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Abstract

A systematic construction method of orthonormal basis on self-similar sets is given by
the use of representations of the Cuntz algebras. We introduce two kinds of orthonormal
basis of self-similar sets including explicit description for the Cantor set, the Sierpinski
gasket and the Sierpinski carpet.

1 Introduction

It is well known that Fourier analysis is one of the most important tools for the analysis
and geometry on manifolds. In a sense of generalization of this, there are several studies
of self-similar sets according to the aim of applications of analysis of Laplacians on them
([Kil, Ki2, Sa, Tep]). On the other hand, we have interest in Fourier analysis on self-similar
sets in a sense of harmonic analysis. In this paper we shall give a method of constructing
orthonormal basis of the Lo-space with respect to the Hausdorff measure on the self-similar
set systematically by using the representation theory of the Cuntz algebra. Our main result
can be stated in the following:

Theorem 1.1. (Main theorem) Let K be a self-similar set with contractions {o;}N.,, N > 2,
contraction ratios {/\i}fv:p the similarity dimension D, and the Hausdorff measure u® on
K. Put Ly(K, ) the Hilbert space of all complex valued square integrable functions on K.

Choose a unitary matricx g = (gij)z]‘szl € U(N) such that g1; = /\jD/2 forj=1,...,N.

Put a subset of multiindices consisting of 1,..., N by
Ay ={1,...,N}UJ ({1,...,N}k_1 x {2,...,N}) (1.1)
E>2

and symbols Kj = 05(K), oj5=o0j,0---00j, A\g = Xj,---Aj, when J = (ji1,...,jk) €
{1,...,N}*, and denote xx, the characteristic function of K; for J € {1,...,N}* k > 1.
Then the followings hold:
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(i) There are two kinds of complete orthonormal basis(=CONB) on Lo(K, u):
(a) A CONB{E;:1¢€ AN} of Lo(K, uP) is given by
Er = Z CILUIXK;
Je{l,...,N}*k

for I € Axyn{l,...,N}* k>1 where

k
— _D/2 *
Cr,J = )‘J ngz,iz
=1

when I = (iy,...,i;) € An, J = (j1,...,gr) €{1,..., N}, k> 1.
(b) A CONB {H; : I € An} of La(K, uP) is given by

N
—D/2 —D/2 -
Hi=) X Pgixi, Hij=M""xk, Hjooy!
=1

fori=1,...,Nandj=2,...,N, Je{l,... N} k>1.
(i) For ¢ € Lo(K, uP), we have the following expansions:

(a)
¢= > aEy, (1.2)

TeAy
where
w= Y [ el (1.9
Je{l,...,N}*k K
when I = (iq,...,i;) € AN.

(b)

¢= > biHl (1.4)
IeAy
where
S D D al D
—D/2 -D/2 -D/2
bi=) A /gz'z/ o(x)dpP (), bay =" >N /gﬂ/ o(x)duP (x)
=1 Ki =1 K.
(1.5)

wheni=1,...,N,j=2,...,N and J € {1,...,N}*.

In § 2, we review generalized permutative representations and the Hausdorff represen-
tations of the Cuntz algebra on self-similar sets and show the construction of orthonormal
basis. In § 3, we give examples of complete orthonormal basis by g € U(N) arising from the
N-th root of unity for self-similar sets with the common contraction ratio. In the cases of
the Cantor set, the Sierpinski gasket and the Sierpinski carpet, we give concrete formulae
of basis in an explicit manner. In § 4, we construct basis for several examples by orthogonal
matrix. In Appendix C, we show relations between states and representations associated
with self-similar sets.



2 GP representations and Hausdorff representations of the
Cuntz algebra and basis

For N > 2, a C""-algebra with generators s, ..., sy which satisfy the following relations
N
sisj =0yl (i,j=1,...,N), Zsz-s,le (2.1)
i=1

is called the Cuntz algebra([C]) and is denoted by On. Op is non commutative, infinite
dimensional, separable, simple and unique up to isomorphisms. Hence there is no finite
dimensional representation except O-representation. We notice that these relations give an
algebraic description of the division of the total space into N-parts.

We denote

SJESjl"’Sjk, SJ:Sjk"‘Sjl
for a multi index J = (j1,...,5%) € {1,...,N}* k > 1. In this paper, a representation
always means a unital *-representation on a complex Hilbert space.

2.1 GP representations of Oy with 1-cycle

We show only the 1-cycle case about GP representations of Cuntz algebras with cycle in
[Kal]. Let S(CV) = {z € CV : ||z|| = 1} be the complex sphere in a complex vector space
CN

Definition 2.1. (H,w, Q) is the GP(= generalized permutative) representation of On by
z=(21,...,2n) € S(CN) if (H, ) is a cyclic representation of On and Q is the unit cyclic
vector which satisfies the following equation:

TF(Z181+-~-+ZNSN)Q=Q. (2.2)
We denote GP(z) = (H,m, ).

For two representations (Hy,71) and (Hz, m2) of On, (H1,m1) ~ (Hz,m2) means the unitary
equivalence between (Hj,m) and (Ha, m2).

Theorem 2.2. (Characterization of GP representation with 1-cycle)

(i) (Existence and Uniqueness) For any z € S(CV), GP(z) exists uniquely up to unitary
equivalences.

(ii) (Irreducibility) For any z € S(CN), GP(z) is irreducible.
(iii) (Equivalence) For z,z € S(CN), GP(z) ~ GP(2') if and only if z = 2.

(iv) (State) For z = (z1,...,2n) € S(CV), GP(2) is equivalent to the GNS-representation
by a state p of On (that is, p is a linear functional on On such that p(I) =1, p(z*) =
p(x), p(z*z) >0, for x € On) which is defined by

p(sysy) =Zjzy (2.3)

where J,J € Upso{l,..., N, |J|+|J| > 1, 25 = 2zj, -~ 2, when J = (j1,...,jk),
and sy =1, zy =1 when J = (.



Proof.  For (i),(ii),(iii) see Appendix A.

(iv) Assume that (H,7,Q) is GP(z). Let p(z) =< Q|n(2)Q2 > for z € Oy. Then p
satisfies (2.3). On the other hand, a state p of Op is uniquely determined by (2.3). By the
uniqueness of GNS-representation and the cyclicity of GP(z), the GNS-representation of p
is equivalent to GP(z). O

Next we proceed to two kinds of constructions of orthonormal basis for general GP
representations.

Proposition 2.3. For z € S(CV), if (H,n,Q) = GP(2), then we have the following two
complete orthonormal basis(=CONB) of H which depends on g € U(N) under the condition
g1 =% forj=1,...,N.

(i) (Construction A) Put

Er= Y gim(s)Q (2.4)
Je{l,...,N}*

and
k
* *
951 = ngl,il
=1

when J = (j1,...,jx) € {1,..., N} and I = (i1,...,iy) € Ax. Then {Er: I € Ay}
is a CONB of 'H.

(ii) (Construction B) Put

N
H, = Zgl*iﬂ(sl)ﬁ (i1=1,...,N),
=1 (2.5)
Hjj= n(ss)H; (Je{l,...,N}* j=2,...,N, k>1).

Then {Hr: 1 € Ax} is a CONB of H.

Proof. (i) By expanding results in Lemma A.5, we have (2.4). (ii) Note H; = E; for
i=1,...,N. Hence Hy,...,Hy are mutually orthonormal by (i). By (2.1), we can show
< W(SJ)HJ"W(SJ/)H]./ >= 5j,j/5J,J/' [

Note that sums in (2.4) and (2.5) are always finite.

Remark 2.4. Both constructions of basis in Proposition 2.3 depend on the choice of g €
U(N). On the other hand, the representation is unique up to unitary equivalences for any
g € U(N) which satisfies (??). In general, g is taken from the mapping group {¢g : N —
U(N)} in [Kad]. By using ¢ in this set, we can make more complicated orthonormal basis
for GP(z). In this paper, we treat only two cases in them.



2.2 Hausdorff representations of Oy on self-similar sets

We proceed to representations of the Cuntz algebras on self-similar sets. For this purpose,
we start from general construction of a representation of the Cuntz algebra on a measure
space([BJ, QM1]).

Let (X, p) be a measure space and N > 2.

Definition 2.5. A family f = {f;}¥, is a (measure theoretical)branching function system
m

ae. on X fori=1,....,N, p(fi(X)N f;(X)) =0 wheni # j, and p (X\Ufil fZ(X)> =0.

on (X, p) if fi : X — X is a measurable injective map such that there exists ®; =

Lemma 2.6. For a branching function system f = {fi}X, on (X,p), define operators
7rf<si) : LQ(Xv M) - LQ(Xv M) by

@M@} o (@) (e fil).
(mp(si)¢)(z) = (2.6)
0 (otherwise)

for ¢ € Lo(X,pu) andi=1,...,N. Then (L2(X, ), 7f) is a representation of On.

Proof. We can show that {m(s;)}Y, satisfies relations (2.1) directly. O

Next we recall some basic facts on self-similar sets by [F, HJ.

We consider a self-similar set (K, {o;}Y,) with contraction ratios {\; : 0 < \; < 1,i =
1,..., N} which satisfies the following conditions: K is a compact subset of R™ and o; is
a contraction on K with contraction ratio \; for ¢ = 1,..., N with respect to the Euclid
distance in R™ and this data satisfies

N

Uoi(K) =K, 4P (0i(K) Noj(K)) =0 (i #j), (2.7)
i=1

where 1? is the Hausdorff measure on K which satisfies u” (K) = 1. A positive real number
D which satisfies the following condition

MW+ +AR =1 (2.8)
is called the similarity dimension of K. Here we put the following notations:
KJ = O'](K) (29)

where 0y = 0j, 000y, for J = (j1,...,jx) € {1,...,N}¥ and k > 1. For (K, {o;},), let
Ly(K, 1) be the Hilbert space of complex valued square integrable functions on K by pP.
Because a family o = {0;}Y; on a measure space (K, 1?) satisfies the condition of branching
function system in Definition 2.5, we have the following representation (Lo(K, u”),n,) of
On:
NP0 (7M@) (@ e oK),
(Wo(si)d)) ($) = (Z = 17'--7N) (210)
0 (otherwise),



D/2
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for ¢ € Lo(K,u"”). From this, we have (m,(s;)*¢) (z) = A
z € K and ¢ € Ly (K, uP).

¢(oi(x)) for i = 1,...,N,

The representation (Lo(K, uP),m,) of Ox which is defined in (2.10) is called the Haus-
dorff representation of On on (K, {o;}Y,)([MSW] and see Appendix B). Let 1 be the
constant function on K with value 1. By assumption u”(K) =1, ||1|| = 1. Note

To(s)l =" vk, (i=1,...,N). (2.11)

From this we have

To(sy)1 = )\;D/2XKJ (2.12)

fOI‘J:(jl,...,jk)E{l,...,N}k where )\J:)\jl--'/\jk.

Lemma 2.7. The Hausdorff representation (La(K,u"),m,) is a cyclic representation of
On with the unit cyclic vector 1.

Proof. By (2.12), {xk, : J € {1,...,N}* k> 1} C Lin < {m,(s7)1 : I € Ax} >.
Hence 7,(On)1 = Lao( K, ). O

Theorem 2.8. Let (Lo(K, uP),7,) be the Hausdorff representation of On on (K, {o;}N ;)
with contraction ratios {)\i}f\il and the similarity dimension D. Then the followings hold:
(i) (Lo(K, uP),7,,1) is GP(z) for z = ()\f)/g, ce /\][\)]/2).
(i) (Lo(K,puP),7s) is irreducible.

Proof. By (2.8), z = ()\?/2, . .,)\2/2) € S(CY). According to (2.11), the following
holds:

N N
o (s(2))1 = (Z Af’%(sn) 1= xx, =1.
=1 i=1

By Lemma 2.7, (Lo(K, uP), 7, 1) is GP(z). Hence (i) is proved. By Theorem 2.2 (ii) and
Theorem 2.8, (La(K, i), 7,) is irreducible. Therefore (ii) is proved. O

Remark 2.9. (Contraction ratios and invariants of representations) In this paper, we treat
only the case of self-similar sets with constant contraction ratios. By Theorem 2.8 and
[MSW], it seems that constant ratios are always important to characterize representation
as the parameter z of GP representation. However, we can show that a representation of
09 associated with non constant case in [QM1] is equivalent to some GP representation.
In this sense, the contraction ratio is independent in the invariant of representation of the
Cuntz algebra in general.

Relations between Hausdorff representations and states of Oy are explained in Appendix

C.



2.3 Construction of orthonormal basis on self-similar sets

We shall give a construction method of orthonormal basis on self-similar sets and prove
Theorem 1.1.

Lemma 2.10. Let (K, {o;}Y.,) be a self-similar set with contraction ratios {\;}Y., and the
similarity dimension D. Take g = (gi5) € U(N) which satisfies

g =22 (j=1,...,N). (2.13)

We have two kinds of complete orthonormal basis(=CONB) of Lo(K, u?) as follows:
(i) A CONB {E;: I € Ay} of La(K, uP) is given by

—D/2 &
Er= > APg i, (2.14)
Je{1,...,N}k

for I € Axnn{l,...,N}*. Specially, By = 1.
(ii) A CONB {H;: I € Ax} of Lo(K, uP) is given by
N
—D/2 —D/2 _
2= X" gixr. Hiy=2\""xg, Hjoo;' (2.15)
=1
forJe{l,... . NY i=1,...,N and j =2,...,N. Specially, H; = 1.

Proof. (i) By Proposition 2.3 (i) and Theorem 2.8, we have a CONB {E; : I € Ay}
for Lo(K, uP). A function E7 on K is computed by (2.4) and (2.12) as follows:

Er= E gJ,ﬂTa(SJ)l = E gJ,I)‘J / XK,
Je{l,..,N}*k Je{l,..,N}*k

for I € Ayn € {1,..., N}~
(ii) By Proposition 2.3 (ii) and Theorem 2.8, we have a CONB {H; : I € Ay} for
LQ(Ka :U‘D) O

Proof of Theorem 1.1
(i) is shown by Lemma 2.10. The second assertion is a direct consequence of the orthonor-
mality condition: When we expand a function ¢ € Lo(K, uP) by {E;: I € Ay}

= arFy, (2.16)
IeAN
we have
01 =< Eilo >= [ o) B’ (o)
K
Note g7 ; = gr1,7. Hence (ii) (a) holds. (ii) (b) follows in the same way. O



3 Examples of orthonormal basis by N-th root of unity

In this section and next, we give several examples of orthonormal basis of Lo(K, P) in
Theorem 1.1 (i) by choosing a unitary matrix g € U(N). In this section, we treat g arising
from N-th root of unity for self-similar sets with common contraction ratio.

3.1 Construction of unitary matrix arising from N-th root of unity and
basis

Assume that (K, {o;}}¥,) is a self-similar set with common contraction ratio A with the
similarity dimension D. Then automatically, AP = % by (2.8). By taking the N-th root
¢ = 2™ =1/N of unity, we can make the following unitary matrix g = (9i5) € U(N) in
Theorem 2.8 by

=00 (G j=1,...,N). (3.1)

1 1 1 1 1

L 1e e e
=21 e @ ¢ ¢
VBl e g
1S e

Denote

k
(1) = (=1 —1) (3:2)

for I = (i1,...,ir),J = (j1,-..,Jx) € {1,..., N}*. Then E; in Theorem 1.1 (i) (a) by g is
given by
Er= Y Wy, (3.3)
Je{l,...,N}Fk

for I € Ay N {1,...,N}*. We discuss meaning of this basis in § 3.5 in detail.
Let Zy = {2™V-IL/N . [, =0,...,N —1}.

Proposition 3.1. Let (K, {o;},) be a self-similar set with common contraction ratio and
the Hausdorff measure uP. Then there is a complete orthonormal basis of La(K, u?) which
consists of Z-valued functions on K.

This proposition is a special case of Theorem 1.1. However it is effective to explain the
non-triviality of our construction of basis. In general, it is difficult to construct a basis which
consists of Z y-valued functions in a Le-space according to ordinary orthogonalization(Gram-
Schmidt and so on) of vectors in a Hilbert space.



3.2 The Cantor set

The Cantor set is defined as a unique compact set K such that K = f;(K) U fo(K) where
contractions fi, fo are defined by fi(z) = %:p, fo(x) = 3(35 + 2) on R. Specially K
is a subset of a closed interval [0,1]. Then K; = K N [ay,bs] where a;y = f;(0) and
by = f7(1). Note AP =\ = % Take £ = —1. In this case, Ay = {1,2} U{(1,2),(2,2)} U
((1,1,2),(1,2,2),(2,1,2),(2,2,2)} U - - -

Then we have the following functions in (3.3):

Er= > (-D"xg, (IeAyn{L2}").
Je{1,2}k

From this, we have
Elz]-a EZZXKl — XKa>
INPES XKi11 — XKi2 + XKz1 = XKaas Ey = XK1 = XK1z = XK21 T XKao-

3.3 The Sierpinski gasket 1

The Sierpinski gasket is defined as a unique compact set K such that K = f 1(K ) U
f2(K) U f3(K) where the branching function system f = {f;}?_; is defined by f; : —
R3  fi(z) = 3(z +¢) for i = 1,2,3 where {¢;}?_; is the canonical basis of R3. Spec1ally,
K is a subset of the 2-simplex Ay = {(71,22,73) € R®: 0 < x;, 1 + 22 + 23 = 1}. Then
AP =1 for each i = 1,2,3. For £ = ¢>™~1/3 g in (3.1) is

11
=— 11 &
gl

The basis {Ey : I € Ag} in (3.3) is given by
El — 17 E2 XK1 + é-XKQ +£ XKz E3 = XKy + §2XK2 + fXKg

We illustrate them by using the identification K; and f;(Asg) for J € A3 as follows:

B By : B3 :




In the same way, we have the followings:
Ei2 = XKy, + XKy + X5 + XKy + EXKay + E2X Koz + XK + EXKsn T XKz
By = Xkn + XK + E2XKns + EXKo + EX Ko + XEas + EXXKa1 + XKz + EXEas
B3y = Xkn + XK + E2XKns + E2 XK + XKop + EXEKas + EXKs + EX K + XKz
B3 = Xk + & XK +EXKs + XKa + E X Koy + EXKas + XKa1 + EXKan + EXKas»
Ey3 = Xkn + EXKw + EXKs + EXKa + XEKaz + X Koz + EX XK1 + EXKs2 + XKz

E33 = XK1 + §2XK12 + gXKls + €2XK21 + §XK22 + XKo3 + SXK:H + X K3z + §2XK33‘

Erp Es

3.4 The Sierpinski carpet

The Sierpinski carpet is defined as a unique compact set K such that K = fi(K)U---Ufs(K)
where the branching function system {f;}%_; is defined by f; : R> — R?;  fi(x) = %(ZL‘-FCZ')
fori=1,...,8 where (¢;)%_; = ((0,0),(1,0),(2,0),(2,1),(2,2),(1,2),(0,2),(0,1)). Specially
K is a subset of [0, 1]2 = [0,1] %[0, 1]. Let a = ™ ~1/4. We have the basis which is illustrated
as follows:

10



1 1 1 al a® a* a? a? 1

1 1 a’ a’ ab ab

1 1 1 1 a a® 1 a® at
£y Es Es

a? a’ a? 1 a* 1 al a a*

a® a at at a? a’

1 a’ ab 1 at 1 1 a® a?
Er Eg

a* ab 1 a? a’ a*

a? a? a a®

1 ab a? 1 a’ ab

In this case, the Hausdorff representation (Lo(K, uP),7s) of Og on K is GP(z) for z =

(#ﬁ) e S(CY).

3.5 Fourier analysis on self-similar sets by the Cuntz algebra

Harmonic analysis of self-similar sets is studied in [Kil, Ki2]. We consider this subject in
the point of view of representation theory of the Cuntz algebra. More precisely, we try
to consider the meaning of our basis which are obtained by representations of the Cuntz

11



algebra as harmonic analysis style.
Recall § 3.1. We construct a basis {E; : I € Ay} of Lo(K, uP) for a self-similar set
(K,{oi}.,) with common contraction ratio. Ey in (3.3) can be rewritten by

E(z) = 2™V 10@) (3.4)

for x € K where
7 1
51:K—>{N:z:0,1,2,...}; 51(x)EN Z (I|J) - xKr,(x)
Je{l,...,N}*k

for I € Ay N {l,...,N}*. By this parameterization, every value of (3.4) belongs to a
finite set Zy. According to the expansion formula (2.16) in this case, we have a unitary
transformation

Lo(K, pP) — Lb(Ay); o) = /K 6_2”\/__151(I)¢(x) duP (x)

which seems Fourier transformation on K in usual harmonic analysis by replacing the or-
dinary symmetry of group by that of the Cuntz algebra Oy, for example, this situation is
similar to the harmonic analysis between T! = {2 € C : |z| = 1} and Z.

This is an answer of our question in § 1. In this way, a self-similar set K and the discrete
space Ay of symbols are dual in a sense of classical harmonic analysis. In consequence, the
basis E; seems as a character of K with index I € Ay which is a map from K to Zy. On
the other hand, the inverse transformation of * is given by

Ta(AN) = Lo(E pP); d(a) = Y eIy ),
JeEAN

By summarizing these consideration and (3.3), we have the following:

Theorem 3.2. Let (K, {0;}Y,) be a self-similar set with common contraction ratio and the
Hausdorff measure . Then any ¢ € Ly(K, uP) has the following expansion

o(x) =co+ Z Z cre2mV=101(z)

k>01e{1,..,N}kx{2,..,N}
where

0= [ ol @), o= [ T dl @),

The transformation rule of the basis {E; : I € Ay} by the branching function system
{o;}¥, is given as follows:

Proposition 3.3. Let {E; : I € Ay} be the basis of Ly(K, uP) by 2™V =UN for a self-
similar set (K,{o;}X.|) with common contraction ratio in (3.3). Then

Ejooj = 627“/—_1(2'—1)(]'—1)/]\717 Ejoo; = 627r\/—_1(i1—1)(j—1)/NE1,
fori,j=1,...,N and I = (i1,...,ix) € AN, k > 2 where I = (G2, ..., 0K).

12



Proof. Let I = (i1,...,1;) € Ay. Assume that & > 2. By (3.4),

s oo 1
Eloo_i:eQﬂ'\/_l(SI Uz’ (5IOO-Z:N Z (I’J)XKJOO—Z
Je{l,...,N}Fk

Note oi(z) € Ky & wx€o;(K;) <« ji=1whenJ=(j,...,ji). Hence the sum
in the rhs in the above remains only J which satisfies j1 = 7, and xg, o 0; = XK when

J = (ja,...,jr). By definition of (I|J) in (3.2),

k
(1) = (b =11~ 1) = (i = DG~ D+ (T]]).
=1
Therefore
1 . root
Srooi= (G =060+ 1)) xxe,
J'e{1,.. ,N}k 1
1 / /
= y@-1E-1 > x>, (U)xk,
J/e{l,...,N}k—l J'e{l,..,N}k-1
1. .
= & {(h—1)(E—1)1+6,}.
Hence
Eroo; = p2mV/=1(i1=1)(i=1)/N ,27v/=18 1 _ ezﬂﬁ(il,l)(i,l)/NEﬂ'
In the same way, k = 1 case follows. O

Corollary 3.4.
AVIIBININE, (1> I, I = (L, D), |1h] = |J]),

Ejooy =12 2V—1Ul1)/Nq (I = |J]),

e2mV =11 /Ny (1] < |J), J = (J1, =), || = |J1]),

where |I| means the length of I € Ay. Specially E1 0oo0; = Ey = 1 for each J €
{1,...,N}¥* k> 1.

Proposition 3.3 shows that the transformation by the branching function system brings
the multiplication of a phase factor belonging to Zy and transformation rule gives the
recursive construction of the basis {Ej : I € Ay} from single function 1 by {o;} ;. In this
sense, we can always construct these basis without information of a representation of the
Cuntz algebra.

13



4 Examples of orthonormal basis by orthogonal matrix
We give examples in Theorem 1.1 (i) (b) where g € U(N) is chosen in the orthogonal group
O(N).

4.1 Construction of orthogonal matrix associated with contraction ratios
and basis

Assume that (K, {o;}}¥,) is a self-similar set with contraction ratios {)\;}}*; and the simi-
larity dimension D. We construct orthogonal matrix g € O(N) under the condition (2.13).

If N =2, then put
- AlD/Q )\QD/Q
ADPE PR

Assume that N > 3. In this case, put g = (gi;) € O(N) by

D
915 = A 2

( en? (j=1),
g2; =

—EAPP @<,
gi= { e (=i, (3<i<N),
/\D/2 .
{ _5171)‘]'/ (i<j<N),

for j=1,..., N where
)\D

e = )‘Ei-l—i_"'—’—)‘% o = i
TN O D) TN P AR (A, -+ AR)

for1<i< N —1.
Then Hy in Theorem 1.1 (i) (b) by ¢ in the above is given by

N
' -D/2 -
Hy =1, Hj=c¢jixk; —€j1 Z XK, Hiyj=2A; / “Hjooy! (4.1)
l=j+1

for j =2,...,N and J € {1,...,N}*. In this way, we have a complete orthonormal basis
{H;: I € An} by g. We see that every coefficients in (4.1) is real. Therefore {H;: I € Ax}
is a basis consisting of real valued functions on K.

Proposition 4.1. {H; : I € Ay} defined in (4.1) is a complete orthonormal basis of
Lo(K, uP; R) which is the Hilbert space of all real valued square integrable functions on K.
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4.2 Interval dynamical systems

We consider interval dynamical systems as examples of self-similar set with the integral

similarity dimension 1.

In case of N =2, let K = [0,1] and f = {f1, f2}, fi(z) = 32 and fo(z) = 22+ 3. Then
([0,1], {f1, f2}) is a self similar set with common contraction ratio % and the similarity
dimension 1. In this case, we have so called the Haar basis on the interval by (4.1), the

following g € U(2) and e, ¢}

(1) i
This construction is same in the case of § 3.1 for N = 2. The Hausdorff representation of
07 by f is equivalent to that in § 3.2.

We generalize this as follows: Fix 0 < a < 1. Let f = {f1, fo} on [0,1] by fi(z) =
ar, fa(r) = (1 — a)x + a. Then their contraction ratios are a and 1 — a. Data for
construction of basis in § 4.1 are given by

_ va V1-a _ J1-a ;o a
g_<\/1—a —Va )’ L a ’ El_\/l—a'
Note that the representation (L2[0, 1], 7¢) of O3 by f is GP(z) for z = (y/a, /1 — a) € S(C?).
Hence a € (0,1) is corresponded to an equivalence class of irreducible representations of O
and representations associated with any two different points in the open interval (0, 1) are
inequivalent by Theorem 2.2 (iii).

Next we treat N = 3 case. Fix 0 < a,b,c < 1 such that a + b+ ¢ = 1. Consider a
branching function system f = {f;}?_, on [0, 1] defined by

filz) =az, fo(x)=br+a, f3(z)=cr+1-—c

Then their contraction ratios are given by a,b,c. Then we have

Va Vb Ve
g= \/—“_\/gba—l%

1_
b
0 Ve Vb

15



1—a
V a 17 1—a b—l—c b—l—c

The representation (L2[0,1],77) of O3 by f is GP(z) for z = (v/a,Vb,\/c) € S(C?). a =
b=c= % if and only if (L2[0,1], 7y) is equivalent to the representation of O3 in § 3.3.

We treat a representation of Oy arising from an interval dynamical system by a real
quadratic transformation in [QM1]. Interval dynamical systems by piecewise linear trans-
formations are treated in [CKR] in detail.

4.3 The Sierpinski gasket 11

In § 4.1, when N > 3 and )\? = % for each j =1,..., N, we have the following orthogonal
matrix g = (g4j) for construction of basis:

N -1
- =1
g1 = —F/— j:]-) 7N7 g2 =
J \/N J 1 ‘
NN (2<j <N),
(0 (1<]<Z_2)a
N—-i+1
N—-i+1 i
9ij = N—i+2 (j=i-1),
-1
(i<j<N),
VN —i+1)(N —i+2)

for 3 < i < N. For example, when N = 3,
11 1

/ 1 / 3
s 51:\/57 5125, €2 = &9 = —=.

g:

oghs
sl
SN

The basis on the Sierpinski gasket are given as follows by the same style of illustration in §
3.3:

H,y

Hjy

Note that basis in the above are different in that in § 3.3 clearly. This difference occurs that
of two constructions and parameter g.
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4.4 A kind of the Sierpinski carpet

We consider a self-similar set (K, {f;}5_;) with two different contraction ratios \; = 2,
i=1,2,3,4and \; = 1, i =5,6,7,8. Define f; : [0,1]* — [0, 1]%;

1
5(93 +¢) (1=5,6,7,8),

where (¢;)%_; = ((0, 0),(3, 0),(3, 3),(0, 3),(2, 0), (4, 2),(2,4), (0, 2)). The following fig-
ure(correctly, the limit of this kind of figure) is a unique set K such that K = fi(K)U---U
fa(K):

fi(x)zé(2x+ci) (1=1,2,34), fi(z)=

The similarity dimension D of (K, {f;}}_,) is a solution of the equation 4(2P 4 1) = 5P.
Ingredients g € O(8), {e;,;}7_, to construct orthonormal basis of Ly(K, u”) by (4.1)
are given by

cla —eja —eja —eja —e)b —epb —eyb —eyb
0 0 —tya —t4a E:Qb —5:2b —5i2b —5:21)
g = 0 0 €30  —€30a —E;b —egb —5§b —s?)b 7

0 0 0 €40 esb —egb —eg4b —g4b

0 0 0 0  esb  —esb —esb —egb

0 0 0 0 0  egb —egb —egh

0 0 0 0 0 0 erb  —ezb

61:\/1—612 o a 62:\/1—2a2 o a
a Vi—a?’ awl-a2 > J0-a)(1-2d2)
V1 —3a? ;o a 2b ;o a

T w22 V(1 =2a)(1 = 3a?) avI—3a2" ' 2bv/1-—3a2



va 5 2\/§b’ 6 \/gba 6 \/§b7 7 7 \/ib
where a = (%)D/Q, b= (%)D/Q. In this case, the Hausdorff representation (La(K, uP),ms) of
Og on K is GP(z) for z = (a,a,a,a,b,b,b,b) € S(C?).

€5

Appendix

A Proof of Theorem 2.2

Results in Theorem 2.2 are included in [Kal]. For convenience, we show the proof of Theorem
2.2 here.
A.1 The standard representation of Oy

We show examples of GP representations in order to prove Theorem 2.2. Let l3(N) be
the Hilbert space with the canonical basis {e, : n € N}, N = {1,2,3,...}, and make the
following representation (l2(N),mg) of the Cuntz algebra Oy which is called the standard
representation of Oy ([AK]):

ms(si)en = enm-1y4i (i=1,...,N,n€N). (A.1)

From this, we have 75(s;)*en(n—1)+; = dijen for i,j = 1,..., N and n € N. Note that this
is a permutative representation of Oy by [BJ]. By (A.1),

ws(s1)er = e. (A.2)
Proposition A.1. Let (I2(N), wg) be the standard representation of On which is defined in
(A.1).
(i) (I2(N),7s,e1) is GP(z) for z = (1,0,...,0) € S(CV).
(ii) (I2(N),wg) is irreducible.

Proof. (i) Since (A.2) and the cyclicity of (I2(N),7g), the statement holds by the
comparison with (2.2) in Definition 2.1. (ii) By [BJ], this representation is irreducible. [

Lemma A.2. Let (H,7,Q) be GP(1,0,...,0). Then {n(s;)Q2: 1 € An} is an orthonormal
family in 'H.

Proof. We denote |I| the length of I € Ay. Put I,J € Ax.
If |I| = |J|, then < w(s7)Q7m(s7)Q >= 67 ;.
Assume that |I| > |J|. Put I = (i1,...,ix4;) and J = (j1,...,Jk), k,{ > 1. Then

<7m(sp)Qn(sy)Q>= 65,75 <7(sp,)QQ >=0r, 5 < 7r(512)9|7r(5l1)§2 >

where we use 7(s))Q = Q and I} = (i1,...,i) and Iy = (igs1,-..,ik1). By choice of I,
Iy # (1,...,1). Hence < 7(sp,)Qn(s})Q >= 81,4, = 0 where Jo = (1,...,1). Therefore
———
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< m(sr)Qm(s7)Q >= 0. From this, we obtain < 7(s7)Q|m(s;)Q >= 7 s for each I,J € Ay.
L]

Proposition A.3. GP(1,0,...,0) is unique up to unitary equivalences.

Proof. Let (H,m, ) be GP(1,0,...,0). Because 2 is a cyclic vector, the linear span
of {m(srs%)2: I,J} is dense in H. Because 7(s1)Q = Q, {m(srs%)Q : I,J} = {m(s)Q2 :
I € Ay}. Hence {7(s1)2: I € Ax} is a complete orthonormal basis of H by Lemma A.2.
In this way, we know that any GP(1,0,...,0) always has such basis. Therefore we have
a natural unitary between any two representations which are GP(1,0,...,0). Therefore
GP(1,0,...,0) is unique up to unitary equivalences. O

A.2 Existence, uniqueness and irreducibility
For g = (gij) € U(N),

N
ag(si) =Y gjis; (i=1,...,N) (A.3)
Jj=1

gives an action « of U(N) on Op. Note that for a representation (H,n) of On and g €
U(N), (H,T o o) is a representation of Oy, too. For z = (z1,...,2zy) € S(CV), put
s(z) = z181+ -+ zZNSN-

Let (I2(IN), 7s) be the standard representation of On in (A.1).

Lemma A.4. Fiz 2 = (21,...,2n) € S(CV). Put g = (gij) € U(N) such that g1; = Z; for
j=1,...,N. Then (I(N), 75 0 ag,e1) is GP(z).

Proof.  Since (I2(N), 7g) is irreducible, (I2(N), g o ay) is irreducible, too. Therefore
(I2(N), s 0 ag) is cyclic. Hence

(ms 0 ay)(s(z))er = (ms 0 ag)(ag+(s1))er = ms(s1)er = e1.

Therefore (I2(N), g 0 ag, e1) satisfies the condition of GP(z). O
By this lemma, we finish to show the existence of GP(z) for each z € S(CV).

Lemma A.5. If (H,n,Q) is GP(2), then there is g € U(N) such that {(moog)(sp)2: I €
AN} is a complete orthonormal basis of H.

Proof. Choose g € U(N) such that ¢g1; = Zj for j = 1,...,N. Put T =mo Qge.
By Lemma A.4, we know that (H, 7 ,Q) satisfies 7 (s1)Q = Q. Since (H,m,Q) is cyclic,
(H,7,Q) is GP(1,0,...,0). Then (H,7,Q) has a complete orthonormal basis {7 (s;)Q :
Ie AN} ={(moag)(sr)Q: 1 e Ay} by the proof of Proposition A.3. O

By Lemma A.5 and the similar argument in the proof of Proposition A.3, GP(z) is
unique up to unitary equivalences. By Lemma A.1, Lemma A.4 and uniqueness, GP(z) is
irreducible. We finish to show Theorem 2.2 (i), (ii).
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A.3 Equivalence

Lemma A.6. Let (H, ) be a representation of Oy. For z,z € S(CN), assume that there
are cyclic vectors Q, Q' € H which satisfy 7(s(2))Q = Q and 7(s(z'))QY = Q. Then z = 7.

Proof. Note < QQ >=< n(s(2))Qr(s(z))Q >=< z|z >< QQ >. Hence <
QIO >= (< 2|z’ >)" < QQ" > for each n € N. < Q|Q" ># 0 if and only if z = 2’ since
2,2 € S(CN).
Assume that z # 2. Then < Q]Q/ >= 0. Because of cyclicity and Lemma A.5, there is
Je{l,...,N}* such that < 7(s;)QQ" >#0. If J = (j1,...,5), | > 1, then

< m(s)QQ >=< 7 (s))Q{n(s(z)IQ >= z;-l . -z;l <QQ >=0.

This contradicts the choice of J. Hence z = 2. O

Lemma A.7. If z € S(CV), 2 # (1,0,...,0), then GP(2) is not equivalent to the standard
representation.

Proof. Let (H,m, Q) be GP(z) for z # (1,0,...,0). Assume that (H,n) is equiv-
alent to the standard representation (l2(N),7g). By unitary equivalence, we can identify
(H,m) = (I2(N),75) and Q € I3(N). By applying Lemma A.6 for Q = e; € lo(N) and
2 = (1,0,...,0), we have z = 2. This is contradiction. Therefore (H, ) is not equivalent
to the standard representation. O

Proof of Theorem 2.2 (iii).

It is sufficient to show that GP(z) % GP(z') when z # z'. Assume that z, 2" € S(CN)
and z # 2.

We show by reduction to absurdity. Assume that GP(z) and GP(z') are unitarily
equivalent. Then there is a unitary U such that AdU o my = w1 where (AdU o m)(z) =

Ung(x)U* for 2 € Oy. Put g,g° € U(N) such that gi; = %, gllj = z_;, j=1,...,N,
T ~ 7§ 0y and my ~ g O o by Lemma A.4. Then there is a unitary U’ such that

AdU o7go Q=T 0 ay. From this, AdU o 7g o Ol e =TS On the other hand,
N N .
(99 = Y 0ugi; =D 20 G=1,...,N).

k=1 k=1

By Lemma A.7, (H, s oag/g*) is equivalent to the standard representation < (g/g*)lj = 01,
& z =7, This is contradiction. Therefore GP(z) # GP(z'). O

About GP representations in more detail, see [Kal].
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B Another proof of the equivalence of Hausdorff representa-
tions

We give another proof of the following proposition in [MSW] by results of GP representa-
tions.

Proposition B.1. (The Kakutani’s dichotomy theorem)([MSW])

Let K; be a self-similar set with contraction ratios {)\i,j};v:l and the similarity dimension
D; fori = 1,2, respectively. Assume that (Lo(K;, uP%),m;) is the Hausdorff representation
of Oy on K; for i = 1,2, respectively. Then (La(Ky,uPt),m) and (Lo(Kz, uP?),ms) are

equivalent if and only if the following conditions hold:
A =)™ (G=1,...,N). (B.1)

Proof. By Theorem 2.8 (i), (Lo(K;, uPi),mi,1) is GP(2%) for 20 = (\1)P/2,...,
(A\i.n)Pi/2) for i = 1,2, respectively. By Theorem 2.2 (iii), (Lo (K71, uP1), m1) ~ (La(Ka, uP2), m2)
& GP(W) ~ GP(2?) & (M)PV2 ., (an)PY2) = (Ae)P2/2, ., (e n)P2?) &
(A1,;)P1 = (Ng;)P2 for each j =1,...,N. O

Remark B.2. The equivalence does not imply that only the condition D; = D> holds
in Proposition B.1. A set of all invariants of Hausdorff representations is a proper sub-
set of invariants of GP representations with 1-cycle by Theorem 2.8. In fact, GP(z) by
z = (1,0,...,0) never appear as Hausdorff representation. In this sense, Hausdorff repre-
sentation is a kind of GP representation as equivalence class of representations of the Cuntz
algebra.

C States, Hausdorff representations and Hausdorff measures

Let (K,{o:}Y,) be a self-similar set with contraction ratios {\;}2Y; and the similarity
dimension D. Put Xy a compact Hausdorff space which consists of infinite sequences of
symbols 1,..., N. Then there is the canonical surjective continuous map ¢ from Xy onto K
associated with {o;}X | ([Dev]). From this, we have an injective *-homomorphism ¢, from
C(K) to C(Xy) where C(K) and C(Xy) are C*-algebras of complex valued continuous
functions on K and X, respectively. Note that Oy has an abelian subalgebra A = C* <
{srs7 : |I| = k, k > 1} > and there is the canonical isomorphism C(Xy) = A which
is derived from xg, + s;s%. Therefore we have a *-embedding ¢ of C'(K) into Oy by
identifying C'(Xy) and A. The following is commutative:

CK) & oy

<P*£ :[

C(Xn)

It
=
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Theorem C.1. (i) The Hausdorff representation of On on (K,{o;}N.,) is equivalent to
the GNS-representation by a state p defined by

p(s1s) = (Arh) P2 (C.1)
where I,J € Upso{1,...,N}* and the notation is same in Theorem 2.2 (iv).
(ii) Under the identification of C(K) as a subalgebra of On by ¢, the restriction of p in
(C.1) on C(K) is a state py of C(K) which is given by
w@) = [ o)) (€ CE))

(iii) p in (C.1) is pure.

Proof. Put (La(K,uP),m,) the Hausdorff representation of Oy on (K, {o;}¥,). Let
p be a state of Oy defined by p(-) =< 1|m,(-)1 >. By Theorem 2.2 (iv) and Theorem
2.8, (i) follows. Note that any element in C'(K) is approximated by step functions over
{Ky:Je{l,...,N}Y, k>1}. If I = J, then p(srsy) = AP. When ¢ = Y, arxk, is a step
function, then

p0) = Y arpluis) = S arplsrsi) = 3 anf = [ o(a) duP (@) = po(6).
T T T K

Hence p(¢) = po(¢) for each ¢ € C(K). We obtain (ii). Since any Hausdorff representation
is irreducible by Theorem 2.8 (ii), p is pure. (iii) is proved. O

By Theorem C.1, the Hausdorff representation is uniquely determined by p up to unitary
equivalences.
Specially, if every contraction ratio of (K, {o;}¥) is same, then we have

o 1
plsisy) = NUT+IN/2°
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