="M1RWHLMmyQRQaOz2kYr/aPsXsqs=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe5EomVAEMsEvCSQHGFvM5cs2d07dveE4wjY22ptJ7b+HEv/iZuPwiQ+GHi8N8PMvDDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKXjVFHwacxj1QmJBs4k+IYZDp1EAREhh3Y4vpv67SdQmsXy0WQJBIIMJYsYJcZKTb9frrhVdwa8TrwFqaAFGv3yT28Q01SANJQTrbuem5ggJ8owymFS6qUaEkLHZAhdSyURoIN8dugEX1hlgKNY2ZIGz9S/EzkRWmcitJ2CmJFe9abif143NdFtkDOZpAYknS+KUo5NjKdf4wFTQA3PLCFUMXsrpiOiCDU2m6UtoZjYTLzVBNZJ66rq1aq15nWlfv88T6eIztA5ukQeukF19IAayEcUAXpBr+jNyZx358P5nLcWnEWip2gJztcvfvaT/g==</latexit>

U

<latexit sha1_base64="LyCkjqAbmPfPoU4pVaCqvtUK1Ms=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbzCVLdveO3T0hHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZFyacaeN5305uY3Nreye/W9jbPzg8Kh6fNHWcKooNGvNYtUOikTOJDcMMx3aikIiQYysc3U391hMqzWL5aMYJBoIMJIsYJcZK9WavWPLK3gzuOvEXpAQL1HrFn24/pqlAaSgnWnd8LzFBRpRhlOOk0E01JoSOyAA7lkoiUAfZ7NCJe2GVvhvFypY07kz9O5ERofVYhLZTEDPUq95U/M/rpCa6DTImk9SgpPNFUcpdE7vTr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiYjPxVxNYJ82rsl8pV+rXper98zydPJzBOVyCDzdQhQeoQQMoILzAK7w5Y+fd+XA+5605Z5HoKSzB+foFgImT/w==</latexit>

V

抱き合わせ交換性

<latexit sha1_base64="f4rplREBjVnFTO7vv3/X0yKfzS4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR4LgnisYD+gXUo2zbahSXZJskJZC/4Cr3r2Jl79Mx79J2a3PdjWBwOP92aYmRfEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md9+pEqzSD6YSUx9gYeShYxgk0k9Fob9csWtujnQKvHmpAJzNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zW+dojOrDFAYKVvSoFz9O5FiofVEBLZTYDPSy14m/ud1ExNe+ymTcWKoJLNFYcKRiVD2OBowRYnhE0swUczeisgIK0yMjWdhSyCmNhNvOYFV0rqoerVq7f6yUr99nqVThBM4hXPw4ArqcAcNaAKBEbzAK7w5T8678+F8zloLzjzRY1iA8/UL4bOVWA==</latexit>→↑

重みつきマトロイド交叉に帰着
<latexit sha1_base64="2VSkPR1OEMr58q5kMX7ltDBheQs="></latexit>

X → U, Y → V, A↑ U + V,B + U ↑ V ↓ B

<latexit sha1_base64="tzu3okzZPp6SHkFzUGOFZHp9HTU="></latexit>

X → U, Y → V, |U | = |V | ↑ |X + Y |, A↓ U + V,B + U ↓ V ↔ B

<latexit sha1_base64="iqx9+OwQ806gh9owAt+KWMqDnFo=">AAACCXicbZBLSwMxFIUzPmt9TXXpJlgEQSgzItWNUBDEZQWnrbRDyaSZNjTJDElGKTMF9/4Gt7p2J279FS79J6aPhW09EDicc8O9fEHMqNKO820tLa+srq3nNvKbW9s7u3Zhr6aiRGLi4YhFshEgRRgVxNNUM9KIJUE8YKQe9K9Gff2BSEUjcacHMfE56goaUoy0idp2IfOyy6yWwRYjMGuc3Gdtu+iUnLHgonGnpgimqrbtn1YnwgknQmOGlGq6Tqz9FElNMSPDfCtRJEa4j7qkaaxAnCg/HZ8+hEcm6cAwkuYJDcfp3x8p4koNeGAmOdI9Nd+Nwv+6ZqLDCz+lIk40EXiyKEwY1BEccYAdKgnWbGAMwpKaWyHuIYmwNrRmtgR8aJi48wQWTe205JZL5duzYuX6aUInBw7AITgGLjgHFXADqsADGDyCF/AK3qxn6936sD4no0vWlOg+mJH19QuPqZqT</latexit>

|U | = |V | → |X + Y |
<latexit sha1_base64="f4rplREBjVnFTO7vv3/X0yKfzS4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR4LgnisYD+gXUo2zbahSXZJskJZC/4Cr3r2Jl79Mx79J2a3PdjWBwOP92aYmRfEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md9+pEqzSD6YSUx9gYeShYxgk0k9Fob9csWtujnQKvHmpAJzNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zW+dojOrDFAYKVvSoFz9O5FiofVEBLZTYDPSy14m/ud1ExNe+ymTcWKoJLNFYcKRiVD2OBowRYnhE0swUczeisgIK0yMjWdhSyCmNhNvOYFV0rqoerVq7f6yUr99nqVThBM4hXPw4ArqcAcNaAKBEbzAK7w5T8678+F8zloLzjzRY1iA8/UL4bOVWA==</latexit>→↑

<latexit sha1_base64="Lvk6qavzAQKqGT7ciiQHovW6VuA="></latexit>

B→ := B + (U →X)→ V ↑ B(M/X\Y ) ↓ B((M/Y \X)↑)

<latexit sha1_base64="JQxuCz3QtO2jrubO50U4TabB+dI="></latexit>

w(B→) → |Y |
<latexit sha1_base64="1oGNaOqVf5VxbEvm3P2pupYc/EU="></latexit>

w(e) :=

{
1 (e → A↑X)

0 (e → B ↑ Y )
with

Frank の重み分割定理 [Frank ’81] を用いて最適値を抑える．詳細は補遺を参照



３表現可能なマトロイドの交換性

時限目
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Grassmann–Plücker 恒等式
<latexit sha1_base64="rNRxh4zGwrIMBhehSbYrKKjfRnc="></latexit>

detK[A] detK[B] =
∑

y→B\A

± detK[A→ x+ y] detK[B + x→ y]

[Grassmann 1844, Plücker 1868, Hodge–Pedoe ’47]
<latexit sha1_base64="7TiPnriQBNz1RVtZT3rD2D1Uz3k="></latexit>

x → A \B

<latexit sha1_base64="xJ6KkAABKQKfw8JpHjDjY1osDrY="></latexit>

K → Fr→n, A,B →
([n]

r

) <latexit sha1_base64="wrhoB8Z69wKYG0hiO2MDSEoB64s="></latexit>([n]
r

)
:= {A → [n] | |A| = r }

多重 Grassmann–Plücker 恒等式
<latexit sha1_base64="glwT6F+wCRdJMWozfmg9mxYkOuA="></latexit>

detK[A] detK[B] =
∑

Y→B\A : |Y |=|X|

± detK[A→X + Y ] detK[B +X → Y ]

[Grassmann 1844, Plücker 1868, Hodge–Pedoe ’47]
<latexit sha1_base64="FNxMOqhu//36zy3apFYsx6rTAgc="></latexit>

X → A \B

<latexit sha1_base64="eb2oUP7SQkj7QFzgqTIUrvdwN/k="></latexit>

K =

<latexit sha1_base64="p8TNHuMdQKbqS2Af+WGGrZXCjgE="></latexit>

S

<latexit sha1_base64="QQiDWiFPY3bsbx/PjNHt7jM9oWY="></latexit>

K[S]

これらから，表現可能マトロイドに対する同時交換性・多重交換性が導かれる
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抱き合わせ Grassmann–Plücker 恒等式 [O.–Schwarcz ’26]

実は，抱き合わせ交換性や均衡改善交換性に対応する恒等式も存在！

このような恒等式を導出するための一般論がある [O.–Schwarcz ’26]

<latexit sha1_base64="oorCpG93OVCEhjvfPuaxoOiCYTk="></latexit>

detK[A] detK[B] =
∑

U→A\B : X→U
V→B\A : Y→V
|U |=|V |↑|X+Y |

±
(
|X + Y |→ |A \B|
|X + Y |→ |U |

)
detK[A→ U + V ] detK[B + U → V ]

<latexit sha1_base64="RbtIUg9DfoV4Q4FyNLKBmHXdTCw="></latexit>

X → A \B, Y → B \A

均衡改善 Grassmann–Plücker 恒等式 [O.–Schwarcz ’26]
<latexit sha1_base64="RbtIUg9DfoV4Q4FyNLKBmHXdTCw="></latexit>

X → A \B, Y → B \A
<latexit sha1_base64="mDklj3vNP3f/az9+mWmh/KsXByc="></latexit>

|X| > |Y |with

<latexit sha1_base64="Y1kCy/G7VrZRCzTy73kjKuSY/pg="></latexit>

detK[A] detK[B] =
∑

U→X
V→B\A : |V \Y |=1

± 1

|U |
(|X|
|U |

) detK[A→ U + V ] detK[B + U → V ]

※ 拡張二項係数

※  上で係数の分母が非零である必要がある
<latexit sha1_base64="pxR5WuR5G/SSK9VZJrkpDSq3yns="></latexit>

F
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主定理

<latexit sha1_base64="ofI0dEK6jGBi82B8YcjQEO+v9ZM="></latexit>

detK[A] detK[B] =
∑

(U,V )→S

±c(U, V ) detK[A→ U + V ] detK[B + U → V ]

[O.–Schwarcz ’26]

任意の全単射 　　　　　 　　　 に対し

体  上の任意の行列　　　　　　に対して
<latexit sha1_base64="pxR5WuR5G/SSK9VZJrkpDSq3yns="></latexit>

F
<latexit sha1_base64="Oq72t6umUp9nnqNt9NbflnGABJw="></latexit>

K → Fr→2r

が  により表現されるマトロイドの基なら
<latexit sha1_base64="Bnm1HgtvdBzYNIbsPuVoWCYm4rM="></latexit>

K
<latexit sha1_base64="Q14lhAtt7rtKAwmutT5a6WypKq0="></latexit>

=→ <latexit sha1_base64="th4cDLa9Zc65LEyQI9iyiFfg3RI="></latexit>

A,B

ある が存在し，
<latexit sha1_base64="oDyqqi9cVhBt0hbN71g9dI3BRb8="></latexit>

A→ U + V,B → U + V も基

<latexit sha1_base64="lwsns1ft6BCZwnsQih9La7LzH9c="></latexit>

S := { (U, V ) | U → A \B, V → B \A, |U | = |V | }
<latexit sha1_base64="pnb4wjp16ZN0plFxMHxsbVUTXL4="></latexit>

ω : A \B → B \As.t.

<latexit sha1_base64="h2Dh/WVzIcA9bGVGx8yT1wTTq4o="></latexit>

(U, V ) → supp(c)

<latexit sha1_base64="IzPZDCgGiFHhLFiLVtjRb1edzcQ="></latexit>

supp(c) := { (X,Y ) → S | c(X,Y ) ↑= 0 }

<latexit sha1_base64="qlMNC8PiJxrzBaChrZ9J6Zkr6Nk="></latexit> ∑

U→A\B

c(U,ω(U)) = 1
<latexit sha1_base64="a/3sjjVQOK0Qq4D0BrDmi943az8="></latexit>

c : S → F
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多重 Grassmann–Plücker 恒等式

<latexit sha1_base64="glwT6F+wCRdJMWozfmg9mxYkOuA="></latexit>

detK[A] detK[B] =
∑

Y→B\A : |Y |=|X|

± detK[A→X + Y ] detK[B +X → Y ]

[Grassmann 1844, Plücker 1868, Hodge–Pedoe ’47]
<latexit sha1_base64="FNxMOqhu//36zy3apFYsx6rTAgc="></latexit>

X → A \B

<latexit sha1_base64="1Blrt3T0IGqRzMeu5mKmCzgrQHU="></latexit>

c(U, V ) :=

{
1 (U = X)

0 (otherwise)
<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭

<latexit sha1_base64="qlMNC8PiJxrzBaChrZ9J6Zkr6Nk="></latexit> ∑

U→A\B

c(U,ω(U)) = 1

とすると，

任意の全単射　　　　　　　　　 に対し
<latexit sha1_base64="pnb4wjp16ZN0plFxMHxsbVUTXL4="></latexit>

ω : A \B → B \A
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任意の全単射　　　　　　　　　 に対して成立する以下の恒等式から，主定理によって従う

68Grassmann–Plücker 恒等式を導く二項係数恒等式

<latexit sha1_base64="z/tzLZb+qw48IOyxOVH5Oq+tCdA="></latexit> ∑

U→X : |ω(U)\Y |=1

1

|U |
(|X|
|U |

) = 1

均衡改善 Grassmann–Plücker 恒等式
<latexit sha1_base64="Jx0BoJjqkOPBVj42sv79EBNoTQI="></latexit>

(|X| > |Y |)

✔ 演習問題Ｘ　これらの二項係数の恒等式を示してください

抱き合わせ Grassmann–Plücker 恒等式
<latexit sha1_base64="N4xJJLyqkavHxZ4OFCvwV4JdbBY="></latexit> ∑

U→A\B : X→U,Y→ω(U),|U |↑|X+Y |

(
|X + Y |→ |A \B|
|X + Y |→ |U |

)
= 1

<latexit sha1_base64="pnb4wjp16ZN0plFxMHxsbVUTXL4="></latexit>

ω : A \B → B \A

抱き合わせ・均衡改善 Grassmann–Plücker 恒等式も，



/8969さらなる交換性

<latexit sha1_base64="T2Hr2LQ2ub6WzWdpjIYPk6nDKUI="></latexit>

A,B → B ：　　　 の二分割，
<latexit sha1_base64="nQEy/OUR1RR7MsizWoYx1Axs6bk="></latexit>

A \B
<latexit sha1_base64="kDTldltltzURfoPVc5i1HvBCITg="></latexit>

(X1, X2)
<latexit sha1_base64="sPaJvsXO1YVanZ8yqE/7JGIhGPY="></latexit>

(Y1, Y2) ：　　　 の二分割
<latexit sha1_base64="h+HrwphfIqhPH9Hk0WUmeMiEm4s="></latexit>

B \A
<latexit sha1_base64="A/UgHuEtIQQrwEj9rqeGhyzvGNg="></latexit>

|X1| →= |Y1|

マトロイドが標数 0 の体上で表現可能ならば，

s.t.

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="OKUJuA09SS6wAvpFukM4dl61Pdo="></latexit>

X1
<latexit sha1_base64="9dAFu1Qfzc1TMRCNWfPQEPfqaRg="></latexit>

X2

<latexit sha1_base64="ZuG92cue2PimWAYYhH1ayeuQonc="></latexit>

Y2
<latexit sha1_base64="tYVKKFRMqmtFyYWqMoGdwhIU4Sg="></latexit>

Y1

<latexit sha1_base64="17nuWP0nA9qsOxtxDAqqZToaGHY="></latexit>

A→ x+ y,B + x→ y ↑ B
<latexit sha1_base64="Q5ZHQyP95iX99OFydhNOR8BLtKk="></latexit>

→x ↑ X1, y ↑ Y2 s.t.
<latexit sha1_base64="17nuWP0nA9qsOxtxDAqqZToaGHY="></latexit>

A→ x+ y,B + x→ y ↑ Bs.t.
<latexit sha1_base64="PnvajRUWdytj3rc0JwecXSG9o+A="></latexit>

→x ↑ X2, y ↑ Y1

二進マトロイド（  上表現されるマトロイド）で 
反例があり，一般のマトロイドでは成立しない

<latexit sha1_base64="nRIRsj4WDxdQExPVM03znH8GJDU="></latexit>

F2

または

OR

主定理を使うと，こんな交換性も示せる　

✔ 演習問題６

定理 [O.–Schwarcz ’26]
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定理

主定理を使うと，こんな交換性も示せる　

マトロイドが体  上表現可能で，  の標数または  が 0 ならば，<latexit sha1_base64="pxR5WuR5G/SSK9VZJrkpDSq3yns="></latexit>

F
<latexit sha1_base64="pxR5WuR5G/SSK9VZJrkpDSq3yns="></latexit>

F <latexit sha1_base64="ENC4AmljzV0EGkjZjmdac51OsYo="></latexit>p

<latexit sha1_base64="T2Hr2LQ2ub6WzWdpjIYPk6nDKUI="></latexit>

A,B → B ：　　　 の二分割，
<latexit sha1_base64="nQEy/OUR1RR7MsizWoYx1Axs6bk="></latexit>

A \B
<latexit sha1_base64="kDTldltltzURfoPVc5i1HvBCITg="></latexit>

(X1, X2)
<latexit sha1_base64="sPaJvsXO1YVanZ8yqE/7JGIhGPY="></latexit>

(Y1, Y2) ：　　　 の二分割
<latexit sha1_base64="h+HrwphfIqhPH9Hk0WUmeMiEm4s="></latexit>

B \A
<latexit sha1_base64="rewrNUf/gI2zHU/xzMr3P/aupsM="></latexit>

0 → p → max{|X1|↑ |Y1|, 0}

<latexit sha1_base64="yZXyVzRoEAAwgYI4LpOplhpkdCE="></latexit>

→U ↑ X1, →V ↑ B \A s.t.

<latexit sha1_base64="rYW1fQd3nCgDb1xwU6NVAOLrjeE="></latexit>

→U

<latexit sha1_base64="FcswS/pLK2WjfPk/IV6nyLUfAcU="></latexit>

→V

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="OKUJuA09SS6wAvpFukM4dl61Pdo="></latexit>

X1
<latexit sha1_base64="9dAFu1Qfzc1TMRCNWfPQEPfqaRg="></latexit>

X2

<latexit sha1_base64="ZuG92cue2PimWAYYhH1ayeuQonc="></latexit>

Y2
<latexit sha1_base64="tYVKKFRMqmtFyYWqMoGdwhIU4Sg="></latexit>

Y1

<latexit sha1_base64="BjAaBYaziTs+PQ7PgWh4D4UEPG0="></latexit>

(p = 2)

整数

  抱き合わせ交換性<latexit sha1_base64="nDRxICLop1gQSVyWL835mKIGwvM="></latexit>→↑

  均衡改善交換性 + 　　  のサイズ下界<latexit sha1_base64="nDRxICLop1gQSVyWL835mKIGwvM="></latexit>→↑

よって，両交換性の共通の一般化となっている 
一般のマトロイドでは未解決

<latexit sha1_base64="UPuOFj5HiibaJkXMoN8As+m1EYs="></latexit>

|V → Y2| = p,
<latexit sha1_base64="uVzKFou896y9b+DsbU8flkFyqKk="></latexit>

|U | = |V | → |X1|↑ |Y2|+ p

<latexit sha1_base64="xahtHOiGHlFJLPIwDZgiqxBWIBI="></latexit>

U, V
<latexit sha1_base64="1oNGeNuMhf5n48ZYZjJgXq5gZf8="></latexit>

p = 1

<latexit sha1_base64="GNnDDwFx6rHuf7aIpwNFEFaZ8Qo="></latexit>

p = 0

<latexit sha1_base64="GMqcj3jcixcjLVlMGfRdnPqpKnw="></latexit>

A→ U + V,B + U → V ↑ B

[O.–Schwarcz ’26]
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主定理（再掲）

<latexit sha1_base64="ofI0dEK6jGBi82B8YcjQEO+v9ZM="></latexit>

detK[A] detK[B] =
∑

(U,V )→S

±c(U, V ) detK[A→ U + V ] detK[B + U → V ]

[O.–Schwarcz ’26]

任意の全単射 　　　　　 　　　 に対し

体  上の任意の行列　　　　　　に対して
<latexit sha1_base64="pxR5WuR5G/SSK9VZJrkpDSq3yns="></latexit>

F
<latexit sha1_base64="Oq72t6umUp9nnqNt9NbflnGABJw="></latexit>

K → Fr→2r

<latexit sha1_base64="pnb4wjp16ZN0plFxMHxsbVUTXL4="></latexit>

ω : A \B → B \As.t.
<latexit sha1_base64="qlMNC8PiJxrzBaChrZ9J6Zkr6Nk="></latexit> ∑

U→A\B

c(U,ω(U)) = 1
<latexit sha1_base64="a/3sjjVQOK0Qq4D0BrDmi943az8="></latexit>

c : S → F

 の場合の主定理を証明
<latexit sha1_base64="OjlGKEF+ADSeQjJ+A9ECjLB4WjA="></latexit>

F = Q３時限目の目標
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関数　　　　　 が調和的
harmonic

例 <latexit sha1_base64="lNaQhVXZn39ilfOTMzw/xNzC2Us="></latexit>

ω : A → B 全単射　に対し， を

と定義すると，　 は調和的 ✔ 演習問題７

<latexit sha1_base64="HvQ3L9rAS7/jm+QzVcXLZOzmn7s="></latexit>

S := { (X,Y ) | X → A, Y → B, |X| = |Y | }

<latexit sha1_base64="Ar9wq3t74xnKpxl5PwxAti/jGJ4="></latexit>

h : S → Q
def

<latexit sha1_base64="9KylX9/17Kn3rolwpnZl7rrUIZI="></latexit>∑

a→X

h(X → a, Y ) =
∑

b→B↑Y

h(X,Y + b)

<latexit sha1_base64="nDRxICLop1gQSVyWL835mKIGwvM="></latexit>→↑ 任意の
<latexit sha1_base64="sEDNXMVGwQ1smdbeVosfahDyE/w="></latexit>

X → A, Y → B
<latexit sha1_base64="oo7z+AZod2Ri88eA6LRFESOGEkA="></latexit>

(|X| = |Y |+ 1) に対して

[Dunkl ‘79]

<latexit sha1_base64="5IoxQ9I2OwQg+DdsRVa06Svn7d4="></latexit>

A

<latexit sha1_base64="a55QqoDgdyt3rMGWzDj3Tt6/vSc="></latexit>

B

<latexit sha1_base64="aaxiWMDT35YjnzTh/dfyUPolmW8="></latexit>

X

<latexit sha1_base64="GLQ2dtXjk1JRD7e0wlXAfpN1c6Q="></latexit>

Y

<latexit sha1_base64="5IoxQ9I2OwQg+DdsRVa06Svn7d4="></latexit>

A

<latexit sha1_base64="a55QqoDgdyt3rMGWzDj3Tt6/vSc="></latexit>

B

<latexit sha1_base64="aaxiWMDT35YjnzTh/dfyUPolmW8="></latexit>

X

<latexit sha1_base64="GLQ2dtXjk1JRD7e0wlXAfpN1c6Q="></latexit>

Y

<latexit sha1_base64="1na3U+EBYRZEgigJlO2fe73qnnQ="></latexit>

ωω(X,Y ) :=

{
1 (ε(X) = Y )

0 (otherwise)

<latexit sha1_base64="YaX8/2sjeEuu7o8idm6GfJL/dyA="></latexit>

ωω

<latexit sha1_base64="h6r4Y0uOUpibmpocul6J0j+oPt0="></latexit>

ωω : S → Q
<latexit sha1_base64="cGUq91wGKgJMGyFlOgseB1C7Pz0="></latexit>

ωω(X,Y ) = 1

<latexit sha1_base64="CzSMFTVXNts+bYitojKYfpjt6VM="></latexit>

ωω(X,Y ) = 0
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ただし，　　　 は「・から定まる符号」とする（ここでは具体的な対応は提示しない）

73行列式関数の調和性

 は調和的<latexit sha1_base64="xCOQtCNWIGzidMIRV1kA0y6scEo="></latexit>µ

補題６（Plücker 関係）

<latexit sha1_base64="mvHjFLcUBRT5nphVi/HYZBcZpxs="></latexit>

µ(X,Y ) := sgn(X,Y ) detK[A→X + Y ] detK[B +X → Y ]

証明には，次の一般化 Laplace 展開を用いる：

<latexit sha1_base64="GR1hIabHL7XkavgYFOkRRwn5oy4="></latexit>

det

(
L1

L2

)
=

∑

J

sgn(J) detL1[J ] detL2[J ]

 の補集合
<latexit sha1_base64="y4cZAbfolic82vFKBRBXV6VudvA="></latexit>

J

[Grassmann 1844, Plücker 1868, Hodge–Pedoe ’47]

（となるような符号付け  が存在）
<latexit sha1_base64="AERHjm4R8HWZEYlSq+DYZ2tPNxc="></latexit>

sgn: S → {+1,↑1}

<latexit sha1_base64="Go50iKUL3Ul2Ew2Vl14psLNV1TY="></latexit>

sgn(·)



/8974行列式関数の調和性

 は調和的<latexit sha1_base64="xCOQtCNWIGzidMIRV1kA0y6scEo="></latexit>µ

(1/3)
に対し

<latexit sha1_base64="sEDNXMVGwQ1smdbeVosfahDyE/w="></latexit>

X → A, Y → B
<latexit sha1_base64="oo7z+AZod2Ri88eA6LRFESOGEkA="></latexit>

(|X| = |Y |+ 1)

<latexit sha1_base64="28EUYvRKAxkv7VRSevyDM4/X+rw="></latexit>

K[A]
<latexit sha1_base64="R7ogsMEnW4aQj0oSn/iw1MpJuWM="></latexit>

K[B]

<latexit sha1_base64="aaxiWMDT35YjnzTh/dfyUPolmW8="></latexit>

X
<latexit sha1_base64="GLQ2dtXjk1JRD7e0wlXAfpN1c6Q="></latexit>

Y

<latexit sha1_base64="28EUYvRKAxkv7VRSevyDM4/X+rw="></latexit>

K[A]
<latexit sha1_base64="R7ogsMEnW4aQj0oSn/iw1MpJuWM="></latexit>

K[B]

を示す

補題６（Plücker 関係）

次の行列を考える：

<latexit sha1_base64="ECk0Ho78PHJO2gDSw+JUyjM1AO8="></latexit>∑

a→X

µ(X → a, Y ) =
∑

b→B↑Y

µ(X,Y + b)

白抜き部分は 
ゼロにする

行基本変形
<latexit sha1_base64="28EUYvRKAxkv7VRSevyDM4/X+rw="></latexit>

K[A]
<latexit sha1_base64="R7ogsMEnW4aQj0oSn/iw1MpJuWM="></latexit>

K[B]

<latexit sha1_base64="aaxiWMDT35YjnzTh/dfyUPolmW8="></latexit>

X
<latexit sha1_base64="GLQ2dtXjk1JRD7e0wlXAfpN1c6Q="></latexit>

Y

<latexit sha1_base64="28EUYvRKAxkv7VRSevyDM4/X+rw="></latexit>

K[A]
<latexit sha1_base64="R7ogsMEnW4aQj0oSn/iw1MpJuWM="></latexit>

K[B]

白抜き部分のサイズ
<latexit sha1_base64="cnvlJv22inByFbkjuzlnVgtQV/0="></latexit>

r → (|X|+ (r ↑ |Y |))
<latexit sha1_base64="SSZyAVYlu1gt6zdbM9HHBwwPkSY="></latexit>

> r

より，この行列は非正則

簡単のため，ここでは　　　　　　　　　　　　　　　　   とする
<latexit sha1_base64="M1Y3Cil6hFTpzb7RPeFMZE4xj3U="></latexit>

A = {1, . . . , r}, B = {r + 1, . . . , 2r} <latexit sha1_base64="28EUYvRKAxkv7VRSevyDM4/X+rw="></latexit>

K[A]
<latexit sha1_base64="R7ogsMEnW4aQj0oSn/iw1MpJuWM="></latexit>

K[B]
<latexit sha1_base64="4lZ3s876A6pg7eBt/XEQaRM3swQ="></latexit>

K =

<latexit sha1_base64="mvHjFLcUBRT5nphVi/HYZBcZpxs="></latexit>

µ(X,Y ) := sgn(X,Y ) detK[A→X + Y ] detK[B +X → Y ]

[Grassmann 1844, Plücker 1868, Hodge–Pedoe ’47]

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭



/8975行列式関数の調和性

(2/3)

一般化 Laplace 展開により，

<latexit sha1_base64="28EUYvRKAxkv7VRSevyDM4/X+rw="></latexit>

K[A]
<latexit sha1_base64="R7ogsMEnW4aQj0oSn/iw1MpJuWM="></latexit>

K[B]

<latexit sha1_base64="aaxiWMDT35YjnzTh/dfyUPolmW8="></latexit>

X
<latexit sha1_base64="GLQ2dtXjk1JRD7e0wlXAfpN1c6Q="></latexit>

Y

<latexit sha1_base64="28EUYvRKAxkv7VRSevyDM4/X+rw="></latexit>

K[A]
<latexit sha1_base64="R7ogsMEnW4aQj0oSn/iw1MpJuWM="></latexit>

K[B]

<latexit sha1_base64="kiIu3xeHjlSMqoW7gVFyDVYm6YQ="></latexit>

det
<latexit sha1_base64="UYkMArRCBj9DEhOgvj3NH0Cpv6Y="></latexit>

sgn(J)
<latexit sha1_base64="o0Tao255scASuJgvhR6TT226p/U="></latexit>

=
∑

J→
([2r]

r

)
<latexit sha1_base64="28EUYvRKAxkv7VRSevyDM4/X+rw="></latexit>

K[A]
<latexit sha1_base64="R7ogsMEnW4aQj0oSn/iw1MpJuWM="></latexit>

K[B]
<latexit sha1_base64="kiIu3xeHjlSMqoW7gVFyDVYm6YQ="></latexit>

det
<latexit sha1_base64="kiIu3xeHjlSMqoW7gVFyDVYm6YQ="></latexit>

det
<latexit sha1_base64="28EUYvRKAxkv7VRSevyDM4/X+rw="></latexit>

K[A]
<latexit sha1_base64="R7ogsMEnW4aQj0oSn/iw1MpJuWM="></latexit>

K[B]

<latexit sha1_base64="aaxiWMDT35YjnzTh/dfyUPolmW8="></latexit>

X
<latexit sha1_base64="GLQ2dtXjk1JRD7e0wlXAfpN1c6Q="></latexit>

Y

 が白抜き部分を含まない
<latexit sha1_base64="adfObe3eec1yTQumv6iAubdUPOg="></latexit>

J
<latexit sha1_base64="nDRxICLop1gQSVyWL835mKIGwvM="></latexit>→↑

<latexit sha1_base64="Q79jTWDc9XYXI5NAfUqPDX+cvSE="></latexit>

0 =

非正則
<latexit sha1_base64="y4cZAbfolic82vFKBRBXV6VudvA="></latexit>

J
<latexit sha1_base64="y4cZAbfolic82vFKBRBXV6VudvA="></latexit>

J
<latexit sha1_base64="0gw9nzsDCF9X2qgmws12Rkw/BYk="></latexit>

J
<latexit sha1_base64="0gw9nzsDCF9X2qgmws12Rkw/BYk="></latexit>

J
<latexit sha1_base64="0gw9nzsDCF9X2qgmws12Rkw/BYk="></latexit>

J

<latexit sha1_base64="rN9/C6weubgRNT5DcbmFHHryA1I="></latexit>

J := [2r]→ J

<latexit sha1_base64="uzl1SPrilWw3wUMv+KHGLICCrss="></latexit>

U := J →A, V := J →B と変数変換すると
<latexit sha1_base64="jIqfv0385Bkvmzr0PPLg2OTEi7w="></latexit>

|J | = r
<latexit sha1_base64="nDRxICLop1gQSVyWL835mKIGwvM="></latexit>→↑

<latexit sha1_base64="6zHeQHU76KXm5fUINoYoK+5G77s="></latexit>

|U | = |V |

目標
<latexit sha1_base64="ECk0Ho78PHJO2gDSw+JUyjM1AO8="></latexit>∑

a→X

µ(X → a, Y ) =
∑

b→B↑Y

µ(X,Y + b)

<latexit sha1_base64="/SS6E3lyELnBsHnoFF4l0EwFxRM="></latexit>

J →A ↑ X, Y ↑ J →B

<latexit sha1_base64="mvHjFLcUBRT5nphVi/HYZBcZpxs="></latexit>

µ(X,Y ) := sgn(X,Y ) detK[A→X + Y ] detK[B +X → Y ]

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭



/8976行列式関数の調和性

(3/3)

目標
<latexit sha1_base64="ECk0Ho78PHJO2gDSw+JUyjM1AO8="></latexit>∑

a→X

µ(X → a, Y ) =
∑

b→B↑Y

µ(X,Y + b)

よって

<latexit sha1_base64="47q4pbX0oOWN3b/In4UCm00ad1M="></latexit>

|X| = |Y |+ 1

<latexit sha1_base64="28EUYvRKAxkv7VRSevyDM4/X+rw="></latexit>

K[A]
<latexit sha1_base64="R7ogsMEnW4aQj0oSn/iw1MpJuWM="></latexit>

K[B]
<latexit sha1_base64="kiIu3xeHjlSMqoW7gVFyDVYm6YQ="></latexit>

det
<latexit sha1_base64="kiIu3xeHjlSMqoW7gVFyDVYm6YQ="></latexit>

det
<latexit sha1_base64="28EUYvRKAxkv7VRSevyDM4/X+rw="></latexit>

K[A]
<latexit sha1_base64="R7ogsMEnW4aQj0oSn/iw1MpJuWM="></latexit>

K[B]

<latexit sha1_base64="aaxiWMDT35YjnzTh/dfyUPolmW8="></latexit>

X
<latexit sha1_base64="GLQ2dtXjk1JRD7e0wlXAfpN1c6Q="></latexit>

Y

<latexit sha1_base64="DLsbjO3zid0LjVrqZhAC4sph7bE="></latexit>

V

<latexit sha1_base64="lmxnQOrulkbXjGuZD8HijKvovMk="></latexit>

sgn(U, V )

<latexit sha1_base64="VzlACB+2TJu1w6wws4xwnPhnZG0="></latexit>

U
<latexit sha1_base64="szcHXo675p4a9gcBpxejhqHpZO4="></latexit>

B → V
<latexit sha1_base64="weli5tE9kW+S60/aebp6RS596Zg="></latexit>

A→ U

<latexit sha1_base64="UU6w21nyJjQBix59v63JVuk52Qw="></latexit>

0 =
∑

U→X
V→B : Y→V,|U |=|V |

<latexit sha1_base64="1jvN/rteOEaPFtpLPIB3VpbQYOw="></latexit>

=
∑

U→X
V→B : Y→V,|U |=|V |

<latexit sha1_base64="lmxnQOrulkbXjGuZD8HijKvovMk="></latexit>

sgn(U, V )
<latexit sha1_base64="z2NNA2XLNYXdG7zEPSz45Bsu/gQ="></latexit>

detK[A→ U + V ] detK[B + U → V ]

なので，条件を満たす          は
<latexit sha1_base64="tOH9MTWasTH4WvOmSPJbr9I2vAA="></latexit>

(U, V )
<latexit sha1_base64="ieb3r72wdysc9WJ9i1Eqlcmtuuo="></latexit>

(X → a, Y ), (X,Y + b) という形のみ

移項にかかる -1 倍も sgn に含めれば，与式を得る

<latexit sha1_base64="mvHjFLcUBRT5nphVi/HYZBcZpxs="></latexit>

µ(X,Y ) := sgn(X,Y ) detK[A→X + Y ] detK[B +X → Y ]

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭



/8977調和関数全体の次元
調和関数全体　　　　　　　　　　　　　は　  上のベクトル空間．次元は？<latexit sha1_base64="x0tSLh110GnhbAbPtfvvSo6850k="></latexit>

Q
<latexit sha1_base64="hyn7gxOannw3tf9mLCNsmKci+n4="></latexit>

H :=
{
h : S → Q harmonic

}

補題７ [Gottlieb ’66]
<latexit sha1_base64="Vm5wEEs1b9gtatKw1KqyNZK+GY4="></latexit>

dimH =
(2r
r

)
→
( 2r
r→1

)
= 1

r→1

(2r
r

)

(1/3)

に対し，　　　　　　　を
<latexit sha1_base64="uHunue2GkpPBN3lK0OvcjDisPBA="></latexit>

ĥ :
([2r]

r

)
→ Q

<latexit sha1_base64="9KylX9/17Kn3rolwpnZl7rrUIZI="></latexit>∑

a→X

h(X → a, Y ) =
∑

b→B↑Y

h(X,Y + b)

<latexit sha1_base64="F0J/DVLXuK/dfHCAA2sfreT+mM4="></latexit> ∑

e→[2r]↑T

ĥ(T + e) = 0

と定めると，
<latexit sha1_base64="HSg3UEDkhYWnbpCBiXVhirErXbo="></latexit>

h : S → Q

<latexit sha1_base64="nDRxICLop1gQSVyWL835mKIGwvM="></latexit>→↑
<latexit sha1_base64="HHtFWDVcc+L/yog+xw32MEPtCBk="></latexit>

(→T ↑ [2r] : |T | = r ↓ 1)

<latexit sha1_base64="2wrdWvCYWrJ+jHNsEPjAEwWszis="></latexit>

(→X ↑ A, →Y ↑ B : |X| = |Y |+ 1)

<latexit sha1_base64="ZOuQmMfsqECru5LXmiyThgppmPo="></latexit>

ĥ(S) := (→1)|S|h(A \ S,B ↑ S)

このような関数  全体  の次元が Catalan 数
<latexit sha1_base64="g2Ei4Q0/N274sqyY7PCRmkK7HuY="></latexit>

ĥ
<latexit sha1_base64="vdGfs57M7+pgDDMCu6Cgs/ynhw0="></latexit>

Ĥ

Catalan 数

であることを示せばよいよって，

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭
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行列　　　 が行フルランク

78調和関数全体の次元 <latexit sha1_base64="90uMaEsI8QnzD7vYmJYdEoQ8CRE="></latexit>

Ĥ :=
{
ĥ :

([2r]
r

)
→ Q,

∑
e→[2r]↑T ĥ(T + e) = 0

(
T ↑

( [2r]
r↑1

))}

<latexit sha1_base64="j1O/AvKKZc8mEpDM/q4BiQDDuHw="></latexit>

dim Ĥ =
(2r
r

)
→
( 2r
r→1

)
= 1

r→1

(2r
r

)

<latexit sha1_base64="QC30PA2bywQOyiKIHkJbSRU4G6w="></latexit>([2r]
r

)
→ Q なる関数全体の次元は

<latexit sha1_base64="wByF4lfVTxBXdEGTSChRR74cT0w="></latexit>(2r
r

)

各
<latexit sha1_base64="x9twB3uOjZ+qD2ow2IMVQsaejwY="></latexit>

T →
( [2r]
r→1

)
から一本ずつ制約があるので，制約の本数は

<latexit sha1_base64="5ejanM3ojKeV+k37kZaD/+EyisU="></latexit>( 2r
r→1

)

<latexit sha1_base64="0RdNqGhf9R9JMKpUuVRo1aDlj9I="></latexit>

dim Ĥ →
(2r
r

)
↑

( 2r
r→1

)
<latexit sha1_base64="Q14lhAtt7rtKAwmutT5a6WypKq0="></latexit>

=→

よって，各制約が線形独立であること，つまり，

を示せば良い

<latexit sha1_base64="ugTB+8JQDwYhuBlV2B4oJ7Iwngs="></latexit>

(Wn,r)T,S :=

{
1 (T → S)

0 (otherwise)
<latexit sha1_base64="SudSsOf5yTBNkYbQWh1wrjEb25g="></latexit>

W2r,r

<latexit sha1_base64="xq6PtqHcjPWIQt8zBNkia0Eyjxw="></latexit>

Wn,r → Q
( [n]
r→1

)
↑
([n]

r

)

目標

(2/3)

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭



/8979調和関数全体の次元

(3/3)

目標

<latexit sha1_base64="OSOOz9PEGSL2Ks08r6tlTEL8gfw="></latexit>

=






r + 1 (T = U)

1 (|T \ U | = 1)

0 (otherwise)

<latexit sha1_base64="zARHuFzoKSmYQE5D5MigBzCYQuI="></latexit>

T, U →
( [2r]
r→1

)
各　　　　　　　に対し，

<latexit sha1_base64="1aWqaiMjwETyhV+wFvz6SzdBOu8="></latexit>

=
∣∣{S →

([2r]
r

) ∣∣ T ↑ U ↓ S
}∣∣

行列　　　 は行フルランク<latexit sha1_base64="SudSsOf5yTBNkYbQWh1wrjEb25g="></latexit>

W2r,r

<latexit sha1_base64="ugTB+8JQDwYhuBlV2B4oJ7Iwngs="></latexit>

(Wn,r)T,S :=

{
1 (T → S)

0 (otherwise)

<latexit sha1_base64="xq6PtqHcjPWIQt8zBNkia0Eyjxw="></latexit>

Wn,r → Q
( [n]
r→1

)
↑
([n]

r

)

<latexit sha1_base64="PNxRm8kD47ObPPV8/4wvDVneUFE="></latexit>

(W2r,rW
→
2r,r)T,U

<latexit sha1_base64="TsaOm+e/lY2NdEnNI9pimg4WiPE="></latexit>

(W→
2r,r↑1W2r,r↑1)T,U

<latexit sha1_base64="OhOdO2Ok2zsEeWyEmU71CweGvvo="></latexit>

=
∣∣{R →

( [2r]
r→2

) ∣∣ R ↑ T ↓ U
}∣∣

<latexit sha1_base64="SD5FyY1uv1CHq+yCOFXUr8dR4Ik="></latexit>

=






r → 1 (T = U)

1 (|T \ U | = 1)

0 (otherwise)

<latexit sha1_base64="LA3DNLS7GSMTfozpRc03zXRW3D8="></latexit>

W2r,rW
→
2r,r = W→

2r,r↑1W2r,r↑1 + 2Iより，

は半正定値対称なので，　　　　　 は正定値．特に，正則．
<latexit sha1_base64="mOZjktzUH3Zm+ENFkPd5LUXekSk="></latexit>

W→
2r,r↑1W2r,r↑1

<latexit sha1_base64="C4h48CCRM20zkQ31lgfw95Bq94I="></latexit>

W2r,rW
→
2r,r

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭



/8980調和関数全体の構造

補題８ [Frankl–Graham ’89]

実は，調和関数全体は，全単射  から定まる調和関数  によって  上生成される<latexit sha1_base64="kI/zFbOSYCTV4XonxikPRTY4ZS8="></latexit>ω
<latexit sha1_base64="YaX8/2sjeEuu7o8idm6GfJL/dyA="></latexit>

ωω
<latexit sha1_base64="x0tSLh110GnhbAbPtfvvSo6850k="></latexit>

Q

(1/3) と
<latexit sha1_base64="ltkrFkEmCb00dBORmGjXg5HxblA="></latexit>

A = {a1, . . . , ar}
<latexit sha1_base64="5LZX4xt/lY/xH3kuNoPnVwWuEXs="></latexit>

B = {b1, . . . , br} の元を一列に交互に並べ，

全単射  によって対応付けられる元同士を，列の上半平面に円弧を描いて結ぶ<latexit sha1_base64="kI/zFbOSYCTV4XonxikPRTY4ZS8="></latexit>ω

<latexit sha1_base64="lEwCexcPjwKDaHAlebyw0zXQiBk="></latexit>a1
<latexit sha1_base64="HDDWktKTU1q4/3uYEKz9pvvmf+s="></latexit>a2

<latexit sha1_base64="+TQ3jgcT8u0rZLei/j9rzFJA/dQ="></latexit>a3
<latexit sha1_base64="QxlCN7RhqgE8ro9phqKSqwdWogQ="></latexit>a4

<latexit sha1_base64="s5mKVKEPCKl10XcaKGq+OzDb1Kk="></latexit>

b1
<latexit sha1_base64="CeHFd9jGtA538rK/NBFGBPTAgII="></latexit>

b2
<latexit sha1_base64="WW9jbEV+Pody+8eqVYJIrzEgjX4="></latexit>

b3
<latexit sha1_base64="XGkU8VsTiW3W27gX8r7GPszMYbg="></latexit>

b4

<latexit sha1_base64="AE2Ce5ExXmNlZWGvrRp/9uNOSmE="></latexit>

ω(a1) = b2
<latexit sha1_base64="+Qj/S0KZZfTTGH/Dk56D4EFB88A="></latexit>

ω(a2) = b1
<latexit sha1_base64="NNwbMPkEigNt6RnHde7E6SGPCNM="></latexit>

ω(a3) = b3
<latexit sha1_base64="5brzaPInW2RPkdRclX2FUJlsbv4="></latexit>

ω(a4) = b4

このとき，円弧同士が交差しないように描けるような  を非交差とよぶ<latexit sha1_base64="kI/zFbOSYCTV4XonxikPRTY4ZS8="></latexit>ω

より  は明らか．  を示す．
<latexit sha1_base64="Ocu1scGy/t+A/oCXGyAWARhs8RM="></latexit>→ <latexit sha1_base64="vrmA2pChHezjUZf7MIr9W5B44JI="></latexit>→

<latexit sha1_base64="1na3U+EBYRZEgigJlO2fe73qnnQ="></latexit>

ωω(X,Y ) :=

{
1 (ε(X) = Y )

0 (otherwise)

<latexit sha1_base64="/AAQ5VLAkX6F/eaoR4JKhW/8oXc="></latexit>

ωω → H

<latexit sha1_base64="1UkDOQLEwppnsqVGnANO+i88TIQ="></latexit>

H = span{ ωω | ε : A → B bijection }

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭
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補題８ [Frankl–Graham ’89]

(2/3)
事実：非交差な全単射の数 = balanced な括弧列の数 = Catalan 数

補題７より，これは  に等しいので，
<latexit sha1_base64="ytKuKtvIKXUalYmXcyFXOE/d5KI="></latexit>

dimH

が線形独立　　であることを示せばよい

(      (      )      )      (      )      (      )

<latexit sha1_base64="lEwCexcPjwKDaHAlebyw0zXQiBk="></latexit>a1
<latexit sha1_base64="HDDWktKTU1q4/3uYEKz9pvvmf+s="></latexit>a2

<latexit sha1_base64="+TQ3jgcT8u0rZLei/j9rzFJA/dQ="></latexit>a3
<latexit sha1_base64="QxlCN7RhqgE8ro9phqKSqwdWogQ="></latexit>a4

<latexit sha1_base64="s5mKVKEPCKl10XcaKGq+OzDb1Kk="></latexit>

b1
<latexit sha1_base64="CeHFd9jGtA538rK/NBFGBPTAgII="></latexit>

b2
<latexit sha1_base64="WW9jbEV+Pody+8eqVYJIrzEgjX4="></latexit>

b3
<latexit sha1_base64="XGkU8VsTiW3W27gX8r7GPszMYbg="></latexit>

b4

<latexit sha1_base64="AE2Ce5ExXmNlZWGvrRp/9uNOSmE="></latexit>

ω(a1) = b2
<latexit sha1_base64="+Qj/S0KZZfTTGH/Dk56D4EFB88A="></latexit>

ω(a2) = b1
<latexit sha1_base64="NNwbMPkEigNt6RnHde7E6SGPCNM="></latexit>

ω(a3) = b3
<latexit sha1_base64="5brzaPInW2RPkdRclX2FUJlsbv4="></latexit>

ω(a4) = b4

括弧列

<latexit sha1_base64="1UkDOQLEwppnsqVGnANO+i88TIQ="></latexit>

H = span{ ωω | ε : A → B bijection }

<latexit sha1_base64="2wTgQZjN04jHpYSovi3auTmxWzw="></latexit>

{ ωω | ε : A → B non-crossing bijection }
<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭

<latexit sha1_base64="HWV1sqIvmSOg0VHDmpi5JlfwCW4="></latexit>

1
r+1

(2r
r

)
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(3/3)

目標 は線形独立

円弧の左端点
<latexit sha1_base64="d6k328AY/oYKpGivVh/7hAGDh6g="></latexit>

Lω :=
<latexit sha1_base64="EPgsjup7ygPXwmPocCuRf9KH1rE="></latexit>

{
<latexit sha1_base64="9ir/Q6p9mMGHaJg3krkIswXhI5c="></latexit>

} <latexit sha1_base64="1dlWPz+Lp4y8v6B6M+bA+kB8H/A="></latexit>= 開括弧の位置
<latexit sha1_base64="EPgsjup7ygPXwmPocCuRf9KH1rE="></latexit>

{
<latexit sha1_base64="9ir/Q6p9mMGHaJg3krkIswXhI5c="></latexit>

}
<latexit sha1_base64="Pxs4ZgUMG5Q0gfnxhDf9UTmnPlI="></latexit>→ E

(      (      )      )      (      )      (      )
<latexit sha1_base64="RnoaqeXTdxEgAiR0gJ9wRMvKR1k="></latexit>

Lω = {a1, b1, a3, a4}

とすると，

かつ，　  は
<latexit sha1_base64="SVUTiU1TmuDRHceV38wQmeo7XRw="></latexit>

Lω

<latexit sha1_base64="5IoxQ9I2OwQg+DdsRVa06Svn7d4="></latexit>

A

<latexit sha1_base64="a55QqoDgdyt3rMGWzDj3Tt6/vSc="></latexit>

B

<latexit sha1_base64="p8TNHuMdQKbqS2Af+WGGrZXCjgE="></latexit>

S

<latexit sha1_base64="5IoxQ9I2OwQg+DdsRVa06Svn7d4="></latexit>

A

<latexit sha1_base64="a55QqoDgdyt3rMGWzDj3Tt6/vSc="></latexit>

B

<latexit sha1_base64="p8TNHuMdQKbqS2Af+WGGrZXCjgE="></latexit>

S

変数変換を行い，以下の関数　　　　　　　

なる  の中で辞書順最小
<latexit sha1_base64="p8TNHuMdQKbqS2Af+WGGrZXCjgE="></latexit>

S

<latexit sha1_base64="lEwCexcPjwKDaHAlebyw0zXQiBk="></latexit>a1
<latexit sha1_base64="HDDWktKTU1q4/3uYEKz9pvvmf+s="></latexit>a2

<latexit sha1_base64="+TQ3jgcT8u0rZLei/j9rzFJA/dQ="></latexit>a3
<latexit sha1_base64="QxlCN7RhqgE8ro9phqKSqwdWogQ="></latexit>a4

<latexit sha1_base64="s5mKVKEPCKl10XcaKGq+OzDb1Kk="></latexit>

b1
<latexit sha1_base64="CeHFd9jGtA538rK/NBFGBPTAgII="></latexit>

b2
<latexit sha1_base64="WW9jbEV+Pody+8eqVYJIrzEgjX4="></latexit>

b3
<latexit sha1_base64="XGkU8VsTiW3W27gX8r7GPszMYbg="></latexit>

b4
<latexit sha1_base64="PRvLto3pC/FZr/ia3PAZlsadesY="></latexit>→ <latexit sha1_base64="PRvLto3pC/FZr/ia3PAZlsadesY="></latexit>→ <latexit sha1_base64="PRvLto3pC/FZr/ia3PAZlsadesY="></latexit>→ <latexit sha1_base64="PRvLto3pC/FZr/ia3PAZlsadesY="></latexit>→ <latexit sha1_base64="PRvLto3pC/FZr/ia3PAZlsadesY="></latexit>→ <latexit sha1_base64="PRvLto3pC/FZr/ia3PAZlsadesY="></latexit>→ <latexit sha1_base64="PRvLto3pC/FZr/ia3PAZlsadesY="></latexit>→

行列 は対角成分が 1 の上三角行列なので，正則

<latexit sha1_base64="YyEbFd+06JBqWob5CMQ3kdF55oQ="></latexit>

L := {Lω | ω bijection } とするとよって，

の線形独立性を示す．

<latexit sha1_base64="2wTgQZjN04jHpYSovi3auTmxWzw="></latexit>

{ ωω | ε : A → B non-crossing bijection }
<latexit sha1_base64="1na3U+EBYRZEgigJlO2fe73qnnQ="></latexit>

ωω(X,Y ) :=

{
1 (ε(X) = Y )

0 (otherwise)

<latexit sha1_base64="e86hosgc2fWkBAftscSQNHyhfHE="></latexit>

ωω :
([2r]

r

)
→ Q

<latexit sha1_base64="5SOnnVrNB8B/KVTdM33DkDvmlcg="></latexit>

ωω(S) := εω(A → S,B \ S) =
{
1 (|S → {a,ϑ(a)}| = 1 for all a ↑ A)

0 (otherwise)

<latexit sha1_base64="VTfydmrxP0eMu5axj8N3n8+589k="></latexit>

ωω(S) = 0

<latexit sha1_base64="0anOFAMQBttJrECQ9/kuzd8SrII="></latexit>

ωω(S) = 1

<latexit sha1_base64="XTqo+w6ex87YveXFX7x22yFv70g="></latexit>

ωω(Lω) = 1
<latexit sha1_base64="t0fBWU4a7a2f5fc19Cz6caJZt7Q="></latexit>

ωω(S) = 1

<latexit sha1_base64="4eObhgPMMTOGmzUMwK5c8gn7XjU="></latexit>

(ωω(S))ω,S→L

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭
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主定理（  を使った表示）μ

<latexit sha1_base64="W5/zaC0Npvb99IY+a9LOhy6Gpsg="></latexit>

c : S → Q

[O.–Schwarcz ’26]

任意の全単射 　　　　　 に対しs.t.

<latexit sha1_base64="RHjwQzLpj/eVPEkaUd45FOziUws="></latexit>

µ(→, →) =
∑

(U,V )→S

c(U, V )µ(U, V )

(1/2)

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭

<latexit sha1_base64="lNaQhVXZn39ilfOTMzw/xNzC2Us="></latexit>

ω : A → B
<latexit sha1_base64="MiF0F0Lus8gFUo6DBI+u9Thfe4E="></latexit> ∑

U→A

c(U,ω(U)) = 1

<latexit sha1_base64="mvHjFLcUBRT5nphVi/HYZBcZpxs="></latexit>

µ(X,Y ) := sgn(X,Y ) detK[A→X + Y ] detK[B +X → Y ]

補題６ 補題８
<latexit sha1_base64="xCOQtCNWIGzidMIRV1kA0y6scEo="></latexit>µ は調和的

<latexit sha1_base64="/mvMNCOxwOMBWmNlj8qTu3MHSp4="></latexit>

{ harmonic fns } = span{ ωω | ε : A → B bij }

より，
<latexit sha1_base64="9gXw8rbT9XUwC8Mw3BvhnHPTAbA="></latexit>

(→(X,Y ) ↑ S)
<latexit sha1_base64="JRVgcIAmyk6v3gjGWEnhi52+BUs="></latexit>

µ(X,Y ) =
∑

ω: bijection

ωωεω(X,Y ) と展開できる

<latexit sha1_base64="Ags8nGPF2tlZtTRbpeSgvrYWGU8="></latexit>

ωω → Q
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<latexit sha1_base64="W5/zaC0Npvb99IY+a9LOhy6Gpsg="></latexit>

c : S → Q

[O.–Schwarcz ’26]

任意の全単射 　　　　　 に対しs.t.

<latexit sha1_base64="RHjwQzLpj/eVPEkaUd45FOziUws="></latexit>

µ(→, →) =
∑

(U,V )→S

c(U, V )µ(U, V )

(2/2)

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭

<latexit sha1_base64="lNaQhVXZn39ilfOTMzw/xNzC2Us="></latexit>

ω : A → B
<latexit sha1_base64="MiF0F0Lus8gFUo6DBI+u9Thfe4E="></latexit> ∑

U→A

c(U,ω(U)) = 1

<latexit sha1_base64="1na3U+EBYRZEgigJlO2fe73qnnQ="></latexit>

ωω(X,Y ) :=

{
1 (ε(X) = Y )

0 (otherwise)

<latexit sha1_base64="Io/5WOHCkVPEj7AAZZOyYUBtCz4="></latexit>

µ(→, →) =
∑

ω: bijection

ωωεω(→, →)
<latexit sha1_base64="eRHgvQJpm8Y/9kghJh4KHe6NSDg="></latexit>

=
∑

ω: bijection

ωω

<latexit sha1_base64="1K9R7r2mq7tYiYuJ84J9tpOGSFo="></latexit>

=
∑

ω: bijection

ωω

∑

U→A

c(U,ε(U))
<latexit sha1_base64="q9d3AWKMuyXfsiPqJUtoZvQ6Ceg="></latexit>

=
∑

ω: bijection

ωω

∑

(U,V )→S

c(U, V )εω(U, V )

<latexit sha1_base64="FY37T4yiPTG4rfnoEp91PbWBPxk="></latexit>

=
∑

(U,V )→S

c(U, V )
∑

ω: bijection

ωωεω(U, V )
<latexit sha1_base64="OzfDJWs8xsAT7Bi+FETcYtggTD8="></latexit>

=
∑

(U,V )→S

c(U, V )µ(U, V )

主定理（  を使った表示）μ
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<latexit sha1_base64="T2Hr2LQ2ub6WzWdpjIYPk6nDKUI="></latexit>

A,B → B

マトロイドが標数 0 の体上で表現可能ならば，

White 予想で　　　　　　　　 の場合／Gabow 予想で                 を許容する場合 

公平配分において，２エージェント・同一加法的評価関数・ 
標数0の体上で表現可能なマトロイド制約下の EF1 配分の存在が導かれる

✔ 演習問題７

定理

<latexit sha1_base64="BgNMVKfOQxm4O2IPO7c0ptVL5rQ="></latexit>

→A0, B0, A1, B1, . . . , Aω, Bω ↑ B
<latexit sha1_base64="gDFZqGU9dtlDMC75uyeh4U3VhFI="></latexit>

(A0, B0) = (A,B)s.t.

<latexit sha1_base64="nslwoHFWcobU8Vxs1Wh5Ag8hAhw="></latexit>

(→i ↑ [ω])

<latexit sha1_base64="UQcoHLCKjcA4XHWFn4/fFJxh7U0="></latexit>

→ω ↑ 0

<latexit sha1_base64="4Ule7eZvfdr+ikS2kDE3+DqNPSk="></latexit>

→xi ↑ Ai→1 \Bi→1, yi ↑ Bi→1 \Ai→1

with
<latexit sha1_base64="sHlkRhJ6iZm+6ORmWpMGvKe0IjE="></latexit>

Ai = Ai→1 → xi + yi, Bi = Bi→1 + xi → yi

<latexit sha1_base64="WTVDlWBQYc1pUKx2sBsTIEV59Ik="></latexit>

(Aω, Bω) = (B,A)

[O.–Schwarcz ’26]

<latexit sha1_base64="DlkzLH+HcGhqk57rgorQ1s529WI="></latexit>

(A→, B→) = (B,A)
<latexit sha1_base64="OMKX9P4RgfZzq5zaUyrp6Wz8OMo="></latexit>

ω > |A \B|



/8986未解決問題リスト
Gabow 予想

標数0の体上で表現可能なマトロイドに対する White 予想

一般のマトロイド制約下における 
２エージェント・同一加法的評価関数の EF1 配分の存在

（標数 0 の体上で表現可能な）マトロイド制約下における 
任意人数エージェント・同一加法的評価関数の EF1 配分の存在

一般のマトロイドに対する 
抱き合わせ交換性と均衡改善交換性交換性の共通の一般化
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１時限目

２時限目

３時限目

87まとめ

閉包（基本サーキット）やマトロイド交叉定理による証明のアプローチ

マトロイドの基は，豊かな交換性を備える離散構造である

交換性は，アルゴリズムの解析や公平配分理論などへの応用がある

表現可能なマトロイドに対しては，行列式の調和性に基づく証明も有効

表現可能なマトロイドの交換性

証明のアプローチ

交換性を味わう
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補遺



補遺

これは　　　　　　  　　　　　　　を意味するので

同時交換性の証明
同時交換性 (symmetric exchange property / simultaneous exchange property)

s.t.
<latexit sha1_base64="Co/sBERSKREnN7Gc1SJEdTNwxz0=">AAACFHicbZDLSsNAFIYn9VbrLepSF4NFEGpLIlJd1grisoK9QBPKZDpph04mYWYiDaEgPoTP4FbX7sSte5e+iUnbhW09MPDz/2c453xOwKhUhvGtZZaWV1bXsuu5jc2t7R19d68h/VBgUsc+80XLQZIwykldUcVIKxAEeQ4jTWdwnebNByIk9fm9igJie6jHqUsxUonV0Q+visNCdAqrhWExghbl0PKQ6mPE4uqoo+eNkjEuuCjMqciDadU6+o/V9XHoEa4wQ1K2TSNQdoyEopiRUc4KJQkQHqAeaSeSI49IOx5fMYLHidOFri+SxxUcu39/xMiTMvKcpDNdUc5nqflf1g6Ve2nHlAehIhxPBrkhg8qHKRLYpYJgxaJEICxosivEfSQQVgm4mSmOlzIx5wksisZZySyXynfn+crN44ROFhyAI3ACTHABKuAW1EAdYPAEXsAreNOetXftQ/uctGa0KdF9MFPa1y9kV54s</latexit>

A→ x+ y,B + x→ y ↑ B

[Brualdi ’69]
<latexit sha1_base64="9qAtdRCPdjcGRLr9z4bNGdWEs4E=">AAACE3icbZDLSgMxFIYzXmu9jbrsJlgEV2VGpLqsCuKygr1AZyiZ9LQNTTJDkhFLKehD+Axude1O3PoALn0T08vCth4I/Pz/CeecL0o408bzvp2l5ZXVtfXMRnZza3tn193br+o4VRQqNOaxqkdEA2cSKoYZDvVEARERh1rUuxrltXtQmsXyzvQTCAXpSNZmlBhrNd1c0I4V4Rw/4IBJfIEDDUYwmWp82XTzXsEbF14U/lTk0bTKTfcnaMU0FSAN5UTrhu8lJhwQZRjlMMwGqYaE0B7pQMNKSQTocDA+YoiPrNPCdhv7pMFj9++PARFa90VkOwUxXT2fjcz/skZq2ufhgMkkNSDpZFA75djEeEQEt5gCanjfCkIVs7ti2iWKUGO5zUyJxNAy8ecJLIrqScEvFoq3p/nS9eOETgbl0CE6Rj46QyV0g8qogih6Qi/oFb05z8678+F8TlqXnCnRAzRTztcvpvyeXA==</latexit>

→x ↑ A \B
<latexit sha1_base64="El7/vEIQHjCf8h0WNzTkuVUy9Lc=">AAACFXicbZBLSwMxFIUzPmt9VV2KECyCqzIjUl1WBXFZwT6gM5RMetuGJpkhyYhDKQj+CH+DW127E7euXfpPTB8L23ohcDjnhpN8YcyZNq777SwsLi2vrGbWsusbm1vbuZ3dqo4SRaFCIx6pekg0cCahYpjhUI8VEBFyqIW9q2FeuwelWSTvTBpDIEhHsjajxFirmTvAPjzYGo1T7DOJL7GvwQgmE40vcDOXdwvuaPC88CYijyZTbuZ+/FZEEwHSUE60bnhubII+UYZRDoOsn2iICe2RDjSslESADvqjbwzwkXVauB0pe6TBI/fvjT4RWqcitJuCmK6ezYbmf1kjMe3zoM9knBiQdFzUTjg2ER4ywS2mgBqeWkGoYvatmHaJItRYclMtoRhYJt4sgXlRPSl4xULx9jRfun4c08mgfXSIjpGHzlAJ3aAyqiCKntALekVvzrPz7nw4n+PVBWdCdA9NjfP1C5o5ntE=</latexit>

→y ↑ B \A

ある が存在し                     を示す．
<latexit sha1_base64="LPJNdn6zPmJZiBlZlYbolDltjcI="></latexit>

A→ x+ y ↑ B

背理法：全ての　　　　　  に対して　　　　　　　を仮定

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="1BoFr66X1E82QsmQlrS+b45ggog="></latexit>x

<latexit sha1_base64="2K4DsPNZgBUNOS0kXNzaczODRZ8="></latexit>y

<latexit sha1_base64="FuK8pYrW9sm3a5M0QpPo13r5e9E="></latexit>

A→ x+ y /↑ B
<latexit sha1_base64="AXnV5aInevZq3D5f9nxgejTQhwI="></latexit>

y → cl(A↑ x)

基本サーキット補題から

<latexit sha1_base64="Q14lhAtt7rtKAwmutT5a6WypKq0="></latexit>

=→

閉包の単調性 閉包の冪等性

なので　　　　　　 
<latexit sha1_base64="jO/SYjpAcCWXUFrdXTtQIP6Tg7c="></latexit>

x → cl(A↑ x)

だが，これは  が独立であることに矛盾
<latexit sha1_base64="5IoxQ9I2OwQg+DdsRVa06Svn7d4="></latexit>

A
<latexit sha1_base64="5OpPgM8X7TDeF8FGTi0LuE12Eg0="></latexit>

r(A→ x) = r(A)すなわち

<latexit sha1_base64="mnTpUFKfgF9o4fKpzAlMz1z0bpY="></latexit>

y → InB(x) := { y → B | B + x↑ y → B }
<latexit sha1_base64="CCQnk3S7MBxVHcMMjytrADNVyx8="></latexit>

y → InB(x)

<latexit sha1_base64="D3WkeQlAmjXVBmL+q19DBkzTyIw="></latexit>

(→y ↑ InB(x))
<latexit sha1_base64="N+aOoLfgGY+3XZZcuSvFV2C+GrY="></latexit>

InB(x) → cl(A↑ x)

<latexit sha1_base64="1fSO7IUdUs3DDhU9vvraa55v3ZE="></latexit>

cl(InB(x)) → cl(cl(A↑ x)) = cl(A↑ x)

<latexit sha1_base64="2o16h0gABrhWdHCZCAIlpVclUfg="></latexit>

x → cl(InB(x))

<latexit sha1_base64="kN+DIVYjoQHgiKM0ovtJi6J1vLg="></latexit>

→A,B ↑ B

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭



補遺 一意マッチング補題の証明
<latexit sha1_base64="5IoxQ9I2OwQg+DdsRVa06Svn7d4="></latexit>

A

<latexit sha1_base64="h4rlm+Kk59ERQAg1j98mMSKELkw="></latexit>

E →A

<latexit sha1_base64="aaxiWMDT35YjnzTh/dfyUPolmW8="></latexit>

X

<latexit sha1_base64="GLQ2dtXjk1JRD7e0wlXAfpN1c6Q="></latexit>

Y

誘導部分グラフ               に完全マッチングが唯一存在 <latexit sha1_base64="Q14lhAtt7rtKAwmutT5a6WypKq0="></latexit>

=→

[Krogdahl ’74, ’76, ’77]

<latexit sha1_base64="f6MF9abUO0w/r4t+D4ISvxLOt2g="></latexit>

A → B, X ↑ A, Y ↑ E ↓A
<latexit sha1_base64="AgM1s+80kGZANiYuNJ05wAay5W0="></latexit>

G[X + Y ]
<latexit sha1_base64="LVm3h45CA4oki25rKm4HPS8ANWc="></latexit>

A→X + Y ↑ B

<latexit sha1_base64="HJxeOYJ+qO+LM9Dz62MKoVZjF5s="></latexit>

|X| に関する帰納法．　　　  の場合は明らか．　　　  とする．
<latexit sha1_base64="KAKbvy0Eyb3deuRQKNBcwSPiZFM="></latexit>

|X| = 0
<latexit sha1_base64="Qy9IuvwXR3t1rVSMRhSMr66uhRA="></latexit>

|X| > 0

完全マッチングの唯一性から，             における次数が 1 の頂点           が存在
<latexit sha1_base64="AgM1s+80kGZANiYuNJ05wAay5W0="></latexit>

G[X + Y ]
<latexit sha1_base64="NOApAbslVyx1sxLak3X/QZyNDws="></latexit>

y → Y

 に隣接する唯一の頂点を　　　  とする．<latexit sha1_base64="7PKe1TGw6R0lahNf1WaAwm9Be+M="></latexit>y <latexit sha1_base64="0Si9rmNxqFKBInsP3Rqsg6n1ZI0="></latexit>

x → X
<latexit sha1_base64="tLzqfB6MTB+J5yt9Ew0Ex766AEw="></latexit>

InA(y) →X = {x}つまり，  は，　　　　　　　となる  内唯一の元なので<latexit sha1_base64="+66W94rCM/2b7SAWteZ4MCVTFCE="></latexit>x
<latexit sha1_base64="aaxiWMDT35YjnzTh/dfyUPolmW8="></latexit>

X
<latexit sha1_base64="LPJNdn6zPmJZiBlZlYbolDltjcI="></latexit>

A→ x+ y ↑ B

すなわち
<latexit sha1_base64="V1eiJlD8Qr+hEt7w4htlkkAKU70="></latexit>

InA(y) → (A↑X) + x
<latexit sha1_base64="jxr+j94z3Ncs8Royhr7+YIG4GbI="></latexit>

y → cl(InA(y)) ↑ cl((A↓X) + x)

(1/3)

閉包の単調性基本サーキット補題

より

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭

補題３（一意マッチング補題）



補遺 一意マッチング補題の証明
補題３（一意マッチング補題）

誘導部分グラフ               に完全マッチングが唯一存在 <latexit sha1_base64="Q14lhAtt7rtKAwmutT5a6WypKq0="></latexit>

=→

[Krogdahl ’74, ’76, ’77]

<latexit sha1_base64="f6MF9abUO0w/r4t+D4ISvxLOt2g="></latexit>

A → B, X ↑ A, Y ↑ E ↓A
<latexit sha1_base64="LVm3h45CA4oki25rKm4HPS8ANWc="></latexit>

A→X + Y ↑ B

(2/3)

一方，　　　　　　　より，　　　　　　 ．閉包の単調性から，
<latexit sha1_base64="LPJNdn6zPmJZiBlZlYbolDltjcI="></latexit>

A→ x+ y ↑ B
<latexit sha1_base64="n9PY5ucKJNegFSus6Nfp31SBbtk="></latexit>

y /→ cl(A↑ x)
<latexit sha1_base64="9+u7gWbJBBOFUjDTFH90E+J07hE="></latexit>

y /→ cl(A↑X)

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>↭ <latexit sha1_base64="dZtqxiD+qzrlQm28ORQiijffK8g="></latexit>

y → cl((A↑X) + x)↑ cl(A↑X)

閉包の４つ目の性質から，
<latexit sha1_base64="VdJrivEmQgiLFxKvXVnbOZ6J4oU="></latexit>

y → cl(S ↑ {x})↓ cl(S)
<latexit sha1_base64="Q14lhAtt7rtKAwmutT5a6WypKq0="></latexit>

=→
<latexit sha1_base64="nurdruTP/ZIhXGuGtFCeTp9pThg="></latexit>

x → cl(S ↑ {y})

<latexit sha1_base64="+oyD6jASYtxjIjQa3jNXaLSngFU="></latexit>

x → cl(A↑X + y) ↓ cl(A↑X + Y )

閉包の単調性

<latexit sha1_base64="AgM1s+80kGZANiYuNJ05wAay5W0="></latexit>

G[X + Y ]

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭

<latexit sha1_base64="5IoxQ9I2OwQg+DdsRVa06Svn7d4="></latexit>

A

<latexit sha1_base64="h4rlm+Kk59ERQAg1j98mMSKELkw="></latexit>

E →A

<latexit sha1_base64="aaxiWMDT35YjnzTh/dfyUPolmW8="></latexit>

X

<latexit sha1_base64="GLQ2dtXjk1JRD7e0wlXAfpN1c6Q="></latexit>

Y



補遺 一意マッチング補題の証明
補題３（一意マッチング補題）

誘導部分グラフ               に完全マッチングが唯一存在 <latexit sha1_base64="Q14lhAtt7rtKAwmutT5a6WypKq0="></latexit>

=→

[Krogdahl ’74, ’76, ’77]

<latexit sha1_base64="f6MF9abUO0w/r4t+D4ISvxLOt2g="></latexit>

A → B, X ↑ A, Y ↑ E ↓A
<latexit sha1_base64="LVm3h45CA4oki25rKm4HPS8ANWc="></latexit>

A→X + Y ↑ B

(3/3)

も完全マッチングを唯一もつので，帰納法の仮定から，
<latexit sha1_base64="KuLQiOW4sjXE5PsQy5aJXN1/h5w="></latexit>

G[(X → x) + (Y → y)]
<latexit sha1_base64="WiMrfTZrUyrK1WjV0aBUH9Ruwo0="></latexit>

A→ := A→ (X → x) + (Y → y) ↑ B
<latexit sha1_base64="es2uKKpSlNHr6ap3FOnERbS1ZZI="></latexit>

A→ → x = A→X + (Y → y) ↑ A→X + Y ↑ cl(A→X + Y )
<latexit sha1_base64="dFj1ogkhsjQuDZeEPETI7KFCBjo="></latexit>

x → cl(A↑X + Y ) （前スライド）

より　　　　　　　　　   だが，　　　  なので，                も基でなければならない
<latexit sha1_base64="P5BnqFkMOpM348nGoIwaW6HX1Uw="></latexit>

A→ → cl(A↑X + Y )
<latexit sha1_base64="CoBCJBlWc71tlgNChEh/jqtRXnM="></latexit>

A→ → B
<latexit sha1_base64="7r+cB9mdqGSSak7fDhWqJOzBamk="></latexit>

A→X + Y

<latexit sha1_base64="AgM1s+80kGZANiYuNJ05wAay5W0="></latexit>

G[X + Y ]

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭

<latexit sha1_base64="5IoxQ9I2OwQg+DdsRVa06Svn7d4="></latexit>

A

<latexit sha1_base64="h4rlm+Kk59ERQAg1j98mMSKELkw="></latexit>

E →A

<latexit sha1_base64="aaxiWMDT35YjnzTh/dfyUPolmW8="></latexit>

X

<latexit sha1_base64="GLQ2dtXjk1JRD7e0wlXAfpN1c6Q="></latexit>

Y



補遺 抱き合わせ交換性の証明
[O.–Schwarcz ’26]

s.t.

<latexit sha1_base64="TaKtLga8Y2POmig1vZss0AQoZBA=">AAACNHicbZDLSkMxEIZzvNZ6q7p0EyyCCynniKgLF20FcVnBXqQtJSedajDJOSZzhFIKPosP4TO41Z3gRsStz2B6WdTLQODj/yfMzB/GUlj0/Vdvanpmdm4+tZBeXFpeWc2srVdslBgOZR7JyNRCZkEKDWUUKKEWG2AqlFANb04GfvUOjBWRvsBuDE3FrrToCM7QSa3McaMTGSYlrdGGTUILCLe04BhQCZ1YWtyllxNWccIqtDJZP+cPi/6FYAxZMq5SK/PeaEc8UaCRS2ZtPfBjbPaYQcEl9NONxELM+A27grpDzRTYZm94ZZ9uO6VN3bruaaRDdfJHjylruyp0nYrhtf3tDcT/vHqCnaNmT+g4QdB8NKiTSIoRHURG28IAR9l1wLgRblfKr5lhHF2wP6aEqu8yCX4n8Bcqe7ngIHdwvp/Nn96P0kmRTbJFdkhADkmenJESKRNOHsgTeSYv3qP35n14n6PWKW+c6Ab5Ud7XN+ljq18=</latexit>

→X ↑ A \B, Y ↑ B \A

[O.–Schwarcz ’26]

<latexit sha1_base64="d36G7/BYlbXIJFJ8IUcKJY5l0mo=">AAACNHicbZDLSgMxFIYz9VbvVZdugkVwIWVGRF248ALisoKtQltKJj1tQ5PMmJwRSyn4LD6Ez+BWd4IbEbc+g+ll0VoPBH7+/4Q/+cJYCou+/+6lpqZnZufS8wuLS8srq5m19aKNEsOhwCMZmduQWZBCQwEFSriNDTAVSrgJW+e9/OYejBWRvsZ2DBXFGlrUBWforGrmuAwPrsXSAi3bJLSAcEdPnQZUQieWnu3S4kh0NhKdVjNZP+f3h06KYCiyZDj5auazXIt4okAjl8zaUuDHWOkwg4JL6C6UEwsx4y3WgJKTmimwlU7/l1267ZwarUfGHY20747e6DBlbVuFblMxbNq/Wc/8LyslWD+qdISOEwTNB0X1RFKMaA8ZrQkDHGXbCcaNcG+lvMkM4+jAjrWEquuYBH8JTIriXi44yB1c7WdPLh4HdNJkk2yRHRKQQ3JCLkmeFAgnT+SFvJI379n78L6878FqyhsS3SBj4/38AhhPq3k=</latexit>

→U ↑ A \B, V ↑ B \A

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="M1RWHLMmyQRQaOz2kYr/aPsXsqs=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe5EomVAEMsEvCSQHGFvM5cs2d07dveE4wjY22ptJ7b+HEv/iZuPwiQ+GHi8N8PMvDDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKXjVFHwacxj1QmJBs4k+IYZDp1EAREhh3Y4vpv67SdQmsXy0WQJBIIMJYsYJcZKTb9frrhVdwa8TrwFqaAFGv3yT28Q01SANJQTrbuem5ggJ8owymFS6qUaEkLHZAhdSyURoIN8dugEX1hlgKNY2ZIGz9S/EzkRWmcitJ2CmJFe9abif143NdFtkDOZpAYknS+KUo5NjKdf4wFTQA3PLCFUMXsrpiOiCDU2m6UtoZjYTLzVBNZJ66rq1aq15nWlfv88T6eIztA5ukQeukF19IAayEcUAXpBr+jNyZx358P5nLcWnEWip2gJztcvfvaT/g==</latexit>

U

<latexit sha1_base64="LyCkjqAbmPfPoU4pVaCqvtUK1Ms=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbzCVLdveO3T0hHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZFyacaeN5305uY3Nreye/W9jbPzg8Kh6fNHWcKooNGvNYtUOikTOJDcMMx3aikIiQYysc3U391hMqzWL5aMYJBoIMJIsYJcZK9WavWPLK3gzuOvEXpAQL1HrFn24/pqlAaSgnWnd8LzFBRpRhlOOk0E01JoSOyAA7lkoiUAfZ7NCJe2GVvhvFypY07kz9O5ERofVYhLZTEDPUq95U/M/rpCa6DTImk9SgpPNFUcpdE7vTr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiYjPxVxNYJ82rsl8pV+rXper98zydPJzBOVyCDzdQhQeoQQMoILzAK7w5Y+fd+XA+5605Z5HoKSzB+foFgImT/w==</latexit>

V

抱き合わせ交換性

 を縮約，　　　　　  を削除することにより，　　　　 　　　　　 を仮定してよい
<latexit sha1_base64="Zq6Zj3DtbKku9L85aCRjAE0O/bU="></latexit>

A →B
<latexit sha1_base64="/v5kTtJ6X+xJv8MXLYzX6WCmxqI="></latexit>

E → (A ↑B)
<latexit sha1_base64="QS7yBYqkGp3gs1Reg8wDAGldRCM="></latexit>

A →B = ↑, A+B = E

<latexit sha1_base64="f4rplREBjVnFTO7vv3/X0yKfzS4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR4LgnisYD+gXUo2zbahSXZJskJZC/4Cr3r2Jl79Mx79J2a3PdjWBwOP92aYmRfEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md9+pEqzSD6YSUx9gYeShYxgk0k9Fob9csWtujnQKvHmpAJzNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zW+dojOrDFAYKVvSoFz9O5FiofVEBLZTYDPSy14m/ud1ExNe+ymTcWKoJLNFYcKRiVD2OBowRYnhE0swUczeisgIK0yMjWdhSyCmNhNvOYFV0rqoerVq7f6yUr99nqVThBM4hXPw4ArqcAcNaAKBEbzAK7w5T8678+F8zloLzjzRY1iA8/UL4bOVWA==</latexit>→↑
<latexit sha1_base64="f4rplREBjVnFTO7vv3/X0yKfzS4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR4LgnisYD+gXUo2zbahSXZJskJZC/4Cr3r2Jl79Mx79J2a3PdjWBwOP92aYmRfEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md9+pEqzSD6YSUx9gYeShYxgk0k9Fob9csWtujnQKvHmpAJzNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zW+dojOrDFAYKVvSoFz9O5FiofVEBLZTYDPSy14m/ud1ExNe+ymTcWKoJLNFYcKRiVD2OBowRYnhE0swUczeisgIK0yMjWdhSyCmNhNvOYFV0rqoerVq7f6yUr99nqVThBM4hXPw4ArqcAcNaAKBEbzAK7w5T8678+F8zloLzjzRY1iA8/UL4bOVWA==</latexit>→↑

(1/11)

<latexit sha1_base64="f4rplREBjVnFTO7vv3/X0yKfzS4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR4LgnisYD+gXUo2zbahSXZJskJZC/4Cr3r2Jl79Mx79J2a3PdjWBwOP92aYmRfEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md9+pEqzSD6YSUx9gYeShYxgk0k9Fob9csWtujnQKvHmpAJzNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zW+dojOrDFAYKVvSoFz9O5FiofVEBLZTYDPSy14m/ud1ExNe+ymTcWKoJLNFYcKRiVD2OBowRYnhE0swUczeisgIK0yMjWdhSyCmNhNvOYFV0rqoerVq7f6yUr99nqVThBM4hXPw4ArqcAcNaAKBEbzAK7w5T8678+F8zloLzjzRY1iA8/UL4bOVWA==</latexit>→↑
よって，

<latexit sha1_base64="f4rplREBjVnFTO7vv3/X0yKfzS4=">AAAB+nicbVBNSwMxEJ2tX7V+VT16CRbBU9kVqR4LgnisYD+gXUo2zbahSXZJskJZC/4Cr3r2Jl79Mx79J2a3PdjWBwOP92aYmRfEnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lChCmyTikeoEWFPOJG0aZjjtxIpiEXDaDsY3md9+pEqzSD6YSUx9gYeShYxgk0k9Fob9csWtujnQKvHmpAJzNPrln94gIomg0hCOte56bmz8FCvDCKfTUi/RNMZkjIe0a6nEgmo/zW+dojOrDFAYKVvSoFz9O5FiofVEBLZTYDPSy14m/ud1ExNe+ymTcWKoJLNFYcKRiVD2OBowRYnhE0swUczeisgIK0yMjWdhSyCmNhNvOYFV0rqoerVq7f6yUr99nqVThBM4hXPw4ArqcAcNaAKBEbzAK7w5T8678+F8zloLzjzRY1iA8/UL4bOVWA==</latexit>→↑

<latexit sha1_base64="oLbCAJbsdl+6JTrMBPdyNK5Fmo4=">AAACDXicbZDNSgMxFIUz9a/Wv1Fx5SZYBEEsMyLVZakgLis4baEzlEyaaUOTzJBkhDIUfAOfwa2u3Ylbn8Glb2Km7cJWLwQO59xwD1+YMKq043xZhaXlldW14nppY3Nre8fe3WuqOJWYeDhmsWyHSBFGBfE01Yy0E0kQDxlphcPrPG89EKloLO71KCEBR31BI4qRNlbXPqifemdN6FMBfY70ACOW1cddu+xUnMnAv8KdiTKYTaNrf/u9GKecCI0ZUqrjOokOMiQ1xYyMS36qSILwEPVJx0iBOFFBNqk/hsfG6cEoluYJDSfu7x8Z4kqNeGg284pqMcvN/7JOqqOrIKMiSTUReHooShnUMcxZwB6VBGs2MgJhSU1XiAdIIqwNsbkrIc+ZuIsE/ormecWtVqp3F+XazeOUThEcgiNwAlxwCWrgFjSABzDIwDN4Aa/Wk/VmvVsf09WCNSO6D+bG+vwB3B6byg==</latexit>

B + U → V ↑ B

各                      に対し，
<latexit sha1_base64="3CxPGSbt16ID8KEPLaO8dAs1nxs=">AAACFHicbZDLSgMxFIYz9VbrbdSlLoJFcCFlRqS6LAjisoLTVtqhZNLTNjSZGZOMUIaC+BA+g1tduxO37l36JqaXRS/+EPjzn3M4yRfEnCntOD9WZml5ZXUtu57b2Nza3rF39yoqSiQFj0Y8krWAKOAsBE8zzaEWSyAi4FANelfDevURpGJReKf7MfiCdELWZpRoEzXtQw83VBIr0PCAa6e4MnW9b9p5p+CMhBeNOzF5NFG5af82WhFNBISacqJU3XVi7adEakY5DHKNREFMaI90oG5sSAQoPx39YoCPTdLC7UiaE2o8SqcnUiKU6ovAdAqiu2q+Ngz/q9UT3b70UxbGiYaQjhe1E451hIdIcItJoJr3jSFUMvNWTLtEEqoNuJktgRgYJu48gUVTOSu4xULx9jxfun4a08miA3SETpCLLlAJ3aAy8hBFz+gVvaF368X6sD6tr3FrxpoQ3Uczsr7/AFrOnrw=</latexit>

U → X,V → Y

<latexit sha1_base64="x2vWbfUuHHgux6Im/mlZRyQuVZI=">AAACDXicbZDNSgMxFIUz9a/Wv1Fx5SZYBEEsMyLVZVUQlxWcttAZSibNtKFJZkgyQhkKvoHP4FbX7sStz+DSNzHTdmGrFwKHc264hy9MGFXacb6swsLi0vJKcbW0tr6xuWVv7zRUnEpMPByzWLZCpAijgniaakZaiSSIh4w0w8F1njcfiFQ0Fvd6mJCAo56gEcVIG6tj712eeMcN6FMBfY50HyOWXY06dtmpOOOBf4U7FWUwnXrH/va7MU45ERozpFTbdRIdZEhqihkZlfxUkQThAeqRtpECcaKCbFx/BA+N04VRLM0TGo7d3z8yxJUa8tBs5hXVfJab/2XtVEcXQUZFkmoi8ORQlDKoY5izgF0qCdZsaATCkpquEPeRRFgbYjNXQp4zcecJ/BWN04pbrVTvzsq1m8cJnSLYBwfgCLjgHNTALagDD2CQgWfwAl6tJ+vNerc+JqsFa0p0F8yM9fkD2nubyQ==</latexit>

A→ U + V ↑ B

<latexit sha1_base64="azKSogx1SaPUtQNr+qrvUQeVVqQ=">AAACFHicbZDNSsNAFIUn9a/Wv6hLXQwWQagtiUh1WSuIywomLTShTKaTduhkEmYmQgkF8SF8Bre6didu3bv0TUzaLmzrhYHDOXe4935exKhUhvGt5ZaWV1bX8uuFjc2t7R19d8+WYSwwsXDIQtHykCSMcmIpqhhpRYKgwGOk6Q2us7z5QISkIb9Xw4i4Aepx6lOMVGp19MOrslWyT2G9ZJVt6FAOnQCpPkYsqY86etGoGOOCi8KciiKYVqOj/zjdEMcB4QozJGXbNCLlJkgoihkZFZxYkgjhAeqRdio5Coh0k/EVI3icOl3ohyJ9XMGx+/dHggIph4GXdmYryvksM//L2rHyL92E8ihWhOPJID9mUIUwQwK7VBCs2DAVCAua7gpxHwmEVQpuZooXZEzMeQKLwj6rmNVK9e68WLt5nNDJgwNwBE6ACS5ADdyCBrAABk/gBbyCN+1Ze9c+tM9Ja06bEt0HM6V9/QJ8rp2g</latexit>

A→ U + V,B + U → V ↑ B

<latexit sha1_base64="601ZAeATSX64Hbpx9qNddXPZec0="></latexit>

B + (U →X)→ V ↑ B(M/X\Y )

<latexit sha1_base64="9uU6CBFMgcIrmxw/dVEJ7O1fHl8=">AAACEHicbVDLSgMxFM3UV62vUTeCm2ARXNUZkeqyIIgboYJ9SGcomTTThiaZIckIZRjxG/wGt7p2J279A5f+iZm2C1s9EDicc3MfJ4gZVdpxvqzCwuLS8kpxtbS2vrG5ZW/vNFWUSEwaOGKRbAdIEUYFaWiqGWnHkiAeMNIKhhe537onUtFI3OpRTHyO+oKGFCNtpK6953GkB0GYXmfHbS9AeKgYUgN417XLTsUZA/4l7pSUwRT1rv3t9SKccCI0Ni1Ux3Vi7adIaooZyUpeokhs+qM+6RgqECfKT8cXZPDQKD0YRtI8oeFY/f0jRVypEQ9MZb6vmvdy8T+vk+jw3E+piBNNBJ4MChMGdQTzOGCPSoI1GxmCsKRmV4gHSCKsTWgzUwKemUzc+QT+kuZJxa1Wqjen5drl4ySdItgHB+AIuOAM1MAVqIMGwOABPIMX8Go9WW/Wu/UxKS1Y00R3wQyszx+JiJ3b</latexit>

M/X\Y の基族

<latexit sha1_base64="pqH28s6X9W89s5bVHezXA0+tgvk="></latexit>

X → U, Y → V, |U | = |V | ↑ r(X + Y ), A↓ U + V,B + U ↓ V ↔ B

<latexit sha1_base64="jwL23DeWLeoWIE5IcooILmQTWDc="></latexit>

A→ U + (V → Y ) ↑ B(M/Y \X)
<latexit sha1_base64="KSUof+w/KhY3JmWFDW0QWmMek1A="></latexit>

E→ → (A→ U + (V → Y )) = B + (U →X)→ V ↑ B((M/Y \X)↑)

<latexit sha1_base64="G0GxcCRHZh1y+ts1g6M5GSkx6Qk="></latexit>

B + (U →X)→ V ↑ B(M/X\Y ) ↓ B((M/Y \X)→)

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭



補遺

逆に，　　　　　　　　　　　　　　    に対し，

抱き合わせ交換性の証明
[O.–Schwarcz ’26]

<latexit sha1_base64="TaKtLga8Y2POmig1vZss0AQoZBA=">AAACNHicbZDLSkMxEIZzvNZ6q7p0EyyCCynniKgLF20FcVnBXqQtJSedajDJOSZzhFIKPosP4TO41Z3gRsStz2B6WdTLQODj/yfMzB/GUlj0/Vdvanpmdm4+tZBeXFpeWc2srVdslBgOZR7JyNRCZkEKDWUUKKEWG2AqlFANb04GfvUOjBWRvsBuDE3FrrToCM7QSa3McaMTGSYlrdGGTUILCLe04BhQCZ1YWtyllxNWccIqtDJZP+cPi/6FYAxZMq5SK/PeaEc8UaCRS2ZtPfBjbPaYQcEl9NONxELM+A27grpDzRTYZm94ZZ9uO6VN3bruaaRDdfJHjylruyp0nYrhtf3tDcT/vHqCnaNmT+g4QdB8NKiTSIoRHURG28IAR9l1wLgRblfKr5lhHF2wP6aEqu8yCX4n8Bcqe7ngIHdwvp/Nn96P0kmRTbJFdkhADkmenJESKRNOHsgTeSYv3qP35n14n6PWKW+c6Ab5Ud7XN+ljq18=</latexit>

→X ↑ A \B, Y ↑ B \A

[O.–Schwarcz ’26]

<latexit sha1_base64="d36G7/BYlbXIJFJ8IUcKJY5l0mo=">AAACNHicbZDLSgMxFIYz9VbvVZdugkVwIWVGRF248ALisoKtQltKJj1tQ5PMmJwRSyn4LD6Ez+BWd4IbEbc+g+ll0VoPBH7+/4Q/+cJYCou+/+6lpqZnZufS8wuLS8srq5m19aKNEsOhwCMZmduQWZBCQwEFSriNDTAVSrgJW+e9/OYejBWRvsZ2DBXFGlrUBWforGrmuAwPrsXSAi3bJLSAcEdPnQZUQieWnu3S4kh0NhKdVjNZP+f3h06KYCiyZDj5auazXIt4okAjl8zaUuDHWOkwg4JL6C6UEwsx4y3WgJKTmimwlU7/l1267ZwarUfGHY20747e6DBlbVuFblMxbNq/Wc/8LyslWD+qdISOEwTNB0X1RFKMaA8ZrQkDHGXbCcaNcG+lvMkM4+jAjrWEquuYBH8JTIriXi44yB1c7WdPLh4HdNJkk2yRHRKQQ3JCLkmeFAgnT+SFvJI379n78L6878FqyhsS3SBj4/38AhhPq3k=</latexit>

→U ↑ A \B, V ↑ B \A

抱き合わせ交換性

(2/11) <latexit sha1_base64="pYp4rwy/gM7nbrnhaITs9eV9tCM="></latexit>

U := (B→ →A) +X
<latexit sha1_base64="2vajADIpkvbbl0H6Wogc9E/r+Pw="></latexit>

V := (B \B→) + Y

とすると， <latexit sha1_base64="2VSkPR1OEMr58q5kMX7ltDBheQs="></latexit>

X → U, Y → V, A↑ U + V,B + U ↑ V ↓ B

を示せば良い

<latexit sha1_base64="hEjJVPh/jW9RRZN5EBd5MoQYym8="></latexit>

|U | = |B→ →A|+ |X| より， から

s.t.
<latexit sha1_base64="pqH28s6X9W89s5bVHezXA0+tgvk="></latexit>

X → U, Y → V, |U | = |V | ↑ r(X + Y ), A↓ U + V,B + U ↓ V ↔ B

<latexit sha1_base64="Q3gKjlAMJpJgz6Z1nymkgZuZQpA="></latexit>

min{ |B→ →A| | B→ ↑ B(M/X\Y ) → B((M/Y \X)↑) } ↓ r(X + Y )↔ |X|

<latexit sha1_base64="YNxfB3FzmaeNBCuguMle9VRDDO8="></latexit>

|U | → r(X + Y ) ↑↓ |B→ ↔A| → r(X + Y )↗ |X|

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="M1RWHLMmyQRQaOz2kYr/aPsXsqs=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe5EomVAEMsEvCSQHGFvM5cs2d07dveE4wjY22ptJ7b+HEv/iZuPwiQ+GHi8N8PMvDDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKXjVFHwacxj1QmJBs4k+IYZDp1EAREhh3Y4vpv67SdQmsXy0WQJBIIMJYsYJcZKTb9frrhVdwa8TrwFqaAFGv3yT28Q01SANJQTrbuem5ggJ8owymFS6qUaEkLHZAhdSyURoIN8dugEX1hlgKNY2ZIGz9S/EzkRWmcitJ2CmJFe9abif143NdFtkDOZpAYknS+KUo5NjKdf4wFTQA3PLCFUMXsrpiOiCDU2m6UtoZjYTLzVBNZJ66rq1aq15nWlfv88T6eIztA5ukQeukF19IAayEcUAXpBr+jNyZx358P5nLcWnEWip2gJztcvfvaT/g==</latexit>

U

<latexit sha1_base64="LyCkjqAbmPfPoU4pVaCqvtUK1Ms=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbzCVLdveO3T0hHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZFyacaeN5305uY3Nreye/W9jbPzg8Kh6fNHWcKooNGvNYtUOikTOJDcMMx3aikIiQYysc3U391hMqzWL5aMYJBoIMJIsYJcZK9WavWPLK3gzuOvEXpAQL1HrFn24/pqlAaSgnWnd8LzFBRpRhlOOk0E01JoSOyAA7lkoiUAfZ7NCJe2GVvhvFypY07kz9O5ERofVYhLZTEDPUq95U/M/rpCa6DTImk9SgpPNFUcpdE7vTr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiYjPxVxNYJ82rsl8pV+rXper98zydPJzBOVyCDzdQhQeoQQMoILzAK7w5Y+fd+XA+5605Z5HoKSzB+foFgImT/w==</latexit>

V



補遺 抱き合わせ交換性の証明
[O.–Schwarcz ’26]

(3/11)

目標

重み関数 を
<latexit sha1_base64="QEJRTYnXgKR+wUws14jnRb1pIo8="></latexit>

E→ := E →X → Y

とすると
<latexit sha1_base64="oIyVnl8M/mxEWz17QXaj88PckB8="></latexit>

w : E→ → Z
<latexit sha1_base64="4wXHmCz13X90mRwOaXGxyIWiTF0="></latexit>

|B→ →A| = w(B→)

<latexit sha1_base64="wWPISgm1ZPdsqmPBJlSTx6NGSPA="></latexit>

w(B→) :=
∑

e↑B→

w(e)

Frank の重み分割定理により，　　　　　　　s.t.                      ,
<latexit sha1_base64="1b49rRyr0mtJD8KjDaTgIxLm0P4="></latexit>

→c, d : E→ ↑ Z
<latexit sha1_base64="leuYMjOeBNsmzU8134ZXp3eFNgw="></latexit>

c+ d = w

一般性を失わず 　　　　　　　　 としてよい．　　　　  より，
<latexit sha1_base64="IMEkseFijGavVlXrNdgUOH48Sj8="></latexit>

c(e) → 0
<latexit sha1_base64="qTEeMlLU134WGkfgiot7VcFe62o="></latexit>

d(e) → 0
<latexit sha1_base64="OB9FfwpGBCjxraF0rRT+fXrKiuA="></latexit>

(→e ↑ E→)
<latexit sha1_base64="leuYMjOeBNsmzU8134ZXp3eFNgw="></latexit>

c+ d = w
<latexit sha1_base64="OB9FfwpGBCjxraF0rRT+fXrKiuA="></latexit>

(→e ↑ E→)

<latexit sha1_base64="Q3gKjlAMJpJgz6Z1nymkgZuZQpA="></latexit>

min{ |B→ →A| | B→ ↑ B(M/X\Y ) → B((M/Y \X)↑) } ↓ r(X + Y )↔ |X|

<latexit sha1_base64="ETq/e7BCRmw0F6CVek1dUGZPUv8="></latexit>

= min
A→→B(M/X\Y )

c(A↑) + min
B→→B((M/Y \X)↑)

d(B↑)

<latexit sha1_base64="Ixt3PY+UL+ZBWTEkYvhvUxZwjG8="></latexit>

min{ |B→ →A| | B→ ↑ B(M/X\Y ) → B((M/Y \X)↑) }

<latexit sha1_base64="1oGNaOqVf5VxbEvm3P2pupYc/EU="></latexit>

w(e) :=

{
1 (e → A↑X)

0 (e → B ↑ Y )

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭



補遺 抱き合わせ交換性の証明
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とすると，貪欲法により

目標

<latexit sha1_base64="9VmlEb3pxJ5sxJcKJB72GrymChM="></latexit>

C→t := { e → E↑ | c(e) ↑ t }

<latexit sha1_base64="T5xenqvwIDSrh7C7+2lppXj2pSA="></latexit>

min
A→→B(M/X\Y )

c(A↑) =
∑

t↓0

(rM/X\Y (C↓t)→ rM/X\Y (C↓t↔1))t

<latexit sha1_base64="SdopdlGLSBV6ar76bv8Sr/qClhA="></latexit>

=
∑

t→0

rM/X\Y (C→t)t→
∑

t→↑1

rM/X\Y (C→t↑1)(t+ 1)

(4/11)

<latexit sha1_base64="Ls/+B21rZK80ljKprF6KjJB4cVQ="></latexit>

= →
∑

t→↑1

rM/X\Y (C→t)

<latexit sha1_base64="hEuHw3cmn9jnKKDICY/iChbsT9s="></latexit>

(t → Z→0)

<latexit sha1_base64="JHaeqUbB65Czp1HylXJ6yePxhUc="></latexit>

min
A→→B(M/X\Y )

c(A↑) + min
B→→B((M/Y \X)↑)

d(B↑) → r(X + Y )↑ |X|

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭



補遺 抱き合わせ交換性の証明
[O.–Schwarcz ’26]

とすると同様に，

目標

<latexit sha1_base64="Kd94eCNYrsIewZ1GiC+dQMFTSLM="></latexit>

D→t := { e → E↑ | d(e) ↑ t }
<latexit sha1_base64="/e+F9GB6CNXMdmxa31iglW/PiTc="></latexit>

(t → Z→0)

(5/11)

<latexit sha1_base64="mjvm8S7P+nhcNfarHvSKRS2AaCI="></latexit>

r(M/Y \X)→(D→t) = rM/Y \X(E↑ →D→t) + |D→t|→ rM/Y \X(E↑)
<latexit sha1_base64="X+3jPOhjD1tkoqQWlyvJOJQKVms="></latexit>

= rM/Y \X(D→t+1) + |D↑t|→ rM/Y \X(E↓)
<latexit sha1_base64="fcUxu2vt9XBJ4DcgPyCam22EeGw="></latexit>

D→t := { e → E↑ | d(e) ↑ t } を使うと

<latexit sha1_base64="BgmPpa4B5O9+/hVn0a7xtIDEvEY="></latexit>

Dt := { e → E→ | d(e) = t }

<latexit sha1_base64="tvEzeHNY6brsOlPO/M1RMeynSWc="></latexit>

=
∑

t→0

(rM/Y \X(D→t+1)→ rM/Y \X(D→t) + |Dt|)t

<latexit sha1_base64="JHaeqUbB65Czp1HylXJ6yePxhUc="></latexit>

min
A→→B(M/X\Y )

c(A↑) + min
B→→B((M/Y \X)↑)

d(B↑) → r(X + Y )↑ |X|

<latexit sha1_base64="kSaCwL57kETXFsG+8lDxbfzzF/0="></latexit>

min
B→→B((M/Y \X)↑)

d(B↑) =
∑

t↓0

(r(M/Y \X)↑(D↔t)→ r(M/Y \X)↑(D↔t↗1))t

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭



補遺 抱き合わせ交換性の証明
[O.–Schwarcz ’26]

とすると同様に，

目標

<latexit sha1_base64="Kd94eCNYrsIewZ1GiC+dQMFTSLM="></latexit>

D→t := { e → E↑ | d(e) ↑ t }
<latexit sha1_base64="/e+F9GB6CNXMdmxa31iglW/PiTc="></latexit>

(t → Z→0)

(6/11)

前スライド

<latexit sha1_base64="kSaCwL57kETXFsG+8lDxbfzzF/0="></latexit>

min
B→→B((M/Y \X)↑)

d(B↑) =
∑

t↓0

(r(M/Y \X)↑(D↔t)→ r(M/Y \X)↑(D↔t↗1))t

<latexit sha1_base64="tvEzeHNY6brsOlPO/M1RMeynSWc="></latexit>

=
∑

t→0

(rM/Y \X(D→t+1)→ rM/Y \X(D→t) + |Dt|)t

<latexit sha1_base64="iF4vVmGaOXvcO5+jEvrqV1VmJz4="></latexit>

=
∑

t→1

rM/Y \X(D→t)(t→ 1)→
∑

t→0

rM/Y \X(D→t)t+
∑

t→0

|Dt|t

<latexit sha1_base64="FoUgj8HblrtcSY0K6dqJD64UTho="></latexit>

= →
∑

t→1

rM/Y \X(D→t) +
∑

t→1

|D→t|

<latexit sha1_base64="JHaeqUbB65Czp1HylXJ6yePxhUc="></latexit>

min
A→→B(M/X\Y )

c(A↑) + min
B→→B((M/Y \X)↑)

d(B↑) → r(X + Y )↑ |X|

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭



補遺 抱き合わせ交換性の証明
[O.–Schwarcz ’26]

目標

(7/11)
（左辺）

<latexit sha1_base64="EYjUPwSBDm3JfABjQUpcpHuKFJE="></latexit>

rM/X\Y (S) = r(S +X)→ |X|

：十分大
<latexit sha1_base64="FLuCIh8Z95ttYT+XWVw31cE67oc="></latexit>

M

<latexit sha1_base64="fq2dVVBN6WkLHR2/2kYMWPSJ0lo="></latexit>

= →
∑

t→↑1

rM/X\Y (C→t)→
∑

t↓1

rM/Y \X(D↓t) +
∑

t↓1

|D↓t|

<latexit sha1_base64="oReOTsUYWeYc4QGbtl9ekEZ0zOU="></latexit>

= →
M∑

t→1

(rM/X\Y (C→↑t) + rM/Y \X(D↓t)) +
M∑

t=1

|D↓t|

<latexit sha1_base64="9QYX9umRD5osv3sib4Z7LhRHtF0="></latexit>

= →
M∑

t→1

(r(C→↑t +X)→ |X|+ r(D↓t + Y )→ |Y |) +
M∑

t=1

|D↓t|

目標

<latexit sha1_base64="JHaeqUbB65Czp1HylXJ6yePxhUc="></latexit>

min
A→→B(M/X\Y )

c(A↑) + min
B→→B((M/Y \X)↑)

d(B↑) → r(X + Y )↑ |X|

<latexit sha1_base64="6tKJ6EN51NsUt0zejd5CbhZBB9M="></latexit>

M∑

t=1

(r(C→↑t +X) + r(D↓t + Y )) →
M∑

t=1

|D↓t|↑ r(X + Y ) + (M + 1)|X|+M |Y |

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭



補遺 抱き合わせ交換性の証明
[O.–Schwarcz ’26]

目標

(8/11)

<latexit sha1_base64="oN02AXJXdmAuE3vCuzP9MYlrR9g="></latexit>c
<latexit sha1_base64="Npk9cKpkJW+bISo8nocC4Su6LOc="></latexit>

d
0 -1 -2 …

<latexit sha1_base64="zvh2/wdf/8F5Juxp7uJf6HsJY4k="></latexit>

w = c+ d

1 2 3 …

1 0 1 0 1 0 …0

0

<latexit sha1_base64="fhhRPu5tu6ZWXmJMo9tWUsOT2w8="></latexit>

D→1
<latexit sha1_base64="hjGNss+nSmljlL4yicslnwk0SU8="></latexit>

C→↑1
<latexit sha1_base64="AwfgWrCtK/lgPdUKYCYTEm9uZSc="></latexit>

D→2
<latexit sha1_base64="Z51H1Gr0BTuNa9M51hTVlLpT8mI="></latexit>

C→↑2

考察：  は 01-値 なので，以下の包含関係がある：
<latexit sha1_base64="zvh2/wdf/8F5Juxp7uJf6HsJY4k="></latexit>

w = c+ d

<latexit sha1_base64="bz+SqEmS95OaHT+HJMbtIGS8RKQ="></latexit>

E→ = D↑0 → C↓0 → D↑1 → C↓↔1 → D↑2 → C↓↔2 → · · ·

<latexit sha1_base64="6tKJ6EN51NsUt0zejd5CbhZBB9M="></latexit>

M∑

t=1

(r(C→↑t +X) + r(D↓t + Y )) →
M∑

t=1

|D↓t|↑ r(X + Y ) + (M + 1)|X|+M |Y |

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭



補遺 抱き合わせ交換性の証明
[O.–Schwarcz ’26]

目標

(9/11)

階数関数の劣モジュラ性から，任意の  に対し，
<latexit sha1_base64="TwPod+A+m1JfC1MKzgTgCR+jO+0="></latexit>

t → 0

<latexit sha1_base64="eJHcfxNjIXBWn9v9qfJiyOyR62w="></latexit>

C→↑t → D↓t

 から  まで和をとり，辺々足すと<latexit sha1_base64="x6I48YP9SNE8f579ppJWVf2evuk="></latexit>

t = 1
<latexit sha1_base64="FLuCIh8Z95ttYT+XWVw31cE67oc="></latexit>

M

<latexit sha1_base64="Mrs/NhDwZ5wCvKEt56pxnwpU4YI="></latexit>

r(C→↑t +X + Y ) + r(D↓t + Y ) → r(C→↑t + Y ) + r(D↓t +X + Y )

<latexit sha1_base64="Z/akc1wKBIEP0nkyzCS+tCVAlH8="></latexit>

D→t+1 → C↑↓t

<latexit sha1_base64="8tI3yYUDTK2oRF5r2tS8q7DYZ2c="></latexit>

r(C→↑t +X) + r(D↓t+1 +X + Y ) → r(D↓t+1 +X) + r(C→↑t +X + Y )

<latexit sha1_base64="6tKJ6EN51NsUt0zejd5CbhZBB9M="></latexit>

M∑

t=1

(r(C→↑t +X) + r(D↓t + Y )) →
M∑

t=1

|D↓t|↑ r(X + Y ) + (M + 1)|X|+M |Y |

<latexit sha1_base64="oxkeBcXsH0gW80rQ/oGMcUMx6W4="></latexit>

M∑

t=1

(r(C→↑t +X) + r(D↓t + Y )) →
M∑

t=1

(r(D↓t+1 +X) + r(C→↑t + Y ))↑ r(X + Y ) + r(D↓1 +X + Y )

<latexit sha1_base64="HjpSxEzdq3/Qh7HHK+T2uiYN1c0="></latexit>

r(D→M+1 +X + Y ) =

<latexit sha1_base64="OpTO/KAf9ENYBlnHQVXxn+B5GVw="></latexit>

→
M+1∑

t=1

r(D→t +X) +
M∑

t=1

r(C↑↓t + Y )↑ r(X + Y )

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭



補遺 抱き合わせ交換性の証明
[O.–Schwarcz ’26]

目標

(10/11)

<latexit sha1_base64="KKqAA7/GVbNOSZiL+URl1C+bP20="></latexit>

M+1∑

t=1

r(D→t +X) +
M∑

t=1

r(C↑↓t + Y )→ r(X + Y )前スライド：左辺 =

<latexit sha1_base64="pxUzU9Pprchq9arrz+PC6fGgnuQ="></latexit>

r(D→t +X) → r((D→t ↑A) +X) = |D→t ↑A|+ |X|

階数関数の単調性  に含まれるので独立
<latexit sha1_base64="5IoxQ9I2OwQg+DdsRVa06Svn7d4="></latexit>

A

<latexit sha1_base64="rgwSWnGa2WXoFyxdTHm6PGzg1js="></latexit>

r(C→↑t + Y ) → r((C→↑t ↑B) + Y ) = |C↓↑t ↑B|+ |Y |

よって，
<latexit sha1_base64="MOFWbok3+cVLJ2k2hpg+k5j8H04="></latexit>

D→t = (D→t →A) ↑ (C→↑t →B) を示せば，目標の不等式が従う

<latexit sha1_base64="6tKJ6EN51NsUt0zejd5CbhZBB9M="></latexit>

M∑

t=1

(r(C→↑t +X) + r(D↓t + Y )) →
M∑

t=1

|D↓t|↑ r(X + Y ) + (M + 1)|X|+M |Y |

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭



補遺 抱き合わせ交換性の証明
[O.–Schwarcz ’26]

(11/11)

<latexit sha1_base64="MOFWbok3+cVLJ2k2hpg+k5j8H04="></latexit>

D→t = (D→t →A) ↑ (C→↑t →B)目標

<latexit sha1_base64="oN02AXJXdmAuE3vCuzP9MYlrR9g="></latexit>c
<latexit sha1_base64="Npk9cKpkJW+bISo8nocC4Su6LOc="></latexit>

d
0 -1 -2 -3

<latexit sha1_base64="zvh2/wdf/8F5Juxp7uJf6HsJY4k="></latexit>

w = c+ d

1 2 3 4

1 0 1 0 1 0 10

0
<latexit sha1_base64="AwfgWrCtK/lgPdUKYCYTEm9uZSc="></latexit>

D→2

<latexit sha1_base64="Z51H1Gr0BTuNa9M51hTVlLpT8mI="></latexit>

C→↑2

を思い出すと，下の図から，正しいことがわかる

<latexit sha1_base64="5IoxQ9I2OwQg+DdsRVa06Svn7d4="></latexit>

A
<latexit sha1_base64="a55QqoDgdyt3rMGWzDj3Tt6/vSc="></latexit>

B
<latexit sha1_base64="5IoxQ9I2OwQg+DdsRVa06Svn7d4="></latexit>

A
<latexit sha1_base64="a55QqoDgdyt3rMGWzDj3Tt6/vSc="></latexit>

B
<latexit sha1_base64="5IoxQ9I2OwQg+DdsRVa06Svn7d4="></latexit>

A
<latexit sha1_base64="a55QqoDgdyt3rMGWzDj3Tt6/vSc="></latexit>

B
<latexit sha1_base64="a55QqoDgdyt3rMGWzDj3Tt6/vSc="></latexit>

B

<latexit sha1_base64="Wyv6/Xuj3QZ7jfbueE95HtG0upA="></latexit>

D→2 →A

<latexit sha1_base64="5IoxQ9I2OwQg+DdsRVa06Svn7d4="></latexit>

A

<latexit sha1_base64="rNDWijI1BXVGCB5FKdIucXQ+8MI="></latexit>

C→↑2 →B

<latexit sha1_base64="1oGNaOqVf5VxbEvm3P2pupYc/EU="></latexit>

w(e) :=

{
1 (e → A↑X)

0 (e → B ↑ Y )

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭



補遺 均衡改善 Grassmann–Plücker 恒等式の証明

具体値は無視して，

となる
<latexit sha1_base64="W5/zaC0Npvb99IY+a9LOhy6Gpsg="></latexit>

c : S → Q
<latexit sha1_base64="qlMNC8PiJxrzBaChrZ9J6Zkr6Nk="></latexit> ∑

U→A\B

c(U,ω(U)) = 1で
<latexit sha1_base64="tv9V72q5N1JZeqdeAiPjxFpzmYc="></latexit>

(→ω) を満たすものの存在を示す．

均衡改善 Grassmann–Plücker 恒等式 [O.–Schwarcz ’26]
<latexit sha1_base64="RbtIUg9DfoV4Q4FyNLKBmHXdTCw="></latexit>

X → A \B, Y → B \A
<latexit sha1_base64="mDklj3vNP3f/az9+mWmh/KsXByc="></latexit>

|X| > |Y |with

<latexit sha1_base64="Y1kCy/G7VrZRCzTy73kjKuSY/pg="></latexit>

detK[A] detK[B] =
∑

U→X
V→B\A : |V \Y |=1

± 1

|U |
(|X|
|U |

) detK[A→ U + V ] detK[B + U → V ]

<latexit sha1_base64="TX3KkcLVvgQljTSUIyFlejRZmBo="></latexit>

supp(c) → U := { (U, V ) ↑ S | U → X, |V \ Y | = 1 }

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \A

<latexit sha1_base64="foTVNDsppD+AL5dTCJDKGynJvCM=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305uY3Nreye/W9jbPzg8Kh6fNHWUKIoNGvFItUOikTOJDcMMx3askIiQYysc30391hMqzSL5aNIYA0GGkg0YJcZK9XavWPLK3gzuOvEXpAQL1HrFn24/oolAaSgnWnd8LzZBRpRhlOOk0E00xoSOyRA7lkoiUAfZ7NCJe2GVvjuIlC1p3Jn6dyIjQutUhLZTEDPSq95U/M/rJGZwG2RMxolBSeeLBgl3TeROv3b7TCE1PLWEUMXsrS4dEUWosdksbQnFxGbiryawTppXZb9SrtSvS9X753k6eTiDc7gEH26gCg9QgwZQQHiBV3hzUufd+XA+5605Z5HoKSzB+foFg6+UAQ==</latexit>

X

<latexit sha1_base64="Fgd1f6oFYxx3bkK09l7V5tkAjqw=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsETKIkR9jbTJIlu3vH7p5wHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZF8acaeN5305ubX1jcyu/XdjZ3ds/KB4eNXWUKIoNGvFIPYREI2cSG4YZjg+xQiJCjq1wdDPxW0+oNIvkvUljDAQZSNZnlBgr1R+7xZJX9qZwV4k/JyWYo9Yt/nR6EU0ESkM50brte7EJMqIMoxzHhU6iMSZ0RAbYtlQSgTrIpoeO3TOr9Nx+pGxJ407VvxMZEVqnIrSdgpihXvYm4n9eOzH96yBjMk4MSjpb1E+4ayJ38rXbYwqp4aklhCpmb3XpkChCjc1mYUsoxjYTfzmBVdK8KPuVcqV+WarePs/SycMJnMI5+HAFVbiDGjSAAsILvMKbkzrvzofzOWvNOfNEj2EBztcvhUKUAg==</latexit>

Y

<latexit sha1_base64="M1RWHLMmyQRQaOz2kYr/aPsXsqs=">AAAB93icbVA9SwNBEN2LXzF+RS1tFoNgFe5EomVAEMsEvCSQHGFvM5cs2d07dveE4wjY22ptJ7b+HEv/iZuPwiQ+GHi8N8PMvDDhTBvX/XYKG5tb2zvF3dLe/sHhUfn4pKXjVFHwacxj1QmJBs4k+IYZDp1EAREhh3Y4vpv67SdQmsXy0WQJBIIMJYsYJcZKTb9frrhVdwa8TrwFqaAFGv3yT28Q01SANJQTrbuem5ggJ8owymFS6qUaEkLHZAhdSyURoIN8dugEX1hlgKNY2ZIGz9S/EzkRWmcitJ2CmJFe9abif143NdFtkDOZpAYknS+KUo5NjKdf4wFTQA3PLCFUMXsrpiOiCDU2m6UtoZjYTLzVBNZJ66rq1aq15nWlfv88T6eIztA5ukQeukF19IAayEcUAXpBr+jNyZx358P5nLcWnEWip2gJztcvfvaT/g==</latexit>

U

<latexit sha1_base64="LyCkjqAbmPfPoU4pVaCqvtUK1Ms=">AAAB93icbVA9SwNBEJ2LXzF+RS1tDoNgFe5EomVAEMsEzAckR9jbzCVLdveO3T0hHAF7W63txNafY+k/cfNRmMQHA4/3ZpiZFyacaeN5305uY3Nreye/W9jbPzg8Kh6fNHWcKooNGvNYtUOikTOJDcMMx3aikIiQYysc3U391hMqzWL5aMYJBoIMJIsYJcZK9WavWPLK3gzuOvEXpAQL1HrFn24/pqlAaSgnWnd8LzFBRpRhlOOk0E01JoSOyAA7lkoiUAfZ7NCJe2GVvhvFypY07kz9O5ERofVYhLZTEDPUq95U/M/rpCa6DTImk9SgpPNFUcpdE7vTr90+U0gNH1tCqGL2VpcOiSLU2GyWtoRiYjPxVxNYJ82rsl8pV+rXper98zydPJzBOVyCDzdQhQeoQQMoILzAK7w5Y+fd+XA+5605Z5HoKSzB+foFgImT/w==</latexit>

V



補遺 均衡改善 Grassmann–Plücker 恒等式の証明

<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭
(1/2)

の値を　　　　　　のみに依存させる
<latexit sha1_base64="MORspz6MZ44BUnGhgwCr1uto1rk="></latexit>

c(U, V )
<latexit sha1_base64="b5zOf6KuFSjMv7wBmquHTKQMa9Q="></latexit>

|U | (= |V |)

目標 となる
<latexit sha1_base64="W5/zaC0Npvb99IY+a9LOhy6Gpsg="></latexit>

c : S → Q
<latexit sha1_base64="qlMNC8PiJxrzBaChrZ9J6Zkr6Nk="></latexit> ∑

U→A\B

c(U,ω(U)) = 1で
<latexit sha1_base64="tv9V72q5N1JZeqdeAiPjxFpzmYc="></latexit>

(→ω) を満たすものが存在

ならば
<latexit sha1_base64="jlK6B8MPtbyOHwzojAxzcQ2rV+Y="></latexit>(
c(U, V ) :=

{
x(|U |) ((U, V ) → U)
0 otherwise

)

<latexit sha1_base64="x3ZBrWBfnqX5B2bgOMI3W7ZlJJ8="></latexit> ∑

U→A\B

c(U,ω(U))
<latexit sha1_base64="Ok0BNOVngvDw+EW4WC7H72ZZRDM="></latexit>

=
∑

U→A\B : (U,ω(U))↑U

x(|U |)

<latexit sha1_base64="TX3KkcLVvgQljTSUIyFlejRZmBo="></latexit>

supp(c) → U := { (U, V ) ↑ S | U → X, |V \ Y | = 1 }

<latexit sha1_base64="JDTeuyzPwoBD13F62yxDkjU0Bj4="></latexit>

=

|Y |+1∑

j=1

∣∣{U →
(X
j

) ∣∣ |ω(U) \ Y | = 1
}∣∣ · x(j)

<latexit sha1_base64="mQJ/YqDS4RYgVypDwpqWeHEU23A="></latexit>

|{U → A \B | (U,ω(U)) ↑ U , |U | = j }|



補遺 均衡改善 Grassmann–Plücker 恒等式の証明

のみから定まる量　　　　であり，
<latexit sha1_base64="Eo8P4IT1g5GckRp1qbFlna9aUHo="></latexit>

↭
(2/2)

目標
<latexit sha1_base64="tv9V72q5N1JZeqdeAiPjxFpzmYc="></latexit>

(→ω)を満たす　　　　　　　が存在

全単射  に対して，<latexit sha1_base64="kI/zFbOSYCTV4XonxikPRTY4ZS8="></latexit>ω

<latexit sha1_base64="8AP893deyjTYj7/PeFdq49MYiME="></latexit>

x : [|X|] → Q

<latexit sha1_base64="Saassx0cXvSEUtpkN/U7lEqSc+Q="></latexit>

A \B

<latexit sha1_base64="zRyjIEhEqcHSwzSpt1w6UrwW7to="></latexit>

B \Aとくに

は
<latexit sha1_base64="A+9gKcVcOttjRqsANhnUhni9tFo="></latexit>

i := |{ a → X | ω(a) → Y }|
<latexit sha1_base64="MmmsdKziwMcOafhQqoTiZYTyPMg="></latexit>

C(i, j)

<latexit sha1_base64="MmmsdKziwMcOafhQqoTiZYTyPMg="></latexit>

C(i, j) なので，

<latexit sha1_base64="vaZwyy/KXaZu73e2QEbzxKUhpoQ="></latexit>∣∣{U →
(X
j

) ∣∣ |ω(U) \ Y | = 1
}∣∣ =

∣∣{U →
(X
j

) ∣∣ |ω(U) ↑ Y | = j ↓ 1
}∣∣

<latexit sha1_base64="8PBHFp82RPqIgjW62dTIjW/pC5Y="></latexit>{
→= 0 (j ↑ 1 ↓ i)

= 0 (j ↑ 1 > i)

行列 は対角非零の下三角 ⇒ 正則．
<latexit sha1_base64="aFVAPrAgLrI+CMgifkJEyHw1rSA="></latexit>

C = (C(i, j))0→i→|Y |,1→j→|Y |+1

よって，　　　　　　とすればよい．

<latexit sha1_base64="XUtmxvI19kUbCqm5mnrnJ3BLpVc="></latexit>

|Y |+1∑

j=1

∣∣{U →
(X
j

) ∣∣ |ω(U) \ Y | = 1
}∣∣ · x(j) = 1

<latexit sha1_base64="3yi+bB5vRfebQa6Rja6dub/fsks="></latexit>

x = C→11

<latexit sha1_base64="aaxiWMDT35YjnzTh/dfyUPolmW8="></latexit>

X

<latexit sha1_base64="GLQ2dtXjk1JRD7e0wlXAfpN1c6Q="></latexit>

Y

<latexit sha1_base64="FaBFLVMLcCNC2WAEjALRX6oQfeQ="></latexit>

i = 2



補遺 符号の正確な定義

<latexit sha1_base64="d1Vzx/W+47shUvd1DysMl6wRyh8="></latexit>

K[A;→X,+Y ]
<latexit sha1_base64="28EUYvRKAxkv7VRSevyDM4/X+rw="></latexit>

K[A]<latexit sha1_base64="vWkKd/NQAYG5pUnAMxDQee8Axe8="></latexit>:= のうち，各　　　　  について，

<latexit sha1_base64="0bOY5D6KQwwgrR6iWgFKUUCTvXk="></latexit>

X = {x1, . . . , xt} → A
<latexit sha1_base64="xinYl8zJ06ed7rjRzexpHwilV+M="></latexit>

(x1 < · · · < xt)
<latexit sha1_base64="FqAcmno0qGwcTiXlIttlBG8G7UU="></latexit>

(y1 < · · · < yt)

<latexit sha1_base64="wo9EZJz3bUIdBlmUuOpT+rB3ozs="></latexit>

1 → i → t

 に対応する列を  に対応する列で置き換えた行列<latexit sha1_base64="6uIMbbUORTke1p8tpeqFXToCjFs="></latexit>xi
<latexit sha1_base64="It8ZZ/omNwYGWONHJfVybSP8is4="></latexit>yi

<latexit sha1_base64="NqqRZ868n24fLUUgsz4T2dPOgGQ="></latexit>

K =




1 2 3 4 5 6
11 12 13 14 15 16
21 22 23 24 25 26





<latexit sha1_base64="dpKCo8UnuWt+4aHDOmNESUKbVgU="></latexit>

K[A] =




1 3 4
11 13 14
21 23 24





<latexit sha1_base64="w+XfYvX0a4zTy4vkhPIMhizWdh0="></latexit>

A = {1, 3, 4}
<latexit sha1_base64="hR1cL7itIMTfLD1gFasX22JqcGg="></latexit>

X = {1, 4}
<latexit sha1_base64="hnywqv4RtjGuYIeZl0vk+BON5HE="></latexit>

Y = {5, 6}

<latexit sha1_base64="p2a82e7DmpA29iPxop+3qEX5ZPE="></latexit>

K[A;→X + Y ] =




5 3 6
15 13 16
25 23 26




<latexit sha1_base64="IzZDepyDHU87yOsGQ9EaHNx/ymI="></latexit>

Y = {y1, . . . , yt} → B

<latexit sha1_base64="X+wa4guY3KNIbO4+TzepCxutipY="></latexit>

K[B; +X,→Y ] も同様に定義

<latexit sha1_base64="3ZTaGyzPl/HFEE4CCSe47uW0eFI="></latexit>

A,B →
([2r]

r

)
, A ↑B = ↓, A+B = [2r]

<latexit sha1_base64="NHf31ALuhgqWS9y0jzuuBMJZwFY="></latexit>

K → Qr→2r

<latexit sha1_base64="ghq4puuabktDubhS+bt6paskfRw="></latexit>

µ(X,Y ) := detK[A;→X,+Y ] detK[B; +X,→Y ]


