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ABSTRACT. In the present paper, which forms the third part of a three-part series
on an algorithmic approach to absolute anabelian geometry, we apply the absolute
anabelian technique of Belyi cuspidalization developed in the second part, together
with certain ideas contained in a earlier paper of the author concerning the category-
theoretic representation of holomorphic structures via either the topological group
SL2(R) or the use of “parallelograms, rectangles, and squares”, to develop a certain
global formalism for certain hyperbolic orbicurves related to a once-punctured elliptic
curve over a number field. This formalism allows one to construct certain canonical
rigid integral structures, which we refer to as log-shells, that are obtained by applying
the logarithm at various primes of a number field. Moreover, although each of these
local logarithms is “far from being an isomorphism” both in the sense that it fails
to respect the ring structures involved and in the sense [cf. Frobenius morphisms in
positive characteristic] that it has the effect of exhibiting the “mass” represented by
its domain as a “somewhat smaller collection of mass” than the “mass” represented
by its codomain, this global formalism allows one to treat the logarithm operation
as a global operation on a number field which satisfies the property of being an “iso-
momorphism up to an appropriate renormalization operation”, in a fashion that is
reminiscent of the isomorphism induced on differentials by a Frobenius lifting, once
one divides by p. More generally, if one thinks of number fields as corresponding to
positive characteristic hyperbolic curves and to once-punctured elliptic curves on a
number field as corresponding to nilpotent ordinary indigenous bundles on a posi-
tive characteristic hyperbolic curve, then many aspects of the theory developed in
the present paper are reminiscent of [the positive characteristic portion of] p-adic
Teichmaller theory.
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¢I1. Summary of Main Results

Let k be a finite extension of the field Q, of p-adic numbers [for p a prime

number]; k an algebraic closure of k; Gy, o Gal(k/k). Then the starting point of

the theory of the present paper lies in the elementary observation that although
the p-adic logarithm

logz : R

is not a ring homomorphism, it does satisfy the important property of being Galois-
equivariant [i.e., Gg-equivariant.

In a similar vein, if F is an algebraic closure of a number field F, Gr def

Gal(F/F), and k, k arise, respectively, as the completions of F, F at a nonar-
chimedean prime of F', then although the map logz does not extend, in any natural

way, to a map F . — F [cf. Remark 5.4.1], it does extend to the “disjoint union
of the logz’s at all the nonarchimedean primes of F'” in a fashion that is Galois-
equivariant [i.e., Gp-equivariant] with respect to the natural action of Gr on the

resulting disjoint unions of the various 5 C k.

Contemplation of the elementary observations made above led the author to
the following point of view:

The fundamental geometric framework in which the logarithm operation
should be understood is not the ring-theoretic framework of scheme theory,
but rather a geometric framework based solely on the abstract profinite
groups Gy, G [i.e., the Galois groups involved], i.e., a framework which
satisfies the key property of being “immune” to the operation of applying
the logarithm.

Such a group-theoretic geometric framework is precisely what is furnished by the
enhancement of absolute anabelian geometry — which we shall refer to as mono-
anabelian geometry — that is developed in the present paper.

This enhancement may be thought of as a natural outgrowth of the algorithm-
based approach to absolute anabelian geometry, which forms the unifying theme [cf.
the Introductions to [Mzk20], [Mzk21]] of the three-part series of which the present
paper constitutes the third, and final, part. From the point of view of the present
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paper, certain portions of the theory and results developed in earlier papers of the
present series — most notably, the theory of Belyi cuspidalizations developed in
[Mzk21], §3 — are relevant to the theory of the present paper partly because of
their logical necessity in the proofs, and partly because of their philsophical relevance

[cf., especially, the discussion of “hidden endomorphisms” in the Introduction to
[Mzk21]; the theory of [Mzk21], §2].

Note that a ring may be thought of as a mathematical object that consists
of “two combinatorial dimensions”, corresponding to its additive structure,
which we shall denote by the symbol H, and its multiplicative structure, which
we shall denote by the symbol X [cf. Remark 5.6.1, (i), for more details]. One
way to understand the failure of the logarithm to be compatible with the ring
structures involved is as a manifestation of the fact that the logarithm has the
effect of “tinkering with, or dismantling, this two-dimensional structure”. Such
a dismantling operation cannot be understood within the framework of ring [or
scheme] theory. That is to say, it may be only be understood from the point of
view of a geometric framework that “lies essentially outside”, or “is neutral

with respect to”, this two-dimensional structure [cf. the illustration of Remark
5.10.2, (iii)].

One important property of the p-adic logarithm logz discussed above is that
the image B
logi(OF) C k

— which forms an “nd-compactum” whose intersection with any finite extension
of k in k is compact — may be thought of as defining a sort of canonical rigid
integral structure on k. In the present paper, we shall refer to the “canonical
rigid integral structures” obtained in this way as log-shells. Note that the image
logE(EX) of logy is, like logE(Og) [but unlike £*!], an “ind-compactum” whose inter-
section with any finite extension of k in k is compact. That is to say, the operation
of applying the p-adic logarithm may be thought of as a sort of “compression” op-
eration that exhibits the “mass” represented by its domain as a “somewhat smaller
collection of mass” than the “mass” represented by its codomain. In this sense, the
p-adic logarithm is reminiscent of the Frobenius morphism in positive character-
istic [cf. Remark 3.6.2 for more details]. In particular, this “compressing nature”
of the p-adic logarithm may be thought of as being one that lies in sharp contrast
with the nature of an étale morphism. This point of view is reminiscent of the
discussion of the “fundamental dichotomy” between “Frobenius-like” and “étale-
like” structures in the Introduction of [Mzk16]. In the classical p-adic theory, the
notion of a Frobenius lifting [cf. the theory of [Mzkl], [Mzk4|] may be thought
of as forming a bridge between the two sides of this dichotomy [cf. the discussion
of mono-theta environments in the Introduction to [Mzk18]!] — that is to say, a
Frobenius lifting is, on the one hand, literally a lifting of the Frobenius morphism
in positive characteristic and, on the other hand, tends to satisfy the property of
being étale in characteristic zero, i.e., of inducing an isomorphism on differentials,
once one divides by p.

In a word, the theory developed in the present paper may be summarized as
follows:
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The thrust of the theory of the present paper lies in the development of a
formalism, via the use of ring/scheme structures reconstructed via mono-
anabelian geometry, in which the “dismantling/compressing nature” of the
logarithm operation discussed above [cf. the Frobenius morphism in pos-
itive characteristic| is “reorganized” in an abstract combinatorial fashion
that exhibits the logarithm as a global operation on a number field
which, moreover, is a sort of “isomomorphism up to an appropriate
renormalization operation” [cf. the isomorphism induced on differen-
tials by a Frobenius lifting, once one divides by p].

One important aspect of this theory is the analogy between this theory and [the
positive characteristic portion of] p-adic Teichmiiller theory [cf. §I5 below], in
which the “naive pull-back” of an indigenous bundle by Frobenius never yields a
bundle isomorphic to the original indigenous bundle, but the “renormalized Frobe-
nius pull-back” does, in certain cases, allow one to obtain an output bundle that is
isomorphic to the original input bundle.

At a more detailed level, the main results of the present paper may be sum-
marized as follows:

In §1, we develop the absolute anabelian algorithms that will be necessary in
our theory. In particular, we obtain a semi-absolute group-theoretic recon-
struction algorithm [cf. Theorem 1.9, Corollary 1.10] for hyperbolic orbicurves
of strictly Belyi type [cf. [Mzk21], Definition 3.5] over sub-p-adic fields — i.e., such
as number fields and nonarchimedean completions of number fields — that is func-
torial with respect to base-change of the base field. Moreover, we observe that
the only “non-elementary” ingredient of these algorithms is the technique of Belyi
cuspidalization developed in [Mzk21], §3, which depends on the main results of
[Mzk5] [cf. Remark 1.11.3]. If one eliminates this non-elementary ingredient from
these algorithms, then, in the case of function fields, one obtains a very elemen-
tary semi-absolute group-theoretic reconstruction algorithm [cf. Theorem 1.11],
which is valid over somewhat more general base fields, namely base fields which
are “Kummer-faithful” [cf. Definition 1.5]. The results of §1 are of interest as
anabelian results in their own right, independent of the theory of later portions
of the present paper. For instance, it is hoped that elementary results such as
Theorem 1.11 may be of use in introductions to anabelian geometry for advanced
undergraduates or non-specialists [cf. [Mzk8], §1].

In §2, we develop an archimedean — i.e., complex analytic — analogue of the
theory of §1. One important theme in this theory is the definition of “archimedean
structures” which, like profinite Galois groups, are “immune to the ring structure-
dismantling and compressing nature of the logarithm”. For instance, the notion
that constitutes the archimedean counterpart to the notion of a profinite Galois
group is the notion of an Aut-holomorphic structure [cf. Definition 2.1; Propo-
sition 2.2; Corollary 2.3], which was motivated by the category-theoretic approach
to holomorphic structures via the use of the topological group SLs(R) given in
[Mzk14], §1. In this context, one central fact is the rather elementary observation
that the group of holomorphic or anti-holomorphic automorphisms of the unit disc
in the complex plane is commensurably terminal [cf. [Mzk20], §0] in the group
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of homeomorphisms of the unit disc [cf. Proposition 2.2, (ii)]. We also give an “al-
gorithmic refinement” of the “parallelograms, rectangles, squares approach”
of [Mzk14], §2 [cf. Propositions 2.5, 2.6]. By combining these two approaches and
applying the technique of elliptic cuspidalization developed in [Mzk21], §3, we ob-
tain a certain reconstruction algorithm [cf. Corollary 2.7] for the “local linear
holomorphic structure” of an Aut-holomorphic orbispace arising from an el-
liptically admissible [cf. [Mzk21], Definition 3.1] hyperbolic orbicurve, which is
compatible with the global portion of the Galois-theoretic theory of §1 [cf. Corollaries
2.8, 2.9].

In §3, §4, we develop the category-theoretic formalism — centering around
the notions of observables, telecores, and cores [cf. Definition 3.5] — that
are applied to express the compatibility of the “mono-anabelian” construction algo-
rithms of §1 [cf. Corollary 3.6] and §2 [cf. Corollary 4.5] with the “log-Frobenius
functor log” [in essence, a version of the usual “logarithm” at the various nonar-
chimedean and archimedean primes of a number field]. We also study the failure
of log-Frobenius compatibility that occurs if one attempts to take the “conventional
anabelian” — which we shall refer to as “bi-anabelian” — approach to the situation
[cf. Corollary 3.7]. Finally, in the remarks following Corollaries 3.6, 3.7, we discuss
in detail the meaning of the various new category-theoretic notions that are intro-
duced, as well as the various aspects of the analogy between these notions, in the
context of Corollaries 3.6, 3.7, and the classical p-adic theory of the MFY -objects

of [Falt].

Finally, in §5, we develop a global formalism over number fields in which we
study the canonical rigid integral structures — i.e., log-shells — that are obtained
by applying the log-Frobenius compatibility discussed in §3, §4. These log-shells
satisfy the following important properties:

(L1) the subset of Galois-invariants of a log-shell is compact and hence of
finite “log-volume” [cf. Corollary 5.10, (i)];

(L2) the log-volumes of (L1) are compatible with application of the log-
Frobenius functor [cf. Corollary 5.10, (ii)];

(L3) log-shells are compatible with the operation of “panalocalization”,
i.e., the operation of restricting to the disjoint union of the various primes
of a number field in such a way that one “forgets” the global structure of
the number field [cf. Corollary 5.5; Corollary 5.10, (iii)];

(L4) log-shells are compatible with the operation of “mono-analyticization”,
i.e., the operation of “disabling the rigidity” of one of the “two combina-
torial dimensions” of a ring, an operation that corresponds to allowing
“Teichmiiller dilations” in complex and p-adic Teichmiiller theory [cf.
Corollary 5.10, (iv)].

In particular, we note that property (L3) may be thought of as a rigidity property
for certain global arithmetic line bundles [more precisely, the trivial arithmetic line
bundle — cf. Remarks 5.4.2, 5.4.3] that is analogous to the very strong — i.e., by
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comparison to the behavior of arbitrary vector bundles on a curve — rigidity prop-
erties satisfied by MFY -objects with respect to Zariski localization. Such rigidity
properties may be thought of as a sort of “freezing of integral structures” with
respect to Zariski localization [cf. Remark 5.10.2, (i)]. Finally, we discuss in some
detail [cf. Remark 5.10.3] the analogy — centering around the correspondence

number field F «——  hyperbolic curve C' in pos. char.

once-punctured ell. curve X over F' «— nilp. ord. indig. bundle P over C

— between the theory of the present paper [involving hyperbolic orbicurves related
to once-punctured elliptic curves over a number field] and the p-adic Teichmiiller
theory of [Mzkl], [Mzk4] [involving nilpotent ordinary indigenous bundles over
hyperbolic curves in positive characteristic].

6I12. Fundamental Naive Questions Concerning Anabelian Geometry

One interesting aspect of the theory of the present paper is that it is intimately
related to various fundamental questions concerning anabelian geometry that are
frequently posed by newcomers to the subject. Typical examples of these fundamen-
tal questions are the following:

(Ql) Why is it useful or meaningful to study anabelian geometry in the
first place?

(Q2) What exactly is meant by the term “group-theoretic reconstruction”
in discussions of anabelian geometry?

(Q3) What is the significance of studying anabelian geometry over mixed-
characteristic local fields [i.e., p-adic local fields] as opposed to num-
ber fields?

(Q4) Why is birational anabelian geometry insufficient — i.e., what is the
significance of studying the anabelian geometry of hyperbolic curves, as
opposed to their function fields?

In fact, the answers to these questions that are furnished by the theory of the
present paper are closely related.

As was discussed in §I1, the answer to (Q1), from the point of view of the
present paper, is that anabelian geometry — more specifically, “mono-anabelian
geometry” — provides a framework that is sufficiently well-endowed as to contain
“data reminiscent of the data constituted by various scheme-theoretic structures”,
but has the virtue of being based not on ring structures, but rather on profinite
[Galois] groups, which are “neutral” with respect to the operation of taking the
logarithm.

The answer to (Q2) is related to the algorithmic approach to absolute anabelian
geometry taken in the present three-part series [cf. the Introduction to [Mzk20]].
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That is to say, typically, in discussions concerning “Grothendieck Conjecture-type
fully faithfulness results” [cf., e.g., [Mzk5]] the term “group-theoretic reconstruc-
tion” is defined simply to mean “preserved by an arbitrary isomorphism between
the étale fundamental groups of the two schemes under consideration”. This point
of view will be referred to in the present paper as “bi-anabelian”. By contrast,
the algorithmic approach to absolute anabelian geometry involves the development
of “software” whose input data consists solely of, for instance, a single abstract
profinite group [that just happens to be isomorphic to the étale fundamental group
of a scheme|, and whose output data consists of various structures reminiscent of
scheme theory [cf. the Introduction to [Mzk20]]. This point of view will be referred
to in the present paper as “mono-anabelian”. Here, the mono-anabelian “soft-
ware” is required to be functorial, e.g., with respect to isomorphisms of profinite
groups. Thus, it follows formally that

“mono-anabelian” = “bi-anabelian”

[cf. Remark 1.9.8]. On the other hand, although it is difficult to formulate such
issues completely precisely, the theory of the present paper [cf., especially, §3] sug-
gests strongly that the opposite implication should be regarded as false. That is
to say, whereas the mono-anabelian approach yields a framework that is “neutral”
with respect to the operation of taking the logarithm, the bi-anabelian approach

fails to yield such a framework [cf. Corollaries 3.6, 3.7, and the following remarks;
§14 below].

Here, we pause to remark that, in fact, although, historically speaking, many
theorems were originally formulated in a “bi-anabelian” fashion, careful inspec-
tion of their proofs typically leads to the recovery of “mono-anabelian algorithms”.
Nevertheless, since formulating theorems in a “mono-anabelian” fashion, as we have
attempted to do in the present paper [and more generally in the present three-part
series, but cf. the final portion of the Introduction to [Mzk21]], can be quite cumber-
some — and indeed is one of the main reasons for the unfortunately lengthy nature
of the present paper! — it is often convenient to formulate final theorems in a “bi-
anabelian” fashion. On the other hand, we note that the famous Neukirch-Uchida
theorem on the anabelian nature of number fields appears to be one important
counterezample to the above remark. That is to say, to the author’s knowledge,
proofs of this result never yield “explicit mono-anabelian reconstruction algorithms
of the given number field”; by contrast, Theorem 1.9 of the present paper does give
such an explicit construction of the “given number field” [cf. Remark 1.9.5].

Another interesting aspect of the algorithmic approach to anabelian geometry
is that one may think of the “software” constituted by such algorithms as a sort of
“combinatorialization” of the original schemes [cf. Remark 1.9.7]. This point of
view is reminiscent of the operation of passing from a “scheme-theoretic’” MFY-
object to an associated Galois representation, as well as the general theme in various
papers of the author concerning a “category-theoretic approach to scheme theory”
cf., e.g., [Mzk13], [Mzk14], [Mzk16], [Mzk17], [Mzk18]] of “extracting from scheme-
theoretic arithmetic geometry the abstract combinatorial patterns that underlie
the scheme theory”.
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The answer to (Q3) provided by the theory of the present paper is that the
absolute p-adic [mono-|anabelian results of §1 underlie the panalocalizability
of log-shells discussed in §I1 [cf. property (L3)]. Put another way, these results
imply that the “geometric framework immune to the application of the logarithm”
— i.e., immune to the dismantling of the “BH” and “X” dimensions of a ring —
discussed in §I1 may be applied locally at each prime of a number field regarded as
an isolated entity, i.e., without making use of the global structure of the number
field — cf. the discussion of “freezing of integral structures” with respect to Zariski
localization in Remark 5.10.2, (i). For more on the significance of the operation of
passing “X ~~ H” in the context of nonarchimedean log-shells — i.e., the operation
of passing “O; ~» logr(Oy)” — we refer to the discussion of nonarchimedean
log-shells in §I3 below.

The answer to (Q4) furnished by the theory of the present paper [cf. Remark
1.11.4] — i.e., one fundamental difference between birational anabelian geometry
and the anabelian geometry of hyperbolic curves — is that [unlike spectra of func-
tion fields!] “most” hyperbolic curves admit “cores” [in the sense of [Mzk3], §3;
[Mzk10], §2], which may be thought of as a sort of abstract “covering-theoretic”
analogue [cf. Remark 1.11.4, (ii)] of the notion of a “canonical rigid integral struc-
ture” [cf. the discussion of log-shells in §I1]. Moreover, if one attempts to work with
the Galois group of a function field supplemented by some additional structure such
as the set of cusps — arising from scheme theory! — that determines a hyperbolic
curve structure, then one must sacrifice the crucial mono-anabelian nature of one’s
reconstruction algorithms [cf. Remarks 1.11.5; 3.7.7, (ii)].

Finally, we observe that there certainly exist many “fundamental naive ques-
tions” concerning anabelian geometry for which the theory of the present paper
does not furnish any answers. Typical examples of such fundamental questions are
the following:

(Q5) What is the significance of studying the anabelian geometry of proper
hyperbolic curves, as opposed to affine hyperbolic curves?

(Q6) What is the significance of studying pro-X [where ¥ is some nonempty set
of prime numbers] anabelian geometry, as opposed to profinite anabelian
geometry [cf., e.g., Remark 3.7.6 for a discussion of why pro-¥ anabelian
geometry is ill-suited to the needs of the theory of the present paper]|?

(Q7) What is the significance of studying anabelian geometry in positive
characteristic, e.g., over finite fields?

It would certainly be of interest if further developments could shed light on these
questions.

6I3. Dismantling the Two Combinatorial Dimensions of a Ring

As was discussed in §I1, a 7ing may be thought of as a mathematical object that
consists of “two combinatorial dimensions”, corresponding to its additive structure
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B and its multiplicative structure X [cf. Remark 5.6.1, (i)]. When the ring un-
der consideration is a [say, for simplicity, totally imaginary] number field F' or
a mixed-characteristic nonarchimedean local field k, these two combinatorial
dimensions may also be thought of as corresponding to the two cohomological
dimensions of the absolute Galois groups G, Gy of F, k [cf. [NSW], Proposition
8.3.17; [NSW], Theorem 7.1.8, (i)]. In a similar vein, when the ring under con-
sideration is a compler archimedean field k£ (= C), then the two combinatorial
dimensions of £ may also be thought of as corresponding to the two topological
— i.e., real — dimensions of the underlying topological space of the topological
group k*. Note that in the case where the local field & is nonarchimedean (respec-
tively, archimedean), precisely one of the two cohomological (respectively, real)
dimensions of Gy, (respectively, £*) — namely, the dimension corresponding to the
mazimal unramified quotient Gy —» Z-Fr [generated by the Frobenius element] (re-
spectively, the topological subgroup of units S! = Oy C k*) is rigid with respect
to, say, automorphisms of the topological group Gy (respectively, k*), while the
other dimension — namely, the dimension corresponding to the inertia subgroup
I, C Gy (respectively, the value group Rsg C k*) — is not rigid [cf. Remark
1.9.4]. [In the nonarchimedean case, this phenomenon is discussed in more detail in
[NSW], the Closing Remark preceding Theorem 12.2.7.] Thus, each of the various
nonarchimedean “Gj’s” and archimedean “k*’s” that arise at the various primes
of a number field may be thought of as being a sort of “arithmetic G,,” — i.e.,
an abstract arithmetic “cylinder” — that decomposes into a [twisted] product of

“units” [i.e., Iy C Gy, O; C k*] and value group [i.e., G — Z-Fr, R C k>

‘arithmetic Gy’ ‘units’ ‘%’ ‘value group’
07 /
O O S /
O /

with the property that one of these two factors is rigid, while the other is not.

rigid non-rigid
cx =5 X
St R<o

N non-rigid rigid
G k — X ~
I 7 - Fr

Here, it is interesting to note that the correspondence between units/value group
and rigid/non-rigid differs [i.e., “goes in the opposite direction”] in the nonar-
chimedean and archimedean cases. This phenomenon is reminiscent of the product
formula in elementary number theory, as well as of the behavior of the log-Frobenius
functor log at nonarchimedean versus archimedean primes [cf. Remark 4.5.2; the
discussion of log-shells in the final portion of the present §I3].
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On the other hand, the perfection of the topological group obtained as the
image of the non-rigid portion I in the abelianization G of G}, is naturally iso-
morphic, by local class field theory, to k. Moreover, by the theory of [Mzk2], the
decomposition of this copy of k [i.e., into sets of elements with some given p-adic val-
uation] determined by the p-adic valuation on k& may be thought of as corresponding
to the ramification filtration on Gy and is precisely the data that is “deformed” by
automorphisms of k£ that do not arise from field automorphisms. That is to say,
this aspect of the non-rigidity of Gy, is quite reminiscent of the non-rigidity of the
topological group Rsq [i.e., of the non-rigidity of the structure on this topological
group arising from the usual archimedean valuation on R, which determines an
isomorphism between this topological group and some “fixed, standard copy” of

R<o].

In this context, one of the first important points of the “mono-anabelian the-
ory” of §1, §2 of the present paper is that if one supplements a(n) nonarchimedean
Gy, (respectively, archimedean k*) with the data arising from a hyperbolic or-
bicurve [which satisfies certain properties — cf. Corollaries 1.10, 2.7], then the
this supplementary data has the effect of rigidifying both dimensions of Gy
(respectively, £*). In the case of Gy, this data consists of the outer action of Gy on
the profinite geometric fundamental group of the hyperbolic orbicurve; in the case
of k*, this data consists, in essence, of the various local actions of open subgroups
of k* on the squares or rectangles [that lie in the underlying topological [orbi|space
of the Riemann [orbi]surface determined by the hyperbolic [orbi]curve] that encode
the holomorphic structure of the Riemann [orbi|surface [cf. the theory of [Mzk14],

§2].

~O7
rigidify .
07 ‘A geometric data
representing hyp. curve
07

C* rectangles/squares
on hyp. Riemann surface

Gy iy profinite geometric

fund. gp. of hyp. curve

Here, it is interesting to note that these “rigidifying actions” are reminiscent of
the discussion of “hidden endomorphisms” in the Introduction to [Mzk21], as well
as of the discussion of “intrinsic Hodge theory” in the context of p-adic Teichmiiller
theory in [Mzk4], §0.10.
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Thus, in summary, the “rigidifying actions” discussed above may be thought
of as constituting a sort of “arithmetic holomorphic structure” on a nonar-
chimedean Gj or an archimedean k*. This arithmetic holomorphic structure is
immune to the log-Frobenius operation log [cf. the discussion of §I1], i.e., immune
to the “juggling of B, X” effected by log [cf. the illustration of Remark 5.10.2,
(iii)].

On the other hand, if one exits such a “zone of arithmetic holomor-
phy” — an operation that we shall refer to as mono-analyticization — then
a nonarchimedean Gj or an archimedean k* is stripped of the rigidity imparted
by the above rigidifying actions, hence may be thought of as being subject to
Teichmiiller dilations [cf. Remark 5.10.2, (ii), (iii)]. Indeed, this is intuitively
evident in the archimedean case, in which the factor R~y C k* is subject [i.e., upon
mono-analyticization, so k* is only considered as a topological group] to automor-
phisms of the form Rsg 3  — 2 € Ry, for A € Ryq. If, moreover, one thinks
of the value groups of archimedean and nonarchimedean primes as being “synchro-
nized” [so as to keep from violating the product formula — which plays a crucial
role in the theory of “heights”, i.e., degrees of global arithmetic line bundles], then
the operation of mono-analyticization necessarily results in analogous “Teichmiiller
dilations” at nonarchimedean primes. In the context of the theory of Frobenioids,
such Teichmiiller dilations [whether archimedean or nonarchimedean| correspond to
the unit-linear Frobenius functor studied in [Mzk16], Proposition 2.5. Note that the
“non-linear juggling of B, X by log within a zone of arithmetic holomorphy” and the
“linear Teichmailler dilations inherent in the operation of mono-analyticization” are
reminiscent of the Riemannian geometry of the upper half-plane, i.e., if one thinks
of “juggling” as corresponding to rotations at a point, and “dilations” as corre-
sponding to geodesic flows originating from the point.

mono-analyticization
log ~ [linear| Teichmiiller dilation
/42 % P —

Y B

Put another way, the operation of mono-analyticization may be thought of as an
operation on the “arithmetic holomorphic structures” discussed above that forms
a sort of arithmetic analogue of the operation of passing to the underlying real
analytic manifold of a Riemann surface.

number fields and their localizations Riemann surfaces
“arithmetic holomorphic structures” complex holomorphic structure
via rigidifying hyp. curves on the Riemann surface
the operation of passing to the underlying
mono-analyticization real analytic manifold

Thus, from this point of view, one may think of the
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disjoint union of the various Gy’s, k*’s over the various nonarchimdean
and archimedean primes of the number field

as being the “arithmetic underlying real analytic manifold” of the “arith-
metic Riemann surface” constituted by the number field. Indeed, it is precisely this
sort of disjoint union that arises in the theory of mono-analyticization, as developed
in §5.

Next, we consider the effect on log-shells of the operation of mono-analyticization.
In the nonarchimedean case,

logz(O;) = O /(torsion)

may be reconstructed group-theoretically from G, as the quotient by torsion of the
image of Ij, in the abelianization G%> [cf. Proposition 5.8, (i), (ii)]; a similar con-
struction may be applied to finite extensions C k of k. Moreover, this construction
involves only the group of units O [i.e., it does not involve the value groups, which,
as discussed above, are subject to Teichmdller dilations], hence is compatible with
the operation of mono-analyticization. Thus, this construction yields a canonical
rigid integral structure, i.e., in the form of the topological module logz(O;),
which may be thought of as a sort of approximation of some nonarchimedean
localization of the trivial global arithmetic line bundle [cf. Remarks 5.4.2,
5.4.3] that is achieved without the use of [the two combinatorial dimensions of]
the ring structure on Q. Note, moreover, that the ring structure on the perfec-
tion logz(O; )P [i.e., in effect, “logz(O,) ® Q"] of this module is obliterated by the
operation of mono-analyticization. That is to say, this ring structure is only acces-
sible within a “zone of arithmetic holomorphy” [as discussed above]. On the other
hand, if one returns to such a zone of arithmetic holomorphy to avail oneself of the
ring structure on logz (O} )PE, then applying the operation of mono-analyticization
amounts to applying the construction discussed above to the group of units of
logE(O,;()pf [equipped with the ring structure furnished by the zone of arithmetic
holomorphy under consideration]. That is to say, the freedom to execute, at will,
both the operations of eziting and re-entering zones of arithmetic holomorphy is
inextricably linked to the “juggling of B, X” via log [cf. Remark 5.10.2, (ii),
(iii)].
In the archimedean case, if one writes

log(O}) = OF

for the universal covering topological group of O) [i.e., in essence, the exponential
map “2mi - R — S'7], then the surjection log(O}) — O, determines on log(O;) a
“canonical rigid line segment of length 27”. Thus, if one writes k = k™ x k™ for
the product decomposition of the additive topological group k into imaginary [i.e.,
“i - R”] and real 1.e., “R”| parts, then we obtain a natural isometry

log(O0)) x log(O)) = k™ x k™ =k

[i.e., the product of the identity isomorphism 27i - R = i - R and the isomorphism
271 - R = R given by dividing by 4] which is well-defined up to multiplication
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by +1 on the second factors [cf. Definition 5.6, (iv); Proposition 5.8, (iv), (v)].
In particular, “log(O;) x log(O;’)” may be regarded as a construction, based on
the “rigid” topological group O] [which is not subject to Teichmiiller dilations!],
of a canonical rigid integral structure [determined by the canonical rigid line
segments discussed above] that serves as an approximation of some archimedean
localization of the trivial global arithmetic line bundle and, moreover, is compatible
with the operation of mono-analyticization [cf. the nonarchimedean case]. On the
other hand, [as might be expected by comparison to the nonarchimedean case] once
one exits a zone of arithmetic holomorphy, the £1-indeterminacy that occurs in the
above natural isometry has the effect of obstructing any attempts to transport the
ring structure of k via this natural isometry so as to obtain a structure of complex
archimedean field on log(O;') x log(O;) [cf. Remark 5.8.1]. Finally, just as in
the nonarchimedean case, the freedom to execute, at will, both the operations of
exiting and re-entering zones of arithmetic holomorphy is inextricably linked to
the “juggling of B, X” via log [cf. Remark 5.10.2, (ii), (iii)] — a phenomenon
that is strongly reminiscent of the crucial role played by rotations in the theory
of mono-analyticizations of archimedean log-shells [cf. Remark 5.8.1].

§I4. Mono-anabelian Log-Frobenius Compatibility

Within each zone of arithmetic holomorphy, one wishes to apply the log-
Frobenius functor log. As discussed in §I1, log may be thought of as a sort of
“wall” that may be penetrated by such “elementary combinatorial/topological ob-
jects” as Galois groups [in the nonarchimedean case| or underlying topological spaces
[in the archimedean case], but not by rings or functions [cf. Remark 3.7.7]. This
situation suggests a possible analogy with ideas from physics in which “étale-like”
structures [cf. the Introduction of [Mzk16]], which can penetrate the log-wall, are
regarded as “massless”, like light, while “Frobenius-like” structures [cf. the Intro-
duction of [Mzk16]], which cannot penetrate the log-wall, are regarded as being of
“positive mass”, like ordinary matter [cf. Remark 3.7.5, (iii)].

Galois groups, Galois groups,
topological spaces a log a topological spaces
log
log
rings, rings,

e log e
functions functions

In the archimedean case, since topological spaces alone are not sufficient to trans-
port “holomorphic structures” in the usual sense, we take the approach in §2 of con-
sidering “Aut-holomorphic spaces”, i.e., underlying topological spaces of Riemann
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surfaces equipped with the additional data of a group of “special homeomorphisms”
[i.e., bi-holomorphic automorphisms] of each [sufficiently small] open connected sub-
set [cf. Definition 2.1, (i)]. The point here is to “somehow encode the usual notion
of a holomorphic structure” in such a way that one does not need to resort to the
use of “fixed reference models” of the field of complex numbers C [as is done
in the conventional definition of a holomorphic structure, which consists of local
comparison to such a fixed reference model of C], since such models of C fail to be
“immune” to the application of log — cf. Remarks 2.1.2, 2.7.4. This situation is
very much an archimedean analogue of the distinction between mono-anabelian
and bi-anabelian geometry. That is to say, if one thinks of one of the two schemes
that occur in bi-anabelian comparison results as the “given scheme of interest” and
the other scheme as a “fized reference model”, then although these two schemes
are related to one another via purely Galois-theoretic data, the scheme structure of
the “scheme of interest” is reconstructed from the Galois-theoretic data by trans-
porting the scheme structure of “model scheme”, hence requires the use of input
data [i.e., the scheme structure of the “model scheme”| that cannot penetrate the
log-wall.

In order to formalize these ideas concerning the issue of distinguishing between
“model-dependent”, “bi-anabelian” approaches and “model-independent”, “mono-
anabelian” approaches, we take the point of view, in §3, §4, of considering “series of
operations” — in the form of diagrams [parametrized by various oriented graphs|
of functors — applied to various “types of data” — in the form of objects of
categories [cf. Remark 3.6.7]. Although, by definition, it is impossible to compare
the “different types of data” obtained by applying these various “operations”, if
one considers “projections” of these operations between different types of data onto
morphisms between objects of a single category [i.e., a single “type of data”], then
such comparisons become possible. Such a “projection” is formalized in Definition
3.5, (iii), as the notion of an observable. One special type of observable that is of
crucial importance in the theory of the present paper is an observable that “captures
a certain portion of various distinct types of data that remains constant, up to
isomorphism, throughout the series of operations applied to these distinct types of
data”. Such an observable is referred to as a core [cf. Definition 3.5, (iii)]. Another
importion notion in the theory of the present paper is the notion of telecore [cf.
Definition 3.5, (iv)], which may be thought of as a sort of “core structure whose
compatibility apparatus [i.e., ‘constant nature’] only goes into effect after a certain
time lag” [cf. Remark 3.5.1].

Before explaining how these notions are applied in the situation over number
fields considered in the present paper, it is useful to consider the analogy between
these notions and the classical p-adic theory.

The prototype of the notion of a core is the constant nature [i.e., up to
equivalence of categories| of the étale site of a scheme in positive char-
acteristic with respect to the [operation constituted by the] Frobenius
morphism.

Put another way, cores may be thought of as corresponding to the notion of “slope
zero” Galois representations in the p-adic theory. By contrast, telecores may be
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thought of as corresponding to the notion of “positive slope” in the p-adic theory.
In particular, the “time lag” inherent in the compatibility apparatus of a telecore
may be thought of as corresponding to the “lag”, in terms of powers of p, that
occurs when one applies Hensel’s lemma [cf., e.g., [Mzk21], Lemma 2.1] to lift
solutions, modulo various powers of p, of a polynomial equation that gives rise to
a crystalline Galois representation — e.g., arising from an “MFY-object” of [Falt]
— for which the slopes of the Frobenius action are positive [cf. Remark 3.6.5 for
more on this topic]. This formal analogy with the classical p-adic theory forms the
starting point for the analogy with p-adic Teichmiiller theory to be discussed in §I5
below [cf. Remark 3.7.2].

Now let us return to the situation involving k, k, G}, and logz discussed at
the beginning of §I1. Suppose further that we are given a hyperbolic orbicurve over
k as in the discussion of §I3, whose étale fundamental group II surjects onto Gy
[hence may be regarded as acting on k, EX] and, moreover, satisfies the important
property of rigidifying Gy, [as discussed in §I3]. Then the “series of operations”
performed in this context may be summarized as follows [cf. Remark 3.7.3, (ii)]:

II 11 II
I ~ ey ~ Y ~ I~ Y
Tt ky ~  log Tt

Here, the various operations “~~”, “~” may be described in words as follows:

(O1) One applies the mono-anabelian reconstruction algorithms of §1 to

IT construct a “mono-anabelian copy” E;n of k. Here, E;n is the group
of nonzero elements of a field kyn,. Moreover, it is important to note that
kon is equipped with the structure not of “some field kg isomorphic to
k”, but rather of “the specific field [isomorphic to k] reconstructed via the
mono-anabelian reconstruction algorithms of §1”.

(02) Onme forgets the fact that kg, arises from the mono-anabelian recon-
struction algorithms of §1, i.e., one regards kyn just as “some field k-
[isomorphic to k|”.

(O3) Having performed the operation of (02), one can now proceed to apply
log-Frobenius operation log [i.e., logr]| to k. This operation log may
be thought of as the assignment

(I~ &)~ (I~ {logg, (OF )P

that maps the group of nonzero elements of the topological field k+ to the
group of nonzero elements of the topological field “logg (OEX )PP [cf. the

discussion of §I3].
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(O4) One forgets all the data except for the profinite group II.
(O5) This is the same operation as the operation described in (O1).

With regard to the operation log, observe that if we forget the various field or group
structures involved, then the arrows

-—X

E, OEXY —  logg (OEXY)pf «—  {logg ((’)Exy)pf}><

allow one to relate the input of log [on the left] to the the output of log [on the right].
That is to say, in the formalism developed in §3, these arrows may be regarded as

defining an observable “G,4” associated to log [cf. Corollary 3.6, (iii)].

If one allows oneself to reiterate the operation log, then one obtains diagrams
equipped with a natural Z-action [cf. Corollary 3.6, (v)]. These diagrams equipped
with a Z-action are reminiscent, at a combinatorial level, of the “arithmetic Gy, ’s”
that occurred in the discussion of §I3 [cf. Remark 3.6.3].

Next, observe that the operation of “projecting to I1” [i.e., forgetting all of the
data under consideration except for II] is compatible with the execution of any of
these operations (O1), (02), (03), (04), (O5). That is to say, IT determines a core
of this collection of operations [cf. Corollary 3.6, (i), (ii), (iii)]. Moreover, since
the mono-anabelian reconstruction algorithms of §1 are “purely group-theoretic”
and depend only on the input data constituted by 1, it follows immediately that [by

“projecting to I1” and then applying these algorithms] “(II ~ E;n)” also forms a
core of this collection of operations [cf. Corollary 3.6, (i), (ii), (iii)]. In particular,

we obtain a natural isomorphism between the “(II ~ E;{n)’s” that occur following
the first and fourth “~+’s” of the above diagram.

On the other hand, the “forgetting” operation of (O2) may be thought of as

a sort of section of the “projection to the core (II ~ ngm)”. This sort of section
will be referred to as a telecore; a telecore frequently comes equipped with an
auxiliary structure, called a contact structure, which corresponds in the present

situation to the isomorphism of underlying fields E;n = E\Xr [cf. Corollary 3.6, (ii)].

Even though the core “(II ~ E;n)”, regarded as an object obtained by projecting,
is constant [up to isomorphism], the section obtained in this way does not yield a
“constant” collection of data [with respect to the operations of the diagram above]
that is compatible with the observable &,4. Indeed, forgetting the marker “n” of
[the constant] E;n and then applying log is not compatible, relative to G,4, with
forgetting the marker “An” — i.e., since log obliterates the ring structures
involved [cf. Corollary 3.6, (iv); Remark 3.6.1]. Nevertheless, if, subsequent to
applying the operations of (02), (O3), one projects back down to “(II ~ ngm)”,
then, as was observed above, one obtains a natural isomorphism between the initial
and final copies of “(IT ~ E;n)”. It is in this sense that one may think of a telecore
as a “core with a time lag”.

One way to summarize the above discussion is as follows: The “purely group-
theoretic” mono-anabelian reconstruction algorithms of §1 allow one to construct
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models of scheme-theoretic data [i.e., the “E;n”] that satisfy the following three
properties [cf. Remark 3.7.3, (i), (ii)]:

(P1) coricity [i.e., the “property of being a core” of “II”, “(II ~ E;n)”];

(P2) comparability [i.e., via the telecore and contact structures discussed

above] with log-subject copies [i.e., the “Ei”, which are subject to the
action of log];

(P3) log-observability [i.e., via “Go4"].

One way to understand better what is gained by this mono-anabelian approach is
to consider what happens if one takes a bi-anabelian approach to this situation
[cf. Remarks 3.7.3, (iii), (iv); 3.7.5].

In the bi-anabelian approach, instead of taking just “II” as one’s core, one
takes the data
—X
(H ~ kmodel)

— where “kpodel” is some fixed reference model of & — as one’s core [cf.
Corollary 3.7, (i)]. The bi-anabelian version [i.e., fully faithfulness in the style of

the “Grothendieck Conjecture”] of the mono-anabelian theory of §1 then gives rise

X

to telecore and contact structures by considering the isomorphism k4.
X

arising from an isomorphism between the “II’s” that act on ko1, E\Xr [cf. Corollary
3.7, (ii)]. Moreover, one may define an observable “G,4” as in the mono-anabelian
case [cf. Corollary 3.7, (iii)]. Just as in the mono-anabelian case, since log obliterates

~ =X
1 — ky

the ring structures involved, this model E:mdel fails to be simultaneously compatible
with the observable &, and the telecore and [a slight extension, as described in
Corollary 3.7, (ii), of the| contact structures just mentioned [cf. Corollary 3.7,
(iv)]. On the other hand, whereas in the mono-anabelian case, one may recover

from this failure of compatibility by projecting back down to “II” [which remains
X

intact!] and hence to “(ITT ngm)”, in the bi-anabelian case, the “k.__ 4.

” portion

of “the core (I E:lodel)” — which is an essential portion of the input data for
reconstruction algorithms via the bi-anabelian approach! [cf. Remarks 3.7.3, (iv);
3.7.5, (ii)] — is obliterated by log, thus rendering it impossible to relate the

“(II ~ E:lodel)’s” before and after the application of log via an isomorphism that
is compatible with all of the operations involved. At a more technical level, the non-
existence of such a natural isomorphism may be seen in the fact that the coricity of

“(II ~ E:lodel)” is only asserted in Corollary 3.7, (i), for a certain limited portion
of the diagram involving “all of the operations under consideration” [cf. also the
incompatibilities of Corollary 3.7, (iv)]. This contrasts with the /manifest!] coricity

of “IT”, “(IT ~ ngm)” with respect to all of the operations under consideration in
the mono-anabelian case [cf. Corollary 3.6, (i), (ii), (iii)].

In this context, one important observation is that if one tries to “subsume” the

model “E:lodel” into II by “regarding” this model as an object that “arises from the

sole input data I1”, then one must contend with various problems from the point of
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view of functoriality — cf. Remark 3.7.4 for more details on such “functorially
. . : =X . .
trivial models”. That is to say, to regard “k, 4~ in this way means that one

must contend with a situation in which the functorially induced action of II on

W% » o3 o
kpodel 18 triviall

Finally, we note in passing that the “dynamics” of the various diagrams of
operations [i.e., functors] appearing in the above discussion are reminiscent of the
analogy with physics discussed at the beginning of the present §14 — i.e., that “II”

is massless, like light, while “E\X,” is of positive mass.
¢I5. Analogy with p-adic Teichmiiller Theory

We have already discussed in §I1 the analogy between the log-Frobenius oper-
ation log and the Frobenius morphism in positive characteristic. This analogy may
be developed further [cf. Remarks 3.6.6, 3.7.2 for more details] into an analogy
between the formalism discussed in §I4 and the notion of a uniformizing MFY -
object as discussed in [Mzkl], [Mzk4], i.e., an MFV-object in the sense of [Falt]
that gives rise to “canonical coordinates” that may be regarded as a sort of p-adic
uniformization of the variety under consideration.

mono-anabelian theory p-adic theory

log-Frobenius log Frobenius
mono-anabelian output data Frobenius-invariants

telecore structure Hodge filtration

contact structure connection

simultaneous incompatibility of Kodaira-Spencer morphism of an

log-observable, telecore, and indigenous bundle is an

contact structures isomorphism

Indeed, in the notation of §I4, the “mono-anabelian output data (II ~ E;n)”
may be regarded as corresponding to the “Galois representation” associated to a
structure of “uniformizing MFV-object” on the scheme-theoretic “(IL ~ Ei)”.
The telecore structures discussed in §14 may be regarded as corresponding to a sort
of Hodge filtration, i.e., an operation relating the “Frobenius crystal” under con-

sideration to a specific scheme theory “(II Ei)”, among the various scheme
theories separated from one another by [the non-ring-homomorphism!] log. The
associated contact structures then take on an appearance that is formally reminis-
cent of the notion of a connection in the classical crystalline theory. The failure
of the log-observable, telecore, and contact structures to be simultaneously com-
patible [cf. Corollaries 3.6, (iv); 3.7, (iv)] may then be regarded as corresponding
to the fact that, for instance in the case of the uniformizing MFY-objects de-
termined by indigenous bundles in [Mzkl1], [Mzk4|, the Kodaira-Spencer morphism
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is an isomorphism [i.e., the fact that the Hodge filtration fails to be a horizontal
Frobenius-invariant!].

In the context of this analogy, we observe that the failure of the logarithms
at the various localizations of a number field to extend to a global map involving
the number field [cf. Remark 5.4.1] may be regarded as corresponding to the fail-
ure of various Frobenius liftings on affine opens [i.e., localizations| of a hyperbolic
curve [over, say, a ring of Witt vectors of a perfect field] to extend to a morphism
defined [“globally”] on the entire curve [cf. [Mzk21], Remark 2.6.2]. This lack of
a global extension in the p-adic case means, in particular, that it does not make
sense to pull-back arbitrary coherent sheaves on the curve via such Frobenius lift-
ings. On the other hand, if a coherent sheaf on the curve is equipped with the
structure of a crystal, then a “global pull-back of the crystal” is well-defined and
“canonical”, even though the various local Frobenius liftings used to construct it
are not. In a similar way, although the logarithms at localizations of a number
field are not compatible with the ring structures involved, hence cannot be used to
pull-back arbitrary ring/scheme-theoretic objects, they can be used to “pull-back”
Galois-theoretic structures, such as those obtained by applying mono-anabelian re-
construction algorithms.

mono-anabelian theory p-adic theory
logarithms at localizations Frobenius liftings on
of a number field affine opens of a hyperbolic curve
nonezxistence of global logarithm nonezxistence of global Frobenius
on a number field lifting on a hyperbolic curve
incompatibility of log with noncanonicality of local liftings
ring structures of positive characteristic Frobenius
compatibility of log with Galois, Frobenius pull-back of
mono-anabelian algorithms crystals
the result of forgetting “An” the underlying coherent sheaf
[cf. (O2) of §I3] of a crystal

Moreover, this analogy may be developed even further by specializing from
arbitrary uniformizing MFY-objects to the indigenous bundles of the p-adic Te-
ichmiiller theory of [Mzkl], [Mzk4]. To see this, we begin by observing that the
non-rigid dimension of the localizations of a number field “Gy”, “k*” in the discus-
sion of §I3 may be regarded as analogous to the non-rigidity of a p-adic deformation
of an affine open [i.e., a localization] of a hyperbolic curve in positive character-
istic. If, on the other hand, such a hyperbolic curve is equipped with the crystal
determined by a p-adic indigenous bundle, then, even if one restricts to an affine
open, this filtered crystal has the effect of rigidifying a specific p-adic deformation
of this affine open. Indeed, this rigidifying effect is an immediate consequence of
the fact that the Kodaira-Spencer morphism of an indigenous bundle is an iso-
morphism. Put another way, this Kodaira-Spencer isomorphism has the effect of
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allowing the affine open to “entrust its moduli” to the crystal determined by
the p-adic indigenous bundle. This situation is reminiscent of the rigidifying ac-
tions discussed in §I3 of “Gy”, “k*” on certain geometric data arising from a
hyperbolic orbicurve that is related to a once-punctured elliptic curve. That is to
say, the mono-anabelian theory of §1, §2 allows these localizations “G”, “k*” of
a number field to “entrust their ring structures” — i.e., their “arithmetic
holomorphic moduli” — to the hyperbolic orbicurve under consideration. This
leads naturally [cf. Remark 5.10.3, (i)] to the analogy already referred to in §I1:

mono-anabelian theory p-adic theory
number field F hyperbolic curve C' in pos. char.
once-punctured ell. curve X over F nilp. ord. indig. bundle P over C

If, moreover, one modifies the canonical rigid integral structures furnished by log-
shells by means of the “Gaussian zeroes” [i.e., the inverse of the “Gaussian poles”|
that appear in the Hodge-Arakelov theory of elliptic curves [cf., e.g., [Mzk6],
§1.1], then one may further refine the above analogy by regarding indigenous bun-
dles as corresponding to the crystalline theta object [which may be thought of as
an object obtained by equipping a direct sum of trivial line bundles with the inte-
gral structures determined by the Gaussian zeroes| of Hodge-Arakelov theory [cf.
Remark 5.10.3, (ii)].

mono-anabelian theory p-adic theory
crystalline theta objects scheme-theoretic
in scheme-theoretic indigenous bundles
Hodge-Arakelov theory [cf. [Mzk1], Chapter I]
Belyi cuspidalizations Verschiebung on pos. char.
in mono-anabelian theory indigenous bundles
of §1 [cf. [Mzk1], Chapter II]
elliptic cuspidalizations Frobenius action on
in the theory of the square differentials
étale theta function [cf. [Mzk18]] [cf. [Mzkl], Chapter II]

From this point of view, the mono-anabelian theory of §1, §2, which may be thought
of as centering around the technique of Belyi cuspidalizations, may be regarded as
corresponding to the theory of indigenous bundles in positive characteristic |[cf.
[Mzk1], Chapter II], which centers around the Verschiebung on indigenous bundles.
Moreover, the theory of the étale theta function given in [Mzk18], which centers
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around the technique of elliptic cuspidalizations, may be regarded as corresponding
to the theory of the Frobenius action on square differentials in [Mzkl1], Chapter
II. Indeed, just as the technique of elliptic cuspidalizations may be thought of a
sort of linearized, simplified version of the technique of Belyi cuspidalizations, the
Frobenius action on square differentials occurs as the derivative [i.e., a “linearized,
simplified version”] of the Verschiebung on indigenous bundles. For more on this
analogy, we refer to Remark 5.10.3. In passing, we observe, relative to the point of
view that the theory of the étale theta function given in [Mzk18] somehow represents
a “linearized, simplified version” of the mono-anabelian theory of the present pa-
per, that the issue of mono- versus bi-anabelian geometry discussed in the present
paper is vaguely reminiscent of the issue of mono- versus bi-theta environments,
which constitutes a central theme in [Mzk18]. In this context, it is perhaps natural
to regard the “log-wall” discussed in §14 — which forms the principal obstruction
to applying the bi-anabelian approach in the present paper — as corresponding to
the “©-wall” constituted by the theta function between the theta and algebraic triv-
ializations of a certain ample line bundle — which forms the principal obstruction
to the use of bi-theta environments in the theory of [Mzk18].

Thus, in summary, the analogy discussed above may be regarded as an analogy
between the theory of the present paper and the positive characteristic portion of
the theory of [Mzk1]. This “positive characteristic portion” may be regarded as in-
cluding, in a certain sense, the “liftings modulo p? portion” of the theory of [Mzkl]
since this “liftings modulo p? portion” may be formulated, to a certain extent, in
terms of positive characteristic scheme theory. If, moreover, one regards the the-
ory of mono-anabelian log-Frobenius compatibility as corresponding to “Frobenius
liftings modulo p?”, then the isomorphism between Galois groups on both sides of
the log-wall may be thought of as corresponding to the Frobenius action on differ-
entials induced by dividing the derivative of such a Frobenius lifting modulo p? by
p. This correspondence between Galois groups and differentials is reminiscent of
the discussion in [Mzk6], §1.3, §1.4, of the arithmetic Kodaira-Spencer morphism
that arises from the [scheme-theoretic] Hodge-Arakelov theory of elliptic curves.
Finally, from this point of view, it is perhaps natural to regard the mono-anabelian
reconstruction algorithms of §1 as corresponding as corresponding to the procedure
of integrating Frobenius-invariant differentials so as to obtain canonical coordinates
[i.e., “g-parameters” — cf. [Mzkl], Chapter III, §1].

mono-anabelian theory p-adic theory
isomorphism between Frobenius action on differentials
Galois groups on arising from %- derivative
both sides of log-wall of mod p? Frobenius lifting
mono-anabelian construction of can. coords.
reconstruction via integration of
algorithms Frobenius-invariant differentials
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The above discussion prompts the following question:

Can one further extend the theory given in the present paper to a theory
that is analogous to the theory of canonical p-adic liftings given in
[Mzk1], Chapter III?

It is the intention of the author to pursue the goal of developing such an “extended
theory” in a future paper. Before proceeding, we note that the analogy of such
a theory with the theory of canonical p-adic liftings of [Mzk1]|, Chapter III, may
be thought of as a sort of p-adic analogue of the “geodesic flow” portion of the
“rotations and geodesic flows diagram” of §13:

mono-anabelian theory p-adic theory
mono-anabelian juggling positive characteristic
of present paper, i.e., [plus mod p?] portion of
“rotations” p-adic Teichmiiller theory
future extended theory (7), i.e., canonical p-adic liftings
“geodesic flows” in p-adic Teichmiiller theory

— that is to say, p-adic deformations correspond to “geodesic flows”, while the
positive characteristic theory corresponds to “rotations” [i.e., the theory of “mono-
anabelian juggling of B, X via log” given in the present paper]. This point of view is
reminiscent of the analogy between the archimedean and nonarchimedean theories
discussed in Table 1 of the Introduction to [Mzk14].

In this context, it is interesting to note that this analogy between the mono-
anabelian theory of the present paper and p-adic Teichmaller theory is reminiscent
of various phenomena that appear in earlier papers by the author:

(A1) In [Mzk10], Theorem 3.6, an absolute p-adic anabelian result is obtained
for canonical curves as in [Mzk1] by applying the p-adic Teichmiiller theory
of [Mzkl1]. Thus, in a certain sense [i.e., “Teichmiiller = anabelian” as
opposed to “anabelian = Teichmiiller”], this result goes in the opposite
direction to the direction of the theory of the present paper. On the other
hand, this result of [Mzk10] depends on the analysis in [Mzk9], §2, of the
logarithmic special fiber of a p-adic hyperbolic curve via absolute anabelian
geometry over finite fields.

(A2) The reconstruction of the “additive structure” via the mono-anabelian
algorithms of §1 [cf. the lemma of Uchida reviewed in Proposition 1.3],
which eventually leads [as discussed above], via the theory of §3, to an
abstract analogue of “Frobenius liftings” [i.e., in the form of uniformizing
MFV -objects| is reminiscent [cf. Remark 5.10.4] of the reconstruction
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of the “additive structure” in [Mzk21], Corollary 2.9, via an argument
analogous to an argument that may be used to show the non-existence of

Frobenius liftings on p-adic hyperbolic curves [cf. [Mzk21], Remark 2.9.1].

One way to think about (A1), (A2) is by considering the following chart:

p-adic Teichmdiller Future “Teichmdiller-like”
Theory (applied to Extension (?) of
anabelian geometry) Mono-anabelian Theory

number fields, mixed char.

Uchida’s Lemma characteristic p local fields equipped with
applied to: special fiber an elliptically admissible

hyperbolic orbicurve
analogue of

Deformation canonical p-adic Frobenius liftings
Theory: Frobenius liftings in future extension (7)

of mono-anabelian theory

Here, the correspondence in the first non-italicized line between hyperbolic curves
in positive characteristic equipped with a nilpotent ordinary indigenous bundle and
number fields [and their localizations| equipped with an elliptically admissible hy-
perbolic orbicurve [i.e., a hyperbolic orbicurve closely related to a once-punctured
elliptic curve| has already been discussed above; the content of the “p-adic Te-
ichmiiller theory column” of this chart may be thought of as a summary of the
content of (A1l); the correspondence between this column and the “extended mono-
anabelian theory” column may be regarded as a summary of the preceding dis-
cussion. On the other hand, the content of (A2) may be thought of as a sort of
“remarkable bridge”

theory of geometric
uniformly toral number fields, mixed char.
canonical p-adic neighborhoods local fields equipped with
Frobenius liftings| =========== an elliptically admissible
hyperbolic orbicurve

between the upper right-hand and lower left-hand non-italicized entries of the above
chart. That is to say, the theory of (A2) [i.e., of geometric uniformly toral neigh-
borhoods — cf. [Mzk21], §2] is related to the upper right-hand non-italicized entry
of the chart in that, like the application of “Uchida’s Lemma” represented by this
entry, it provides a means for recovering the ring structure of the base field, given
the decomposition groups of the closed points of the hyperbolic orbicurve. On the



24 SHINICHI MOCHIZUKI

other hand, the theory of (A2) [i.e., of [Mzk21], §2] is related to the lower left-hand
entry of the chart in that the main result of [Mzk21], §2, is obtained by an argument
reminiscent [cf. [Mzk21], Remark 2.6.2; [Mzk21], Remark 2.9.1] of the argument to
the effect that stable curves over rings of Witt vectors of a perfect field never admit
Frobenius liftings.

Note, moreover, that from point of the discussion above of “arithmetic holomor-
phic structures”, this bridge may be thought of as a link between the elementary
algebraic approach to reconstructing the “two combinatorial dimensions” of a
ring in the fashion of Uchida’s Lemma and the “p-adic differential-geometric
approach” to reconstructing p-adic ring structures in the fashion of the theory of
[Mzk21], §2. Here, we observe that this “p-adic differential-geometric approach”
makes essential use of the hyperbolicity of the curve under consideration. Indeed,
roughly speaking, from the “Teichmailler-theoretic” point of view of the present dis-
cussion, the argument of the proof of [Mzk21], Lemma 2.6, (ii), may be summarized
as follows:

The nonexistence of the desired “geometric uniformly toral neighborhoods”
may be thought of as a sort of nonexistence of obstructions to Teichmiiller
deformations of the “arithmetic holomorphic structure” that extend in an
unbounded, linear fashion, like a geodesic flow or Frobenius lifting. On
the other hand, the hyperbolicity of the curve under consideration implies
the existence of topological obstructions — i.e., in the form of “loopifica-
tion” or “crushed components” [cf. [Mzk21|, Lemma 2.6, (ii)] — to such
“unbounded” deformations of the holomorphic structure. Moreover, such
“compact bounds” on the deformability of the holomorphic structure are
sufficient to “¢rap” the holomorphic structure at a “canonical point”, which
corresponds to the original holomorphic [i.e., ring] structure of interest.

Put another way, this “p-adic differential-geometric interpretation of hyperbolicity”
is reminiscent of the dynamics of a rubber band, whose elasticity implies that
even if one tries to stretch the rubber band in an unbounded fashion, the rubber
band ultimately returns to a “canonical position”. Moreover, this relationship be-
tween hyperbolicity and “elasticity” is reminiscent of the use of the term “elastic” in
describing certain group-theoretic aspects of hyperbolicity in the theory of [Mzk20],

§1, §2.

In passing, we observe that another important aspect of the theory of [Mzk21],
§2, in the present context is the use of the inequality of degrees obtained by
“differentiating a Frobenius lifting” [cf. [Mzk21]|, Remark 2.6.2]. The key
importance of such degree inequalities in the theory of [Mzk21], §2, suggests, relative
to the above chart, that the analogue of such degree inequalities in the theory of
“the analogue of Frobenius liftings in a future extension of the mono-anabelian
theory” could give rise to results of substantial interest in the arithmetic of number
fields. The author hopes to address this topic in more detail in a future paper.

Finally, we close the present Introduction to the present paper with some
historical remarks. We begin by considering the following historical facts:
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(H1) O. Teichmiiller, in his relatively short career as a mathematician, made
contributions both to “complex Teichmiiller theory” and to the theory of
Teichmaller representatives of Witt rings — two subjects that, at first
glance, appear entirely unrelated to one another.

(H2) In the Introduction to [Ih], Y. [hara considers the issue of obtaining
canonical p-adic liftings of certain positive characteristic hyperbolic curves
equipped with a correspondence in a fashion analogous to the Serre-Tate
theory of canonical liftings of abelian varieties.

These two facts may be regarded as interesting precursors of the p-adic Teichmiiller
theory of [Mzk1], [Mzk4]. Indeed, the p-adic Teichmiiller theory of [Mzk1], [Mzk4]
may be regarded, on the one hand, as an analogue for hyperbolic curves of the
Serre-Tate theory of canonical liftings of abelian varieties and, on the other hand,
as a p-adic analogue of complex Teichmiiller theory; moreover, the canonical liftings
obtained in [Mzk1], [Mzk4] are, literally, “hyperbolic curve versions of Teichmiiller
representatives in Witt rings”. In fact, one may even go one step further to speculate
that perhaps the existence of analogous complex and p-adic versions of “Teichmiiller
theory” should be regarded as hinting of a deeper abstract, combinatorial
version of “Teichmiiller theory” — in a fashion that is perhaps reminiscent of the
relationship of the notion of a motive to various complex or p-adic cohomology
theories. It is the hope of the author that a possible “future extended theory”
as discussed above — i.e., a sort of “Teichmiiller theory” for number fields
equipped with a once-punctured elliptic curve — might prove to be just such
a “Teichmiiller theory”.
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Section 0: Notations and Conventions

We shall continue to use the “Notations and Conventions” of [Mzk20], §0;
[Mzk21], §0. In addition, we shall use the following notation and conventions:

Numbers:

In addition to the “field types” NF, MLF, FF introduced in [Mzk20], §0, we
shall also consider the following field types: A(n) complex archimedean field (re-
spectively, real archimedean field; archimedean field), or CAF (respectively, RAF;
AF), is defined to be a topological field that is isomorphic to the field of complex
numbers (respectively, the field of real numbers; either the field of real numbers
or the field of complex numbers). One verifies immediately that any continuous
homomorphism between CAF’s (respectively, RAF’s) is, in fact, an isomorphism of
topological fields.

Combinatorics:
Let E be a partially ordered set. Then [cf. [Mzk16], §0] we shall denote by
Order(E)

the category whose objects are elements e € E, and whose morphisms e; — ez
[where e1,e5 € FE] are the relations e; < e;. A subset E/ C E will be called
orderwise connected if for every ¢ € E such a < ¢ < b for some a,b € E’, it follows
that ¢ € E'.

A partially ordered set which is isomorphic [as a partially ordered set] to an
orderwise connected subset of the set of rational integers Z, equipped with its usual
ordering, will be referred to as a countably ordered set. If E is a countably ordered
set, then any choice of an isomorphism of E with an orderwise connected subset
E’ C Z allows one to define [in a fashion independent of the choice of E'|, for
non-mazximal (respectively, non-minimal) e € E [i.e., e such that there exists an
f € E that is > e (respectively, < €)], an element “e + 1”7 (respectively, “e —1”) of
E. Pairs of elements of E of the form (e, e + 1) will be referred to as adjacent.

An oriented graph [isa graph I', which we shall refer to as the underlying
graph of f, equipped with the additional data of a total ordering, for each edge e
of ', on the set [of cardinality 2] of branches of e [cf., e.g., [Mzk13], the discussion
at the beginning of §1, for a definition of the terms “graph”, “branch”]. In this
situation, we shall refer to the vertices, edges, and branches of I' as vertices, edges,
and branches of T'; write V(f), E(f), ]B%(f), respectively, for the sets of vertices,
edges, and branches of T. Also, whenever T' satisfies a property of graphs [such
as “finiteness”], we shall say that [ satisfies this property. We shall refer to the
oriented graph [°PP obtained from I’ by reversing the ordering on the branches
of each edge as the opposite oriented graph to r. A morphism of oriented graphs
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is defined to be a morphism of the underlying graphs [cf., e.g., [Mzk13], §1, the
discussion at the beginning of §1] that is compatible with the orderings on the
edges. Note that any countably ordered set E may be regarded as an oriented
graph — i.e., whose vertices are the elements of E, whose edges are the pairs of
adjacent elements of F, and whose branches are equipped with the [total] ordering
induced by the ordering of E. We shall refer to an oriented graph that arises
from a countably ordered set as linear. We shall refer to the vertex of a linear
oriented graph ' determined by a minimal (respectively, mazimal) element of the
corresponding countably ordered set as the minimal vertex (respectively, mazimal

vertez) of T

Let T be an oriented graph. Then we shall refer to as a pre-path [of length n/
[where n > 0 is an integer] on I' a morphism v : I'y — I', where ', is a finite linear
oriented graph with precisely n edges; we shall refer to as a path [of length n] on r

any isomorphism class [y] in the category of oriented graphs over T of a pre-path
[of length n]. Write

Q(T)

for the set [i.e., since we are working with isomorphism classes!] of paths on r. If
v : Iy — I' is a pre-path on I', then we shall refer to the image of the minimal

(respectively, maximal) vertex of 1:7 as the initial (respectively, terminal) vertex
of v, [y]. Two [pre-]paths with the same initial (respectively, terminal; initial and
terminal) vertices will be referred to as co-initial (respectively, co-terminal; co-
verticial). If 1, ~2 are pre-paths on [’ such the initial vertex of 72 is equal to the
terminal vertex of 1, then one may form the composite pre-path v o v1 [in the

evident sense], as well as the composite path [y2] o [1] def [v2 ©v1]. Thus, the length
of 72 071 is equal to the sum of the lengths of 1, 7.

Next, let
E C Q(T) x QT)

be a set of ordered pairs of paths on an oriented graph . Then we shall say that
FE is saturated if the following conditions are satisfied:

(a) (Partial Inclusion of the Diagonal) If ([y1],[12]) € E, then E contains
(Inls ) and (2], [ya))-

(b) (Co-verticiality) If ([v1], [72]) € E, then [y1], [y2] are co-verticial.
(¢) (Transitivity) If (1], [v2]) € E and ([72], [vs]) € E, then (1], [3s]) € E.

(d) (Pre-composition)If ([y1], [12]) € E and [y3] € Q(T), then ([y1]o[rs], [1a]o
[v3]) € E, whenever these composite paths are defined.

—

(e) (Post-composition) If ([y1],[12]) € E and [y3] € Q(T'), then ([vys] o
7], [73] © [12]) € E, whenever these composite paths are defined.

We shall say that E is symmetrically saturated if E is saturated and, moreover,
satisfies the following condition:
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(f) (Reflexivity) If ([1], [12]) € E, then ([y2], [11]) € E.

Thus, the set of all co-verticial pairs of paths
Covert(T') C Q(T) x Q(T)

is symmetrically saturated. Moreover, the property of being saturated (respectively,
symmetrically saturated) is closed with respect to forming arbitrary intersections

of subsets of Q(T) x Q(T). In particular, given any subset E C Covert(T'), it makes
sense to speak of the saturation (respectively, symmetric saturation) of E — i.e.,

—

the smallest saturated (respectively, symmetrically saturated) subset of Covert(I)
containing F.

Let T be an oriented graph. Then we shall refer to a vertex v of [ as a nezus
of T if the following conditions are satisfied: (a) the oriented graph ', obtained
by removing from [ the vertex v, together with all of the edges that abut to v,
decomposes as a disjoint union of two oriented graphs f<v, f>v; (b) every edge
of T that is not contained in fv either runs from a vertex of f<v to v or from v
to a vertex of f>v. In this situation, we shall refer to the oriented subgraph I:S,U
(respectively, fZU) consisting of v, T, (respectively, f>v), and all of the edges of
[ that run to (respectively, emanate from) v as the pre-nexus portion (respectively,
post-nexus portion) of L.

Categories:

Let C, C’ be categories. Then we shall use the notation
Ob(C); Arr(C)

to denote, respectively, the objects and arrows of C. We shall refer to a functor
¢ : C — (' as rigid if every automorphism of ¢ is equal to the identity [cf. [Mzk16],
§0]. If the identity functor of C is rigid, then we shall say that C is id-rigid.

Let C be a category and ' an oriented graph. Then we shall refer to as a
[-diagram {A,, ¢.} in C a collection of data as follows:

(a) for each v € V(T'), an object A, of C;

—

(b) for each e € E(

) that runs from v; € V(T) to v, € V(I'), a morphism
¢e + Ay, — Ay, of C.

A morphism {A,, ¢.} — {A,, .} of T-diagrams in C is defined to be a collection
of morphisms 1, : A, — Al for each vertex v of [ that are compatible with the ¢,
¢... We shall refer to an f—diagram in C as commutative if the composite morphisms
determined by any co-verticial pair of paths on T’ coincide. Write

C[T]
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for the category of commutative f—diagrams in C and morphisms of f—diagrams in

C.
If Cq, Co, and D are categories, and
®,:C,—D; ®3:Co—D
are functors, then we define the “categorical fiber product” [cf. [Mzk16], §0]
C1 xp Co
of C1, Co over D to be the category whose objects are triples
(A1, Ag,a: @1 (Ar) = Po(Ag))
where A; € Ob(C;) (for i = 1,2), a is an isomorphism of D; and whose morphisms
(A1, Ag,a: @1(A1) = Py(As)) — (By, Bo,3: ®1(B;) = ®5(By))

are pairs of morphisms v; : A; — B; [in C;, for i = 1,2] such that 5o ®1(y1) =
®5(7y2)oa. One verifies easily that if @5 is an equivalence, then the natural projection
functor C; xp Co — Cq is also an equivalence.

We shall use the prefix “ind-" (respectively, “pro-") to mean, strictly speaking
a(n) inductive (respectively, projective) system indexed by an ordered set isomor-
phic to the positive (respectively, negative) integers, with their usual ordering. To
simplify notation, however, we shall often denote “ind-objects” via the correspond-
ing “limit objects”, when there is no fear of confusion.

Let C be a category. Then we shall refer to a pair (S, A), where S € Ob(C), and
A C Aute(S) is a subgroup, as a pre-orbi-object of C. [Thus, we think of the pair
(S, A) as representing the “stack-theoretic quotient of S by A”.] A morphism of
pre-orbi-objects (S1, A1) — (Sa, As) is an As-orbit of morphisms S; — Sy [relative
to the action of Ay on the codomain] that is closed under the action of A; [on the
domain|. We shall refer to as an orbi-object

{(Sm AL); aL,L’}L,L’EI
any collection of data consisting of pre-orbi-objects (5,, 4,), which we shall refer to
as representatives [of the given orbi-object], together with “gluing isomorphisms”
o, ¢ (S,A) = (Sy,A,) of pre-orbi-objects satisfying the cocycle conditions
a0 = oy o, for o,/ " € I. A morphism of orbi-objects is defined to
be a collection of morphisms of pre-orbi-objects from each representative of the
domain to each representative of the codomain which are compatible with the gluing
isomorphisms. The category of orbi-objects associated to C is the category — which
we shall denote
Orb(C)

— whose objects are the orbi-objects of C, and whose morphisms are the morphisms
of orbi-objects. Thus, an object may be regarded as a pre-orbi-object whose group
of automorphisms is trivial; a pre-orbi-object may be regarded as an orbi-object
with precisely one representative. In particular, we obtain a natural functor

C — Orb(C)

which is “functorial” [in the evident sense] with respect to C.
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Section 1: Galois-theoretic Reconstruction Algorithms

In the present §1, we apply the technique of Belyi cuspidalization developed
in [Mzk21], §3, to give a group-theoretic reconstruction algorithm [cf. Theorem
1.9, Corollary 1.10] for hyperbolic orbicurves of strictly Belyi type [cf. [Mzk21],
Definition 3.5] over sub-p-adic fields that is compatible with base-change of the base
field. In the case of function fields, this reconstruction algorithm reduces to a much
more elementary algorithm [cf. Theorem 1.11], which is valid over somewhat more
general base fields, namely base fields which are “Kummer-faithful” [cf. Definition
1.5].

Let X be a hyperbolic curve over a field k. Write Kx for the function field of
X. Then the content of following result is a consequence of the well-known theory
of divisors on algebraic curves.

Proposition 1.1. (Review of Linear Systems) Suppose that X is proper,
and that k is algebraically closed. Write Div(f) for the divisor [of zeroes minus
poles on X ] of f € Kx. If E is a divisor on X, then let us write

I(E) €' {f e Kx | Div(f) + E > 0}

[where we use the notation “(—) > 07 to denote the effectivity of the divisor “(—)"],

I(E) ¥ dim, (T(X, Ox(E))). Then:

(i) I* (D) has a natural structure of torsor over k™ whenever it is nonempty;
there is a natural bijection T* (D) = T'(X, Ox(D))\{0} that is compatible with the
k> -torsor structures on either side, whenever the sets of the bijection are nonempty.

(ii) The integer (D) > 0 is equal to the smallest nonnegative integer d such
that there exists an effective divisor E of degree d on X for which T*(D — E) = ().
In particular, I(D) = 0 if and only if T>(D) = (.

Proposition 1.2.  (Additive Structure via Linear Systems) Let X, k be
as in Proposition 1.1. Then:

(i) There exist distinct points x,y1,y2 € X(k), together with a divisor D
on X such that x,y1,y2 & Supp(D) [where we write Supp(D) for the support of
D], such that (D) =2, (D — E) =0, for any effective divisor E = ey + ea, where
e1 # ez, {er,ea} C{x,y1,92}-

(ii) Let x, y1, y2, D be as in (i). Then for i = 1,2, X\ € k*, there ex-
ists a unique element fy,; € I'(D) C Kx such that fx(z) = X, fai(yi) # 0,
fri(ys—i) = 0.

(iii) Let x, y1, y2, D be as in (i); A\, € k* such that \/p # —1; fa1 €
I'*(D) C Kx, fu2€I'*(D) C Kx asin (i1). Then

a1+ fu2 e (D) C Kx
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may be characterized as the unique element g € T (D) C Kx such that g(y1) =
i), g(y2) = fu2(y2). In particular, in this situation, the element A\ 4+ p € k*
may be characterized as the element g(x) € k*.

Proof. First, we consider assertion (i). Let D be any divisor on X such that
[(D) > 2. By subtracting an appropriate effective divisor from D, we may assume
that [(D) = 2. Then take z € X (k)\Supp(D) to be any point such that Ox (D)
admits a global section that does not vanish at z [so (D — z) = 1]; take y; €
X (k)\(Supp(D) U{x}) to be any point such that Ox (D —z) admits a global section
that does not vanish at y; [so [(D — x — y;) = 0, which implies that (D — y;) =
1]; take yo € X (k)\(Supp(D)U{z,11}) to be any point such that Ox (D — z),
Ox (D — y1) admit global sections that do not vanish at ys [so (D — x — y2) =
I(D —y1 — y2) = 0]. This completes the proof of assertion (i). Now assertions (ii),
(iii) follow immediately from assertion (i). O

The following reconstruction of the additive structure from divisors and rational
functions is implicit in the argument of [Uchi|, §3, Lemmas 8-11 [cf. also [Tama),
Lemma 4.7].

Proposition 1.3. (Additive Structure via Valuation and Evaluation
Maps) There exists a functorial algorithm for constructing the additive struc-
ture on K5 |J{0} [i.e., arising from the field structure of Kx| from the following
data:

(a) the [abstract!] group K% ;
(b) the set of [surjective] homomorphisms

def
Vx =

{Ordx : K;;* - Z}xeX(k)
[so we have a natural bijection Vx — X (k)] that arise as valuation maps
associated to points x € X (k);

(¢c) for each homomorphism v = ord, € Vx, the subgroup U, C K% given
by the f € K5 such that f(x) = 1.

Here, the term “functorial” is with respect to isomorphisms [in the evident sense/
of such triples [i.e., consisting of a group, a set of homomorphisms from the group
to Z, and a collection of subgroups of the group parametrized by elements of this

set of homomorphisms/ arising from proper hyperbolic curves [i.e., “X 7] over alge-
braically closed fields [i.e., “k”].

Proof. Indeed, first we observe that k* C K§ may be constructed as the inter-
section ﬂvEVX Ker(v). Since, for v € Vx, we have a direct product decomposition
Ker(v) = U, x k*, the projection to k* allows us to “evaluate” elements of Ker(v)
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[i.e., “functions that are invertible at the point associated to v”], so as to obtain
“values” of such elements € k<. Next, let us observe that the set of homomorphisms
Vx of (b) allows one to speak of divisors and effective divisors associated to [the
abstract group] Ky of (a). If D is a divisor associated to K%, then we may define
['*(D) as in Proposition 1.1, and hence compute the integer {(D) as in Proposition
1.1, (ii). In particular, it makes sense to speak of data as in Proposition 1.2, (i),
associated to the abstract data (a), (b), (c¢). Thus, by evaluating elements of vari-
ous Ker(v), for v € Vx, we may apply the characterizations of Proposition 1.2, (ii),
(iii), to construct the additive structure of k>, hence also the additive structure of
K% [ie., by “evaluating” at various v € Vx]. O

Remark 1.3.1. Note that if GG is an abstract group, then the datum of a surjection

v : G — Z may be thought of as the datum of a subgroup H def Ker(v), together
with the datum of a choice of generator of the quotient group G/H = Z.

Proposition 1.4. (Synchronization of Geometric Cyclotomes) Suppose
that X is proper, and that k is of characteristic zero. If U C X is a nonempty
open subscheme, then we have a natural exact sequence of profinite groups

1—- Ay - IIy - G — 1
— where we write Iy &' m(U) — G o m1(Spec(k)) for the natural surjection of
étale fundamental groups [relative to some choice of basepoints], Ay for the kernel
of this surjection. Then:

(i) Let U C X be a nonempty open subscheme, x € X(k)\U(k), U, L

X\{z} C X. Then the inertia group I, of x in Ay is naturally isomorphic
to Z(1); the kernels of the natural surjections Ay — Ay, , Iy — Iy, are topolog-
ically normally generated by the inertia groups of points of U,\U [each of which is

~

naturally isomorphic to Z(1)].

(ii) Let x, U, be as in (i). Then we have a natural exact sequence of
profinite groups
1 =1, - A" — Ax — 1

— where we write Ay, — AF™ for the maximal cuspidally central quotient of
Ay, [i.e., the mazimal intermediate quotient Ay, — Q — Ax such that Ker(Q —
Ax) lies in the center of Q — cf. [Mzk19], Definition 1.1, (i)]. Moreover, applying
the differential of the “Es-term” of the Leray spectral sequence associated to
this group extension to the element

1e 7 = Hom(I,, I;) = HO(AXu Hl(I%Ix))

yields an element € H?(Ax, H(I,,I,)) = Hom(Mx, I,), where we write

My ¥ Hom(H?(Ax,Z),7Z)
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[cf. the discussion at the beginning of [Mzk19], §1]; this last element corresponds to
the natural isomorphism
My 51,

[relative to the well-known natural identifications of I, Mx with Z(l) — ¢f., e.g.,
(1) above; [Mzk19], Proposition 1.2, (i)]. In particular, this yields a “purely
group-theoretic algorithm” [cf. Remark 1.9.8 below for more on the meaning
of this terminology] for constructing this isomorphism from the surjection Ay, —
Ax.

Proof. Assertion (i) is well-known [and easily verified from the definitions|. Asser-
tion (ii) follows immediately from [Mzk19], Proposition 1.6, (iii). O

Definition 1.5. Let k be a field of characteristic zero, k an algebraic closure of k,

Gy & Gal(k/k). Then we shall say that k is Kummer-faithful (respectively, torally

Kummer-faithful) if, for every finite extension kg C k of k, and every semi-abelian
variety (respectively, every torus) A over ky, either of the following two equivalent
conditions is satisfied:

(a) We have
() N-A(kn) = {0}

N>1
— where H % Gal(k/kg) C Gy; N ranges over the positive integers.

(b) The associated Kummer map A(kg) — H'(H,Hom(Q/Z, A(k))) is an
ingjection.

[To verify the equivalence of (a) and (b), it suffices to consider, on the étale site
of Spec(kp), the long exact sequences in étale cohomology associated to the exact
sequences 0 — yA — A — A — 0 arising from multiplication
by positive integers N.]

Remark 1.5.1. In the notation of Definition 1.5, suppose that k is a torally
Kummer-faithful field, | a prime number. Then it follows immediately from the
injectivity of the Kummer map associated to Gy, over any finite extension of k that
contains a primitive I-th root of unity that the cyclotomic character x; : G, — Z;
has open image [cf. the notion of “I-cyclotomic fullness” discussed in [Mzk20],
Lemma 4.5]. In particular, it makes sense to speak of the “power-equivalence class
of xa” [cf. [Mzk20], Lemma 4.5, (ii)] among characters G, — Z;° — i.e., the
equivalence class with respect to the equivalence relation p; ~ po [for characters
p1, p2 : G — Z]] defined by the condition that pY = p& for some positive integer
N.

Remark 1.5.2. By considering the Weil restrictions of semi-abelian varieties
or tori over finite extensions of k to k, one verifies immediately that one obtains
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an equivalent definition of the terms “Kummer-faithful” and “torally Kummer-
faithful” if, in Definition 1.5, one restricts kg to be equal to k.

Remark 1.5.3. In the following discussion, if k is a field, then we denote the
subgroup of roots of unity of k* by u(k) C k*.

(i) Let k£ be a(n) [not necessarily finite!] algebraic field extension of a number
field such that p(k) is finite, and, moreover, there exists a nonarchimedean prime
of k that is unramified over some number field contained in k. Then I claim that:

k is torally Kummer-faithful.

Indeed, since [as one verifies immediately| any finite extension of k satisfies the same
hypotheses as k, one verifies immediately that it suffices to show that () (k*)V =
{1} [where N ranges over the positive integers]. Let f € Ny (k)Y = {1}. If
f € p(k), then the finiteness of p(k) implies immediately that f = 1; thus, we
may assume without loss of generality that f ¢ p(k). But then there exists a
nonarchimedean prime p of k£ that is unramified over some number field contained
in k. In particular, if we write k, for the completion of £ at p and p for the residue
characteristic of p, then k, embeds into a finite extension of the quotient field of
the ring of Witt vectors of an algebraic closure of IF,,. Thus, the fact that f admits
arbitrary p-power roots in k, yields a contradiction. This completes the proof of
the claim.

(ii) It follows immediately from the definitions that “Kummer-faithful —>
torally Kummer-faithful”. On the other hand, as was pointed out to the author by
A. Tamagawa, one may construct an example of a field which is torally Kummer-
faithful, but not Kummer-faithful, as follows: Let E be an elliptic curve over a
number field ko that admits complex multiplication by Q(v/—1), and, moreover, has

good reduction at every nonarchimedean prime of ky. Let k be an algebraic closure

of ko, Gk, def Gal(k/ko), p a prime number = 1 (mod 4). Write V for the p-adic

Tate module associated to E. Thus, the Gj,-module V' decomposes [since p = 1
(mod 4)] into a direct sum W @ W' of submodules W, W’ C V of rank one. Write
X : Gk, — Z,; for the character determined by W. Thus, [as is well-known] x is
unramified over every nonarchimedean prime of kg of residue characteristic [ # p, as
well as over some nonarchimedean prime of residue characteristic p. But this implies
that the extension field k of ky determined by the kernel of x is linearly disjoint from
every cyclotomic extension of ky. In particular, we conclude that p(k) = p(ko) is
finite. Thus, k satisfies the hypotheses of (i), so k is torally Kummer-faithful. On
the other hand, [by the definition of x, W, V!] the Kummer map on E(k) is not
injective, so k is not Kummer-faithful.

Remark 1.5.4.

(i) Observe that every sub-p-adic field k [cf. [Mzk5], Definition 15.4, (i)] is
Kummer-faithful, i.e., “sub-p-adic — Kummer-faithful”. Indeed, to verify this,
one reduces immediately, by base-change, to the case where k is a finitely generated
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extension of an MLF, which may be thought of as the function field of a variety over
an MLF. Then by restricting to various closed points of this variety, one reduces
to the case where k itself is an MLF. On the other hand, if k, hence also kp [cf.
the notation of Definition 1.5], is a finite extension of Q,,, then A(ky) is a compact
abelian p-adic Lie group, hence contains an open subgroup that is isomorphic to a
finite product of copies of Z,. In particular, the condition of Definition 1.5, (a), is
satisfied.

(ii) A similar argument to the argument of (i) shows that every finitely gen-
erated extension of a Kummer-faithful field (respectively, torally Kummer-faithful
field) is itself Kummer-faithful (respectively, torally Kummer-faithful field).

(iii) On the other hand, observe that if, for instance, I is an infinite set, then the

field & Qp(x;)ier [which is not a finitely generated extension of Q,] constitutes

an example of a Kummer-faithful field which is not sub-p-adic. Indeed, if, for H,
A as in Definition 1.5, 0 # f € A(kpy) lies in the kernel of the associated Kummer
map, then observe that there exists some finite subset I’ C I such that if we set

I Qp(x;)icr, then, for some finite extension ky; C kg of K/, we may assume
that A descends to a semi-abelian variety A’ over k%, that f € A'(k}) C A(kn),

and that kg = Ky (z:)ier, where we set I” def I\I'. Since k% is algebraically closed
in kg, it thus follows that all roots of f defined over ky are in fact defined over
‘7. Thus, the existence of f contradicts the fact that the sub-p-adic field k', is
Kummer-faithful. Finally, to see that k is not sub-p-adic, suppose that k£ C K,
where K is a finitely generated extension of an MLF K of residue characteristic pg
such that Ky is algebraically closed in K. Let | # p,po be a prime number. Then

Qp O k* d:ﬁﬂ (k:X)lN C K* d:efﬂ (KX>lN C K,

N N

— where one verifies immediately that the additive group generated by k* (respec-
tively, K*) in k (respectively, K) forms a compact open neighborhood of 0 in Q,
(respectively, Ky). In particular, it follows that the inclusion ky <— K determines
a continuous homomorphism of topological fields kg — K. But this implies imme-
diately that pg = p, and that kg — Ky is a Q,-algebra homomorphism. Thus, the
theory of transcendence degree yields a contradiction [for instance, by considering
the morphism on Ké&hler differentials induced by kg — K]J.

(iv) One verifies immediately that the generalized sub-p-adic fields of [Mzk§],
Definition 4.11, are not, in general, torally Kummer-faithful.

Proposition 1.6. (Kummer Classes of Rational Functions) In the situ-
ation of Proposition 1.4, suppose further that k is a Kummer-faithful field. If
U C X is a nonempty open subscheme, then let us write

ky DU, 0F) — H (I, Mx)

— where Mx = Z(l) is as in Proposition 1.4, (1i) — for the associated Kummer
map /cf., e.g., the discussion at the beginning of [Mzk19], §2]. Also, for d € Z,
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let us write J — Spec(k) for the connected component of the Picard scheme of

X — Spec(k) that parametrizes line bundles of degree d [cf., e.g., the discussion

preceding [Mzk19], Proposition 2.2]; J Lf o, IT ;4 oot m1(J9). [Thus, we have a

natural morphism X — J' that sends a point of X to the line bundle of degree
1 associated to the point; this morphism induces a surjection Ilx — Il;1 on

étale fundamental groups whose kernel is equal to the commutator subgroup of Ax.]
Then:

(i) The Kummer map Ky is injective.

(ii)) For x € X(k), write s, : Gy — Ilx for the associated section [well-
defined up to conjugation by Ax/, tr : Gy — Ilj1 for the composite of s, with
the natural surjection llx — Il;1. Then for any divisor D of degree d on X such
that Supp(D) C X(k), forming the appropriate Z-linear combination of “t,’s” for
x € Supp(D) [cf., e.g., the discussion preceding [Mzk19], Proposition 2.2] yields a
section tp : Gy — M ja; if, moreover, d = 0, then tp : Gy — I coincides [up to
conjugation by Ax ] with the section determined by the identity element € J(k)
is and only if the divisor D is principal.

(iii) Suppose that U = X\S, where S C X (k) is a finite subset. Then restrict-
ing cohomology classes of lly to the various I, [cf. Proposition 1.4, (i)], forx € S,
yields a natural exact sequence

1 - (k) — H(Iy,, Mx) — (@ Z)
zeS

— where we identify Homs (I, Mx) with 7. via the isomorphism I, = Mx of
Proposition 1.4, (i); (k)" denotes the profinite completion of k*. Moreover, the
image [via sy ] of T(U,OF) in HY(Ily, Mx)/(k*)" is equal to the inverse image in
HY(y, Mx)/(k*)" of the submodule of

(@ z)<(D?)

zeS €S

determined by the principal divisors [with support in S].

Proof.  Assertion (i) follows immediately [by restricting to smaller and smaller
“U’s”] from the fact [cf. Remark 1.5.4, (ii)] that since k is [torally] Kummer-
faithful, so is the function field Kx of X. Assertion (ii) follows from the argument
of [Mzk19], Proposition 2.2, (i), together with the assumption that k is Kummer-
faithful. As for assertion (iii), just as in the proof of [Mzk19], Proposition 2.1, (ii),
to verify assertion (iii), it suffices to verify that H°(Gx, A%®) = 0; but, in light of
the well-known relationship between A3P and the torsion points of the Jacobian J,
the fact that H°(Gj, A%®) = 0 follows immediately from our assumption that k is
Kummer-faithful [cf. the argument applied to Gy, in Remark 1.5.1]. O

Definition 1.7.  Suppose that k is of characteristic zero. Let k be an algebraic
closure of k; write kg C k for the [ “number field”] algebraic closure of Q in k.
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(i) We shall say that X is an NF-curve if X+ LY %, & is defined over kxp [cf.
Remark 1.7.1 below].

(ii) Suppose that X is an NF-curve. Then we shall refer to points of X (k)
(respectively, rational functions on Xz; constant rational functions on Xy [i.e.,
which arise from elements of k]) that descend to kxr [cf. Remark 1.7.1 below] as
NF-points of (respectively, NF-rational functions on; NF-constants on) Xi.

Remark 1.7.1. Suppose that X is of type (g,7). Then observe that X is an
NF-curve if and only if the k-valued point of the moduli stack of hyperbolic curves
of type (g,7) over Q determined by X arises, in fact, from a kxp-valued point. In
particular, one verifies immediately that if X is an NF-curve, then the descent data
of X% from k to knp is unique.

Proposition 1.8. (Characterization of NF-Constants and NF-Rational
Functions) In the situation of Proposition 1.6, suppose further that U [hence also
X/ is an NF-curve. Write

Py C H'(Iy, Mx)

for the inverse image of the submodule of

(@ z)<(D2)

zeSs €S
determined by the cuspidal principal divisors — cf. Proposition 1.6, (iii). Then:

(i) A class n € Py is the Kummer class of a nonconstant NF-rational
function if and only if there exist NF-points z; € X (k,), where i = 1,2, and k,
s a finite extension of k, such that the cohomology classes

def 4
Na: = sk, (n) € HY(Gy, , Mx)

— where we write s, : G, — Ilx for the [outer] homomorphism determined by x;
[cf. the notation of Proposition 1.6, (ii)] — satisfy n|., =0 [i.e., =1, if one works
multiplicatively], 1|, # 0.

(i) Suppose that there exist nonconstant NF-rational functions € T'(U, Of).
Then a classn € Py (VHY(Gr, Mx) = (kX)" [cf. the exact sequence of Proposition
1.6, (iii)] is the Kummer class of an NF-constant € k™ if and only if there exist a
nonconstant NF-rational function f € I'(U, O;;) and an NF-point = € X (k,),
where k; is a finite extension of k, such that

kv (Pl =nla,, € H (G, , Mx)

— where we use the notation “,”

27 as in (i).
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Proof. Suppose that X+ descends to a hyperbolic curve Xnr over knp. Then [since
knr is algebraically closed] any nonconstant rational function on Xyp determines
a morphism Xyp — ]P%NF such that the induced map Xnr(knp) — ]P%NF (knr) is
surjective. In light of this fact [cf. also the fact that U is also assumed to be an
NF-curve], assertions (i), (ii) follow immediately from the definitions. ()

Now, by combining the “reconstructions algorithms” given in the various results
discussed above, we obtain the main result of the present §1.

Theorem 1.9. (The NF-portion of the Function Field via Belyi Cus-
pidalization over Sub-p-adic Fields) Let X be a hyperbolic orbicurve of
strictly Belyi type [c¢f. [Mzk21], Definition 3.5] over a sub-p-adic field /cf.
[Mzk5], Definition 15.4, (i)] k, for some prime p; k an algebraic closure of k;
knr C k the algebraic closure of Q in k;

1—-Ax —-IIx -G — 1

— where My &' m(X) — G Lo Gal(k/k) denotes the natural surjection of étale
fundamental groups [relative to some choice of basepoints/, and Ax denotes the
kernel of this surjection — the resulting extension of profinite groups. Then
there ezists a functorial “group-theoretic” algorithm /[cf. Remark 1.9.8 below
for more on the meaning of this terminology] for reconstructing the “NF-portion
of the function field” of X from the extension of profinite groups 1 — Ax —
[Mx — G — 1; this algorithm consists of the following steps:

(a) One constructs the various surjections
Hy — Iy

— where Y is a hyperbolic [NF-]curve that arises as a finite étale covering

of X; U CY 1is an open subscheme obtained by removing an arbitrary

finite collection of NF-points; Iy def m(U); Iy def m(Y) C IIx —

via the technique of “Belyi cuspidalization”, as described in [Mzk21],
Corollary 3.7, (a), (b). Here, we note that by allowing U to vary, we
obtain a “group-theoretic” construction of lly equipped with the collection
of subgroups that arise as decomposition groups of NF-points.

(b) One constructs the natural isomorphisms

~ def
Iz - IJJ’Z\(HU> — MZ

— where U CY — X is as in (i), Y is of genus > 2, Z is the canonical
compactification of Y, the points of Z\U are all rational over the base field
kz of Z, z € (Z\U)(kz) — via the technique of Proposition 1.4, (ii).

(¢) ForUCY C Z asin (b), one constructs the subgroup

Py C H' (Hy, pz(11y))
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determined by the cuspidal principal divisors via the isomorphisms of
(b) and the characterization of principal divisors given in Proposition 1.6,
(i) [cf. also the decomposition groups of (a); Proposition 1.6, (iii)].

(d) ForUCY C Z, kz asin (b), one constructs the subgroups
Fxp € Ky —lim H'(Ily, py(Iy))
%

— where V' ranges over the open subschemes obtained by removing finite

collections of NF-points from Z Xy, k', for k' a finite extension of kz;

Iy def m1(V); Kzye is the function field of the curve Znr obtained by

descending Z Xy, k to kng; the “—7 arises from the Kummer map
— wvia the subgroups of (c¢) and the characterizations of Kummer classes
of nonconstant NF-rational functions and NF-constants given in
Proposition 1.8, (i), (ii) [cf. also the decomposition groups of (a)].

(e) One constructs the additive structure on

ke 10 K5, G0}

[notation as in (d)] by applying the functorial algorithm of Proposition 1.3
to the data of the form described in Proposition 1.3, (a), (b), (c), arising
from the construction of (d) [cf. also the decomposition groups of (a), the
isomorphisms of (b)].

Finally, the asserted “functoriality” is with respect to arbitrary open injective
homomorphisms of extensions of profinite groups [cf. also Remark 1.10.1 below],
as well as with respect to homomorphisms of extensions of profinite groups arising
from a base-change of the base field fi.e., k.

Proof. 'The validity of the algorithm asserted in Theorem 1.9 is immediate from
the various results cited in the statement of this algorithm. ()

Remark 1.9.1. When k is an MLF [cf. [Mzk20], §0], one verifies immediately
that one may give a tempered version of Theorem 1.9 [cf. [Mzk21], Remark 3.7.1], in
which the profinite étale fundamental group Ilx is replaced by the tempered funda-
mental group of X [and the expression “profinite group” is replaced by “topological

group”].

Remark 1.9.2. When k is an MLF or NF [cf. [Mzk20], §0], the “extension of
profinite groups 1 — Ax — Ilx — Gy — 1”7 that appears in the input data for
the algorithm of Theorem 1.9 may be replaced by the single profinite group Ilx
[cf. [Mzk20], Theorem 2.6, (v), (vi)]. A similar remark applies in the tempered case
discussed in Remark 1.9.1.
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Remark 1.9.3. Note that unlike the case with knr, K7y, the algorithm of
Theorem 1.9 does not furnish a means for reconstructing k, Kz in general — cf.
Corollary 1.10 below concerning the case when k is an MLF.

Remark 1.9.4. Suppose that k is an MLF. Then Gj, which is of cohomological
dimension 2 [cf. [NSW], Theorem 7.1.8, (i)], may be thought of as having one rigid
dimension and one non-rigid dimension. Indeed, the maximal unramified quotient

Gr — Gy =17,

is generated by the Frobenius element, which may be characterized by an entirely
group-theoretic algorithm [hence is preserved by isomorphisms of absolute Galois
groups of MLF’s — cf. [Mzk9], Proposition 1.2.1, (iv)]; thus, this quotient G} —
Gt o= Z may be thought of as a “rigid dimension”. On the other hand, the
dimension of GGy, represented by the inertia group in

I, C Gy,

[which, as in well-known, is of cohomological dimension 1] is “far from rigid” —
a phenomenon that may be seen, for instance, in the existence [cf., e.g., [NSW],
the Closing Remark preceding Theorem 12.2.7] of isomorphisms of absolute Galois
groups of MLF’s which fail [equivalently — cf. [Mzk20], Corollary 3.7] to be “RF-
preserving”, ‘“uniformly toral”, or “geometric”. By contrast, it is interesting to
observe that:

The “group-theoretic” algorithm of Theorem 1.9 shows that the condition
of being “coupled with Ax ” [i.e., via the extension determined by ITx] has
the effect of rigidifying both of the 2 dimensions of Gy [cf. also Corollary
1.10 below].

This point of view will be of use in our development of the archimedean theory in
§2 below [cf., e.g., Remark 2.7.3 below].

Remark 1.9.5.

(i) Note that the functoriality with respect to isomorphisms of the algorithm
of Theorem 1.9 may be regarded as yielding a new proof of the “profinite absolute
version of the Grothendieck Conjecture over number fields” [cf., e.g., [Mzk15], The-
orem 3.4] that does not logically depend on the theorem of Neukirch-Uchida [cf.,
e.g., [Mzk15], Theorem 3.1]. Moreover, to the author’s knowledge:

The technique of Theorem 1.9 yields the first logically independent proof of
a consequence of the theorem of Neukirch-Uchida that involves an explicit
construction of the number fields involved.

Put another way, the algorithm of Theorem 1.9 yields a proof of a consequence of
the theorem of Neukirch-Uchida on number fields in the style of Uchida’s work on
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function fields in positive characteristic [i.e., [Uchi]] — cf., especially, Proposition
1.3.

(ii) One aspect of the theorem of Neukirch-Uchida is that its proof relies es-
sentially on the data arising from the decomposition of primes in finite extensions
of a number field — i.e., in other words, on the “global address” of a prime among
all the primes of a number field. Such a “global address” is manifestly annihilated
by the operation of localization at the prime under consideration. In particular,
the crucial functoriality of Theorem 1.9 with respect to change of base field [e.g.,
from a number field to a nonarchimedean completion of the number field] is an-
other reflection of the way in which the nature of the proof of Theorem 1.9 over
number fields differs quite fundamentally from the essentially global proof of the
theorem of Neukirch-Uchida [cf. also Remark 3.7.6, (iii), (v), below]|. This “crucial
functoriality” may also be thought of as a sort of essential independence of the
algorithms of Theorem 1.9 from both methods which are essentially global in nature
[such as methods involving the “global address” of a prime] and methods which
are essentially local in nature [such as methods involving p-adic Hodge theory —
cf. Remark 3.7.6, (iii), (v), below]. This point of view concerning the “essential
independence of the base field” is developed further in Remark 1.9.7 below.

Remark 1.9.6. By combining the theory of the present §1 with the theory
of [Mzk21], §1 [cf., e.g., [Mzk21], Corollary 1.11 and its proof], one may obtain
“functorial group-theoretic reconstruction algorithms”, in a number of cases, for
finite étale coverings of configuration spaces associated to hyperbolic curves. We
leave the routine details to the interested reader.

Remark 1.9.7. One way to think of the construction algorithm in Theorem 1.9
of the “NF-portion of the function field” of a hyperbolic orbicurve of strictly Belyi
type over a sub-p-adic field is the following:

The algorithm of Theorem 1.9 may be thought of as a sort of complete

“combinatorialization” — independent of the base field! — of the
[algebro-geometric object constituted by the| orbicurve under considera-
tion.

This sort of “combinatorialization” may be thought of as being in a similar vein
— albeit much more technically complicated! — to the “combinatorialization” of a
category of finite étale coverings of a connected scheme via the notion of an abstract
Galois category, or the “combinatorialization” of certain aspects of the commutative
algebra of “normal rings with toral singularities” via the abstract monoids that
appear in the theory of log regular schemes [cf. also the Introduction of [Mzk16]
for more on this point of view].

Remark 1.9.8. Typically in discussions of anabelian geometry, the term “group-
theoretic” is applied to a property or construction that is preserved by the isomor-
phisms [or homomorphisms]| of fundamental groups under consideration [cf., e.g.,
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[Mzk5]]. By contrast, our use of this term is intended in a stronger sense. That is
to say:

We use the term “group-theoretic algorithm” to mean that the algorithm
in question is phrased in language that only depends on the topological
group structure of the fundamental group under consideration.

[Thus, the more “classical” use [e.g., in [Mzk5]] of the term “group-theoretic” cor-
responds, in our discussion of “group-theoretic algorithms”, to the functoriality —
e.g., with respect to isomorphisms of some type — of the algorithm.|] In particu-
lar, one fundamental difference between the approach usually taken to anabelian
geometry and the approach taken in the present paper is the following:

The “classical” approach to anabelian geometry, which we shall refer
to as bi-anabelian, centers around a comparison between two geomet-
ric objects [e.g., hyperbolic orbicurves| via their [arithmetic] fundamental
groups. By contrast, the theory of the present paper, which we shall refer
to as mono-anabelian, centers around the task of establishing “group-
theoretic algorithms” —i.e., “group-theoretic software” — that require as
input data only the [arithmetic] fundamental of a single geometric object.

Thus, it follows formally that
“mono-anabelian” = “bi-anabelian”.

On the other hand, if one is allowed in one’s algorithms to introduce some fized
reference model of the geometric object under consideration, then the task of
establishing an “algorithm” may, in effect, be reduced to “comparison with the fired
reference model”, i.e., reduced to some sort of result in “bi-anabelian geometry”.
That is to say, if one is unable to settle the issue of ruling out the use of such
models, then there remains the possibility that

) : ? .
“bi-anabelian” = “mono-anabelian’.

We shall return to this crucial issue in §3 below [cf., especially, Remark 3.7.3].

Remark 1.9.9. As was pointed out to the author by M. Kim, one may also think
of the algorithms of a result such as Theorem 1.9 as suggesting an approach to
solving the problem of characterizing “group-theoretically” those profinite groups 11
that occur [i.e., in Theorem 1.9] as a “IIx ”. That is to say, one may try to obtain
such a characterization by starting with, say, an arbitrary slim profinite group II
and then proceeding to impose “group-theoretic” conditions on 11 corresponding to
the various steps of the algorithms of Theorems 1.9 — i.e., conditions whose content
consists of minimal assumptions on II that are necessary in order to execute each
step of the algorithm.
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Corollary 1.10.  (Reconstruction of the Function Field for MLF’s) Let
X be a hyperbolic orbicurve over an MLF k [cf. [Mzk20], §0]; k an algebraic
closure of k; kny C k the algebraic closure of Q in k;

1—-Ax —-1Ix -G — 1
— where Ty &' m(X) — G def Gal(k/k) denotes the natural surjection of étale
fundamental groups [relative to some choice of basepoints/, and Ax denotes the
kernel of this surjection — the resulting extension of profinite groups. Then:

(i) There exists a functorial “group-theoretic” algorithm for reconstruct-
ing the natural isomorphism H?(Gy, pz(Gr)) = Z [cf. (a) below], together with
the natural surjection H'(Gy, p5(Gy)) = Gi> — Z [cf. (b) below] from the
profinite group Gy, as follows:

(a) Write:
a/a(Gr) = limg Hom(Q/Z, H*Y); - piz(G) = Hom(Q/Z, pia2(Gi)

— where H ranges over the open subgroups of Gy; the arrows of the direct
limit are induced by the Verlagerung, or transfer, map [cf. the discus-
sion preceding [Mzk9], Proposition 1.2.1]. [Thus, the underlying module
of ng/z(Gr), uz(Gyr) is unaffected by the operation of passing from Gy,
to an open subgroup of Gy.] Then one constructs the natural isomor-
phism R

H*(Gy, pz(Gr)) = Z

“group-theoretically” from Gy wvia the algorithm described in the proof of
[Mzk9], Proposition 1.2.1, (vii).

(b) By applying the isomorphism of (a) [and the cup-product in group coho-
mology/, one constructs the surjection

~ D

HY(Grop3(Gy)) = G - G™ S Z

determined by the Frobenius element in the maximal unramified quo-
tient G""" of G via the “group-theoretic” algorithm described in the proof
of [Mzk9], Proposition 1.2.1, (ii), (iv).

Here, the asserted “functoriality” is with respect to arbitrary injective open
homomorphisms of profinite groups [cf. also Remark 1.10.1, (iii), below].

(i) By applying the functorial “group-theoretic” algorithm of [Mzk20],
Lemma 4.5, (v), to construct the decomposition groups of cusps in llx, one ob-
tains a Ilx-module ps(Ilx) as in Proposition 1.4, (ii); Theorem 1.9, (b) [cf. also
Remark 1.10.1, (i), below]. Then there exists a functorial “group-theoretic”
algorithm for reconstructing the natural isomorphism pz(Gy) = ps(x) [cf.
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(c) below; Remark 1.10.1 below] and the image of a certain Kummer map [cf.
(d) below] from the profinite group I x [cf. Remark 1.9.2], as follows:

(c) One constructs the natural isomorphism [cf., e.g., [Mzk12], Theorem
4]
nz(Gr) = pz(lx)

— thought of as an element of the quotient
H'(Gr, pz(Ilx)) — Hom(pz(Gy), py(llx))

determined by the surjection of (b) — as the unique topological genera-
tor of Hom(us(Gy), ps(Ilx)) that is contained in the “positive rational
structure” [arising from various J*°, for J C Ax an open subgroup] of
[Mzk9], Lemma 2.5, (i) [cf. also [Mzk9], Lemma 2.5, (ii)].

(d) One constructs the image of the Kummer map
kX — HY (G, pz(llx)) — H' (Ilx, pz(1lx))

as the inverse image of the subgroup generated by the Frobenius element
via the surjection H'(Gy, ps(Ilx)) = HY(Gy, p3(Gr)) = G2 — Z of
(b) [cf. also the isomorphism of (c)].

(d') Alternatively, if X is of strictly Belyi type [so that we are in the situ-
ation of Theorem 1.9], then one may construct the image of the Kummer
map of (d) — without applying the isomorphism of (¢) — as the com-
pletion of H'(Gj, pz(Ix)) ﬂE;IF [cf. Theorem 1.9, (e)] with respect to

the valuation on the field (H*(Gy, ps(Ilx)) ﬂE;IF) U{0} [relative to the
additive structure of Theorem 1.9, (e)] determined by the subring of this

field generated by the intersection Ker(H' (G, pz(Ilx)) — Z) HE:IF —

where “—7” is the surjection of (b), considered up to multiplication by 7.~
an object which is independent of the isomorphism of (c).

Here, the asserted “functoriality” is with respect to arbitrary open injective
homomorphisms of extensions of profinite groups — cf. Remark 1.10.1 below.

(iii) Suppose further that X is of strictly Belyi type [so that we are in the
situation of Theorem 1.9]. Then there exists a functorial “group-theoretic”
algorithm for reconstructing the function field Kx of X from the profinite
group Ilx [cf. Remark 1.9.2], as follows:

(e) One constructs the decomposition groups in IIx of arbitrary closed
points of X by approximating such points by NF-points of X [whose
decomposition groups have already been constructed, in Theorem 1.9, (a)],
via the equivalence of [Mzk12], Lemma 3.1, (i), (iv).
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(f) For S a finite set of closed points of X, one constructs the associated
“maximal abelian cuspidalization”

c-ab
1E5

of Ug def X\S wia the algorithm of [Mzk19], Theorem 2.1, (i) [cf. also
[Mzk19], Theorem 1.1, (iii)]. Moreover, by applying the approximation
technique of (e) to the Belyi cuspidalizations of Theorem 1.9, (a), one
may construct the Green’s trivializations [cf. [Mzk19], Definition 2.1;
[Mzk19], Remark 15] for arbitrary pairs of closed points of X such that
one point of the pair is an NF-point; in particular, one may construct the
liftings to H%‘:b [from Tl x | of decomposition groups of NF-points.

(9) By applying the “maximal abelian cuspidalizations” H‘fjg‘b of (f), together
with the characterization of principal divisors given in Proposition 1.6, (ii)
[cf. also the decomposition groups of (e)], one constructs the subgroup

Pus C© H'(I152", py(Mx)) (=2 H' Iy, ps(1x)))

[cf. [Mzk19], Proposition 2.1, (i), (ii)] determined by the cuspidal prin-
cipal divisors via the isomorphisms of Theorem 1.9, (b). Then the
image of the Kummer map in Py, may be constructed as the collec-
tion of elements of Py, whose restriction € H* (G, ps(Ilx)) — where
G C Gy, is an open subgroup corresponding to a finite extension k' C k
of k — to a decomposition group of some NF-point [cf. (f)] is contained
in (') C ((K))" = HY(Gr, pz(x)) [cf. (d) or, alternatively,(d’)].

(h) One constructs the additive structure on [the image — cf. (d) — of]
E*|J{0} as the unique continuous extension of the additive structure

on (k> HEEF) {0} constructed in Theorem 1.9, (e). One constructs the
image of the Kummer map

K% < limg H' (52, piz (1))
S

by letting S as in (g) vary. One constructs the additive structure on
K% {0} as the unique additive structure compatible, relative to the oper-
ation of restriction to decomposition groups of NF-points [cf. (f)], with the
additive structures on the various (k')* |J{0}, for k' C k a finite exten-
sion of k. Also, one may construct the restrictions of elements of K% to
decomposition groups not only of NF-points, but also of arbitrary closed
points of X, by approximating as in (e); this allows one [by letting k
vary among finite extensions of k in E/ to giwe an alternative construction
of the additive structure on K5 |J{0} by applying Proposition 1.3 directly
fi.e., over k, as opposed to kxp].

Here, the asserted “functoriality” is with respect to arbitrary open injective
homomorphisms of profinite groups [i.e., of “Ux”] — c¢f. Remark 1.10.1 below.
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Proof. The validity of the algorithms asserted in Corollary 1.10 is immediate from
the various results cited in the statement of these algorithms. ()

Remark 1.10.1.

(i) In general, the functoriality of Theorem 1.9, Corollary 1.10, when applied to
the operation of passing to open subgroups of Il x, is to be understood in the sense
of a “compatibility”, relative to dividing the usual functorially induced morphism
on “ps(Ilx)’s” by a factor given by the indexr of the subgroups of Ax that arise
from the open subgroups of IIx under consideration [cf., e.g., [Mzk19], Remark 1].

(ii) In fact, strictly speaking, the definition of “p5(Ily)” in Theorem 1.9, (b),
is only valid if U is a hyperbolic curve of genus > 2; nevertheless, one may extend
this definition to the case where U is an arbitrary hyperbolic orbicurve precisely
by passing to coverings and applying the “functoriality /compatibility” discussed in
(i). We leave the routine details to the reader.

(iii) In a similar vein, note that the isomorphism H?(Gy, pus(Gy)) — Z of
Corollary 1.10, (a), is functorial in the sense that it is compatible with the result of
dividing the usual functorially induced morphism by a factor given by the index of
the open subgroups of (G;, under consideration.

Remark 1.10.2. Just as was the case with Theorem 1.9, one may give a tempered
version of Corollary 1.10 — cf. Remark 1.9.1.

Remark 1.10.3.

(i) The isomorphism of Corollary 1.10, (c), may be thought of as a sort of
“synchronization of [arithmetic and geometric] cyclotomes”, in the style of “syn-
chronization of cyclotomes” given in Proposition 1.4, (ii).

(ii) One may construct the natural isomorphism
Gy = H' (G, pz(Ilx))

by applying the displayed isomorphism of Corollary 1.10, (c¢), to the inverse of the
first displayed isomorphism of Corollary 1.10, (b). By applying this natural isomor-
phism to various open subgroups of Gy, we thus obtain yet another isomorphism

of cyclotomes

X Hom(Q/Z, k(Fng))

p7(Gr) = ps(Ilx)
— where we write /@(E:IF) for the image of E;IF in

lim H'(Ily, pz(Ily))
v

via the inclusion induced by the Kummer map in the display of Theorem 1.9, (d).
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Finally, we conclude the present §1 by observing that the techniques developed
in the present §1 may be intepreted as implying a very elementary semi-absolute
birational analogue of Theorem 1.9.

Theorem 1.11. (Semi-absolute Reconstruction of Function Fields of
Curves over Kummer-faithful Fields) Let X be a smooth, proper, geometrically
connected curve of genus gx over a Kummer-faithful field k; Kx the function

field of X ; nx def Spec(Kx); k an algebraic closure of k;
1—=A,) =1, =G, —1

— where 11, oo m(nx) — Gi 2t Gal(k/k) denotes the natural surjection of étale

fundamental groups [relative to some choice of basepoints], and A, denotes the
kernel of this surjection — the resulting extension of profinite groups. Then
Ay, 1L, and Gy are slim. For simplicity, let us suppose further [for instance,
by replacing X by a finite étale covering of X ] that gx > 2. Then there exists a
functorial “group-theoretic” algorithm for reconstructing the function field
Kx from the extension of profinite groups 1 — A, — II,, — G — 1; this
algorithm consists of the following steps:

(a) Letl be a prime number. If p : G, — Z] is a character, and M is an
abelian pro-l group equipped with a continuous action by Gy, then let us
write Fp,(M) € M for the closure of the closed subgroups of M that are
isomorphic to Zi(p) [i.e., the Gi-module obtained by letting Gy act on 7,
via p] as H-modules, for some open subgroup H C Gy. [Thus, F,(M) C
M depends only on the “power-equivalence class” of p — cf. Remark
1.5.1.] Then the power-equivalence class of the cyclotomic character
xi : Gr — Z] may be characterized by the condition that FXZ(A%'; ® Zy)
is not topologically finitely generated.

(b) Letl be a prime number. If M is an abelian pro-l group equipped with
a continuous action by Gy such that M/F, (M) is topologically finitely
generated, then let us write M — T (M) for the maximal torsion-
free quasi-trivial quotient [i.e., mazimal torsion-free quotient on which
Gy acts through a finite quotient]. [Thus, one verifies immediately that
“T(M)” is well-defined.] Then one may compute the genus of X via the
formula [cf. the proof of [Mzk21], Corollary 2.10]

2g9x = dimg, (Q(AL ® Z;) ® Q) + dimg, (T (A2 ® Z;) ® Q)

X X
— where we write Q(—) ot (=)/Fy,(=). In particular, this allows one
to characterize, via the Hurwitz formula, those pairs of open subgroups
Ji € H; C A, such that “the covering between J; and H; is cyclic of or-
der a power of | and totally ramified at precisely one closed point but un-
ramified elsewhere” [cf. the proof of [Mzk21], Corollary 2.10]. Moreover,
this last characterization tmplies a “group-theoretic” characterization
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of the inertia subgroups I, C A, of points x € X (k) [cf. the proof of
[Mzk21], Corollary 2.10; the latter portion of the proof of [Mzk9], Lemma
1.3.9], hence of the quotient A, — Ax [whose kernel is topologically
normally generated by the I, for x € X (k)]. Finally, the decomposition
group D, C Il of x € X (k) may then be constructed as the normal-
izer [or, equivalently, commensurator] of I in 11, [cf., e.g., [Mzk12],
Theorem 1.3, (ii)].

(c) One may construct the natural isomorphisms I, = Mx [where x €
X (k); Mx is as in Proposition 1.4, (ii)] via the technique of Proposition
1.4, (ii). These isomorphisms determine [by restriction to the I,.] a natural
map

HY (L, Mx)— [] Z
zeX (k)

[ef. Proposition 1.6, (iii)]. Denote by Py, € H'(I,,, Mx) [cf. Proposi-
tion 1.8] the inverse image in H' (1L, , Mx) of the subgroup of

II z

zeX (k)

consisting of the principal divisors — i.e., divisors D of degree zero
supported on a collection of points € X (kg), where kg C k is the subfield
corresponding to an open subgroup H C Gy, whose associated class €
HY(H,A%) [i.e., the class obtained as the difference between the section
“tp” of Proposition 1.6, (ii), and the identity section] is trivial.

(d) The image of the Kummer map

K;; - Hl(Hn)mMX)

may be constructed as the subgroup of elements 0 € Py, for which there
exists an v € X (k) such that 0|, € H'(D,, Mx) vanishes fi.c., = 1, if
one works multiplicatively] — cf. the technique of Proposition 1.8, (i).
Moreover, the additive structure on K3 |J{0} may be recovered via the

algorithm of Proposition 1.3.

Finally, the asserted “functoriality” is with respect to arbitrary open injective
homomorphisms of extensions of profinite groups [cf. Remark 1.10.1, (i)].

Proof. The slimness of A, follows immediately from the argument applied to
verify the slimness portion of [Mzk21], Corollary 2.10. The validity of the recon-
struction algorithm asserted in Theorem 1.11 is immediate from the various results
cited in the statement of this algorithm. Now, by applying the functoriality of this
algorithm, the slimness of G} follows immediately from the argument applied in
[Mzk5], Lemma 15.8, to verify the slimness of Gy when k is sub-p-adic. Finally, the
slimness of II,,, follows from the slimness of A, , Gr. O
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Remark 1.11.1.

(i) One verifies immediately that when k is an MLF, the semi-absolute algo-
rithms of Theorem 1.11 may be rendered absolute [i.e., one may construct the kernel
of the quotient “II,,, — G}”] by applying the algorithm that is implicit in the proof
of the corresponding portion of [Mzk21], Corollary 2.10.

(ii) Suppose, in the notation of Theorem 1.11 that k is an NF. Then an absolute
version of the functoriality portion [i.e., the “Grothendieck Conjecture” portion]
of Theorem 1.11 is proven in [Pop] [cf. [Pop], Theorem 2]. Moreover, in [Pop],
Observation [and the following discussion], an algorithm is given for passing from
the absolute data “IL,,” to the semi-absolute data “(II,,,A,, C II,.)”. Thus,
by combining this algorithm of [Pop] with Theorem 1.11, one obtains an absolute
version of Theorem 1.11.

Remark 1.11.2. One may think of the argument used to prove the slimness of
Gy, in the proof of Theorem 1.11 [i.e., the argument of the proof of [Mzk5], Lemma
15.8] as being similar in spirit to the proof [cf., e.g., [Mzk9], Theorem 1.1.1, (ii)] of
the slimness of G}, via local class field theory in the case where k is an MLF, as well
as to the proof of the slimness of the geometric fundamental group of a hyperbolic
curve given, for instance, in [MT], Proposition 1.4, via the induced action on the
torsion points of the Jacobian of the curve, in which the curve may be embedded.
That is to say, in the case where k is an arbitrary Kummer-faithful field, since one
does not have an analogue of local class field theory (respectively, of the embedding
of a curve in its Jacobian), the moduli of hyperbolic curves over k, in the context
of a relative anabelian result for the arithmetic fundamental groups of such curves,
plays the role of the abelianization of Gy (respectively, of the torsion points of the
Jacobian) in the case where k is an MLF (respectively, in the case of the geometric
fundamental group of a hyperbolic curve) — i.e., the role of a “functorial, group-
theoretically reconstructible embedding” of k (respectively, the curve).

Remark 1.11.3. It is interesting to note that the techniques that appear in the
algorithms of Theorem 1.11 are extremely elementary. For instance, unlike the case
with Theorem 1.9, Corollary 1.10, the algorithms of Theorem 1.11 do not depend on
the somewhat difficult [e.g., in their use of p-adic Hodge theory] results of [Mzk5].
Put another way, this elementary nature of Theorem 1.11 serves to highlight the
fact that the only non-elementary portion [in the sense of its dependence of the
results of [Mzk5]] of the algorithms of Theorem 1.9 is the use of the technique of
Belyi cuspidalizations. 1t is precisely this “non-elementary portion” of Theorem 1.9
that requires us, in Theorem 1.9, to assume that the base field is sub-p-adic [i.e.,
as opposed to merely Kummer-faithful, as in Theorem 1.11].

Remark 1.11.4.

(i) The observation of Remark 1.11.3 prompts the following question:
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If the birational version [i.e., Theorem 1.11] of Theorem 1.9 is so much
more elementary than Theorem 1.11, then what is the advantage [i.e.,
relative to the anabelian geometry of function fields] of considering the
anabelian geometry of hyperbolic curves?

One key advantage of working with hyperbolic curves, in the context of the theory
of the present paper, lies in the fact that “most” hyperbolic curves admit a core
[cf. [Mzk3], §3; [Mzk10], §2]. Moreover, the existence of “cores” at the level of
schemes has a tendency to imply to existence of “cores” at the level of “étale
fundamental groups considered geometrically”, i.e., at the level of anabelioids |cf.
[Mzk11], §3.1]. The existence of a core is crucial to, for instance, the theory of
the étale theta function given in [Mzkl18|, §1, §2, and, moreover, in the present
three-part series, plays an important role in the theory of elliptically admissible [cf.
[Mzk21], Definition 3.1] hyperbolic orbicurves. On the other hand, it is easy to see
that “function fields do not admit cores”: i.e., if, in the notation of Theorem 1.11,
we write Loc(nx ) for the category whose objects are connected schemes that admit
a connected finite étale covering which is also a connected finite étale covering of
nx, and whose morphisms are the finite étale morphisms, then Loc(nx) fails to
admit a terminal object.

(ii) The observation of (i) is interesting in the context of the theory of §5
below, in which we apply various [mono-]Janabelian results to construct “canonical
rigid integral structures” called “log-shells”. Indeed, in the Introduction to
[Mzk11], it is explained, via analogy to the complex analytic theory of the upper
half-plane, how the notion of a core may be thought of as a sort of “canonical integral
structure” — i.e., relative to the “modifications of integral structure” constituted
by “going up and down via various finite étale coverings”. Here, it is interesting
to note that this idea of a “canonical integral structure relative to going up and
down via finite étale coverings” may also be seen in the theory surrounding the
property of cyclotomic rigidity in the context of the étale theta function [cf., e.g.,
[Mzk18], Remark 2.19.3]. Moreover, let us observe that these “integral structures
with respect to finite étale coverings” may be thought of as “exponentiated integral
structures” — i.e., in the sense that, for instance, in the case of G,, over Q, these
integral structures are not integral structures relative to the scheme-theoretic base
ring Z C Q, but rather with respect to the exponent of the standard coordinate U,
which, via multiplication by various nonnegative integers N, gives rise, in the form
of mappings U™ — UN'", to various finite étale coverings of G,,. Such “non-scheme-
theoretic exponentiated copies of Z”7 play an important role in the theory of the
étale theta function as the Galois group of a certain natural infinite étale covering
of the Tate curve — cf. the discussion of [Mzk18], Remark 2.16.2. Moreover, the
idea of constructing “canonical integral structures” by “de-exponentiating certain
exponentiated integral structures” may be rephrased as the idea of “constructing
canonical integral structures by applying some sort of logarithm operation”. From
this point of view, such “canonical integral structures with respect to finite étale
coverings” are quite reminiscent of the canonical integral structures arising from
log-shells to be constructed in §5 below.

Remark 1.11.5. In the context of the discussion of Remark 1.11.4, if the hyper-
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bolic curve in question is affine, then, relative to the function field of the curve, the
additional data necessary to determine the given affine hyperbolic curve consists
precisely of some [nonempty] finite collection of conjugacy classes of inertia groups
i.e., “I,” as in Theorem 11.1, (b)]. Thus, from the point of view of the discussion
of Remark 1.11.3, the technique of Belyi cuspidalizations is applied precisely so as
to enable one to work with this additional data [cf. also the discussion of Remark
3.7.7 below].
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Section 2: Archimedean Reconstruction Algorithms

In the present §2, we re-examine various aspects of the complex analytic the-
ory of [Mzk14] from an algorithm-based, “model-implicit” [cf. Remark 2.7.4 below]
point of view motivated by the Galois-theoretic theory of §1. More precisely, the
“SLo(R)-based approach” of [Mzkl14], §1, may be seen in the general theory of
Aut-holomorphic spaces given in Proposition 2.2, Corollary 2.3, while the “paral-
lelograms, rectangles, squares approach” of [Mzk14], §2, is developed further in the
reconstruction algorithms of Propositions 2.5, 2.6. These two approaches are com-
bined to obtain the main result of the present §2 [cf. Corollary 2.7], which consists
of a certain reconstruction algorithm for the “local linear holomorphic structure”
of an Aut-holomorphic orbispace arising from an elliptically admissible hyperbolic
orbicurve. Finally, in Corollaries 2.8, 2.9, we consider the relationship between
Corollary 2.7 and the global portion of the Galois-theoretic theory of §1.

The following definition will play an important role in the theory of the present

§2.

Definition 2.1.

(i) Let X be a Riemann surface [i.e., a complex manifold of dimension one].
Write Ax for the assignment that assigns to each connected open subset U C X

the group
def

Ax (U) = Auth(D)
of holomorphic automorphisms of U — which we think of as being “some distin-
guished subgroup” of the group of homeomorphisms Aut(U*P) of the underlying
topological space U'°P of U. We shall refer to as the Aut-holomorphic space asso-

ciated to X the pair

X X (xPP, Ay)

consisting of the underlying topological space X*°P 4f xtor of X, together with the

assignment Ax def Ax; also, we shall refer to the assignment Ax = Ax as the Aut-
holomorphic structure on X P [determined by X]. If X is biholomorphic to the open
unit disc, then we shall refer to X as an Aut-holomorphic disc. If X is a hyperbolic
Riemann surface of finite type (respectively, a hyperbolic Riemann surface of finite
type associated to an elliptically admissible [cf. [Mzk21], Definition 3.1] hyperbolic
curve over C), then we shall refer to the Aut-holomorphic space X as hyperbolic
of finite type (respectively, elliptically admissible). If U is a collection of connected
open subsets of X that forms a basis for the topology of X, and, moreover, satisfies
the condition that any connected open subset of X that is contained in an element
of U is itself an element of U, then we shall refer to U as a local structure on X*°P
and to the restriction Ax|y of Ax to U as a [U-local] pre-Aut-holomorphic structure
on X'tP,

(ii) Let X (respectively, Y) be a Riemann surface; X (respectively, Y) the
Aut-holomorphic space associated to X (respectively, Y); U (respectively, V) a
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local structure on X'°P (respectively, Y*P). Then we shall refer to as a (U, V)-local
morphism of Aut-holomorphic spaces

b:X =Y

any local isomorphism of topological spaces ¢t°P : Xt*P — Y'P with the property
that for any open subset Ux € U that maps homeomorphically via ¢*°P onto some
open subset Uy € V, ¢*P induces a bijection Ax(Ux) — Ay(Uy); when U, V are,
respectively, the sets of all connected open subsets of X, Y, then we shall omit
the word “(U,V)-local” from this terminology; when ¢'°P is a finite covering space
map, we shall say that ¢ is finite étale. We shall refer to a map X — Y which is
either holomorphic or anti-holomorphic at each point of X as an RC-holomorphic
morphism [cf. [Mzk14], Definition 1.1, (vi)].

(iii) Let Z, Z’" be orientable topological surfaces [i.e., two-manifolds]. If p € Z,
then let us write

Orn(Z,p) = iy m (W\{p})"
w
— where W ranges over the connected open neighborhoods of p in Z; “mi(—)”
denotes the usual topological fundamental group, relative to some basepoint [so
“m1(—)” is only defined up to inner automorphisms, an indeterminacy which may
be eliminated by passing to the abelianization “ab”]; thus, Orn(Z, p) is [noncanon-
ically!] isomorphic to Z. Note that since Z is orientable, it follows that the assign-
ment p — Orn(Z, p) determines a trivial local system on Z, whose module of global
sections we shall denote by Orn(Z) [so Orn(Z) is a direct product of copies of Z, in-
dexed by the connected components of Z]. One verifies immediately that any local
isomorphism Z — Z’ induces a well-defined homomorphism Orn(Z) — Orn(Z’).
We shall say that any two local isomorphisms o, : Z — Z' are co-oriented if
they induce the same homomorphism Orn(Z) — Orn(Z’). We shall refer to as a
pre-co-orientation ( : Z — Z' any equivalence class of local isomorphisms Z — Z’
relative to the equivalence relation determined by the property of being co-oriented
[so a pre-co-orientation may be thought of as a collection of maps Z — Z', or, al-
ternatively, as a homomorphism Orn(Z) — Orn(Z’)]. Thus, the pre-co-orientations
from the open subsets of Z to Z’' form a pre-sheaf on X'°P; we shall refer to as a

co-orientation
C:Z—7

any section of the sheafification of this pre-sheaf [so a co-orientation may be thought
of as a collection of maps from open subsets of Z to Z’, or, alternatively, as a
homomorphism Orn(Z) — Orn(Z')].

(iv) Let X, Y, X, Y, U, V be as in (ii). Then we shall say that two (U, V)-local
morphisms of Aut-holomorphic spaces ¢1,¢p2 : X — Y are co-holomorphic if gbtlol)
and @5 are co-oriented [cf. (iii)]. We shall refer to as a pre-co-holomorphicization
¢ : X — Y any equivalence class of (U, V)-local morphisms of Aut-holomorphic
spaces X — Y relative to the equivalence relation determined by the property
of being co-holomorphic [so a pre-co-holomorphicization may be thought of as a

collection of maps from X*°P to Y'*P]. Thus, the pre-co-holomorphicizations from
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the Aut-holomorphic spaces determined by open subsets of X*P to Y form a pre-
sheaf on X*P; we shall refer to as a co-holomorphicization [cf. also Remark 2.3.2
below]

(:X—=Y

any section of the sheafification of this pre-sheaf [so a co-holomorphicization may
be thought of as a collection of maps from open subsets of X'°P to Y*°P|. Finally, we
observe that every co-holomorphicization (respectively, pre-co-holomorphicization)
determines a co-orientation (pre-co-orientation) between the underlying topological
spaces.

Remark 2.1.1. One verifies immediately that there is a natural extension of the
notions of Definition 2.1 to the case of one-dimensional complex orbifolds, which give
rise to “Aut-holomorphic orbispaces” [not to be confused with the “orbi-objects” of
80, which will always be identifiable in the present paper by means of the hyphen
“7 following the prefix “orbi”].

Remark 2.1.2. One important aspect of the “Aut-holomorphic” approach to the
notion of a “holomorphic structure” is that this approach has the virtue of being
free of any mention of some “fixed reference model” copy of the field of complex
numbers C — cf. Remark 2.7.4 below.

Proposition 2.2. (Commensurable Terminality of RC-Holomorphic
Automorphisms of the Disc) Let X, Y be Aut-holomorphic discs, arising,
respectively, from Riemann surfaces X, Y. Then:

(i) Every isomorphism of Aut-holomorphic spaces X = Y arises from a
unique RC-holomorphic isomorphism X = Y.

(11) Let us regard the group Aut(X'*°P) as equipped with the compact-open
topology. Then the subgroup

AutREhol (X)) € Aut(XtoP)
of RC-holomorphic automorphisms of X, which [as is well-known] contains

Auth®!(X) as a subgroup of index two, is closed and commensurably terminal
[ef. [Mzk20], §0]. Moreover, we have isomorphisms of topological groups

Aut"l(X) =2 SLy(R)/{£1};  AutRhol(X) = GLy(R)/R*

[where we regard Aut"'(X), AutRChN( X)), as equipped with the topology induced
by the topology of Aut(X'™P), i.e., the compact-open topology/.

Proof. It is immediate from the definitions that assertion (i) follows formally
from the commensurable terminality [in fact, in this situation, normal terminality
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suffices] of assertion (ii). Thus, it suffices to verify assertion (ii). First, we recall
that we have a natural isomorphism of connected topological groups

Aut™(X) 2 SLy(R)/{+1}

[where we regard Aut"®!(X) as equipped with the compact-open topology]. Next,
let us recall the well-known fact in elementary complex analysis that “a sequence
of holomorphic functions on X*P that converges uniformly on compact subsets
of X%P converges to a holomorphic function on X*°P”. [This fact is often ap-
plied in proofs of the Riemann mapping theorem.] This fact implies immedi-
ately that Auth©!(X), AutRCPo(X) are closed in Aut(X*P). Now suppose that
a € Aut(X®P) lies in the commensurator of Aut'(X); thus, the intersection (o -
AutP(X)-a~1) N Aut?®!(X) is a closed subgroup of finite index of Aut"!'(X). But
this implies that (a-Aut"'(X)-a~1) () Aut"(X) is an open subgroup of AutP®!(X),
hence [since Aut™®!(X) is connected) that (o - Aut'®(X) - a1 N Authl(X) =
Authel(X), ie., that o - Auth{(X) - o7! D Auth®!(X). Thus, by replacing a by
a~!, we conclude that o normalizes Aut''(X), i.e., that a induces an automor-
phism of the topological group Aut?®!(X) =2 SLy(R)/{=£1}, hence also [by Cartan’s
theorem — cf., e.g., [Serre], Chapter V, §9, Theorem 2; the proof of [Mzk14], Lemma
1.10] of the real analytic Lie group SLo(R)/{#£1}. Thus, as is well-known, it fol-
lows [for instance, by considering the action of « on the Borel subalgebras of the
complexification of the Lie algebra of SLy(R)/{£1}] that « arises from an element
of GLy(C)/C* that fixes [relative to the action by conjugation] the Lie subalgebra
slo(R) of slo(C). But such an element of GLy(C)/C* is easily verified to be an
element of GL2(R)/R*. In particular, by considering the action of a on mazimal
compact subgroups of Auth°!(X) [cf. the proof of [Mzk14], Lemma 1.10], it follows
that a arises from an RC-holomorphic automorphism of X, as desired. ()

In fact, as the following result shows, the notions of an Aut-holomorphic struc-
ture and a pre-Aut-holomorphic structure are equivalent to one another, as well as
to the usual notion of a “holomorphic structure”.

Corollary 2.3. (Morphisms of Aut-Holomorphic Spaces) Let X (respec-
tively, Y ) be a Riemann surface; X (respectively, Y) the Aut-holomorphic space
associated to X (respectively, Y ); U (respectively, V) a local structure on X*P (re-
spectively, Y*°P ). Then:

(i) Every (U,V)-local morphism of Aut-holomorphic spaces
XY

arises from a unique étale RC-holomorphic morphism ¢ : X — Y. Moreover,
if, in this situation, X, Y f[i.e., X*P Y'P] gre connected, then there erist pre-
cisely two co-holomorphicizations X — Y, corresponding to the holomorphic
and anti-holomorphic local isomorphisms from open subsets of X to Y.

(11) Every pre-Aut-holomorphic structure on X"P eztends to a unique
Aut-holomorphic structure on X'°P,
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Proof. Assertion (i) follows immediately from the definitions, by applying Propo-
sition 2.2, (i), to sufficiently small open discs in X*P. Assertion (ii) follows im-
mediately from assertion (i) by applying assertion (i) to automorphisms of the
Aut-holomorphic spaces determined by arbitrary connected open subsets of XoP
which determine the same co-holomorphicization as the identity automorphism. ()

Remark 2.3.1. Note that Corollary 2.3 may be thought of as one sort of “com-
plex analytic analogue of the Grothendieck Conjecture”, that, although formulated
somewhat differently, contains [to a substantial extent] the same essential mathe-
matical content as [Mzk14], Theorem 1.12 — cf. the similarity between the proofs
of Proposition 2.2 and [Mzk14], Lemma 1.10; the application of the p-adic version
of Cartan’s theorem in the proof of [Mzk8]|, Theorem 1.1 [i.e., in the proof of [Mzk§],
Lemma 1.3].

Remark 2.3.2. It follows, in particular, from Corollary 2.3, (ii), that [in the
notation of Definition 2.1, (iv)] the notion of a co-holomorphicization X — Y is, in
fact, independent of the choice of the local structures U, V.

Remark 2.3.3. It follows immediately from Corollary 2.3, (i), that any composite
of morphisms of Aut-holomorphic spaces is again a morphism of Aut-holomorphic
spaces.

Corollary 2.4. (Holomorphic Arithmeticity and Cores) Let X be a hyper-
bolic Aut-holomorphic space of finite type associated to a Riemann surface
X [which is, in turn, determined by a hyperbolic curve over CJ]. Then one may
determine the arithmeticity [in the sense of [Mzk3], §2] of X and, when X is not
arithmetic, construct the Aut-holomorphic orbispace [cf. Remark 2.1.1] associated
to the hyperbolic core [cf. [Mzk3], Definition 3.1] of X, via the following func-
torial algorithm, which involves only the Aut-holomorphic space X as input
data:

(a) Let U*P — X*P pe any universal covering of X*P [i.e., a connected
covering space of the topological space X*°P which does not admit any non-
trivial connected covering spaces|. Then one may construct the funda-
mental group 71(X'"P) as the group of automorphisms Aut(Ut°P /X"P)
of Ut°P oper XtoP,

(b) In the notation of (a), by considering the local structure on U™P
consisting of connected open subsets of U°P that map isomorphically onto
open subsets of Xt°P | one may construct a natural pre-Aut-holomorphic
structure on U™ — hence also [cf. Corollary 2.3, (ii)] a natural Aut-
holomorphic structure on U*P — by restricting the Aut-holomorphic
structure of X on X%P; denote the resulting Aut-holomorphic space by U.
Thus, we obtain a natural injection

71 (XYP) = Aut(UP /X*P) < Aut®(U) C Aut(U)
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— where we recall [cf. Proposition 2.2, (ii)] that Aut(U), equipped with
the compact-open topology, is isomorphic, as a topological group, to
GL2(R)/R*; we write Aut®(U) C Aut(U) for the connected component of
the identity of Aut(U).

(¢c) In the notation of (b), X is not arithmetic if and only if the image
of w1 (X*P) in Aut®(U) is of finite index in its commensurator II C
Aut®(U) in Aut®(U) [cf. [Mz2k3], §2, §3]. If X is not arithmetic, then the
Aut-holomorphic orbispace

X—H

associated to the hyperbolic core H of X may be constructed by form-
ing the “orbispace quotient” of U°P by II and equipping this quotient with
the pre-Aut-holomorphic structure — which [cf. Corollary 2.3, (ii)] deter-
mines a unique Aut-holomorphic structure — determined by restrict-
ing the Aut-holomorphic structure of U to some suitable local structure as

in (b).

Finally, the asserted “functoriality” is with respect to finite étale morphisms of
Aut-holomorphic spaces arising from hyperbolic curves over C.

Proof. The validity of the algorithm asserted in Corollary 2.4 is immediate from
the constructions that appear in the statement of this algorithm [together with the
references quoted in these constructions]. ()

Remark 2.4.1. One verifies immediately that Corollary 2.4 admits a natural
extension to the case where X is a hyperbolic orbicurve over C [cf. Remark 2.1.1].

Remark 2.4.2. Relative to the analogy with the theory of §1 [cf. Remark 2.7.3
below], Corollary 2.4 may be regarded as a sort of holomorphic analogue of results
such as [Mzk10], Theorem 2.4, concerning categories of finite étale localizations of
hyperbolic orbicurves.

Next, we turn our attention to re-examining, from an algorithm-based point
of view, the theory of affine linear structures on Riemann surfaces in the style of
[Mzk14], §2; [Mzk14], Appendix. Following the terminology of [Mzk14], Definition
A3, (i), (ii), we shall refer to as “parallelograms”, “rectanges”, or “squares” the
distinguished open subsets of C = R + ¢R which are of the form suggested by these
respective terms.

Proposition 2.5. (Linear Structures via Parallelograms, Rectanges, or
Squares) Let
UCC=R+:R

be a connected open subset. Write

S(U) S R(U) € P(U)
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for the sets of pre-compact parallelograms, rectanges, and squares in U; let
Q € {S,R,P}. Then there exists a functorial algorithm for constructing the
parallel line segments, parallelograms, orientations, and “local additive
structures” [in the sense described below] of U that involves only the input data
(U, Q(U)) — i.e., consisting of the abstract topological space U, equipped with
the datum of a collection of distinguished open subsets Q(U) — as follows:

(a) Define a strict line segment L of U to be an intersection of the form
def = A~
L= Q)@

— where Q,, Qy are the respective closures of Q1,Q2 € Q(U); Q1 (N Q2 =
(); L is of infinite cardinality. Define two strict line segments to be
strictly collinear if their intersection is of infinite cardinality. Define
a strict chain of U to be a finite ordered set of strict line segments
Ly,...,L, [where n > 2 is an integer| such that L;, L;+1 are strictly
collinear for i = 1,... ,n — 1. Then one constructs the [closed, bounded]
line segments of U by observing that a line segment may be character-
1zed as the union of strict line segments contained a strict chain of U; an
endpoint of a line segment L is a point of the boundary OL of L [i.e., a
point whose complement in L is connected).

(b) Define a 0Q-parallelogram of U to be a closed subset of U of the form

0Q def Q\Q — where Q € Q(U); Q denotes the closure of Q. Define a
side of a parallelogram Q € Q(U) to be a mazximal line segment contained
in the 0Q-parallelogram 0Q. Define two line segments L, L' of U to be
strictly parallel if there exist non-intersecting sides S, S’ of a parallel-
ogram € Q(U) such that S C L, 8" C L’'. Then one constructs the pairs
(L, L") of parallel line segments by observing that L, L' are parallel if
and only if L is equivalent to L' relative to the equivalence relation on line

segments generated by the relation of being strictly parallel.

(¢) Define a pre-0-parallelogram 0P of U to be a union of the members
of a family of four line segments {L;};cz/az of U such that for any two
distinct points p1,ps € OP, there exists a line segment L such that OL =
{p1,p2}, and, moreover, for each i € Z/AZ, L; and L;.o are parallel,
and the set L;(\L;y1 = (0L;)((0Lit+1) is of cardinality one. If OP is
a pre-0-parallelogram of U, then define the associated pre-parallelogram
of U to be the union of line segments L of U such OL C OP. Then one
constructs the parallelograms € P(U) of U as the interiors of the pre-
parallelograms of U.

(d) Define a frame F = (S1,S2) of U to be an ordered pair of distinct
intersecting sides Sy, So of a parallelogram P € P(U); in this situation,
we shall refer to any line segment of U that has infinite intersection with
P as being framed by F. Define two frames F = (S1,53), F' = (57, 5%)
to be strictly co-oriented if S1()S2 = S1()S5, S1 is framed by F, and
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Sy is framed by F'. Then one constructs the orientations of U [of which
there are precisely 2, since U is connected] by observing that an orientation
of U may be characterized as an equivalence class of frames, relative
to the equivalence relation on frames generated by the relation of being
strictly co-oriented.

(e) Let p € U. Then given a,b € U, the sum a +, b € U, relative to the
origin p — 1i.e., the “local additive structure” of U at p — may be
constructed, whenever it is defined, in the following fashion: If a = p,
then a +, b = b; if b = p, then a +, b = a. If a,b # p, then for P ¢
P(U) such that P contains [distinct] intersecting sides S,, Sy for which
Sa () Se = {p}, 0Sa = {p, a}, 0S, = {p, b}, we take a+,b to be the unique
endpoint of a side of P that & {a,b,p}. [Thus, “a+,b” is defined for a,b
in some neighborhood of p in U.]

Finally, the asserted “functoriality” is with respect to open immersions [of ab-
stract topological spaces] v : Uy — Uy [where Uy, Uy C C are connected open subsets/
such that « maps Q(Uy) into Q(Us).

Proof. The validity of the algorithm asserted in Proposition 2.5 is immediate from
the elementary content of the characterizations contained in the statement of this
algorithm. O

Remark 2.5.1. We shall refer to a frame of U as orthogonal if it arises from an
ordered pair of distinct intersecting sides of a rectangle € R(U) C P(U).

Proposition 2.6. (Local Linear Holomorphic Structures via Rectanges
or Squares) Let U, S, R, P, Q be as in Proposition 2.5; suppose further that
Q # P. Then there exists a functorial algorithm for constructing the “local
linear holomorphic structure” [in the sense described below] of U that involves
only the input data (U, Q(U)) — i.e., consisting of the abstract topological space
U, equipped with the datum of a collection of distinguished open subsets Q(U)
— as follows:

(a) Forpe U, write
Ap

for the group of automorphisms of the projective system of connected
open neighborhoods of p in U that are compatible with the “local addi-
tive structures” of Proposition 2.5, (e), and preserve the orthogonal
frames and orientations of Proposition 2.5, (d); Remark 2.5.1. Also, we
equip A, with the topology induced by the topologies of the open neigh-
borhoods of p that A, acts on; note that the “local additive structures” of
Proposition 2.5, (e), determine an additive structure, hence also a topo-
logical field structure on A, J{0}. Then we have a natural isomor-
phism of topological groups

Cx 5 A,
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[induced by the tautological action of C* on C 2 U] that is compatible
with the topological field structures on the union of either side with
“0}”. In particular, one may construct “C* at p” — i.e., the “local
linear holomorphic structure” of U at p — by thinking of this “lo-
cal linear holomorphic structure” as being constituted by the topological
field A, {0}, equipped with its tautological action on the projective
system of open neighborhoods of p.

(b) For p,p’ € U, one constructs a natural isomorphism of topological
groups

A, 5 Ay

that is compatible with the topological field structures on either side
as follows: If p’ is sufficiently close to p, then the “local additive struc-
tures” of Proposition 2.5, (e), determine homeomorphisms [by “trans-
lation”, i.e., “addition”] from sufficiently small neighborhoods of p onto
sufficiently small neighborhoods of p’; these homeomorphisms thus induce
the desired isomorphism A, = A, . Now, by joining an arbitrary p' to p
via a chain of “sufficiently small open neighborhoods” and composing the
resulting isomorphisms of “local linear holomorphic structures”, one ob-
tains the desired isomorphism A, = A, for arbitrary p,p’ € U. Finally,
this isomorphism is independent of the choice of a chain of “sufficiently
small open neighborhoods” used in its construction.

Finally, the asserted “functoriality” is to be understood in the same sense as in
Proposition 2.5.

Proof. The validity of the algorithm asserted in Proposition 2.6 is immediate from
the elementary content of the characterizations contained in the statement of this
algorithm. O

Remark 2.6.1. Thus, the algorithms of Propositions 2.5, 2.6 may be regarded
as superseding the techniques applied in the proof of [Mzk14], Proposition A.4.
Moreover, just as the theory of [Mzk14|, Appendix, was applied in [Mzk14], §2,
one may apply the algorithms of Propositions 2.5, 2.6 to give algorithms for recon-
structing the local linear and orthogonal structures on a Riemann surface equipped
with a nonzero square differential from the various categories which are the topic
of [Mzk14], Theorem 2.3. We leave the routine details to the interested reader.

Corollary 2.7. (Local Linear Holomorphic Structures via Holomorphic
Elliptic Cuspidalization) Let X be an elliptically admissible Aut-holomorphic
orbispace [cf. Remark 2.1.1] associated to a Riemann orbisurface X. Then
there exists a functorial algorithm for constructing the “local linear holo-
morphic structure” [cf. Proposition 2.6] on X*°P that involves only the Aut-
holomorphic space X as input data, as follows:



TOPICS IN ABSOLUTE ANABELIAN GEOMETRY III

(a) By the definition of “elliptically admissible”, we may apply Corollary
2.4, (c), to construct the [Aut-holomorphic orbispace associated to the]
semi-elliptic hyperbolic core X — H of X [i.e., X, together with the
unique [cf. [Mzk21], Remark 3.1.1] double covering E — H by an Aut-
holomorphic space [i.e., the covering determined by the unique torsion-
free subgroup of index two of the group 11 of Corollary 2.4, (c)]. [Thus,
E is the Aut-holomorphic space associated to a once-punctured elliptic
curve./

(b) By considering “elliptic cuspidalization diagrams” as in [Mzk21],
Ezample 3.2 [cf. also the equivalence of Corollary 2.3, (i)]

E—~U-—=E

— where U — E is an abelian finite étale covering that is unramified
at the unique puncture of [i.e., extends to a covering of the one-point
compactification of ] EY°P; E*°P «> U'P 45 gn open immersion; E «— U,
U — E are co-holomorphic — one may construct the torsion points of
[the elliptic curve determined by] E as the points in the complement of the
image of such morphisms U — [, together with the group structure on
these torsion points [which is induced by the group structure of the Galois

group Gal(U/E)]/.

(c) Since the torsion points of (b) are dense in E'P  one may construct
the group structure on [the one-point compactification of] E*P [that
arises from the elliptic curve determined by E] as the unique topolog-
ical group structure that extends the group structure on the torsion
points of (b). This group structure determines “local additive struc-
tures” [cf. Proposition 2.5, (e)] at the various points of E*°P. Moreover,
by considering one-parameter subgroups of these local additive group struc-
tures, one constructs the line segments [cf. Proposition 2.5, (a)] of E*°P;
by considering translations of line segments, relative to these local additive
group structures, one constructs the pairs of parallel line segments /cf.
Proposition 2.5, (b)] of E¥*P, hence also the parallelograms, frames,
and orientations [cf. Proposition 2.5, (c), (d)] of E*°P.

(d) LetV be the Aut-holomorphic space determined by a parallelogram VP C
E*°P [cf. (c)]. Then the one-parameter subgroups of the [topological] group
Ay(VtoP) [~ STo(R)/{£1} — ¢f. Proposition 2.2, (ii); the Riemann
mapping theorem of elementary complex analysis] are precisely the closed
connected subgroups for which the complement of some connected open
neighborhood of the identity element fails to be connected. If S is a one-
parameter subgroup of Ay(V®°P), p € VP and L is a line segment one of
whose endpoints is equal to p, then L is tangent to S - p at p if and only
if any pairs of sequences of points of L\{p}, (S - p)\{p}, converge to the
same element of the quotient space

VP\{p} — P(V, p)
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determined by identifying positive real multiples of elements of V°P\{p},
relative to the local additive structure at p. In particular, one may con-
struct the orthogonal frames of Et°P as the frames consisting of pairs of
line segments Ly, Lo emanating from a point p € E'°P that are tan-
gent, respectively, to orbits S1 - p, Sy - p of one-parameter subgroups
51,82 C Ay(V'*°P) such that Se is obtained from Si by conjugating Si
by an element of order four [i.e., “+i”] of a compact one-parameter
subgroup [i.e., a “one-dimensional torus”] of Ay(Vt°P).

(e) For p € E*P, write
Ap

for the group of automorphisms of the projective system of connected
open neighborhoods of p in E*P that are compatible with the “local
additive structures” of (¢) and preserve the orthogonal frames and
orientations of (¢), (d) [cf. Proposition 2.6, (a)]. Then just as in Propo-
sition 2.6, (a), we obtain topological field structures on A, | J{0}, to-
gether with compatible isomorphisms A, = A, for p' € E*P. This
system of “Ap,’s” may be thought of as a system of “local linear holo-
morphic structures” on E°P or Xt°P,

Finally, the asserted “functoriality” is with respect to finite étale morphisms of
Aut-holomorphic orbispaces arising from hyperbolic orbicurves over C.

Proof. The validity of the algorithm asserted in Corollary 2.7 is immediate from
the constructions that appear in the statement of this algorithm [together with the
references quoted in these constructions]. O

Remark 2.7.1. It is by no means the intention of the author to assert that the
technique applied in Corollary 2.7, (b), (c), to recover the “local additive structure”
via elliptic cuspidalization is the unique way to construct this local additive struc-
ture. Indeed, perhaps the most direct approach to the problem of constructing the
local additive structure is to compactify the given once-punctured elliptic curve and
then to consider the group structure of the [connected component of the identity
of the] holomorphic automorphism group of the resulting elliptic curve. By com-
parison to this direct approach, however, the technique of elliptic cuspidalization
has the virtue of being compatible with the “hyperbolic structure” of the hyperbolic
orbicurves involved. In particular, it is compatible with the various “hyperbolic fun-
damental groups” of these orbicurves. This sort of compatibility with fundamental
groups plays an essential role in the nonarchimedean theory [cf., e.g., the theory
of [Mzk18], §1, §2]. On the other hand, the “direct approach” described above is
not entirely unrelated to the approach via elliptic cuspidalization in the sense that,
if one thinks of the torsion points in the latter approach as playing an analogous
role to the role played by the “entire compactified elliptic curve” in the former
approach, then the latter approach may be thought of as a sort of discretization
via torsion points — cf. the point of view of Hodge-Arakelov theory, as discussed in
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[Mzk6], [Mzk7] — of the former approach. Here, we note that the density of torsion
points in the archimedean theory of the elliptic cuspidalization is reminiscent of the
density of NF-points in the nonarchimedean theory of the Belyi cuspidalization [cf.

§1].

Remark 2.7.2. In light of the role played by the technique of elliptic cuspidal-
ization both in Corollary 2.7 and in the theory of [Mzk18], §1, §2, it is of interest
to compare these two theories. From an archimedean point of view, the theory of
[Mzk18] may be roughly summarized as follows: One begins with the uniformization

G—-G/¢* S E

of an elliptic curve E over C by a copy G of C*. Here, the “g-parameter” of E
may be thought of as being an element

g€ HY G ® Gal(G/E)
[where we recall that Gal(G/FE) = Z|. Then one thinks of the theta function
associated to E as a function © : G — H [i.e., a function defined on G with values
in H]. From this point of view, the various types of rigidity considered in the theory
of [Mzk18] may be understood in the following fashion:

(a) Cyclotomic rigidity corresponds to the portion of the tautological iso-
morphism H = G ® Gal(G/E) involving the mazimal compact subgroups,

i.e., the copies of St &' {z€C* | |z| =1} C C*.

(b) Discrete rigidity corresponds to the portion of the tautological isomor-
phism H = G®Gal(G/E) involving the quotients by the mazimal compact

subgroups, i.e., the copies of R+q def {zeR|2z>0}=C*/sSl.

(c) Constant rigidity corresponds to considering the normalization of © given
by taking the values of © at the points of G corresponding to ++/—1 to
be £1.

In particular, the “canonical copy of C*” that arises from (a), (b) — i.e., H — is
related to the “copies of C*” that occur as the “A,” of Corollary 2.7, (e), in the
following way: A, is given by the linear holomorphic automorphisms of the tangent
space to a point of H. That is to say, roughly speaking, A, (= C*) is related to
H (=2 C*) by the operation of “taking the logarithm”, followed by the operation of
“taking Aut(—)” [of the resulting linearization].

Remark 2.7.3. It is interesting to note that just as the absolute Galois group
G}, of an MLF k£ may be regarded as a two-dimensional object with one rigid and
one non-rigid dimension [cf. Remark 1.9.4], the topological group C* is also a
two-dimensional object with one rigid dimension — i.e.,

St e | 2| =1} CCX
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[a topological group whose automorphism group is of order 2] — and one non-rigid
dimension — i.e.,
Roog & {zeR | z>0}CC*

[a topological group that is isomorphic to R, hence has automorphism group given
by R* —i.e., a “continuous family of dilations”]. Moreover, just as, in the context
of Theorem 1.9, Corollary 1.10, considering G} equipped with its outer action
on Ax has the effect of rendering both dimensions of Gy, rigid [cf. Remark 1.9.4],
considering “C*” as arising, in the fashion discussed in Corollary 2.7, from a certain
Aut-holomorphic orbispace has the effect of rigidifying both dimensions of C*. We
refer to Remark 2.7.4 below for more on this analogy between the

(i) outer action of Gy on Ax

and the notion of an

(ii) Aut-holomorphic orbispace

associated to a hyperbolic orbicurve. Finally, we observe that from the point of
view of the problem of

finding an algorithm to construct the base field of a hyperbolic orbicurve
from (i), (ii),

one may think of Theorem 1.9 and Corollaries 1.10, 2.7 as furnishing solutions to
various versions of this problem.

Remark 2.7.4. The usual definition of a “holomorphic structure” on a Riemann
surface is via local comparison to some fixed model of the topological field C. The
local homeomorphisms that enable this comparison are related to one another by
homeomorphisms of open neighborhoods of C that are holomorphic. On the other
hand, this definition does not yield any absolute description — i.e., a description
that depends on mathematical structures that do not involve explicit use of models
— of what precisely is meant by the notion of a “holomorphic structure”. Instead,
it relies on relating/comparing the given manifold to the fixed model of C — an
approach that is “model-explicit”. By contrast, the notion of a topological space
[i.e., consisting of the datum of a collection of subsets that are to be regarded as
“open”] is absolute, or “model-implicit”. In a similar vein, the approach to quasi-
conformal or conformal structures via the datum of a collection of parallelograms,
rectangles, or squares [cf. Propositions 2.5, 2.6; Remark 2.6.1; the theory of [Mzk14]]
is “model-implicit”. The approach to “holomorphic structures” on a Riemann sur-
face via the classical notion of a “conformal structure” [i.e., the datum of various
orthogonal pairs of tangent vectors| is, so to speak, “relatively model-implicit”; i.e.,
“model-implicit” modulo the fact that it depends on the “model-explicit” definition
of the notion of a differential manifold — which may be thought of as a sort of “lo-
cal linear structure” that is given by local comparison to the local linear structure
of Euclidean space. From this point of view:
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The notions of an “outer action of G on Ax” and an “Aut-holomorphic
orbispace” [cf. Remark 2.7.3, (i), (ii)] have the virtue of being “model-
implicit” — i.e., they do not depend on any sort of [local] comparison to
some fixed reference model.

In this context, it is interesting to note that all of the examples given so far of
“model-implicit” definitions depend on data consisting either of subsets [e.g., open
subsets of a topological space; parallelograms, rectangles, or squares on a Riemann
surface| or endomorphisms [e.g., the automorphisms that appear in a Galois cat-
egory; the automorphisms that appear in an Aut-holomorphic structure]. [Here, in
passing, we note that the appearance of “endomorphisms” in the present discussion
is reminiscent of the discussion of “hidden endomorphisms” in the Introduction to
[Mzk21].] Also, we observe that this dichotomy between model-explicit and model-
implicit definitions is strongly reminiscent of the distinction between bi-anabelian
and mono-anabelian geometry discussed in Remark 1.9.8.

Finally, we relate the archimedean theory of the present §2 to the Galois-
theoretic theory of §1, in the case of number fields, via a sort of archimedean analogue
of Corollary 1.10.

Corollary 2.8. (Galois-theoretic Reconstruction of Aut-holomorphic
Spaces) Let X, k C kD knp, and 1 — Ax — IIx — Gj — 1 be as in Theorem
1.9; suppose further that k is a number field [so kxy = k], and [for simplic-
ity — cf. Remark 2.8.2 below] that X is a curve. Then one may think of each

archimedean prime of the field E;IF {0} (= Exr) constructed in Theorem 1.9,

(e), as a topology on E;(IF {0} satisfying certain properties. Moreover, for each
such archimedean prime v, there exists a functorial “group-theoretic” al-
gorithm for reconstructing the Aut-holomorphic space Xz associated to

ng:efX Xk kg

[where we write kg for the completion of kxp U{0} at ©/; this algorithm consists
of the following steps:

(a) Define a Cauchy sequence {z;};cn of NF-points [of Xz] to be a se-
quence of NF-points x; [i.e., conjugacy classes of decomposition groups of
NF-points in Ilx — cf. Theorem 1.9, (a)] such that there exists a finite
set of NF-points S — which we shall refer to as a conductor for the
Cauchy sequence — satisfying the following two conditions: (i) z; & S
for all but finitely many j € N; (i) for every nonconstant NF-rational
function f on Xt as in Theorem 1.9, (d), whose divisor of poles avoids
S, the sequence of [non-infinite, for all but finitely many j — cf. (i)] val-
ues {f(x;) € ky}jen forms a Cauchy sequence [in the usual sense] of
kz. Two Cauchy sequences {x;} en, {y;}jen of NF-points which admit a
common conductor S will be called equivalent if for every nonconstant
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NF-rational function f on Xz as in Theorem 1.9, (d), whose divisor of
poles avoids S, the sequences of [non-infinite, for all but finitely many j/
values { f(z;)}jen, {f(y;)}jen form Cauchy sequences in kg that converge
to the same element of kz. For U C ki an open subset and f an NF-
rational function on Xt as in Theorem 1.9, (d), we obtain a set N(U, f)
of Cauchy sequences of NF-points by considering the Cauchy sequences of
NF-points {z;}jen such that f(x;) [is finite and] € U, for all j € N. Then
one constructs the topological space

XtoP - Xg(kﬁ)

as the set of equivalence classes of Cauchy sequences of NF-points,
equipped with the topology defined by the sets “N (U, f)”.

(b) Let Ux C X*P Uy C ki be connected open subsets and f a noncon-
stant NF-rational function on X+ as in Theorem 1.9, (d), such that the
function defined by f on Ux [i.e., by taking limits of Cauchy sequences of
values in ky — cf. (a)] determines a homeomorphism fy : Ux — Us.
Write Auth(Us) for the group of homeomorphisms Uy = Uz (C kg),
which, relative to the topological field structure of kz, can locally [on
Us] be expressed as a convergent power series with coefficients in kz;

Ax (Ux) def fot o Authl(Uy) o fy € Aut(Ux). Then one constructs the
Aut-holomorphic structure Ax on X*P as the unique [cf. Corollary
2.8, (i1)] Aut-holomorphic structure that extends the pre-Aut-holomorphic

structure determined by the groups “Ax(Ux)”.

Finally, the asserted “functoriality” is with respect to arbitrary open injective
homomorphisms of profinite groups [i.e., of “Ullx ”] that are compatible with the
respective choices of archimedean valuations fi.e., “v”/.

Proof. The validity of the algorithm asserted in Corollary 2.8 is immediate from
the constructions that appear in the statement of this algorithm [together with the
references quoted in these constructions]. O

Remark 2.8.1. One verifies immediately that the isomorphism class of the pair
(1 - Ax — Ilx — Gy — 1,7) depends only on the restriction of ¥ to the subfield

X U{0} € Fxe Uf0}

Remark 2.8.2. One verifies immediately that Corollary 2.8 [as well as Corollary
2.9 below| may be extended to the case where X is a hyperbolic orbicurve that is
not necessarily a curve [so X will be an Aut-holomorphic orbispace].

Remark 2.8.3.  Since any elliptically admissible hyperbolic orbicurve defined
over a number field is easily verified to be of strictly Bely: type, it follows that
one may apply Corollary 2.7 to the Aut-holomorphic [orbi]spaces constructed in
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Corollary 2.8. This compatibility between Corollaries 2.7, 2.8 [cf. also Corollary 2.9
below] is one reason why it is of interest to construct the local additive structures
as in Corollary 2.7, (c), directly from the Aut-holomorphic structure as opposed to
via the “parallelogram-theoretic” approach of Proposition 2.5, 2.6 [cf. also Remark
2.6.1], which is more suited to “strictly archimedean situations” — i.e., situations
in which one is not concerned with regarding Aut-holomorphic orbispaces as arising
from hyperbolic orbicurves over number fields.

Corollary 2.9. (Global-Archimedean Elliptically Admissible Compat-
ibility) In the notation of Corollary 2.8, suppose further that X is elliptically
admissible; take the Aut-holomorphic space X of Corollary 2.7 to be the Aut-
holomorphic space determined by the objects (X*P, Ax) constructed in Corollary
2.8. Then one may construct, in a functorially algorithmic fashion, an iso-
morphism between the topological field kz of Corollary 2.8 and the topological
fields “A,|J{0}” of Corollary 2.7, (e), in the following way:

(a) Let x € Xz(kz) be an NF-point. The local additive structures on E*©P [cf.
Corollary 2.7, (c)] determine local additive structures on X*P; let ¢
be an element of a sufficiently small neighborhood Ux C X*P of z in XtoP
that admits such a local additive structure. Then for each NF-rational
function f that vanishes at x, the assignment

(U, f) — lim nf(%xz_)’) € kg

n—oo

[where “,” is the operation arising from the local additive structure at z/

depends only on the image df|, € wy of f in the Zariski cotangent space
wy to Xz at x and, moreover, determines a topological embedding

Ly,e : Ux — Homy_(wy, k)

that is compatible with the “local additive structures” of the domain
and codomain.

(b) By letting the neighborhoods Ux of a fired NF-point x vary, the resulting
LUy« determine an isomorphism of topological fields

via the condition of compatibility [with respect to the iy, ] with the nat-
ural actions of Ay, kv, respectively, on the domain and codomain of Ly o .
Moreover, as x varies, these isomorphisms are compatible with the iso-
morphisms Az, | J{0} = A, J{0} [where x1, 22 € X (ky) are NF-points]
of Corollary 2.7, (e).

Finally, the asserted “functoriality” is to be understood in the sense described in
Corollary 2.8.
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Proof. The validity of the algorithm asserted in Corollary 2.9 is immediate from
the constructions that appear in the statement of this algorithm [together with the
references quoted in these constructions]. ()
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Section 3: Nonarchimedean Log-Frobenius Compatibility

In the present §3, we give an interpretation of the nonarchimedean local portion
of the theory of §1 in terms of a certain compatibility with the “log-Frobenius func-
tor” [in essence, a version of the usual “logarithm” at the various nonarchimedean
primes of a number field]. In order to express this compatibility, certain abstract
category-theoretic ideas — which center around the notions of observables, telecores,
and cores — are introduced [cf. Definition 3.5]. These notions allow one to express
the log-Frobenius compatibility of the mono-anabelian construction algorithms of §1
[cf. Corollary 3.6], as well as the failure of log-Frobenius compatibility that occurs if
one attempts to take a “bi-anabelian” approach to the situation [cf. Corollary 3.7].

Definition 3.1.

(i) Let k be an MLF, k an algebraic closure of k, G, Lt Gal(k/k). Write Oy, C k

for the ring of integers of k, O C O for the group of units of Oy, and OF C Oy,
for the multiplicative monoid of nonzero elements [cf. [Mzk17], Example 1.1, (i)];
we shall use similar notation for other subfields of k. Let Il be a topological group,
equipped with a continuous surjection €y, : Il — Gj. Note that the [p-adic, if k is
of residue characteristic p| logarithm determines a IIj-equivariant isomorphism

logg : k™~ < (OX)PF 5 %

[where “pf” denotes the perfection [cf., e.g., [Mzk16], §0]; the II;-action is the
action obtained by composing with €] of the topological group k™~ onto the additive
topological group k. Next, let us refer to an abelian monoid [e.g., an abelian group]
whose subgroup of torsion elements is [abstractly| isomorphic to Q/Z as torsion-

cyclotomic; let T be one of the following categories [cf. §0 for more on the prefix
“Ind-"]:

- TF: 4nd-topological fields and homomorphisms of ind-topological fields;

- TCG: ind-compact torsion-cyclotomic abelian topological groups and ho-
momorphisms of ind-topological groups;

- TLG: ind-locally compact torsion-cyclotomic abelian topological groups
and homomorphisms of ind-topological groups;

- TM: ind-topological torsion-cyclotomic abelian monoids and homomor-
phisms of ind-monoids;

- TS: ind-locally compact topological spaces and morphisms of ind-topological
spaces;

- TSH: ind-locally compact abelian topological groups and homomorphisms
of ind-topological groups [so we have a natural full embedding TLG <
TSH].
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If T is equal to TF (respectively, TCG; TLG; TM; TS; TSH), then let Mz €
Ob(T) be the object determined by k (respectively, the object determined by OEX;

the object determined by EX; the object determined by (9%; any object of TS
equipped with a faithful continuous Gg-action; any object of TSH equipped with
a faithful continuous Gy-action). We shall refer to as a model MLF-Galois T-pair

any collection of data (a), (b), (c) of the following form:

(a) the topological group Ily,
(b) the object Mz € Ob(T),

(c) the action of 11, on My

[so the quotient II;, — G may be recovered as the image of the homomorphism
I}, — Aut(Mz) arising from the action of (c)]; we shall often use the abbreviated
notation (Il ~ Myz) for this collection of data (a), (b), (c).

(ii) We shall refer to any collection of data (II ~ M) consisting of a topological
group II, an object M € Ob(T), and a continuous action of IT on M as an MLF-
Galois T-pair if, for some model MLF-Galois T-pair (IT, ~ Mz) [where the notation
is as in (i)], there exist an isomorphism of topological groups Il — II and an
isomorphism of objects Mz = M of T that are compatible with the respective
actions of IIy, IT on Mz, M; in this situation, we shall refer to II as the Galois group,
to the surjection II — G determined by the action of IT on M [cf. (i)] as the Galois
augmentation, to G as the arithmetic Galois group, and to M as the arithmetic
datum of the MLF-Galois T-pair (I ~ M); if, in this situation, the surjection I —
G arises from the étale fundamental group of an arbitrary hyperbolic orbicurve
(respectively, a hyperbolic orbicurve of strictly Belyi type) over k, then we shall
refer to the MLF-Galois T-pair (I ~ M) as being of hyperbolic orbicurve type
(respectively, of strictly Belyi type); if, in this situation, the surjection 11 — G is
an isomorphism, then we shall refer to the MLF-Galois T-pair (IT ~ M) as being
of mono-analytic type [cf. Remark 5.6.1 below for more on this terminology]. A
morphism of MLF-Galois T-pairs

gb: (H1 li) — (HQ@MQ)

consists of a morphism of objects ¢p; : M7 — Ms of T, together with a compatible
[relative to the respective actions of ITy, IIy on My, Ms| continuous homomorphism
of topological groups ¢ry : I — Tl that induces an open [necessarily injective] ho-
momorphism between the respective arithmetic Galois groups; if, in this situation,
¢ (respectively, ¢ry) is an isomorphism, then we shall refer to ¢ as a T-isomorphism
(respectively, Galois-isomorphism).

(iii) Write
CMLF
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for the category whose objects are the MLF-Galois T-pairs and whose morphisms
are the morphisms of MLF-Galois T-pairs. Also, we shall use the same notation,
except with “C” replaced by

C (respectively, C; C)

to the denote the various subcategories determined by the T-isomorphisms (respec-
tively, Galois-isomorphisms; isomorphisms); we shall use the same notation, with
“MLF” replaced by

MLF-hyp (respectively, MLF-sB; MLF)

to the denote the various full subcategories determined by the objects of hyperbolic
orbicurve type (respectively, of strictly Belyi type; of mono-analytic type). Since
[in the notation of (i)] the formation of OED (respectively, k" Og; OEX) from k

(respectively, (9% ; (9% ; kx) is clearly intrinsically defined [i.e., depends only on the
“Input data of an object of T”], we thus obtain natural functors

MLF MLF, MLF MLF, MLF MLF, MLF MLF
Crr —Crv 5 Cov — TLG > Crv — TCG > C’]I‘]LG — brce

— i.e., by taking the multiplicative group of nonzero integral elements [i.e., the
elements a € k* such that a™" fails to converge to 0, as N 5 n — +o0] of the
arithmetic datum, the associated groupification M®P of the arithmetic datum M,
the subgroup of invertible elements M* of the arithmetic datum M, or the maximal
compact subgroups of the subgroups of the arithmetic datum obtained as subgroups
of invariants for various open subgroups of the Galois group. Finally, we shall write

TG
for the category of topological groups and continuous homomorphisms and
TG 2 TG™? D TG*®

for the subcategories determined, respectively, by the étale fundamental groups of
arbitrary hyperbolic orbicurves over MLF’s and the étale fundamental groups of hy-
perbolic orbicurves of strictly Belyi type over MLF’s, and the homomorphisms that
induce open injections on the quotients constituted by the absolute Galois groups
of the base field MLF’s; also, we shall use the same notation, except with “TG” re-
placed by TG to denote the various subcategories determined by the isomorphisms.
Thus, for T € {TF, TCG, TLG, TM, TS, TSH}, the assignment (II ~ M) — II
determines various compatible natural functors

CMLE TG
[as well as double underlined versions of these functors].

(iv) Observe that [in the notation of (i)] the field structure of k determines,
via the inverse morphism to logz, a structure of topological field on the topological
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group k~. Since the various operations applied here to construct this field struc-
ture on k™ [such as, for instance, the power series used to define logz] are clearly
intrinsically defined [cf. the natural functors defined in (iii)], we thus obtain that
the construction that assigns

(the ind-topological field k, with its natural II-action)
— (the ind-topological field k™, with its natural II;-action)
determines a natural functor

. AMLF MLF
[Ugw,w :Crp — Cry

— which we shall refer to as the log-Frobenius functor [cf. Remark 3.6.2 below].
Since logg determines a functorial isomorphism between the fields k, k™, it follows
immediately that the functor logp 1y is isomorphic to the identity functor [hence, in
particular, is an equivalence of categories]. By composing logyp rp with the various
natural functors defined in (iii), we also obtain, for T € {TLG, TCG, TM}, a functor

. AMLF MLF
logyp T : Crr~ — Cr

— which [by abuse of terminology] we shall also refer to as “the log-Frobenius
functor”. In a similar vein, the assignments

(the ind-topological field k, with its natural II-action)
— (the ind-topological space EX, with its natural ITx-action)
(the ind-topological field k, with its natural II-action)
— (the ind-topological space (Ex)pf, with its natural IT;-action)
determine natural functors
AX: CMLF _, oMLF. \xpf . oMLF _, oMLF

TS >

together with diagrams of functors

log
MLF TF, TF MLF MLF
CT]F C’]TIF C’]TIF
Liog Lx
Axpf Va AX AX | | axpt
MLF _ MLF MLF
CTS - C’]TS C’]TS

— where we write tog : A ologpp p — AP for the natural transformation induced
by the natural inclusion “(k™~)* — k™~ = (Og)pf — (Ex)pf” and 1y @ A% —

A*¥PE for the natural transformation induced by the natural map G (Ex)pf”.
Finally, we note that the fields “k™~” obtained by the above construction [i.e., the
arithmetic data of the objects in the image of the log-Frobenius functor logyy 1y are
equipped with a natural “ind-compactum” — i.e., the inductive system of compact
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submodules of £~ = (OEX )P determined by the images of the subgroups of Og fixed
by open subgroups of the Galois group — which we shall refer to as the pre-log-shell

A~y © [Og%ﬁ,tjlrlﬁ((ﬂ ~ M))

[where (I ~ M) € Ob(CM“F)] of the arithmetic datum “log™™*"” of an object in
the image of the log-Frobenius functor logrg 1.

(v) In the notation of (i), suppose further that T € {TLG, TCG,TM}; let
(IT ~ M) be an MLF-Galois T-pair. Then we shall refer to the profinite II-module

p(M) = Hom(Q/Z, M)

~

[which is isomorphic to Z] as the cyclotome associated to (IT ~ M). Also, we shall
. def
wite pgyz(M) % pz(M) © Q/2.

(vi) Recall the “image via the Kummer map of the multiplicative group of an
algebraic closure of the base field”

B lim H'(J, py (1))
J

[where “J” ranges over the open subgroups of IlI] — which was constructed via a
purely “group-theoretic” algorithm in Corollary 1.10, (d), (h), for IT € Ob(TG*®).
Write

2Anab

for the category whose objects are pairs
(I~ (7 iy B (J, (D) })
J

consisting of an object IT € Ob(TG*®), together with the image of the Kummer map
reviewed above, equipped with its topological field structure and natural action via
IT — all of which is to be understood as constructed via the “group-theoretic” algo-
rithms of Corollary 1.10, (d), (h) [cf. Remark 3.1.2 below] — and whose morphisms
are the morphisms induced by isomorphisms of @SB. Thus, we obtain a natural

functor
TG % Anab

which [as is easily verified] is an equivalence of categories, a quasi-inverse for which
is given by the natural projection functor 2Anab — &SB.

Remark 3.1.1. Observe that [in the notation of Definition 3.1, (i)] the topology on
the field k, the groups k£* and O, or the monoid O is completely determined by
the field, group, or monoid structures of these objects. Indeed, the topology on O}
is precisely the profinite topology; the topologies on k, k™, and OF are determined
by the topology on the subset O C OF C k* C k [cf. the various natural
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functors of Definition 3.1, (iii); the fact that O, C k* may be characterized as the
subgroup of elements divisible by arbitrary powers of some prime number]. Suppose
that T # TS, TSH. Then note that one may apply this observation to the various
subfields, subgroups, or submonoids obtained from the arithmetic datum of an
MLF-Galois T-pair by taking the invariants with respect to some open subgroup of
the Galois group. Thus, we conclude that one obtains an entirely equivalent theory
if one omits the specification of the topology, as well as of the “ind-” structure [i.e.,
one works with the inductive limit fields, groups, or monoids, as opposed to the
inductive systems of such objects| from the objects of T considered in Definition
3.1, (i). In particular, the data that forms an object of CMEF is precisely the data
used to construct the “model p-adic Frobenioids” of [Mzk17], Example 1.1.

Remark 3.1.2. It is important to note that, by definition, the algorithms of
Corollary 1.10 form an essential portion of each object of the category Anab. Put
another way, the “software” constituted by these algorithms is not just executed
once, leaving behind some “output data” that suffices for the remainder of the
development of the theory, but rather executed over and over again within each
object of 2Anab.

Remark 3.1.3. One natural variant of the notion of an “MLF-Galois T-pair
of hyperbolic orbicurve type” is the notion of an “MLF-Galois T-pair of tempered
hyperbolic orbicurve type”, i.e., the case where [in the notation of Definition 3.1,
(ii)] Iy — Gy, arises from the tempered fundamental group of a hyperbolic orbicurve
over k [cf. Remarks 1.9.1, 1.10.2]. We leave to the reader the routine details of
developing the resulting tempered version of the theory to follow.

Proposition 3.2. (Monoid Cyclotomes and Kummer Maps) Let T €
{TM, TF}; (Il ~ Mr) € Ob(CY™F) an MLF-Galois T-pair, with arithmetic Ga-
lois group 11 — G. Write (Il ~ Mpy) € Ob(CY'™) for the object obtained from
(IT ~ Mr) by applying the identity functor if T = TM or by applying the natural
functor of Definition 3.1, (i), if T = TF. Then:

(i) The arguments given in the proof of [Mzk9], Proposition 1.2.1, (vii), yield a

functorial f[i.e., relative to CY'™¥, in the evident sense — cf. Remark 3.2.2 below]

algorithm for constructing the natural isomorphism
H?(G, pg(Mrya)) = 2
— id.e., by composing the natural isomorphism [of “Brauer groups”]
H*(G, pgz (M) = H*(G, Mg)

— where “gp” denotes the groupification of a monoid — with the inverse of the
natural isomorphism [of “Brauer groups”]

H2 (G, (MJF)2) = H*(G, ME)
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— where Mgy € Mmwv denotes the submonoid of elements fized by the kernel of
the quotient G — G"™ of Corollary 1.10, (b) — followed by the natural composite
isomorphism
H2(G, (M) 5 HA(G™, (M) /(M) = H*(Z,7) = 0/Z

— where “x” denotes the subgroup of invertible elements of a monoid; the iso-
morphism (MEF)8P /(MBI * 5 Z is obtained by considering a generator of the
monoid ME /(MEE)* = N; we apply the isomorphism G*™ = Z of Corollary
1.10, (b) — and then applying the functor Hom(Q/Z, —) to the resulting isomor-
phism H*(G, pg/z(Mmv)) = Q/Z [cf. also Remark 3.2.1 below].

(ii) By considering the action of open subgroups H C II on elements of My
that are roots of elements of M, [i.e., the submonoid of Myy consisting of H -
invariant elements/, we obtain a functorial [i.e., relative to Q%\T/ILF, in the evident

sense/ algorithm for constructing the Kummer maps

My — HY(H, pz(Mrun)); My — lig H*(J, p (Mrag))
J

— where “J” ranges over the open subgroups of IL. In particular, the “pz(Mry)” in
the above display may be replaced by “pus(G)” [cf. Remarks 3.2.1, 3.2.2 below/; if,
moreover, (I ~ Mrt) is of hyperbolic orbicurve type, then the “ps(Mry)” in
the above display may be replaced by “p=(II)” [cf. Corollary 1.10, (c)] or “u%(l‘[) 7
[ef. Remark 1.10.3, (ii)] — cf. Remark 3.2.2 below.

(iii) Suppose that (Il ~ Mr) is of strictly Belyi type. Then the construction
of Corollary 1.10, (h), determines an additive structure [hence, in particular, a
topological field structure/ on the union with “{0}” of the image of the Kummer
map
M — hTH; H'(J, pz (M)

of (ii). In particular, these constructions yield a functorial [i.e., relative to CY'F,
in the evident sense — cf. Remark 3.2.2 below/| algorithm for constructing this

topological field structure.

(i) If (IT* ~ M2) € Ob(CY'™Y), then the natural functor of Definition 3.1,
(7ii), induces an injection

Isomener ((IL~ Mr), (II" ~ Mr)) < Isomyg (1L, 1T7)

on sets of isomorphisms; this injection is a bijection if T = TM, or if [T is either
TM or TF, and] (I ~ Mry), (II* ~ M7) are of strictly Belyi type. In particular,
if (I ~ Mrt) is of hyperbolic orbicurve type, then the group

Autg%ALF ((H % MT>)

— which is isomorphic to a subgroup of Autyg(Il) that contains the subgroup of
Autyg (II) determined by the inner automorphisms of Il — is center-free; the
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categories TGMP, TGB, TGP, TGSE C%}/I LE¥-hyp C%\r/[ L¥-sB - oMLE-hyp - oMLE-sB - 0
) ) = ) = P A 2 :’]I‘ ) :’]I‘
id-rigid [¢f. §0].

(v) Suppose that (I ~ Mry) is of strictly Belyi type. Then the algorithm of
(1ii) yields a natural [1-/factorization

[Og’]l‘,']l"
C%LF C’]II\‘/ILF CN/[LF

— where T € {TF, TLG, TCG, TM}; the first arrow is the natural functor of Def-
inition 3.1, (iii), if T = TM, or the identity functor if T = TF — of the log-
Frobenius functors logre v : CY- — CM™ of Definition 3.1, (iv). Moreover,
the functor logy 1 is isomorphic to the identity functor [hence, in particular,
is an equivalence of categories/.

Proof.  Assertions (i), (ii), (iii), (v) are immediate from the constructions that
appear in the statement of these assertions [together with the references quoted
in these constructions]. The injectivity portion of assertion (iv) follows from the
functorial algorithms of assertions (i), (ii) [which imply that automorphisms of
(IT ~ M) that act trivially on IT necessarily act trivially on Mry]. In light of
this injectivity, the center-free-ness portion of assertion (iv) follows immediately
from the slimness of 11 [cf., e.g., [Mzk20], Proposition 2.3, (i), (ii)]. The surjectivity
portion of assertion (iv) follows from assertion (iii) when (IT ~ My), (II* ~ M7)
are of strictly Belyi type, and from considering the “copy of My — (9% embedded

in G = Gy via local class field theory’ [cf., e.g., [Mzk9], Proposition 1.2.1, (iii),
(iv)], together with assertions (i), (ii), when T = TM. O

Remark 3.2.1. Note that the algorithm applied to construct the natural isomor-
phism of Corollary 1.10, (a), is essentially the same as the algorithm of Proposition
3.2, (i). In particular, this algorithm does not require that (II ~ Mrt) be of hy-
perbolic orbicurve type. Thus, by imposing the condition of “compatibility with
the natural isomorphism of Corollary 1.10, (a)”, we thus obtain, in the context of
Proposition 3.2, (i), a functorial algorithm for constructing the natural isomorphism

s (Mryg) = pz(G)

[cf. also Remark 1.10.3, (ii)].

Remark 3.2.2. Note that [cf. Remark 1.10.1, (iii)] the functoriality of Proposition
3.2, (i), when applied to the isomorphism H?(G, ps(Mmu)) = Z, is to be under-

stood in the sense of a “compatibility”, relative to dividing the “77 that appears as
the codomain of these isomorphisms by a factor given by the index of the image of
induced open homomorphism on arithmetic Galois groups [cf. Definition 3.1, (ii)].
A similar remark [cf. Remark 1.10.1, (i)] applies to the cyclotome “p(II)” that
appears in Proposition 3.2, (ii). We leave the routine details to the reader.
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In a similar vein, one may consider Kummer maps for “O*” [as opposed to
“O%”], in which case the natural isomorphism of Remark 3.2.1 is only determined

up to a Z*-multiple [cf. [Mzk17], Remark 2.4.2].

Proposition 3.3.  (Unit Kummer Maps) Let T € {TLG, TCG}. Let (IT ~
M) € Ob(CY™F) be an MLF-Galois T-pair, with arithmetic Galois group 11 — G.
Then:

(i) By considering the action of open subgroups H C II on elements of M that
are roots of elements of M [i.e., the subgroup of M consisting of H-invariant
elements], we obtain a functorial [i.e., relative to CYY, in the evident sense]

algorithm for constructing the Kummer maps

MY — HY(H, ps(M)); M — hTrr; H'(J, pz(M))

— where “J” ranges over the open subgroups of 1. In this situation [unlike the
situation of Proposition 3.2, (ii)], the natural isomorphism pz(M) = ps(G) [cf.
Remark 3.2.1] is only determined up to a {£1}- (respectively, s - )multiple if
T = TLG (respectively, T = TCG) [cf. (ii) below; [Mzk17], Remark 2.4.2, in the
case T = TCG/.

(ii) If (IT* ~ M*) € Ob(CY™), then any isomorphism (Il ~ M) = (II* ~
M*) induces isomorphisms II = II*, ps(M) = ps(M*), which determine an in-
jection

Isomener (IL~ M), (IT" ~ M™)) < Isomrg (1L, IT*) x Isomg (pg (M), pz (M)

— which is a bijection if T = TCG. If T = TLG, then the homomorphism
Isomeyer (IL ~ M), (II* ~ M*)) — Isomrg(IL, I1*) is surjective, with fibers of
cardinality two.

Proof. The portion of assertion (i) concerning Kummer maps is immediate from
the definitions and the references quoted. The portion of assertion (i) concerning
the isomorphism pz(M) = pz(G) follows by observing that the algorithm of Propo-
sition 3.2, (i) [cf. also Remark 3.2.1] may be applied, up to a {£1}- (respectively,
ix—)mdetermmacy, if T = TLG (respectively, T = TCG). The injectivity portion
of assertion (ii) follows from assertion (i) via a similar argument to the argument
used to derive the injectivity portion of Proposition 3.2, (iv), from Proposition 3.2,
(i), (ii); the surjectivity onto Isomyg(IL, IT*) follows from a similar argument to
the argument applied to prove the surjectivity portion of Proposition 3.2, (iv). If
T = TCG (respectively, T = TLG), then the remainder of assertion (ii) follows by
observing that there is a natural action of 7% on M (respectively, observing that

as soon as an automorphism of (II ~ M) preserves the submonoid (9% Ck =M

[i.e., preserves the “positive elements” of E / Og >~ Q], one may apply the functorial
algorithm of Proposition 3.2, (i)). O
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Lemma 3.4. (Topological Distinguishability of Additive and Mul-
tiplicative Structures) In the notation of Definition 3.1, (i), let a : kX = k>
be an automorphism of the topological group k>, oPf : (KX)Pf — (KX)P! the
automorphism induced on the perfection. Then aP'((OF)PY) € (O;)PL.

Proof. Indeed, since O, is easily verified to be the mazimal compact subgroup of
k>, a induces an isomorphism O, = O;. Thus, aPi((O;)Pf) = (O))P, so an in-
clusion aPf((OF)PH) C (O))PF would imply that (OF)Pf C (O;)Pf a contradiction.

O

Definition 3.5.

(i) We shall refer to as a diagram of categories D = (I'p,{D,},{D.}) any
collection of data as follows:

(a) an oriented graph T'p [cf. §0];
(b) for each vertez v of I'p, a category Dy;

(c) for each edge e of fp that runs from a vertex vy to a vertex vq, a functor
D, :D,, — D,,.

Let D = (I'p, {D,}, {D.}) be a diagram of categories. Then observe that any path
[v] [cf. §0] on I'p that runs from a vertex vy to a vertex vy determines — i.e.,
by composing the various functors “D.”, for edges e that appear in this path — a
functor Dy, : Dy, — D,,. We shall refer to the diagram of categories & obtained
by restricting the data of D to an oriented subgraph Te of I'p as a subdiagram of
categories of D.

(i) Let D = (C'p, {D,}, {D.}) be a diagram of categories. Then we shall refer
to as a family of homotopies H = (Ep, {(%}) on D any collection of data as follows:

(a) a saturated [cf. §0] set By C Q(I'p) x Q(I'p) of ordered pairs of paths on
fp, which we shall refer to as the boundary set of the family of homotopies
‘H; we shall refer to every path on ['p that occurs as a component of an
element of Ey; as a boundary set path;

(b) for each w = ([v1], [12]) € Ewn, a natural transformation (x : Dy, —
Dyy,] — which we shall refer to as a homotopy from [v1] to [y2] — such
that {([y,[y)) is the identity natural transformation for each ([v], [v]) € Ex,

and, moreover, if w = ([v1], [va]), @' = ([72]; [ws]), @" = ([m], [75]) belong
to EH; then Cw“ = Cw’ o Cw.

If, in this situation, Ey, is the smallest [cf. §0] saturated subset of Q(I'p) x Q(I'p)
that contains a given subset E}, C Ey, then we shall say that the family of ho-
motopies H = (Ex,{(x}) is generated by the homotopies indexed by E},. We
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shall refer to a family of homotopies H = (Fx,{(x}) on D as symmetric if Fy
is symmetrically saturated [cf. §0]. [Thus, if H = (Ex, {(x}) is symmetric, then
every ( is an isomorphism.] We shall refer to a collection of families of homo-
topies {H, = (En,,{C%, })}er on D as being compatible if there exists a family of
homotopies H = (Ex,{(x}) on D such that, for each ¢ € I, w, € E},, we have
EHL Q EH and C{’UL = CwL-

(iii) Let D = (Cp, {D,}, {D.}) be a diagram of categories. Then we shall refer
to as an observable & = (S,vs,H) [on D] any collection of data as follows:

(a) a diagram of categories S = (fg, {Sv},{Sc}) that contains D as a subdi-
agram of categories [So FD - FS]

(b) a vertex vg of I's, which we shall refer to as the observation vertez, such
that the set of vertices of T's\I'p is equal to {vs}, and, moreover, every
edge of I‘S\FD runs from a vertex of I'p to ve;

(¢) a family of homotopies H on S such that every boundary set path of H
has terminal vertex equal to vg.

Let & = (S,vs,H) be an observable on D. Then we shall say that & is symmetric
if H is symmetric. We shall say that & is a core [on D] if the boundary set of H is
equal to the set of all co-verticial pairs of paths on the underlying oriented graph
fg of § with terminal vertex equal to vg [which implies that & is symmetric|, and,
moreover, every vertex of I'p appears as the initial vertex of a path on ['s with
terminal vertex equal to vg. Suppose that G is a core on D. Then we shall refer to
the observation vertex of & as the core vertex of & and [by abuse of terminology,
when there is no fear of confusion] to S, as a “core on D”.

(iv) Let & = (S, ve, H) be a core on a diagram of categories D = (I'p, {D,}, {De}).
Then we shall refer to as a telecore € = (7,J) on D over the core & any collection
of data as follows:

(a) a diagram of categories T = (U'z,{T,},{7.}) that contains S as a subdi-
agram of categories [so I'p C fg C fq-] such that fT, fs have the same
vertices, and, moreover, every edge of fT\fS runs from vg to a vertex of
fp; we shall refer to such edges of ['7 as the telecore edges;

(b) J is a family of homotopies on T such that J|s = H whose boundary
set is equal to the set of all co-verticial pairs of paths on I'z with terminal
vertex equal to vg.

In this situation, a family of homotopies H** on 7 that is compatible with J will
be referred to as a contact structure for the telecore 7.

(v) Let D = (Fp, {Dy},{D.}) and D' = (F'pr, {D'y},{De'}) be diagrams of
categories. Then a 1-morphism of diagrams of categories

®:D—D
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is defined to be a collection of data follows:

(a) a morphism of oriented graphs ®x : I'p — Ipr;
(b) for each wvertex v of I'p, a functor ®, : D, — D's_(v);

(c) for each edge e of fp that runs from a vertex v; to a vertex wvs, an
isomorphism of functors ®. : D'¢ﬁ(6) o®, = ®,, 0D,.

A 2-morphism © : & — W between 1-morphisms ®, ¥ : D — D’ such that &z = ¥z
is defined to be a collection of natural transformations {©, : ®, — ¥, }, where v
ranges over the vertices of I'p, such that

Yo (qu>ﬁ(e) 00y,) = (0, 0De) 0 P, : Dl@f(e) o®, — ¥y, 0D,

for each edge e of fp that runs from a vertex v; to a vertex vy. We shall say
that a 1-morphism ® : D — D’ is an equivalence of diagrams of categories if there
exists a 1-morphism ¥ : D’ — D such that ¥ o ®, ® o ¥ are [2-]isomorphic to the
respective identity 1-morphisms of D, D’. If D (respectively, D’) is equipped with
a family of homotopies H (respectively, H'), then we shall say that an equivalence
® : D 5 D is compatible with H, H' if ¢ induces a bijection between the boundary
sets of H, H’, and, moreover, the natural transformations that constitute H, H’
[cf. the data of (ii), (b)] are compatible [in the evident sense] with the natural
transformations that constitute ® [cf. the data (c) in the above definition]; in this
situation, one verifies immediately that if ® is compatible with H, H’, then so is
any equivalence ¥ : D = D’ that is isomorphic to ®. We shall say that D is verte-
rigid (respectively, edge-rigid) if, for every vertex v (respectively, edge e) of ['p, the
category D, (respectively, the functor D.) is id-rigid (respectively, rigid) [cf. §0].
If D is vertex-rigid and edge-rigid, then we shall say that D is totally rigid. Thus,
if D is edge-rigid, then any equivalence ® : D = D’ is completely determined by
¢ and the {®,} [i.e., the data (a), (b) in the above definition]. In a similar vein,
if D is vertez-rigid, then any two isomorphic equivalences ®, ¥ : D = D’ admit a
unique [2-]isomorphism ® = W. In particular, if D is vertez-rigid, then it is natural
to speak of the automorphism group Aut(D) of D, i.e., the group determined by
the isomorphism classes of self-equivalences of D.

(vi) Let D = (I'p, {Dy}, {D.}) be a diagram of categories; O a nexus of T'p [cf.
§0]; D<o, D> the subdiagrams of categories determined, respectively, by the pre-
and post-nezus portions of T'p [cf. §0]. Then we shall say that D is totally O-rigid if
the pre-nexus portion D« is totally rigid. Let us suppose that D is totally U-rigid.
Write
Autp (DSD) - Aut('DSD)

for the subgroup of isomorphism classes of self-equivalences of D« that preserve
O and induce a self-equivalence of D that is isomorphic to the identity self-
equivalence. Let @< : D 5 D be a self-equivalence whose isomorphism class
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[®<0] € Autp(D<p). Then @< extends naturally to an equivalence ® : D = D
which is the identity on fD>D and which associates to each vertex v # [ of fD>D
the identity self-equivalence of D,,. [Here, we observe that the isomorphism of func-
tors of (v), (c), is naturally determined by the isomorphism of (®<g)g with the
identity self-equivalence of D.] Moreover, this assignment -

@SDHq)

clearly maps isomorphic equivalences to isomorphic equivalences and is compatible
with composition of equivalences. In particular, this assignment yields a natu-
ral “action” of the group Autg(D<p) on D. We shall refer to the resulting self-
equivalences of D as nezus self-equivalences of D [relative to the nexus O] and the
resulting classes of self-equivalences of D [i.e., arising from isomorphism classes of
“@.”] as nexus-classes of self-equivalences of D [relative to the nexus OJ].

Remark 3.5.1. If one just works with diagrams of categories without considering
any observables, then it is difficult to understand the “global structure” of the
diagram since [by definition!] it does not make sense to speak of the relationship
between objects that belong to different categories [e.g., at distinct vertices of the
diagram|. Thus:

The notion of an observable may be thought of as a sort of “partial pro-
jection of the dynamics of a diagram of categories” onto a single category,
within which it makes sense to compare objects that arise from distinct
categories at distinct vertices of the diagram.

Moreover:

A core on a diagram of categories may be thought of as an extraction of a
certain portion of the data of the objects at the various categories in the
diagram that is tnvariant with respect to the “dynamics” arising from the
application of the various functors in the diagram.

Put another way, one may think of a core as a sort of “constant portion” of the
diagram that lies, in a consistent fashion, “under the entire diagram” [cf. the use
of the term “core” in the theory of [Mzk11], §2]. Then:

A telecore may be thought of as a sort of partial section — i.e., given by
the telecore edges — of the “structure morphisms to the core” which does
not disturb the coricity [i.e., the property of being a core] of the original
core.

Moreover, although, in the definition of a telecore, we do not assume the existence
of families of homotopies that guarantee the compatibility of applying composites
of functors by traveling along arbitrary co-verticial pairs of paths emanating from
the core vertex, any failure of such a compatibility may always be eliminated —
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in a fashion reminiscent of a “telescoping sum” — by projecting back down to
the core vertez [cf. the discussion of Remark 3.6.1, (ii), (c¢), below]. Put another
way, one may think of a telecore as a device that satisfies a sort of “time lag
compatibility”, i.e., as a device whose “compatibility apparatus” does not go into
operation immediately, but only after a certain “time lag” [arising from the necessity
to travel back down to the core vertex]. Also, for more on the meaning of cores and
telecores, we refer to Remark 3.6.5 below.

The terminology of Definition 3.5 makes it possible to formulate the first main
result of the present §3.

Corollary 3.6. (MLF-Galois-theoretic Mono-anabelian Log-Frobenius
Compatibility) Write

def - def def sMLF-sB
xSl £ TGP, NS Cpg

— where [in the notation of Definition 3.1] T € {TM, TF}. Consider the diagram
of categories D

X log, X Log, X
idvgr N lidv idy
X
Axl lwf
N

— where we use the notation “log”, “N* 7, “N*PL” for the evident [double-underlined/
overlined| restrictions of the arrows “logy”, “N*7, NP of Definition 8.1, (iv)
[cf. also Proposition 3.2, (v)]; for positive integers n < 6, we shall denote by D<,,
the subdiagram of categories of D determined by the first n [of the siz] rows
of D; we write L for the countably ordered set determined by the infinite linear
oriented graph f%)fl [ef. §0] — so the elements of L correspond to vertices of

the first row of D — and
Lher v
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for the ordered set obtained by appending to L a formal symbol [ — which we
think of as corresponding to the unique vertex of the second row of D — such that
O <Y, for all Y € L; idy denotes the identity functor at the vertex Y € L; the

notation “. ..7 denotes an infinite repetition of the evident pattern. Then:

(i) For n =4,5,6, D<,, admits a natural structure of core on D<,,_1. That is
to say, loosely speaking, £, Anab “form cores” of the functors in D.

(ii) The assignments
<H, 0~ liny H(J, uZ(H))}> — (A 0), IAF o)

determine [i.e., for each choice of T] a natural “forgetful” functor

Anab 223

X

which is an equivalence of categories, a quasi-inverse for which is given by
the composite mgy, : X — RAnab of the natural projection functor X — & with
Ko © € — Anab; write Now : dan © Tan — idxy for the isomorphism arising from
the “group-theoretic” algorithms of Corollary 1.10. Moreover, ¢gyn gives rise to
a telecore structure Ty, on D<4, whose underlying diagram of categories we
denote by Dgy, by appending to D<s telecore edges

Anab
¢Y+1/ Jfﬁ\( \¢v—1
X g,y 8 X
o0
Anab — X

from the core Anab to the various copies of X in D<o given by copies of ¢an, which
we denote by ¢, , for A € LT. That is to say, loosely speaking, ¢gun determines a
telecore structure on D<y. Finally, for each A € LT, let us write [389] for the path
on Tp,. of length 0 at A and [BY] for the path on Tp,. of length € {4,5} [i.e.,
depending on whether or not A = O] that starts from A, descends [say, via \*]
to the core vertex “Unab”, and returns to A wvia the telecore edge ¢, . Then the
collection of natural transformations

{nDYanAanJ_Ll}YGL,AELT

— where we write noy for the identity natural transformation from the arrow ¢g :
Anab — X to the composite arrow idy o ¢ : Anab — X and

Nx : (Dan)isi] — (Dan) (59

for the isomorphism arising from ng, — generate a contact structure Hy, on
the telecore Ty, .
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(iii) The natural transformations
Liog,y M oidy olog — MPloidyyq, 1, 0 A — AP

[cf. Definition 3.1, (iv)] belong to a family of homotopies on D<3 that determines
on D<3 a structure of observable &,4 on D<2, and, moreover, is compatible
with the families of homotopies that constitute the core and telecore structures of

(i), (ii).

(iv) The diagram of categories D<o does not admit a structure of core on
D<1 which [i.e., whose constituent family of homotopies] is compatible with [the
constituent family of homotopies of] the observable S,4 of (iii). Moreover, the
telecore structure Ty, of (ii), the contact structure Hy, of (ii), and the

observable &,y of (i) are not simultaneously compatible /but cf. Remark
3.7.3, (ii), below].

(v) The unique vertex [ of the second row of D is a nexus of T'p. More-
over, D is totally [-rigid, and the natural action of Z on the infinite linear
oriented graph qu extends to an action of Z on D by nexus-classes of self-
equivalences of D. Finally, the self-equivalences in these nexus-classes are com-
patible with the families of homotopies that constitute the cores and observ-
able of (i), (iii); these self-equivalences also extend naturally [cf. the technique of
extension applied in Definition 3.5, (vi)] to the diagram of categories [cf. Definition
3.5, (), (a)] that constitutes the telecore of (ii), in a fashion that is compatible
with both the family of homotopies that constitutes this telecore structure [cf.
Definition 3.5, (iv), (b)] and the contact structure Hyy, of (ii).

Proof. In the following, if ¢ is a functor appearing in D, then let us write [¢]
for the path on the underlying oriented graph I'p of D determined by the edge
corresponding to ¢ [cf. §0]. Now assertion (i) is immediate from the definitions and
the fact that the algorithms of Corollary 1.10 are “group-theoretic” in the sense
that they are expressed in language that depends only on the profinite group given
as “input data”.

Next, we consider assertion (ii). The portion of assertion (ii) concerning ¢g(,
and Tg, is immediate from the definitions and the “group-theoretic” algorithms of
Corollary 1.10. Thus, it suffices to show the existence of a contact structure Hon
as described. To this end, let us first observe that the evident isomorphism of log
with the identity functor [cf. Definition 3.1, (iv); Proposition 3.2, (v)] is compatible
[in the evident sense] with the natural tranformations {nov, 7., 75 }yer ient- On
the other hand, this compatibility implies that one may, in effect, “contract” D<q
down to a single vertex [equipped with the category X] and the various paths from
[ to Anab down to a single edge — i.e., that, up to redundancies, one is, in effect,
dealing with a diagram of categories with two vertices “X” and “/Unab” joined by
two [oriented] edges pgn, Toan. Now the existence of a family of homotopies that
contains the collection of natural transformations {nmy,n., 75 tyver neri follows
immediately. This completes the proof of assertion (ii).
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Next, we consider assertion (iii). Write Ej,4 for the set of ordered pairs of

paths on I'p -, [i-e., the underlying oriented graph of D3] consisting of pairs of
paths of the following three types:

(1) ([N\*] o [idv] o [fog] o [v], [\*PY o [idy+1] © [7]), where [7] is a path on D<3
whose terminal vertex lies in the first row of D<s;

(2) (IN]o[], NP o[y]), where [y] is a path on D<3 whose terminal vertex
lies in the second row of D<s;

(3) ([v],[7]), where [y] is a path on D<3 whose terminal vertex lies in the
third row of D<s.

Then one verifies immediately that E|,4 satisfies the conditions (a), (b), (c), (d),
(e) given in §0 for a saturated set. Moreover, the natural transformation(s) ¢,
(respectively, ¢, ) determine(s) the homotopies for pairs of paths of type (1) (re-
spectively, (2)). Thus, we obtain an observable S,g4, as desired. Moreover, it is
immediate from the definitions — i.e., in essence, because the various Galois groups
that appear remain “undisturbed” by the various manipulations involving arithmetic
data that arise from “y,, 7, “0,,” — that this family of homotopies is compatible
with the families of homotopies that constitute the core and telecore structures of
(i), (ii). This completes the proof of assertion (iii).

Next, we consider assertion (iv). Suppose that D<s admits a structure of core
on D<; in a fashion that is compatible with the observable &4 of (iii). Then
this core structure determines, for Y € L, a homotopy (p for the pair of paths
([idy 1], [idy] o [log]); thus, by composing the result ¢, of applying A* to (o with
the homotopy (; associated [via Gyo4] to the pair of paths ([A\*]o[idy]o[log], [\*Pf]o
[idy41]) [of type (1)], we obtain a natural transformation

G =Co¢: A oidy1 — NPEoidy oy

— which, in order for the desired compatibility to hold, must coincide with the
homotopy ¢z associated [via Go4] to the pair of paths ([A*]o[idy 41], [N*Pfo[idy 11])
[of type (2)]. On the other hand, by writing out explicitly the meaning of such an
equality (1 = (2, we conclude that we obtain a contradiction to Lemma 3.4. This
completes the proof of the first incompatibility of assertion (iv). The proof of the
second incompatibility of assertion (iv) is entirely similar. That is to say, if we
compose on the right with [¢v 1] the various paths that appeared in the proof of
the first incompatibility, then in order to apply the argument applied in the proof
of the first incompatibility, it suffices to relate the paths

[idy 1] o [pv41];  [idy] o [log] o [y 1]

[a task that was achieved in the proof of the first incompatibility by applying the
core structure whose existence was assumed in the proof of the first incompatibility].
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In the present situation, applying the homotopy noy 11 of the contact structure Hom
yields a homotopy [¢g] ~ [idy1]o[¢y+1]; on the other hand, we obtain a homotopy

[é0] ~ [idv] o [pv] ~ [idv] o [By] o [log] 0 [$v11]
~ [idv] o [log] © [¢v 1]

by applying the homotopy 1o+ of the contact structure Hgn, followed by the homo-
topies of the telecore Tgy, followed by the homotopy 1y of the contact structure Heyy,.
Thus, by applying the argument applied in the proof of the first incompatibility, we
obtain two mutually contradictory homotopies [N\*]o[¢n] ~ [N*Pfolidy 11]o[dy 1]
This completes the proof of the second incompatibility of assertion (iv).

Finally, we consider assertion (v). The total O-rigidity in question follows
immediately from Proposition 3.2, (iv) [cf. also the final portion of Proposition 3.2,
(v)]. The remainder of assertion (v) follows immediately from the definitions. This
completes the proof of assertion (v). O

Remark 3.6.1.

(i) The “output” of the “log-Frobenius observable” &,4 of Corollary 3.6, (iii),
may be summarized intuitively in the following diagram:

~ ~

y4: — Iy 41 5 1, = 11y
&% Y &% &%
Frp = (R <= kB o= RO
5 Iy, & Iy 1
Y &%
—X —X

= kv, — (B

— where the arrows “—” are the natural morphisms [cf. ¢, !]; ki, where Y € L,
is a copy of L7 that arises, via idy, from the vertex Y of D<y; the arrows “«>”
are the inclusions arising from the fact that E\X, is obtained by applying the log-
Frobenius functor log to EiH [cf. Liog,+!]; the isomorphic “IIy’s” that act on the

various E\X, ’s and their perfections correspond to the coricity of € [cf. Corollary 3.6,
(i)]. Finally, the incompatibility assertions of Corollary 3.6, (iv), may be thought of
as a statement of the non-existence of some “universal reference model”

X
model

k
that maps isomorphically to the various E\X,’S in a fashion that is compatible with
the various arrows “—7, “" of the above diagram — cf. also Corollary 3.7, (iv),
below.
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(ii) In words, the content of Corollary 3.6 may be summarized as follows |cf.
the “intuitive diagram” of (i)]:

(a) The Galois groups that act on the various objects under consideration
are compatible with all of the operations involved — in particular, the op-
erations constituted by the functors log, Kom, ¢an and the various related
families of homotopies — cf. the coricity asserted in Corollary 3.6, (i).

(b) By contrast, the operation constituted by the log-Frobenius functor [as
“observed” via the observable So4] is not compatible with the field struc-
ture of the fields [i.e., “k”] involved [cf. Corollary 3.6, (iv)].

(c) As a consequence of (a), the “group-theoretic reconstruction” of the base
field via Corollary 1.10 is compatible with all of the operations involved,
except “momentarily” when log acts on the output of ¢g, — an operation
which “temporarily obliterates” the field structure of this output, although
this field structure may be recovered by projecting back down to £ [cf. (a)]
and applying kegy,. This sort of “conditional compatibility” — i.e., up to a
“brief temporary exception” — is expressed in the telecoricity asserted in
Corollary 3.6, (ii).

In particular, if one thinks of the various operations involved as being “software”
[cf. Remark 1.9.8], then the projection to & — i.e., the operation of looking at the
Galois group — is compatible with simultaneous execution of all the “software”
[in particular, including log!] under consideration; the “group-theoreticity” of the
algorithms of Corollary 1.10 implies that 2Anab, kg, satisfy a similar “compatibility
with simultaneous execution of all software” [cf. Remark 3.1.2] property.

Remark 3.6.2.

(i) The reasoning that lies behind the name “log-Frobenius functor” may be
understood as follows. At a very naive level, the natural logarithm may be thought
of as a sort of “raising to the e-th power” [where € is some indefinite infinitesimal]
— i.e., “¢” plays the role in characteristic zero of “p” in characteristic p > 0. More
generally, the logarithm frequently appears in the context of Frobenius actions, in

particular in discussions involving canonical coordinates, such as in [Mzk1], Chapter
I11, §1.

(ii) In general, Frobenius morphisms may be thought of as “compression mor-
phisms”. For instance, this phenomenon may be seen in the most basic example of
a Frobenius morphism in characteristic p > 0, i.e., the morphism

t— tP

on F,[t]. Put another way, the “compression” operation inherent in a Frobenius
morphism may be thought of as an approrimation of some sort of “absolute con-
stant object” [such as Fp|. In the context of the log-Frobenius functor, this sort
of compression phenomenon may be seen in the pre-log-shells defined in Definition
3.1, (iv), which will play a key role in the theory of §5 below.
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(iii) Whereas the log-Frobenius functor obliterates the field [or ring] structure
[cf. Remark 3.6.1, (ii), (b)] of the fields involved, the usual Frobenius morphism in
positive characteristic is compatible with the ring structure of the rings involved.
On the other hand, unlike generically smooth morphisms, the Frobenius morphism
in positive characteristic has the effect of “obliterating the differentials” of the
schemes involved.

Remark 3.6.3. The diagram D of Corollary 3.6 — cf., especially, the first two
rows D<o, and the various natural actions of Z discussed in Corollary 3.6, (v) —
may be thought of as a sort of combinatorial version of G, — cf. the point of
view of Remark 1.9.7.

Remark 3.6.4. One verifies immediately that one may give a tempered version
of Proposition 3.2, Corollary 3.6 [cf. Remarks 1.9.1, 1.10.2].

Remark 3.6.5. The notions of “core” and “telecore” are reminiscent of certain
aspects of “Hensel’s lemma” [cf., e.g., [Mzk21], Lemma 2.1]. That is to say, if one
compares the successive approximation operation applied in the proof of Hensel’s
lemma [cf., e.g., the proof of [Mzk21], Lemma 2.1] to the various operations [in the
form of functors] that appear in a diagram of categories, then one is led to the
following analogy:

cores < sets of solutions of “étale”, i.e., “slope zero” equations

telecores «—— sets of solutions of “positive slope” equations

— i.e., where one thinks of applications of Hensel’s lemma in the context of mized
characteristic, so the property of being “étale in characteristic p > 0” may be
regarded as corresponding to “slope zero”. That is to say, the “€tale case” of
Hensel’s lemma is the easiest to understand. In this “étale case”, the invertibil-
ity of the Jacobian matrix involved implies that when one executes each successive
approximation operation, the set of solutions lifts uniquely, i.e., “transports isomor-
phically” through the operation. This sort of “isomorphic transport” is reminiscent
of the definition of a core on a diagram of categories. On the other hand, the “pos-
itive slope case” of Hensel’s lemma is a bit more complicated [cf., e.g., the proof of
[Mzk21], Lemma 2.1]. That is to say, although the set of solutions does not quite
“transport isomorphically” in the simplest most transparent fashion, the fact that
the Jacobian matrix involved is invertible up to a factor of p implies that the set
of solutions “essentially transports isomorphically, up to a brief temporary lag” —
cf. the “brief temporary exception” of Remark 3.6.1, (ii), (c). Put another way, if
one thinks in terms of connections on bases on which p is nilpotent, in which case
formal integration takes the place of the “successive approximation operation” of
Hensel’s lemma, then one has the following analogy:

cores <« vanishing p"-curvature

telecores «—— mnilpotent p™-curvature
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[where we refer to [Mzk4], Chapter 11, §2; [Mzk7], §2.4, for more on “p™-curvature”]
— cf. Remark 3.7.2 below.

Remark 3.6.6.

(i) In the context of the analogy between telecores and “positive slope situa-
tions” discussed in Remark 3.6.5, one question that may occur to some readers is
the following:

What are the values of the positive slopes implicitly involved in a telecore?

At the time of writing, it appears to the author that, relative to this analogy, one
should regard telecores as containing “all positive slopes”, or, alternatively, “positive
slopes of an indeterminate nature”, which one may think of as corresponding to the
lengths of the various paths emanating from the core verter that one may travel
along before descending back down to the core [cf. Remark 3.5.1]. Indeed, from the
point of view of the analogy [discussed in Remark 3.7.2 below| with the uniformizing
MUEFY -objects constructed in [Mzkl], [Mzk4], this is natural, since uniformizing
MFV-objects also involve, in effect, “all positive slopes”. Moreover, since telecores
are of an “abstract, combinatorial nature” [cf. Remark 1.9.7] —i.e., not of a “linear,
module-theoretic nature”, as is the case with MJFY-objects — it seems somewhat
natural that this “combinatorial non-linearity” should interfere with any attempts
to “separate out the various distinct positive slopes”, via, for instance, a “linear
filtration”, as is often possible in the case of MFY-objects.

(ii) From the point of view of the analogy with [uniformizing] MFY-objects,
one has the following [rough| correspondence:

slope zero «— Frobenius “~” (an isomorphism)

positive slope «—— Frobenius “~” p™- (an isomorphism)

[where “~” is to be understood as shorthand for the phrase “acts via’; n is a
positive integer|. Perhaps the most fundamental example in the p-adic theory of
such a [uniformizing] MFY -object arises from the p-adic Galois representation
obtained by extracting p-power roots of the standard unit U on the multiplicative
group Gy, over Z,, in which case the “positive slope” involved corresponds to the
action

dlog(U) = dU/U — p - dlog(U)

induced by the Frobenius morphism U + UP. In the situation of Corollary 3.6, an
analogue of this sort of correspondence may be seen in the “temporary failure of
coricity” [cf. Remark 3.6.1, (ii), (c¢); the failure of coricity documented in Corollary
3.6, (iv)] of the “mono-anabelian telecore” of Corollary 3.6, (ii). That is to say,
mutiplication by a positive power of p corresponds precisely to this “temporary
failure of coricity”, a failure that is remedied [where the “remedy” corresponds
to the isomorphism that appears by “pealing off” an appropriate power of p| by
projecting back down to 2Anab, an operation which [in light of the “group-theoretic
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nature” of the algorithms applied in kg,] induces an isomorphism of, for instance,
the base-field reconstructed after the application of log with the base-field that was
reconstructed prior to the application of log.

Remark 3.6.7. Note that in the situation of Corollary 3.6 [cf. also the ter-
minology introduced in Definition 3.5], although we have formulated things in the
language of categories and functors, in fact, the mathematical constructs in which
we are ultimately interested have much more elaborate structures than categories
and functors. That is to say:

In fact, what we are really interested in is not so much “categories” and
“functors”, but rather “types of data” and “operations” [i.e., algorithms!]
that convert some “input type of data” into some “output type of data”.

One aspect of this state of affairs may be seen in the fact that the crucial functors
log, kan of Corollary 3.6 are equivalences of categories [which, moreover, are, in
certain cases, isomorphic to the identity functor! — cf. Definition 3.1, (iv), (vi)] —
i.e., from the point of view of the purely category-theoretic structure [cf., e.g., the
point of view of [Mzk14], [Mzk16], [Mzk17]!] of “X”, “€”, or “Anab”, these functors
are “not doing anything”. On the other hand, from the point of view of “types of
data” and “operations” on these “types of data” [cf. Remark 3.6.1], the operations
constituted by the functors log, kg, are highly nontrivial. To some extent, this state
of affairs may be remedied by working with appropriate observables [i.e., which serve
to project the operations constituted by functors between different categories down
into arrows in a single category — cf. Remark 3.5.1], as in Corollary 3.6, (iii), (iv).
Nevertheless, the use of observables does not constitute a fundamental solution
to the issue raised above. It is the hope of the author to remedy this state of
affairs in a more definitive fashion in a future paper by introducing appropriate
“enhancements” to the usual theory of categories and functors.

To understand what is gained in Corollary 3.6 by the mono-anabelian theory
of §1, it is useful to consider the following “bi-anabelian analogue” of Corollary 3.6.

Corollary 3.7. (MLF-Galois-theoretic Bi-anabelian Log-Frobenius In-
compatibility) In the notation and conventions of Corollary 3.6, suppose, further,
that T = TF. Consider the diagram of categories D'

XxeX 9% yuex U yuox
preet = / ooy
X
v | o
N

l

&
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— where the second to fourth rows of D' are identical to the second to fourth rows
of the diagram D of Corollary 3.6; DT<1 1s obtained by applying the “categorical
fiber product” (—)xg X [cf. §0] to D<y; pry denotes the projection to the first
factor on the copy of X xXg X at the vertex Y € L. Also, let us write

Ty : X Xg X — X
for the projection to the second factor on the copy of X xg X at the vertex Y € L,
D

for the result of appending these arrows m~ to DI — where we think of the
codomain “X” of the arrows my as a new “core” vertex lying in the first row
of Dt “under” the various copies of “X xg X7 at the vertices of L — and Dign

[where n € {1,2,3,4}] for the subdiagram of D* constituted by DLW together with
the newly appended arrows m. Then: -

(i) Dt = DT<4 (respectively, Di<1) admits a natural structure of core on DT<3
(respectively, DT@ ). That is to say, loosely speaking, £ “forms a core” of the func-

tors in D; the “second factor” X “forms a core” of the functors in Di<1. [Thus,
we think of the second factor of the various fiber product categories X xg¢ X as
being a “universal reference model” — cf. Remark 3.7.3 below.]

(ii) Write
5)( X - X Xe X

for the natural diagonal functor and
6% : prbt 5 prbi

for the isomorphism between the two projection functors prbi, prbi: X xs X —
X that arises from the functoriality — i.e., the bi-anabelian [or “Grothendieck
Conjecture”-type] portion [cf. Remark 1.9.8] — of the “group-theoretic” algorithms
of Corollary 1.10. Then dx is an equivalence of categories, a quasi-inverse
for which is given by the projection to the second factor Ty : X xg X — X; 6"
determines an isomorphism Oy : 0x o Ty — idyx.x. Moreover, dx gives rise to a
telecore structure 75 on DT<1, whose underlying diagram of categories we denote

by Dg, by appending to Digl telecore edges
X
Ov+1 / l(;\( . Ov—1

log

XxeX 0% xuox 9% yuox

from the core X to the various copies of X xg X in DT<1 given by copies of dx,
which we denote by d, for Y € L. That is to say, loosely speaking, 5 determines
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a telecore structure on DT§1- Finally, let us write D* for the diagram of categories

obtained from Dg by appending an edge

P EN
from the core vertex of Dg to the vertex at O [i.e., the unique vertex of the second
row of Dg/ given by a copy of the identity functor; for each Y € L_’, let us write
[¥2] for the path on TU'p« of length 0 at Y and [yL] for the path on U'p- of length

2 that starts from Y, descends via 7~ to the core vertex, and returns to Y wia the
telecore edge 6~ . Then the collection of natural transformations

{9[]\(7 eYv 9\_(1}YEL

— where we write 60~ for the identity natural transformation from the arrow og :
X — X to the composite arrow pry o6y : X — X and

Oy D[km - DFVQ]

for the isomorphism arising from 60y — generate a family of homotopies H;
on D* [hence, in particular, by restriction, a contact structure on the telecore
Ts/. Finally, D* = Dz, admits a natural structure of core on DZg in a fashion
compatible with the core structure of DT<4 on DT<3 discussed in (i) [that is to say,
loosely speaking, £ “forms a core” of the functors in D*].

(1ii) Write

L\ X X pf lel L\ X X pf
é[og,\(')\ opryology — A" opry g, L =L AT = A

for the natural transformations determined by the natural transformations of Corol-

lary 3.6, (iii). Then these natural transformations Ligg v’ Ly belong to a family of

homotopies on DTSS that determines on DTSS a structure of observable 6?09 on

DTQ, and, moreover, is compatible with the families of homotopies that constitute
the core and telecore structures of (i), (ii).

(iv) The diagram of categories DTSQ does not admit a structure of core on
DT<1 which [i.e., whose constituent family of homotopies] is compatible with [the

constituent family of homotopies of] the observable GLQ of (iii). Moreover, the
telecore structure T; of (ii), the family of homotopies H;s of (ii), and the
observable GL o of (i4i) are not simultaneously compatible.

(v) The vertex O of the second row of D* is a nexus of ['p-. Moreover, D* is
totally [Ul-rigid, and the natural action of Z on the infinite linear oriented graph
I'+ extends to an action of Z on D* by nexus-classes of self-equivalences of

<1

Dt Finally, the self-equivalences in these nexus-classes are compatible with Hg
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[ef. (ii)], as well as with the families of homotopies that constitute the cores,
telecore, and observable of (i), (ii), (iii).

Proof. The proofs of the various assertions of the present Corollary 3.7 are entirely
similar to the proofs of the corresponding assertions of Corollary 3.6. O

Remark 3.7.1. In some sense, the purpose of Corollary 3.7 is to examine what
happens if the mono-anabelian theory of §1 is not available, i.e., if one is in a
situation in which one may only apply the bi-anabelian version of this theory. This
is the main reason for our assumption that “T = TF” in Corollary 3.7 — that is
to say, when T = TM], one is obliged to apply Proposition 3.2, (v), a result whose
proof requires one to invoke the mono-anabelian theory of §1.

Remark 3.7.2. The “Frobenius-theoretic” point of view of Remarks 3.6.2, 3.6.5,
3.6.6 motivates the following observation:

The situation under consideration in Corollaries 3.6, 3.7 is structurally
reminiscent of the situation encountered in the p-adic crystalline theory,
for instance, when one considers the MY -objects of [Falt].

That is to say, the core £ plays the role of the “absolute constants”, given, for
instance, in the p-adic theory by [absolutely] unramified extensions of Z,. The
isomorphism

6% : pr = prd

[cf. Corollary 3.7, (ii)] between the two projection functors pri, pr3i: X x¢ X — X
is formally reminiscent of the notion of a(n) [integrable| connection in the crystalline
theory. The diagonal functor

5)(:X—>XX5X

[cf. Corollary 3.7, (ii)] is formally reminiscent of the diagonal embedding into the
divided power envelope of the product of a scheme with itself in the crystalline
theory. Moreover, since, in the crystalline theory, this divided power envelope may
itself be regarded as a crystal, the [various divided powers of the ideal defining the]
diagonal embedding may then be regarded as a sort of Hodge filtration on this crys-
tal. That is to say, the telecore structure of Corollary 3.7, (ii), may be regarded as
corresponding to the Hodge filtration, or, for instance, in the context of the theory
of indigenous bundles [cf., e.g., [Mzkl], [Mzk4]], to the Hodge section. Thus, from
this point of view, the second incompatibility of assertion (iv) of Corollaries 3.6,
3.7, is reminiscent of the fact that [in general] the Frobenius action on the crystal
underlying an MFV-object fails to preserve the Hodge filtration. For instance, in
the case of indigenous bundles, this failure to preserve the Hodge section may be
regarded as a consequence of the isomorphicity of the Kodaira-Spencer morphism
associated to the Hodge section. On the other hand, the log-Frobenius-compatibility
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of the mono-anabelian models discussed in Corollary 3.6 may be regarded as corre-
sponding to canonical Frobenius actions on the crystals constituted by the divided
power envelopes discussed above — cf. the uniformizing MFY -objects constructed
in [Mzk1], [Mzk4]. Moreover, the compatibility of the coricity of £, Anab with the
telecore and contact structures of Corollary 3.6, (ii), on the one hand, and the “log-
Frobenius observable” &,4 of Corollary 3.6, (iii), on the other hand, is reminiscent
of the construction of the Galois representation associated to an MFY-object by
considering the submodule that lies in the 0-th step of the Hodge filtration and,
moreover, is fized by the action of Frobenius [cf. Remark 3.7.3, (ii), below]. Thus,
in summary, we have the following “dictionary”:

the coricity of £ «— absolutely unramified constants
bi-anabelian isomorphism of projection functors «— integrable connections
diagonal functor dx telecore str. «—— Hodge filtration/section
bi-anabelian log-incompatibility «—— Kodaira-Spencer isomorphism
“forgetful” functor dgn telecore str. «—— wunderlying vector bundle of MFY-object
mono-anabelian log-compatibility «— [positive slope!] uniformizing MFY -objects

[where “str.” stands for “structure”]. This analogy with MJFY-objects will be
developed further in §5 below.

Remark 3.7.3. The significance of Corollary 3.7 in the context of our discussion
of the mono-anabelian versus the bi-anabelian approach to anabelian geometry [cf.
Remark 1.9.8] may be understood as follows.

(i) We begin by considering the conditions that we wish to impose on the
framework in which we are to work. First of all, we wish to have some sort of
fixed reference model of “X”. The fact that this model is to be fized throughout
the discussion then translates into the requirement that this copy of X be a core,
relative to the various “operations” performed during the discussion. On the other
hand, one does not wish for this model to remain “completely unrelated to the
operations of interest”, but rather that it may be related, or compared, to the various
copies of this model that appear as one executes the operations of interest. In our
situation, we wish to be able to relate the “fixed reference model” to the copies
of this model — i.e., “log-subject copies” — that are subject to the log-Frobenius
operation [i.e., functor — cf. Remark 3.6.7]. Moreover, since the log-Frobenius
functor is isomorphic to the identity functor [cf. Proposition 3.2, (v)], hence may
only be “properly understood” in the context of the natural transformations “t.”
and “4o4”, we wish for everything we do to be compatible with the operation of
“making an observation” via these natural transformations. Thus, in summary, the
main conditions that we wish to impose on the framework in which we are to work

are the following:

(a) coricity of the model;
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(b) comparability of the model to log-subject copies of the model;

(c) consistent observability of the various operations executed [especially
log].

In the context of the various assertions of Corollaries 3.6, 3.7, these three aspects
correspond as follows:

(a) «— the coricity of (i), the “coricity portion” of the telecore structure of (ii),
(b) «— the telecore and contact structures/families of homotopies of (ii),

(c) «— the “log-observable” of (iii).

[Here, we refer to the content of Definition 3.5, (iv), (b), as the “coricity portion”
of a telecore structure.| In the case of Corollary 3.7, the “fized reference model” is
realized by applying a “category-theoretic base-change” (—) xg X, as in Corollary
3.7, i.e., the copy of “X” used to effect this base-change serves as the “fixed reference
model”; in the case of Corollary 3.6, the “fixed reference model” is given by “QUnab”
[i.e., especially, the second piece of parenthesized data “(—, —)” in the definition of
Anab — cf. Definition 3.1, (vi)]. Also, we observe that the second incompatibility of
assertion (iv) of Corollaries 3.6, 3.7 asserts, in effect, that neither of the approaches
of these two corollaries succeeds in simultaneously realizing conditions (a), (b), (c),
in the strict sense.

(ii) Let us take a closer look at the mono-anabelian approach of Corollary
3.6 from the point of view of the discussion of (i). From the point of view of
“operations performed”, this approach may be summarized as follows: One starts
with “IT”, applies the mono-anabelian algorithms of Corollary 1.10 to obtain an
object of 2Anab, then forgets the “group-theoretic origins” of such objects to obtain
an object of X [cf. the telecore structure of Corollary 3.6, (ii)], which is subject to the
action of log; this action of log obliterates the ring structure [indeed, it obliterates
both the additive and multiplicative structures!| of the arithmetic data involved,
hence leaving behind, as an invariant of log, only the original “II”, to which one
may again apply the mono-anabelian algorithms of Corollary 1.10.

II II II
II ~ mn ~ Y ~ o I~ %
Fotn ko~ log Fotn

The point of the mono-anabelian approach is that although log obliterates the ring
structures involved [cf. the second incompatibility of Corollary 3.6, (iv)], £ — i.e.,
“II” — remains constant [up to isomorphism] throughout the application of the
various operations; this implies that the “purely group-theoretic constructions” of
Corollary 1.10 —i.e., 2nab, kg, — also remain constant throughout the application
of the various operations. In particular, in the above diagram, despite the fact

that log obliterates the ring structure of “E: 7, the operations executed induce an
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1somorphism between all the “II’s” that appear, hence an isomorphism between the

initial and final “(II ~ E;n)’s”. At a more technical level, this state of affairs may
be witnessed in the fact that although [cf. the proof of the second incompatibility
of Corollary 3.6, (iv)] there exist incompatible composites of homotopies involving
the families of homotopies that constitute the telecore, contact, and observable
structures involved, these composites become compatible as soon as one augments
the various paths involved with a path back down to the core vertex “Unab”. At a
more philosophical level:

This state of affairs, in which the application of log does not immediately
yield an isomorphism of “Ex’s”, but does after “pealing off the operation

of forgetting the group-theoretic construction ofE;[n ”_is reminiscent of the
situation discussed in Remark 3.6.6, (ii), concerning

“Frobenius m p"- (an isomorphism)”

[i.e., where Frobenius induces an isomorphism after “pealing off” an ap-
propriate power of p].

(iii) By contrast, the bi-anabelian approach of Corollary 3.7 may be understood

in the context of the present discussion as follows: One starts with an arbitrarily
X

declared “model” copy “Il ~ k.40 of X, then forgets the fact that this copy was
arbitrarily declared a model [cf. the telecore structure of Corollary 3.7, (ii)]; this

yields a copy “IT ~ E\Xf” of X on which log acts in a fashion that obliterates the ring
structure of the arithmetic data involved, hence leaving behind, as an invariant of
log, only the original “IT”.

IT II

Y ~ ey ~ 11

X X

k, ~ log

model

Thus, unlike the case with the mono-anabelian approach, if one tries to work with
another model “II ~ Exodel” after applying log, then the <%

m Sihc? model,
new model cannot be related to the “k_ 4. portion of the original model in a con-

sistent fashion — i.e., such a relation is obstructed by log, which obliterates the ring
X . . .
structure of k,, 4o- Moreover, unlike the case with the mono-anabelian approach,

there is “no escape route” in the bi-anabelian approach [i.e., which requires the
use of models] from this situation given by taking a path back down to some core
vertex [i.e., such as “QUnab”]. Relative to the analogy with usual Frobenius actions
[cf. Remark 3.6.6, (ii)], this situation is reminiscent of the Frobenius action on the
ideal defining the diagonal of a divided power envelope

" portion of this

ITCO »p
S x S
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[where S is, say, smooth over F)| — i.e., Frobenius simply maps Z to 0 in a fashion
that does not allow one to “recover, in an isomorphic fashion, by pealing off a power
of p”. [Indeed, the data necessary to “peal off a power of p” consists, in essence, of
a Frobenius lifting — which is, in essence, equivalent to the datum of a uniformizing
MEFY -object — cf. Remark 3.7.2; the theory of [Mzk1], [Mzk4].] In particular:

Although it is difficult to give a completely rigorous formulation of the
question “bi-anabelian = mono-anabelian” raised in Remark 1.9.8, the
state of affairs discussed above strongly suggests a negative answer to this
question.

(iv) The following questions constitute a useful guide to understanding better
the gap that lies between the “success of the mono-anabelian approach” and the
“failure of the bi-anabelian approach”, as documented in (i), (ii), (iii):

(a) In what capacity — i.e., as what type of mathematical object [cf. Re-
mark 3.6.7] — does one transport — i.e., “effect the coricity of” [cf. con-

dition (a) of (i)] — the fixed reference model of “k*” down to “future
log-generations” [i.e., smaller elements of L]?

(b) On precisely what type of data [cf. Remark 3.6.7] does the comparison
[cf. condition (b) of (i)] via telecore/contact structures depend?

That is to say, in the mono-anabelian approach, the answer to both questions is

given by & [i.e., “I”], YAnab; by contrast, in the bi-anabelian approach, the answer
to (b) necessarily requires the inclusion of the “model E:lodel ” — arequirement that

is incompatible with the coricity required by (a) [i.e., since log obliterates the ring
structure of E:lodel].

( Galois [core])
/ N

Galois + log-subject
( Galois [of model])

arithmetic datum

Fig. 1: Mono-anabelian comparison only requires “Galois input data”.

( Galois [core])

/ N
( Galois + model ) ? (Galois + log-subject)

arithmetic datum arithmetic datum

Fig. 2: Bi-anabelian comparison requires “arithmetic input data”.
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One way to understand this state of affairs is as follows. If one attempts to construct

a “bi-anabelian version of Anab”, then the requirement of coricity means that the
“model E:lodel” employed in the bi-anabelian reconstruction algorithm of such a

“bi-anabelian version of Anab” must be compatible with the various isomorphisms

E:lodel = E\X, of Remark 3.6.1, (i) — where we recall that the various distinct

k:’s are related to one another by log — i.e., compatible with the “building”, or

“edifice”, of E\X, ’s constituted by these isomorphisms together with the diagram
of Remark 3.6.1, (i). That is to say, in order for the required coricity to hold,

this bi-anabelian reconstruction algorithm must be such that it only depends on
the ring structure of E:mdel “up to log” — i.e., the algorithm must be immune to

the confusion [arising from log] of the additive and multiplicative structures that
constitute this ring structure. On the other hand, the bi-anabelian approach to
reconstruction clearly does not satisfy this property [i.e., it requires that the ring

structure of E:lodel be left intact].

Remark 3.7.4. In the context of the issue of distinguishing between the mono-
anabelian and bi-anabelian approaches to anabelian geometry [cf. Remark 3.7.3],
one question that is often posed is the following;:

Why can’t one somehow sneak a “fixed refence model” into a “mono-
anabelian reconstruction algorithm” by finding, for instance,

some copy of Q or Q,

inside the Galois group “II” and then building up some copy of the hyper-
bolic orbicurve under consideration over this base field [i.e., this copy of Q,
Qp], which one then takes as one’s “model”, thus allowing one to “reduce”
mono-anabelian problems to bi-anabelian ones [cf. Remark 1.9.8]7

One important observation, relative to this question, is that although it is not so
difficult to “construct” such copies of Q or Q, from II, it is substantially more
difficult to

construct copies of the algebraic closures of Q or @, in such a way that
the resulting absolute Galois groups are isomorphic to the appropriate
quotient of the given Galois group “II” in a functorial fashion [cf. Remark
3.7.5 below].

Moreover, once one constructs, for instance, a universal pro-finite étale covering
of an appropriate hyperbolic orbicurve on which IT acts [in a “natural”, functorial
fashion|, one must specify [cf. question (a) of Remark 3.7.3, (iv)] in what capacity
— i.e., as what type of mathematical object — one transports [i.e., “effects the
coricity of”] this pro-hyperbolic orbicurve model down to “future log-generations”.
Then if one only takes a naive approach to these issues, one is ultimately led to the
arbitrary introduction of “models” that fail to be immune to the application of the
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log-Frobenius functor — that is to say, one finds oneself, in effect, in the situation of
the “bi-anabelian approach” discussed in Remark 3.7.3. Thus, the above discussion
may be summarized in flowchart form, as follows:

construction of model [universal pro-covering| schemes without essential use of II

Y

natural functorial action of II on model scheme is trivial

4

must supplement model scheme with II = Gal(model scheme)

Y

essentially equivalent situation to “bi-anabelian approach”.

Put another way, if one tries to tries to sneak a “fixed refence model” that may
be constructed without essential use of “II” into a “mono-anabelian reconstruction
algorithm”, then one finds oneself confronted with the following two mutually exclu-
sive choices concerning the type of mathematical object [cf. question (a) of Remark
3.7.3, (iv)] that one is to assign to this model:

(*) the model arises from “II” = “functorially trivial model”;

(%) the model does not arise from “II” = “bi-anabelian approach”.

In particular, Figures 1 and 2 of Remark 3.7.3, (iv), are not [at least in an “a priori
sense”| “essentially equivalent”.

Remark 3.7.5.

(i) From the point of view of “constructing models of the base field from I1”
[cf. the discussion of Remark 3.7.4], one natural approach to the issue of finding
“Galois-compatible models” is to work with Kummer classes of scheme-theoretic
functions, since Kummer classes are tautologically compatible with Galois actions.
[Indeed, the use of Kummer classes is one important aspect of the theory of §1.]
Moreover, in addition to being “tautologically Galois-compatible”, Kummer classes
also have the virtue of fitting into a container

H(IT) &

H'(Ilx, pz(Tlx))

[cf. Corollary 1.10, (d)] which inherits the coricity of I [cf. question (a) of Remark
3.7.3, (iv)] in a very natural, tautological fashion. Thus, once one characterizes,
in a “group-theoretic” fashion, the “Kummer subset” of this container H(II) [i.e.,
the subset constituted by the Kummer classes that arise from scheme-theoretic
functions|, it remains to reconstruct the additive structure on [the union with {0}
of] the set of Kummer classes [cf. the theory of §1]. If one takes the point of view
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of the question posed in Remark 3.7.4, then it is tempting to try to use “models”
solely as a means to reconstruct this additive structure.

This approach, which combines the “purely group-theoretic” [i.e., “mono-
anabelian”| container H(II) with the indirect use of “models” to recon-
struct the additive structure [or the Kummer subset], may be thought of
as a sort of intermediate alternative between the “mono-anabelian” and
“bi-anabelian” approaches discussed so far; in the discussion to follow,
we shall refer to this sort of intermediate approach as “pseudo-mono-
anabelian”.

With regard to implementing this pseudo-mono-anabelian approach, we observe
that the “automorphism version of the Grothendieck Conjecture” [i.e., the functo-
riality of the algorithms of Corollary 1.10, applied to automorphisms| allows one
to conclude that the additive structure “pulled back from a model scheme via the
Kummer map” is rigid [i.e., remains unaffected by automorphisms of II]. On the
other hand, the “isomorphism version of the Grothendieck Conjecture” [i.e., the
functoriality of the algorithms of Corollary 1.10, applied to isomorphisms — cf.
the isomorphism 6! of Corollary 3.7, (ii)] allows one to conclude that this additive
structure is independent of the choice of model.

(ii) The pseudo-mono-anabelian approach gives rise to a theory that satisfies
many of the useful properties satisfied by the mono-anabelian theory. Thus, at first
glance, it is tempting to consider simply abandoning the mono-anabelian approach,
in favor of the pseudo-mono-anabelian approach. Closer inspection reveals, how-
ever, that the situation is not so simple. Indeed, relative to the coricity requirement
of Remark 3.7.3, (i), (a), there is no problem with allowing the “hidden models” on
which the pseudo-mono-anabelian approach depends in an essential way to remain
hidden. On the other hand, the issue of relating [cf. Remark 3.7.3, (i), (b)] these
hidden models to log-subject copies of these models is more complicated. Here, the
central problem may be summarized as follows [cf. Remark 3.7.3, (iv), (a), (b)]:

Problem (x™P°): Find a type of mathematical object that [in the context
of the framework discussed in Remark 3.7.3, (i)] serves as a common type
of mathematical object for both “coric models” and “log-subject copies”,
thus rendering possible the comparison of “coric models” and “log-subject
copies”.

That is to say, in the mono-anabelian approach, this “common type” is furnished
by the objects that constitute £ and [in light of the “group-theoreticity” of the algo-
rithms of Corollary 1.10] 2nab; in the bi-anabelian approach, the “common object”
is furnished by the “copy of X that appears in the base-change (—) xg X 7. Note
that it is precisely the existence of this “common type of mathematical object” that
renders possible the definition of the telecore structure — cf., especially, the functor
dx of Corollary 3.7, (ii). In particular, we note that the definition of the diagonal
functor dx is possible precisely because of the equality of the types of mathematical
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object involved in the two factors of X xg X. On the other hand, if, in imple-
menting the pseudo-mono-anabelian approach, one tries to use, for instance, & [i.e.,
without including the “hidden model™], then although this yields a framework in
which it is possible to work with the “mono-anabelian container H(II)”, this does
not allow one to describe the contents [i.e., the Kummer subset with its ring struc-
ture] of this container. That is to say, if one describes these “contents” via “hidden
models”, then the data contained in the “common type” is not sufficient for the
operation of relating this description to the “conventional description of contents”
that one wishes to apply to the log-subject copies. Indeed, if the coric models and
log-subject copies only share the container H(II), but not the description of its
contents — i.e., the description for the coric models is some “mysterious descrip-
tion involving hidden models”, while the description for the log-subject copies is the
“standard Kummer map description” — then, a prior:, there is no reason that these
two descriptions should coincide. For instance, if the “mysterious description” is
not related to the “standard description” via some common description applied to
a common type of mathematical object, then, a priori, the “mysterious description”
could be [among a vast variety of possibilities] one of the following:

(1) Instead of embedding the [nonzero elements of the] base field into H(II)
via the usual Kummer map, one could consider the embedding obtained
by composing the usual Kummer map with the automorphism induced by
some automorphism of the quotient IT — Gy, [cf. the notation of Corollary
1.10] which is not of scheme-theoretic origin [cf., e.g., [NSW], the Closing
Remark preceding Theorem 12.2.7].

(2) Alternatively, instead of embedding the function field of the curve under
consideration into H(II) via the usual Kummer map, one could consider
the embedding obtained by composing the usual Kummer map with the
automorphism of H(II) given by muliplication by some element € A

Thus, in order to ensure that such pathologies do not arise, it appears that there
is little choice but to include the ring/scheme-theoretic models in the common type
that one adopts as a “solution to (¥*¥P°®)”, so that one may apply the “standard
Kummer map description” in a simultaneous, consistent fashion to both the coric
data and the log-subject data. But [since these models are “functorially obstructed
from being subsumed into I1” — cf. Remark 3.7.4] the inclusion of such ring/scheme-
theoretic models amounts precisely to the “bi-anabelian approach” discussed in
Remark 3.7.3 [cf., especially, Figure 2 of Remark 3.7.3, (iv)].

(iii) From a “physical” point of view, it is natural to think of data that sat-
isfies some sort of coricity — such as the étale fundamental group II — as being
“massless”, like light. By comparison, the arithmetic data “k™» — on which the
log-Frobenius functor acts non-isomorphically — may be thought of as being like
matter which has “weight”. This dichotomy is reminiscent of the dichotomy dis-
cussed in the Introduction to [Mzkl16] between “étale-like” and “Frobenius-like”
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structures. Thus, in summary:

coricity, “étale-like” structures «—— massless, like light

“Frobenius-like” structures «—— matter of positive mass.

From this point of view, the discussion of (i), (ii) may be summarized as follows:
Even if the container H(II) is massless, it one tries to use it to carry “cargo of
substantial weight”, then the resulting package [of container plus cargo| is no longer
massless. On the other hand, the very existence of mono-anabelian algorithms as
discussed in §1, §2 corresponds, in this analogy, to the “conversion of light into
matter” [cf. the point of view of Remark 1.9.7]!

(iv) Relative to the dichotomy discussed in the Introduction to [Mzk16] between
“étale-like” and “Frobenius-like” structures, the problem observed in the present
paper with the bi-anabelian approach may be thought of as an example of the
phenomenon of the non-applicability of Galois [i.e., “étale-like”] descent with respect
to “Frobenius-like” morphisms [i.e., the existence of descent data for a “Frobenius-
like” morphism which cannot be descended to an object on the codomain of the
morphism]. In classical arithmetic geometry, this phenomenon may be seen, for
instance, in the non-descendability of Galois-invariant coherent ideals with respect
to morphisms such as Spec(k[t]) — Spec(k[t"]) [where n > 2 is an integer; k is a
field], or [cf. the discussion of “X xg X” in Remark 3.7.2] the difference between
an integrable connection and an integrable connection equipped with a compatible
Frobenius action [e.g., of the sort that arises from an MJFY-object].

Remark 3.7.6. With regard to the pseudo-mono-anabelian approach discussed
in Remark 3.7.5, one may make the following further observations.

(i) In order to carry out the pseudo-mono-anabelian approach [or, a fortiori,
the mono-anabelian approach], it is necessary to use the full

profinite étale fundamental group

of a hyperbolic orbicurve, say, of strictly Belyi type. That is to say, if, for instance,
one attempts to use the geometrically pro-3 fundamental group of a hyperbolic
curve [i.e., where ¥ is a set of primes which is not equal to the set of all primes],
then the crucial injectivity of the Kummer map [cf. Proposition 1.6, (i)] fails to
hold. In particular, this failure of injectivity means that one cannot work with the
crucial additive structure on [the union with {0} of] the image of the Kummer map.

(ii) In a similar vein, if one attempts to work, for instance, with the absolute
Galois group of a number field — i.e., in the absence of any geometric fundamental
group of a hyperbolic orbicurve over the number field — then, in order to work
with Kummer classes, one must contend with the nontrivial issue of finding an
appropriate [profinite] cyclotome [i.e., copy of “2(1)”] to replace the “curve-based
cyclotome Mx” of Proposition 1.4, (ii) [cf. also Remark 1.9.5].
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(iii) Next, we observe that if one attempts to construct “models of the base
field” via the theory of “characters of qLT-type” as in [Mzk20], §3 [cf. also the
theory of [Mzk2|, §4], then although [just as was the case with Kummer classes|
such “qLT-models of the base field” are tautologically Galois-compatible and admit
a coricity inherited from the coricity of I, [unlike the case with Kummer classes]
the essential use of p-adic Hodge theory implies that the resulting “construction of
the base field” [cf. the discussion of Remark 1.9.5] is

not compatible with the operation of passing from global [e.g., number]
fields to local fields

[i.e., one does not have the analogue of the first portion of Corollary 1.10, (h)], hence
also not compatible with relating the resulting “constructions of the base field”at
different localizations of a number field. Such localization [i.e., in the terminology
of 85, “panalocalization”] properties will play a key role in the theory of §5 below.

(iv) In the context of (iii), it is interesting to note that geometrically pro-%
fundamental groups as in (i) also fail to be compatible with localization. Indeed,
even if some sort of pro-Y¥ analogue of the theory of §1 is, in the future, obtained
for the primes lying over prime numbers € X, such an analogue is impossible at the
primes lying over prime numbers ¢ 3 [since, as is easily verified, at such primes, the
automorphisms of Gy, [notation of Corollary 1.10] that are not of scheme-theoretic
origin may extend, in general, to automorphisms of the full arithmetic [geometri-
cally pro-X| fundamental group).

(v) At the time of writing, it appears to be rather difficult to give a mono-
anabelian “group-theoretic” algorithm as in Theorem 1.9 in the case of num-
ber fields by somehow “gluing together” [mono-anabelian, “group-theoretic”| al-
gorithms [cf. the approach via p-adic Hodge theory discussed in (iii)] applied at
nonarchimedean completions of the number field. That is to say, if one tries, for
instance, to construct a number field F' as a subset of the product of copies of F
constructed at various nonarchimedean completions of F', then it appears to be
a highly nontrivial issue to reconstruct the correspondences between the various
“local copies” of F. Indeed, if one attempts to work with abelianizations of local
and global Galois groups and apply class field theory [i.e., in the fashion of [Uchi],
in the case of function fields], then one may only recover the “global copy” of F'*
embedded in the ideles up to an indeterminacy that involves, in particular, various
“solenoids” [cf., e.g., [ArTt], Chapter Nine, Theorem 3]. On the other hand, if one
attempts to work with local and global Kummer classes, then one must contend
with the phenomenon that it is not clear how to /ift local Kummer classes to global
Kummer classes; that is to say, the indeterminacies that occur for such liftings
are of a nature roughly reminiscent of the global Kummer classes whose vanishing
is implied by the so-called Leopoldt Conjecture [i.e., in its formulation concerning
p-adic localizations of units of a number field], which is unknown in general at the
time of writing.



104 SHINICHI MOCHIZUKI

Remark 3.7.7.

(i) One way to interpret the fact that the log-Frobenius operation log is not a
ring homomorphism [cf. the discussion of Remarks 3.7.3, 3.7.4, 3.7.5] is to think of
“log” as constituting a sort of “wall” that separates the two “distinct scheme
theories” that occur before and afterits application. The étale fundamental groups
that arise in these “distinct scheme theories” thus necessarily correspond to distinct,

unrelated basepoints. Thus, if, for ¢ = 1,2, G; oy A; is a copy of the outer Galois

action on the geometric fundamental group “Gy A x of Theorem 1.9 that
arises in one of these two “distinct scheme theories” separated by the “log-wall”,
then although this log-wall cannot be penetrated by ring structures [i.e., by “scheme
theory”], it can be penetrated by the abstract profinite group structure of the G; —
cf. the Galois-equivariance of the map “logz” of Definition 3.1, (i). Moreover, since
the “abstract outer action pair” [i.e., an abstract profinite group equipped with an

outer action by another abstract profinite group| Go ~ As is clearly isomorphic to

out

the composite abstract outer action pair G; = Go ~ Ay [as well as, by definition,

the abstract outer action pair G4 N A ] —ie,
out

(01 o A1> ~ ((;2 o AQ) ~ <G1 2oy A A2>

— we thus conclude that the log-wall can be penetrated by the isomorphism class

of the abstract outer action pair G; ~ A;.

Gl :> [Og :> GQ

out out

m [Ug m

Aq A
log

(ii) Once one has made the observations made in (i), it is natural to proceed to
consider what sort of “additional data” may be shared on both sides of the log-wall.

Typically, “purely group-theoretic structures” constructed from “G; ~ A;” serve
as natural containers for such additional data [cf., e.g., the discussion of Remark
3.7.5]. Thus, the additional data may be thought as some sort of a choice [cf. the
dotted arrows in the diagram below| among various possibilities [cf. the “()’s” in
the diagram below] housed in such a group-theoretic container.

=0 | O
og
O O
log
O O
O | 8 | O«
O log O
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From this point of view:

The fundamental difference that distinguishes the pseudo-mono-anabelian
approach discussed in Remark 3.7.5 from the mono-anabelian approach is
the issue of whether this “choice” is specified in terms that depend on
the scheme theory that gives rise to the choice [i.e., the pseudo-mono-
anabelian case] or not [i.e., the mono-anabelian case, in which the choice
may be specified in language that depends only on the abstract group

out
structure of, say, “G; ~ A;”].

In fact, the discussion in Remark 3.7.5, (ii) [cf. also Figs. 1, 2 of Remark 3.7.3,
(iv)], may be depicted via a similar illustration to the above illustration of the “log-
wall” in which the “log-wall” is replaced by a “model-wall” separating “reference
models” from “log-subject copies” of such models. In Remark 3.7.5, (ii), special
attention was given to the situation in which the “additional data” consists of
the “additive structure” on the image of the Kummer map. When the A;’s of (i)
are given by the birational geometric fundamental groups “A,,” of Theorem 1.11,
another example of such “additional data” in which the specification of the “choice”
depends on “scheme theory” [and hence cannot, at least a priori, be shared on both
sides of the log-wall] is given by the specification of some finite collection of closed
points corresponding to the cusps of some affine hyperbolic curve that lies in some
given scheme theory [cf. Remark 1.11.5].

(iii) With regard to the issue of “specifying some finite collection of closed
points corresponding to the cusps of an affine hyperbolic curve” discussed in the
final portion of (ii), we note that in certain special cases, a “purely group-theoretic”
specification is in fact possible. For instance, if, in the notation of Theorem 1.11,
X is a hyperelliptic curve whose unique nontrivial k-automorphism is given by its
hyperelliptic involution, then the set of points fixed by the hyperelliptic involution
constitutes such an example in which a “purely group-theoretic” specification can
be made by considering the conjugacy classes of inertia groups “I,” fixed by the
unique nontrivial outer automorphism of A, . that commutes with the given outer
action of G on A, .

(iv) The “log-wall” discussed in (i) is reminiscent of the constant indeterminacy
arising from morphisms of Frobenius type [i.e., which thus constitute a “wall” that
cannot be penetrated by constant rigidity] in the theory of the étale theta function
[cf. [Mzk18], Corollary 5.12 and the following remarks]|, as well as of the subtleties
that arise from the Frobenius morphism in the context of anabelian geometry in
positive characteristic [cf., e.g., [Stix]].

Remark 3.7.8.

Many of the arguments in the various remarks following Corollaries 3.6, 3.7
are not formulated entirely rigorously. Thus, in the future, it is quite possible that
certain of the obstacles pointed out in these remarks can be overcome. Nevertheless,
we presented these remarks in the hope that they could aid in elucidating the
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content of and motivation [from the point of view of the author| behind the various
rigorously formulated results of the present paper.
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Section 4: Archimedean Log-Frobenius Compatibility

In the present §4, we present an archimedean version [cf. Corollary 4.5] of the
theory of §3, i.e., we interpret the theory of §2 in terms of a certain compatibility
with the “log-Frobenius functor”.

Definition 4.1.

(i) Let k be a CAF [cf. §0]. Write Oy C k for the subset of elements of absolute
value < 1, O C O, for the subgroup of units [i.e., elements of absolute value equal
to 1 — cf. [Mzk17], Definition 3.1, (ii)], OF C Oy for the multiplicative monoid of

nonzero elements, and k™~ —» kX %< kE\{0} for the universal covering of k*. Thus,
k™~ — k> is uniquely determined, up to unique isomorphism, as a pointed topological
space and, moreover, [as is well-known] may be constructed ezxplicitly by considering
homotopy classes of paths on k*; moreover, the pointed topological space k™~ admits
a natural topological group structure, determined by the topological group structure
of k*. Note that the “inverse” of the exponential map k — k* [given by the usual
power series| determines an isomorphism of topological groups

log, : kK~ = k
— which we shall refer to as the logarithm associated to k. Next, let
Xen

be an elliptically admissible Aut-holomorphic orbispace. We shall refer to as a
[k-]Kummer structure on Xqy any isomorphism of topological fields

Kt k = ern « AXell U{O}

— where we write Ax_, for the “A,” of Corollary 2.7, (e) [equipped with various
topological and algebraic structures|, which may be identified [hence considered as
an object that is independent of “p”] via the various isomorphisms “A, = A"~
of Corollary 2.7, (e), together with the functoriality of the algorithms of Corollary
2.7. Note that k, k*, k~, and Ax_, are equipped with natural Aut-holomorphic
structures, with respect to which kj determines co-holomorphicizations between k
and Ax_,, as well as between k™~ and Ax_,; moreover, these co-holomorphicizations
are compatible with log,. Next, let

T € {TF, TCG, TLG, TM, TH, THE}
— where TF, TCG, TLG, TM as in Definition 3.1, (i), and we write
TH

for the category of connected Aut-holomorphic orbispaces and morphisms of Aut-
holomorphic orbispaces [cf. Remark 2.1.1], and

THH
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for the category of connected Aut-holomorphic groups [i.e., Aut-holomorphic spaces
equipped with a topological group structure such that both the Aut-holomorphic
and topological group structures arise from a single connected complex Lie group
structure] and homomorphisms of Aut-holomorphic groups. If T is equal to TF
(respectively, TCG; TLG; TM; TH; THH), then let M) € Ob(T) be the object
determined by k (respectively, the object determined by O,; the object deter-
mined by k*; the object determined by OF; any object of TH equipped with a
co-holomorphicization kyr, : My — ZXeu; any object of THH equipped with an
Aut-holomorphic homomorphism kyr, : My, — Ax,, (C Ax,,) [relative to the mul-
tiplicative structure of Ax_ ]); if T # TH, THH and ry, is a k-Kummer structure on
Xen, then write kpr, @ My — JTlXeH for the restriction of ki to My C k. We shall
refer to as a model Aut-holomorphic T-pair any collection of data (a), (b), (c¢) of
the following form:

(a) the elliptically admissible Aut-holomorphic orbispace Xe,
(b) the object M}, € Ob(T),

(c) the datum rypr,, : My — Ax,,-

Also, we shall refer to the datum kg, of (¢) as the Kummer structure of the model

Aut-holomorphic T-pair; we shall often use the abbreviated notation (Xe1 + M)
for this collection of data (a), (b), (c).

(ii) We shall refer to any collection of data (X A\ M) consisting of an elliptically
admissible Aut-holomorphic orbispace X, an object M € Ob(T), and a datum
kar : M — Ay, which we shall refer to as the Kummer structure of (X A M),
as an Aut-holomorphic T-pair if the following conditions are satisfied: (a) kps is
a continuous map between the underlying topological spaces whenever T # TH;
(b) ks is a collection of continuous maps from open subsets of the underlying
topological space of M to the underlying topological space of Ax whenever T = TH
(c) for some model Aut-holomorphic T-pair (Xey +~ My) [where the notation is as
in (i)], there exist an isomorphism X — X of objects of TH and an isomorphism
My, 5 M of objects of T that are compatible with the respective Kummer structures
ku, @ My — Ax.,, kv 0 M — Ax. In this situation, we shall refer to X as
the structure-orbispace and to M as the arithmetic datum of the Aut-holomorphic
T-pair (IT A M ); if, in this situation, the structure-orbispace X arises from a
hyperbolic orbicurve which is of strictly Belyi type [cf. Remark 2.8.3], then we
shall refer to the Aut-holomorphic T-pair (IT & M) as being of strictly Belyi type.
A morphism of Aut-holomorphic T-pairs

¢: (X1 A M) — (Xg A M)

consists of a morphism of objects ¢p; : M7 — Ms of T, together with a compatible
[relative to the respective Kummer structures| finite étale morphism ¢x : X3 — Xo
of THE if, in this situation, ¢p; (respectively, ¢x) is an isomorphism, then we shall
refer to ¢ as a T-isomorphism (respectively, structure-isomorphism).
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(iii) Write
CT}TlOI

for the category whose objects are the Aut-holomorphic T-pairs and whose mor-
phisms are the morphisms of Aut-holomorphic T-pairs. Also, we shall use the same
notation, except with “C” replaced by

C (respectively, C; C)

to the denote the various subcategories determined by the T-isomorphisms (respec-
tively, structure-isomorphisms; isomorphisms); we shall use the same notation, with
“hol” replaced by

hol-sB

to the denote the various full subcategories determined by the objects of strictly
Belyi type. Since [in the notation of (i)] the formation of O} (respectively, k*; O;
OF) from k (respectively, OF; OF; k) is clearly intrinsically defined [i.e., depends
only on the “input data of an object of T”], we thus obtain natural functors

hol hol, hol hol . hol hol . hol hol
Crr = Cm; Crm — Crigs Crm — Crégs Crig — Crée

— i.e., by taking the multiplicative monoid of nonzero elements of absolute value
< 1 of the arithmetic datum [i.e., nonzero elements of the closure of the set of
elements a such that a™ — 0 as n — oo], the associated groupification MB8P of
the arithmetic datum M, the subgroup of invertible elements M* of the arithmetic
datum M, or the maximal compact subgroup of the arithmetic datum. Finally, we

shall write
TH D EA D EA®B

for subcategories determined, respectively, by the elliptically admissible hyper-
bolic orbicurves over CAF’s and the finite étale morphisms, and by the elliptically
admissible hyperbolic orbicurves of strictly Belyi type over CAF’s and the finite
¢tale morphisms; also, we shall use the same notation, except with “EA” replaced
by EA to denote the subcategory determined by the isomorphisms. Thus, for

T € {TF, TCG, TLG, TM, TH, THE}, the assignment (X A M) — X determines
various compatible natural functors

Cpol — EA

[as well as double underlined versions of these functors].

(iv) Observe that [in the notation of (i)] the field structure of k£ determines,
via the inverse morphism to log,., a structure of topological field on the topological
group k~; moreover, ki determines a k™~ -Kummer structure on Xey

K~ k™ — ‘AXen

which may be uniquely characterized [i.e., among the two k™~-Kummer structures on
Xen| by the property that the co-holomorphicization determined by ki~ coincides
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with the co-holomorphicization determined by composing the natural map &~ — k
with the co-holomorphicization determined by kj. In particular, [cf. (i)] the co-
holomorphicizations determined by ki, kg~ are compatible with log,. Since the
various operations applied here to construct this field structure on k™ [such as,
for instance, the power series used to define log,] are clearly intrinsically defined
[cf. the natural functors defined in (iii)|, we thus obtain that the construction that
assigns

(the topological field k, with its Kummer structure ry)

— (the topological field £~ with its Kummer structure rg~)

determines a natural functor

. nhol hol
[Og’]I‘JF,TIF : Crp — Crp

— which we shall refer to as the log-Frobenius functor. Since log; determines a
functorial isomorphism between the fields k, k7, it follows immediately that the
functor logyy rp is isomorphic to the identity functor [hence, in particular, is an
equivalence of categories|. By composing logyp rp with the various natural functors
defined in (iii), we also obtain, for T € {TLG, TCG,TM}, a functor

. nhol hol
[OQTIF,’H‘ :Crp — Cp

— which [by abuse of terminology] we shall also refer to as “the log-Frobenius
functor”. In a similar vein, the assignments

(the topological field k, with its Kummer structure ry,)
— (the Aut-holomorphic space k™, with its Kummer structure [rg|px])
(the topological field k, with its Kummer structure ry,)

— (the Aut-holomorphic space k™, with its Kummer structure [ki~])
— where the [—|’s denote the associated co-holomorphicizations; the phrase “the

Aut-holomorphic space” should, strictly speaking, be interpreted as meaning “the
Aut-holomorphic space determined by” — determine natural functors

X . nhol hol, ~ . phol hol
A Cpp — Crg; A7 :Cpp — Cpp

together with diagrams of functors

log
hol TF,TF hol hol
C’]I‘]F CTIF C’]I‘]F
Liog Lx
A~ 2 A% A N AT
hol _ hol hol
CT]HI - CTIHI CT]HI

— where we write t1og 1 A o logpp rp — A~ for the natural transformation in-
duced by the natural inclusion “(k~)* < k™~” and tx : A~ — A* for the natural
transformation induced by the natural map “k~ — k*”. Finally, we note that
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the fields “k™” obtained by the above construction [i.e., the arithmetic data of the
objects in the image of the log-Frobenius functor logyy rr| are equipped with a nat-

ural “subquotient compactum” — i.e., the compact subset “O; C k*” that lies in
the natural quotient “k~ — k*” — which we shall refer to as the pre-log-shell of
log?7s (X ~ M))

/\(X A M)

— where (X A M) € Ob(Choh); )\(X A a8 8 subquotient of the arithmetic datum

[ogaT]rFifq}fF((X ~ M)) of an object in the image of the log-Frobenius functor logyy 7.

(v) Write Lin$ol [i.e., “linear holomorphic”)] for the category whose objects are
pairs

(X, X A ZX>

consisting of an object X € Ob(EA), together with the tautological Kummer map
Ax = Ax [i.e., given by the identity on the object of TF determined by Ax]| — all
of which is to be understood as constructed via the algorithms of Corollary 2.7 [cf.
Remark 3.1.2] — and whose morphisms are the morphisms induced by the [finite
étale] morphisms of EA [cf. the functorial algorithms of Corollary 2.7]. Thus, we
obtain a natural functor

EA 22 ginfol

which [as is easily verified] is an equivalence of categories, a quasi-inverse for which
is given by the natural projection functor £infjol — EA.

Remark 4.1.1. The topological monoid “Of” associated to a CAF k [cf. Defini-
tion 4.1, (i)] is essentially the data used to construct the archimedean Frobenioids
of [Mzk17], Example 3.3, (ii).

Remark 4.1.2. Although, to simplify the discussion, we have chosen to require
that the structure-orbispace always be elliptically admissible, and that the base field
always be a CAF, many aspects of the theory of the present §4 may be general-
ized to accommodate “structure-orbispaces” that are Aut-holomorphic orbispaces
that arise from more general hyperbolic orbicurves [cf., e.g., Propositions 2.5, 2.6;
Remark 2.6.1] over arbitrary archimedean fields [i.e., either CAF’s or RAF’s — cf.
§0]. Such generalizations, however, are beyond the scope of the present paper.

Proposition 4.2. (First Properties of Aut-Holomorphic Pairs)

(i) Let T € {TM, TF, TLG, TCG}; (X /A M), (X* A M*) € Ob(CkY). Then
the natural functor of Definition 4.1, (iii), induces a bijection [cf. Proposition
3.2, ()]

Tsomgpo (X A M), (X* A M*)) = Tsomgs (X, X*)

on sets of isomorphisms. In particular, the categories EA, CRo!, Q%Ol, Chol-sB Q%OI'SB
are id-rigid.
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(ii) The equivalence of categories rkeg : EA = LinHol of Definition 4.1, (v)
— i.e., the functorial algorithms of Corollary 2.7 — determine a natural [1-
[factorization [cf. Proposition 3.2, (v)]

log
hol hol ™,T hol
CTF CTM CT

— where T € {TF, TLG, TCG, TM}; the first arrow is the natural functor of Defini-
tion 4.1, (iii) — of the log-Frobenius functors logr 1 : CI' — CR°' of Definition
4.1, (iv). Moreover, [when T € {TF, TM}/ the functor logy 1 is isomorphic to the

identity functor [hence, in particular, is an equivalence of categories/.

Proof. The bijectivity portion of assertion (i) follows immediately from the required
compatibility of morphisms of Ch! with the Kummer structures of the objects
involved [cf. also the functorial algorithms of Corollary 2.7]. To verify the id-rigidity
of EA, it suffices to observe that for any object X € Ob(EA), which necessarily
arises from some elliptically admissible hyperbolic orbicurve X over a CAF, the full
subcategory of EA consisting of objects that map to X may, by Corollary 2.3, (i)
[cf. also [Mzkl4], Lemma 1.3, (iii)], be identified with the category of finite étale
localizations “Locg(X)” of [Mzkl10], §2. Since [by the definition of “elliptically
admissible” — cf. [Mzk21], Definition 3.1] X admits a core, it thus follows that
the id-rigidity of EA follows immediately from the slimness assertion of Lemma
4.3 below. In light of the bijectivity portion of assertion (i), the id-rigidity of the
categories Chol, Q%Ol, Chol-sB Q%OI'SB follows in a similar fashion. This completes the
proof of assertion (i). Assertion (ii) follows immediately from the definitions [and
the functorial algorithms of Corollary 2.7]. O

Remark 4.2.1. Note that, unlike the case with Proposition 3.2, (iv), the id-
rigidity portion of Proposition 4.2, (i), is [as is easily verifed] false for the “C” and
“C” versions of C%rml, C%OI'SB.

The following result is well-known.

Lemma 4.3. (Slimness of Archimedean Fundamental Groups) Let
X be a hyperbolic orbicurve over an archimedean field kx. Then the étale
fundamental group llx of X is slim.

Proof. Let kx be an algebraic closure of kx. Thus, we have an exact sequence of
profinite groups
1-Ax —=IIxy -G—1

[where Ax Lef (X Xp, kx); G et Gal(kx/kx)]. Since Ax is slim [cf., e.g.,

[Mzk20], Proposition 2.3, (i)], it suffices to consider the case where there exists
an element o € Ilx that maps to a nontrivial element o € G = 7/27 and,
moreover, commutes with some open subgroup H C Ilx. We may assume without
loss of generality that H C Ax, and, moreover, that H corresponds to a finite étale
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covering of X X, kx which is a hyperbolic curve of genus > 2. In particular, by
replacing X by the finite étale covering of X determined by the open subgroup of
IIx generated by H and o, we may assume that o lies in the center of Ilx, and,
moreover, that X is a hyperbolic curve of genus > 2. In particular, by filling in
the cusps of X, we may assume further that X is proper. Now if [ is any prime
number, then the first Chern class of, say, the canonical bundle of X determines a
generatorof H*(X x5 kx,Q;(1)) = H?(Ax,Q;(1)) [where the “(1)” denotes a Tate
twist], hence an isomorphism of G-modules H*(Ax,Q;) — Q;(—1). In particular,
it follows that o acts nontrivially on H?>(Ax,Q;), in contradiction to the fact that
o lies in the center of IIx. This contradiction completes the proof of Lemma 4.3.

O

Lemma 4.4. (Topological Distinguishability of Additive and Multi-
plicative Structures) Let k be a CAF [cf. Definition 4.1, (i)]. Then [in the
notation of Definition 4.1, (i)] no composite of the form

(k™) = kY S5 kY kX
— where the “x” of “(k™)*” is relative to the field structure of k™~ [cf. Definition

4.1, (iv)]; “=7 is the natural inclusion; « is an automorphism of the topological
group k~; “—=7 is the natural map — is bijective.

Proof. Indeed, the non-injectivity of k™~ — k* implies that the composite under
consideration fails to be injective. ()

Corollary 4.5. (Aut-Holomorphic Mono-anabelian Log-Frobenius Com-
patibility) Write

xEehl g LEp; N L chol
— where [in the notation of Definition 3.1] T € {TM, TF}. Consider the diagram
of categories D

X 1o, X Lo, X

idyir N\ lidv idy 4

Iigyj

LinHol
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— where we use the notation “Cog”, “N*7, “N\~7 for the evident restrictions of the
arrows “logy”, N7, “A~7 of Definition 4.1, (iv) [cf. also Proposition 4.2, (ii)];
we employ the conventions of Corollary 3.6 concerning subdiagrams of D; we write
L for the countably ordered set determined by the infinite linear oriented graph
Fo,ipl [cf. §0] — so the elements of L correspond to vertices of the first row of D
— and
Lher v

for the ordered set obtained by appending to L a formal symbol [ — which we
think of as corresponding to the unique vertex of the second row of D — such that

O <Y, forall Y € L; idy denotes the identity functor at the vertex Y € L. Then:

(i) For n = 4,5,6, D<,, admits a natural structure of core on D<,,_1. That is
to say, loosely speaking, £, LinHol “form cores” of the functors in D.

(ii) The assignments
(X,X A ZX> - (XA, (XA Ax)

[where we write oq for the monoid of nonzero elements of absolute value < 1 of
the CAF given by “A”] determine [i.e., for each choice of T] a natural “forgetful”
functor

Sinol 223 x

which is an equivalence of categories, a quasi-inverse for which is given by
the composite meg : X — LinHol of the natural projection functor X — & with
Keg @ € — Linfol; write neg : deg 0 Teg — idy for the isomorphism arising
from the “group-theoretic” algorithms of Corollary 2.7. Moreover, ¢gg gives rise
to a telecore structure T¢g on D<y, whose underlying diagram of categories we
denote by Dgg, by appending to D<s telecore edges

LinHol
by 1 / l(ﬁv \ by 1
X L X

Cingol 25 x

from the core LinHol to the various copies of X in D<a given by copies of ¢pgg,
which we denote by ¢, , for . € LT. That is to say, loosely speaking, ¢og determines
a telecore structure on D<y. Finally, for each A € LT, let us write [3)] for the path
on fpm of length 0 at A and [BY] for the path on szy; of length € {4,5} [i.e.,
depending on whether or not A = [] that starts from A, descends [say, via \*]
to the core verter “Lin$ol”, and returns to A via the telecore edge ¢, . Then the
collection of natural transformations

{nDYanAanJ_Ll}YGL,AELT
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— where we write noy for the identity natural transformation from the arrow ¢ :
LinHol — X to the composite arrow idy o ¢+ : Lin$Hol — X and

i : (Deg)ipi] — (Deg)iso]

for the isomorphism arising from nes — generate a contact structure Heg on
the telecore Tgg.

(iii) The natural transformations
Liog,y A oidy olog — AV oidyi1, Lyt AT = X%

[cf. Definition 4.1, (iv)] belong to a family of homotopies on D<3 that determines
on D<3 a structure of observable &,4 on D<2, and, moreover, is compatible
with the families of homotopies that constitute the core and telecore structures of

(1), (i).

(tv) The diagram of categories D<o does not admit a structure of core on
D<; which [i.e., whose constituent family of homotopies] is compatible with [the
constituent family of homotopies of| the observable & ,4 of (iii). Moreover, the
telecore structure Tegy of (ii), the contact structure Heg of (ii), and the

observable &,y of (i) are not simultaneously compatible /but cf. Remark
3.7.3, (ii)].

(v) The unique vertex [ of the second row of D is a nexus of I'p. More-
over, D 1is totally [Ul-rigid, and the natural action of Z on the infinite linear
oriented graph fp<1 extends to an action of Z on D by nexus-classes of self-
equivalences of D. Finally, the self-equivalences in these nexus-classes are com-
patible with the families of homotopies that constitute the cores and observ-
able of (i), (iii); these self-equivalences also extend naturally [cf. the technique of
extension applied in Definition 3.5, (vi)] to the diagram of categories [cf. Definition
3.5, (), (a)] that constitutes the telecore of (ii), in a fashion that is compatible
with both the family of homotopies that constitutes this telecore structure [cf.
Definition 3.5, (iv), (b)] and the contact structure Heg of (ii).

Proof. Assertions (i), (ii) are immediate from the definitions [and the functorial
algorithms of Corollary 2.7] — cf. also the proofs of Corollary 3.6, (i), (ii). Next,
we consider assertion (iii). If, for Y € L, one denotes by “k3” the arithmetic
datum of type TLG [which we may be obtained from an arithmetic datum of type
T € {TM, TF} via the natural functors of Definition 4.1, (iii)] of a “typical object” of
the copy of X" at the vertex Y of D<y, then ¢,, “applied at the vertex Y” corresponds
to the natural surjection k3 — k3, while Liog,y Corresponds to the natural inclusion
k¥ — kY1, where we think of k5 as being obtained from k5, via the application
of log. In particular, by letting Y € L vary and composing these natural surjections
and inclusions, we obtain a diagram

~ X ~ X ~ X
= kY > kS = kT > kS o ke kS <&
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[which is compatible with the various Kummer structures — cf. Remark 4.5.1, (i),
below]. The paths on [the oriented graph corresponding to| this diagram may be
classified into four types, which correspond [by composing, in an alternating fashion,
various pull-backs of “4,, . with various pull-backs of ¢, | to homotopies on D<s,
as follows [cf. the notational conventions of the proof of Corollary 3.6]:

(1) the path corresponding to the composite “k§ — k5,,,”, which yields a
homotopy for pairs of paths ([A*] o [idv] o [log]™ o [v], [A\™] o [idy 4n] © [7])

(2) the path corresponding to the composite “k3 — k5,,,”, which yields a
homotopy for pairs of paths ([A*] o [idv] o [log]™ o [v], [A\*] o [idy4n] © [7])

2

(3) the path corresponding to the composite “k5 — k3", which yields a
homotopy for pairs of paths ([A~] o [idv] o [log]™ o [v], [A™] o [idy 4n] © [7])

(4) the path corresponding to the composite “k§ — k<, _,”, which yields a
homotopy for pairs of paths ([A~]o[idy]o[log]" " Lo[v], [\*]o[idyin_1]0[Y])

— where n > 1 is an integer and [v] is a path on D<;. In addition, it is natural to
consider the “identity homotopies” associated to the pairs

(5) ([7],[7]), where [v] is a path on D<3 whose terminal vertex lies in the
third row of D<s.

Thus, if we take Ej,4 to be the set of ordered pairs of paths on I'p -, consisting
of pairs of paths of the above five types, then one verifies immediately that Eiog
satisfies the conditions (a), (b), (c), (d), (e) given in §0 for a saturated set. In
particular, the various homotopies discussed above yield a family of homotopies
which determines an observable S,q4, as desired. Moreover, it is immediate from the
definitions — i.e., in essence, because the various structure-orbispaces that appear
remain “undisturbed” by the various manipulations involving arithmetic data that
arise from “4(,q ", “t,” — that this family of homotopies is compatible with the
families of homotopies that constitute the core and telecore structures of (i), (ii).
This completes the proof of assertion (iii).

Next, we consider assertion (iv). Suppose that D<s admits a structure of core
on D<; in a fashion that is compatible with the observable G,4 of (iii). Then this
core structure determines a homotopy ¢y for the pair of paths ([idy], [idy_1] o [log])
[for Y € L]; thus, by composing the result ¢{, of applying A* to {y with the homotopy
(1 associated [via Gog] to the pair of paths ([A\*] o [idy_1] o [log], [A\~] o [idv]) [of
type (1)] and then with the homotopy (2 associated [via Gyo4] to the pair of paths
([A\~] o [idy], [A*] o [idy]) [of type (4)], we obtain a natural transformation

(G =Co¢ol): A oidy — A\ oidy

— which, in order for the desired compatibility to hold, must coincide with the
“identity homotopy” [of type (5)]. On the other hand, by writing out explicitly the
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meaning of such an equality ¢} = id, we conclude that we obtain a contradiction to
Lemma 4.4. This completes the proof of the first incompatibility of assertion (iv).
The proof of the second incompatibility of assertion (iv) is entirely similar [cf. the
proof of Corollary 3.6, (iv)]. This completes the proof of assertion (iv).

Finally, the total O-rigidity portion of assertion (v) follows immediately from
Proposition 4.2, (i) [cf. also the final portion of Proposition 4.2, (ii)]; the remainder
of assertion (v) follows immediately from the definitions. ()

Remark 4.5.1.

(i) The “output” of the observable &,4 of Corollary 4.5, (iii), may be summa-
rized intuitively in the following diagram [cf. Remark 3.6.1, (i)]:

X ~ X ~ X ~
ki1« T41 <« kS « kT e kv o« Y—1
K K K K K K
¥ ¥ ¥ ¥ ¥ ¥

Xy41 — Xy — Xy — Xy — Xy — Xy

— where the arrows “«” are the natural surjections [cf. ¢, !]; k3, where Y € L, is a
copy of “k*” that arises, via idy, from the vertex Y of D<;; the arrows “<" are the
inclusions arising from the fact that k5 is obtained by applying the log- Frobenius
functor log to k3, [cf. tpq !5 the A 8" denote the various Kummer structures
involved; the isomorphic “Xy’s” correspond to the coricity of £ [cf. Corollary 4.5,
(i)]. Finally, the incompatibility assertions of Corollary 4.5, (iv), may be thought of
as a statement of the non-existence of some “universal reference model”

k/‘:l(lodel

that maps isomorphically to the various k3 ’s in a fashion that is compatible with
the various arrows “«-”, “<—"” of the above diagram.

(ii) In words, the essential content of Corollary 4.5 may be understood as
follows [cf. the “intuitive diagram” of (i)]:

Although the operation represented by the log-Frobenius functor is com-
patible with the [Aut-holomorphic] structure-orbispaces, hence with the
“software” constituted by the algorithms of Corollary 2.7, it is not compat-
1ble with the additive or multiplicative structures on the various arithmetic
data involved — cf. Remark 3.6.1.

That is to say, more concretely, if one starts with an elliptically admissible Aut-
holomorphic orbispace X on which [for some CAF k| k* “acts via the local linear
holomorphic structures of Corollary 2.7, (e)” [i.e., X is equipped with a Kummer

structure X k*], then applies log;. to the universal covering k™~ — k* to equip
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k™~ with a field structure, with respect to which k£~ “acts” on some isomorph X’ of

X
B ke ()

K K
A A
X = X/

[where the “x” of “(k™)*” is taken with respect to this field structure of k™],
then although the “actions” of kX, (k™)* on X = X' are not strictly compatible
[i.e., the diagram does not commute]|, they become “compatible” if one “loosens
one’s notion of compatibility” to the notion of being “compatible with the [Aut-
Jholomorphic structure” of the various objects involved [cf. the analogy of Remark
2.7.3]. This state of affairs may be expressed formally as a compatibility between the
various co-holomorphicizations involved [cf. the definition of C}¢! in Definition
4.1, (i), (ii)]. In summary, as should be evident from its statement, Corollary 4.5 is
intended as an archimedean analogue of Corollary 3.6. In particular, the “general
formal content” of Remarks 3.6.1, 3.6.2, 3.6.3, 3.6.5, 3.6.6, and 3.6.7 applies to the

present archimedean situation, as well.

Remark 4.5.2. By comparison to the nonarchimedean case treated in §3, certain
— but not alll — of the “arrows” that appear in the archimedean case go in the
opposite direction to the nonarchimedean case. This is somewhat reminiscent of
the “product formula” in elementary number theory, where, for instance, positive
powers of prime numbers — 0 at nonarchimedean primes, but — oo at archimedean
primes. In the context of Corollary 4.5, perhaps the most important example of
this phenomenon is given by “¢, ”. This leads to a somewhat different structure for
the observable &,4 of Corollary 4.5, (iii) — involving “archimedean” homotopies
of arbitrarily large “length” [cf. the “non-[y]-portion” of the pairs of paths of types
(1), (2), (3), (4) in the proof of Corollary 4.5, (iii)] — from the structure of the
observable &,4 of Corollary 3.6, (iii) — which involves “nonarchimedean” paths of
bounded “length” [cf. the “non-[y]-portion” of the pairs of paths of types (1), (2)
in the proof of Corollary 3.6, (iii)].

Remark 4.5.3.
(i) By replacing

“)\prw by “AY
’

“ =01, D RN /\prw by “A =01, AN )\X777 and
=X X

“Corollary 1.10” by “Corollary 2.77,

[and making various other suitable revisions| one obtains an essentially straightfor-
ward “Aut-holomorphic translation” of the bi-anabelian incompatibility result given
in Corollary 3.7. We leave the routine details to the reader.

(ii) The “general formal content” of Remarks 3.7.1, 3.7.2, 3.7.3, 3.7.4, 3.7.5,
3.7.7, and 3.7.8 applies to the archimedean analogue of Corollary 3.7 discussed in
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(i) — cf. also the analogy of Remark 2.7.3; the discussion in Remark 2.7.4 of “fized
reference models” in the context of the definition of the notion of a “holomorphic
structure”.

(iii) With regard to the discussion in Remark 3.7.4 of “functorially trivial mod-
els” [i.e., models that “arise from IT” without essential use of II, hence are equipped
with trivial functorial actions of II], we note that although “the Galois group I1”
does not appear in the present archimedean context, the “functorial detachment”
of such “functorially trivial models” means, for instance, that if one regards some
model Xy 0401 as “arising” from an elliptically admissible Aut-holomorphic orbis-
pace X in a “trivial fashion”, then when one applies the “elliptic cuspidalization”
portion of the algorithm of Corollary 2.7, (b), the various coverings of X involved in
this elliptic cuspidalization algorithm functorially induce trivial coverings of Xyodel,
hence do not give rise to a functorial isomorphism of the respective “base fields”
[cf. Remark 2.7.3] of X, Xi1odel-

(iv) With regard to the discussion in Remark 3.7.5, one may give an archimedean
analogue of the “pathological versions of the Kummer map” given in Remark 3.7.5,
(ii), by composing the k-Kummer structure [cf. Definition 4.1, (i)] “kx : k — Ax_,”,
restricted, say, to k*, with the [non-additive!] automorphism of

~

k'X —)O; XR>0

that acts as the identity on O] and is given by raising to the A-th power [for some
A S R>0] on R>0.
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Section 5: Global Log-Frobenius Compatibility

In the present §5, we globalize the theory of §3, §4. This globalization allows
one to construct canonical rigid compacta — i.e., canonical integral structures —
that enable one to consider [“pana-”]localizations of global arithmetic line bundles
[cf. Corollary 5.5] without obliterating the “volume-theoretic” information inherent
in the theory of global arithmetic degrees, and in a fashion that is compatible with
the operation of “mono-analyticization” [cf. Corollary 5.10] — i.e., the operation
of “disabling the rigidity” of one of the “two combinatorial dimensions” of a ring
[cf. Remark 5.6.1]. The resulting theory is reminiscent, in certain formal respects,
of the p-adic Teichmiiller theory of [Mzk1], [Mzk4] [cf. Remark 5.10.3].

Definition 5.1.

(i) Let F' be a number field. Then we shall write V(F') for the set of [archimedean

and nonarchimedean| valuations of F, and VO (F) et V(F) U {@r}, where the
symbol “@F” is to be thought of as representing the global field F, or, alternatively,
the generic prime of F. If F' is an algebraic closure of F', then we shall write

def ;. def ;.

V(E/F) i V() VO F/F) i VO ()

[where K ranges over the finite extensions of F' in F] for the inverse limits relative
to the evident systems of morphisms. The inverse system of “©x’s” determines
a unique global element ©F € VO(F/F); the other elements of VO (F/F) lie in
the image of the natural injection V(F/F) < V@ (F/F) and will be called local,
moreover, we have a natural decomposition

V(F/F) =V(F/Fy=| JV(F/F)™"

into archimedean and nonarchimedean local elements. There is a natural contin-
uous action of Gal(F/F) on the pro-sets V(F/F), V®(F/F). For K C F a fi-
nite extension of F, V(K), VO(K) may be identified, respectively, with the sets
of Gal(F/K) (C Gal(F/F))-orbits V(F/F)/Gal(F/K), VO(F/F)/Gal(F/K) of
V(F/F), VO(F/F).

(ii) Let X be an elliptically admissible [cf. [Mzk21], Definition 3.1] hyperbolic
orbicurve over a totally imaginary number field F [so X is also of strictly Belyi
type — cf. Remark 2.8.3]. Write IIx for the etale fundamental group of X [for

some choice of basepoint]; IIx — Gp Lo Gal(F/F) for the natural surjection onto
the absolute Galois group G of F [for some choice of algebraic closure F of F],
Ax C Il for the kernel of this surjection [which may be characterized “group-
theoretically” as the maximal topologically finite generated closed normal subgroup

of Ix — cf., e.g., [Mzk9], Lemma 1.1.4, (i)]. Write

Fmod g F
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for the “field of moduli of X7 — i.e., the finite extension of F' determined by the

[open] image of Aut(X%) [i-e., the group of automorphisms of the scheme X+ o

X xpF]in Aut(F) = Gal(F/Q) (2 GF). For simplicity, we also make the following
assumption on X:

F is Galois over F™°%; Aut(X%/F) = Aut(X/F) [i.e., all F-isomorphisms
of X% descend to F-automorphisms of X|.

Thus, since X is defined over F', we have a natural decomposition
Ker(Aut(Xz) — Gal(F/F™1)) = Aut(X#/F) x G

— which implies that the natural exact sequence 1 — Aut(X%/F) — Aut(X5) —
Gal(F/F™°d) — 1 admits a natural quotient exact sequence

1 — Aut(X/F) — Aut(X) — Gal(F/F™) — 1

[where Aut(X) denotes the automorphism group of the scheme X]. Note that by
the functoriality of the algorithms of Theorem 1.9, it follows that there is a natural
isomorphism Aut(X) = Out(Ilx) that is compatible with the natural morphisms
Aut(X) — Gal(F/F™°d) — Gal(F/Q) = Out(Gr) [cf., e.g., [Mzk15], Theorem
3.1], Out(Ilx) — Out(Gp); in particular, one may functorially construct the image
G pmoa — Aut(Gr) as the inverse image [i.e., via the natural projection Aut(Gp) —
Out(GF)| of the image of Out(Ilx) — Out(Gr). Next, observe that one may

functorially construct “F” from Ilx as the field “E:IF U{0} (= kxr)” constructed
in Theorem 1.9, (e) [cf. also Remark 1.10.1, (i)]; denote this field constructed from
I x by knr(Ilx); we shall also use the notation EKTF(H x ) for the object constructed
from this field. In particular, by considering [cf. Corollary 2.8] valuations on
the field kxp(Ilx) [where each valuation is valued in the “copy of R” given by

2

completing the group “E;IF with respect to the “order topology” determined by
the valuation], one may functorially construct “VO(F/F)”, “V(F/F)" from Ilx;
denote the resulting pro-sets constructed in this way by V@ (IIx), V(Ilx) and the
completion of knp(Ilx) at v € V(IIx) by knr(Ilx,v). For v € V(F/F)"°", write

IIx7 Cllx

for the decomposition group of v [i.e., the closed subgroup of elements of IIx that
fix v]; for v € V(F/F)™¢, write
Xell,ﬁ

for the Aut-holomorphic orbispace “X5” [associated to X at v] of Corollary 2.8,
Senz : Ax — m1 (Xenz)”

for the natural outer isomorphism of Ax with the profinite completion [denoted by
the superscript “A”] of the topological fundamental group of Xe 7, and

Kenw : kne(Ix) — Ax

ell,v
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for the natural inclusion of fields [i.e., arising from the isomorphism of topological
fields of Corollary 2.9, (b)]. When we wish to regard Xe; 7 as an object constructed
from I x [cf. Corollary 2.8], we shall use the notation X(IIx,v) [where we regard
U as an element of V(IIx)*°]. Finally, we observe that Aut(Ilx) acts naturally on
all of these objects constructed from Ilx. In particular, we have a natural bijection
VO (Ix)/Aut(Ily) = VO(Fmed), For v € V(F™mod), write dmod ¥ [, (Fmod), ]
for the degree of the completion of F' at any vp € V(F') that divides v over the
completion (F™°4), of Fmed at ¢,

(iii) Write
EA®

for the category whose objects are profinite groups isomorphic to IIx for some X
as in (ii), and whose morphisms are open immersions of profinite groups that in-
duce isomorphisms between the respective maximal topologically finitely generated
closed normal subgroups [i.e., the respective “Ax”]. We shall refer to as a global
Galois-theater any collection of data

def —0©
Ve = (H ~V 7{Hv}vevnon {(XU7 oz, '%5) ueVarc)

— where II € Ob(EA®); we shall refer to II as the global Galois group of the Galois-
theater; we write A C II for the maximal topologically finitely generated closed

normal subgroup of 1I; 7 isa pro- set equipped with a contz’nuous action by II that
—non def —non T7arc.

decomposes into a disjoint union V= ={eoyx} UV U VO VEVTT UV
for v e V', Iy C 11 is the closed subgroup of elements that fix 7; for v € v
Xz is an Aut-holomorphic orbispace, 0z : A = 71(Xg)” is an outer isomorphism of
profinite groups, and k7 : ENF(H) — ZX; is an inclusion of fields — such that there
exists a(n) [unique! — cf. Remark 5.1.1 below| isomorphism of pro-sets

o 1 VO(II) 5 TV

— which we shall refer to as a reference [isoJmorphism for V® — that satis-
fies the following conditions: (a) ¢y is Il-equivariant and maps ©f ) — @,

~ T>hon ~ arc

VOInror S VU veIn)ae S VT (b) for VO(I)¥C 5 Ty — T € V', there
exists a(n) [unique! — cf. Remark 5.1.1 below] isomorphism 1 : X(I1, Teyy ) — X7 of
Aut-holomorphic spaces that is compatible with den1 5, 0, as well as with ey 5,
kw. A morphism of global Galois-theaters

¢ (I A V{5, b A5, 05, )
— (2 ~ Vs {(M2)a, ), {((Xa)wy 05, 5,)

is defined to consist of a morphism ¢p : II; — Iy of EA® and a(n) [uniquely

determined — cf. Remark 5.1.1 below] isomorphism of pro-sets ¢y : V1© = 72©
that satisfy the following conditions: (a) ¢, ¢y are compatible with the actions

—non ~ —non —;arc -~ —arc

ofﬂl,Hgonvl,VQ,andmap@V = oy, Vi — Ve , Vi = Vs (b)
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for V?rc >V — Uy € V;rc, there exists a [unique! — cf. Remark 5.1.1 below]
isomorphism ¢z : X5, = X5, of Aut-holomorphic spaces that is compatible with
.. [Here, we note that (a) implies that for V* 3
Ty Ty € Vo ', ¢rr induces an open immersion ¢y : Iy, — Iy, ]

05, , 05,, as well as with wg,, kg

(iv) In the notation of (iii), we shall refer to as a panalocal Galois-theater any
collection of data

def
V% — (V©’ {HU}Uevnon, {X,U}Ue‘/arc)

— where V@ is a set that decomposes as a disjoint union V® = {@y} |J V"o [JV?°

> & ymon JVvere; for v € Vror 11, € Ob(Orb(TG)) [cf. §0; Definition 3.1, (iii)];

for v € V*¢ X, € Ob(Orb(EA)) [cf. Definition 4.1, (iii)] — such that there exists
a Il € Ob(EA®) and an isomorphism of sets

Yy VOII) /Aut(I1) = V©

— which we shall refer to as a reference [isoJmorphism for V¥ — that satisfies the
following conditions: (a) the composite of ¢y with the quotient map V@ (II) —»
VO(II)/Aut(I) maps Oypm — ©v, VDM — Vror Y(I)»e — Ve (b)
for each v € V™" TII, is isomorphic to the object of Orb(TG) determined by
“the decomposition group Ilz C II of v, considered up to automorphisms of 1z,
as T € V(II) ranges over the elements lying over v”; (c) for each v € V2 X, is
isomorphic to the object of Orb(EA) determined by “the Aut-holomorphic orbispace
X(I1,w), considered up to automorphisms of X(II,v), as v € V(II) ranges over the
elements lying over v”. A morphism of panalocal Galois-theaters

¢ (ViZ A1), b (K1) 1) = (V7 {T2) s, 1 {(X2) 0, })

is defined to comsist of a bijection of sets ¢y : V,° = V,° that induces bijections
ypon I ypon jrare I yarc tooether with open immersions of [orbi-|profinite groups
(I11)y, — (II2),, [where V"™ 5 vy +— v9 € V°"; we recall that, in the notation of
(ii), “F/F™°9 is Galois|, and isomorphisms of [orbi-]Aut-holomorphic orbispaces
(X1)o, — (X32)y, [Where V€ 3 vy +» vy € V@], [Here, we observe that the ex-
istence of the isomorphisms “(Xi),, — (Xg),,” implies — by considering Euler
characteristics — that the open immersions “(Ily),, — (Il2),,” induce isomor-
phisms “A; = Ay” between the respective geometric fundamental groups.] Write
Th® (respectively, ‘Zb%) for the category of global (respectively, panalocal) Galois-
theaters and morphisms of global (respectively, panalocal) Galois-theaters. Thus, it
follows immediately from the definitions that we obtain a natural “panalocalization
functor”

r’zb@ _ (Zh%
— which is essentially surjective.

(v) Let T € {TF, TM, TLG} [cf. the notation of Definition 3.1, (i)]. If T = TF,
then let T® %' T: if T # TF, then let T® % TLG; if T® # T, then a superscript
“T®” will be used to denote the operation of groupification of a monoid [i.e., “gp”];
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if T® = T, then a superscript “T®” will be used to denote the “identity operation”
[i.e., may be ignored]. If IT € Ob(EA®), then let us write Mro (IT) for the object of

T®, equipped with a continuous action by II, determined by kng(IT) [if T® = TF|,
E;IF(H) [if T® = TLG], equipped with the discrete topology; if v € V(II), then let
us write My (I1,7) for the object of T, equipped with a continuous action by the
decomposition group Iy C IT of , determined by knr (I, 9) [if T® = TF], E;IF(H, v)
if T® = TLG], OENF (1) [if T® = TM]. A global T-pair is defined to be a collection
of data

def K
M= (V©7 M®, {PF}EGV7 {(Iz ~ MF)}EGV“"“’ {Xz A MU>}EEVMC>

— where e
V© — (H =Y V s {Hv}ievnon, {(XE, 667 /{E) Eevarc)

~>non

is a global Galois-theater; V.=V JV"; M® € Ob(T®), which we shall refer
to as the global arithmetic datum of M@, is equipped with a continuous action by
IT; for each 7 € V', (Il ~ Mz) is an MLF-Galois T-pair with Galois group
given by Ily; for each v € V', (X7 A M) is an Aut-holomorphic T-pair with
structure-orbispace given by Xg; for each © € V, py : M® — Mg@ is a [ “re-
striction”] morphism in T® — such that, relative to some reference isomorphism
Y 2 VOII) = V® for V® as in (iii), there exist isomorphisms [in T®, T, respec-
tively]

$®: Myo () = M®; {¢g : Mr(ILD) = Mylyoy
— which we shall refer to as reference [isoJmorphisms for M® — that satisfy the
following conditions: (a) ¥® is IT-equivariant; (b) for v € V" 4y is Ilg-equivariant;
(c) for 5 € V"', the composite of ¢y with the Kummer structure of (Xg < Mz)
is compatible with rz; (d) ©, {¢g}sey are compatible with the {pg )5y, relative
to the natural restriction morphisms pz(Il) : Mo (II) — Mp(IL D)™, In this
situation, if T # TF, then we shall refer to the profinite II-module

def

15 (M®) % Hom(Q/Z, M)

[which is isomorphic to 2] as the cyclotome associated to this global T-pair and
write pg,z(M®) def ps(M®) ® Q/Z. A morphism of global T-pairs

¢ = (VP .M {pm b AWz, ~ (Mi)o) . {((Xa)ey & (Mi)s,)})
= V5, Mg {po } A((H2)w, ~ (M2)o,) }A(Xa)m, A (Ma)s,)})

is defined to consist of a morphism of global Galois-theaters ¢ye : V? — V? ,
together with an isomorphism ¢© : Ml@ = MQ@ of T®, and isomorphisms ¢z, :
(M), = (Ms)3, [where V| > oy +— Ty € Vs in T, that satisfy the following
compatibility conditions: (a) ¢® is equivariant with respect to the open immersion
I1; — Il arising from ¢ye; (b) for 77 € Vrllon, the isomorphism ¢, is compatible
with the actions of (II1)s,, (Il2)z,, relative to the open immersion (II;)z, — (Il2)z,
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induced by ¢ye; (c) for v; € V?rc, the isomorphism ¢z, is compatible with the
Kummer structures of ((X1)z, + (M1)g,), (X2)z, 4 (Ms)g,), relative to the iso-
morphism (X;)z, = (Xg)z, induced by ¢ye; (d) ¢, {¢w, }5 o7, are compatible
with the {pz, }5 77, 105 }o,e7, -

(vi) In the notation of (v), a panalocal T-pair is defined to be a collection of
data ot
.A/l%4 :e (V%, {(HU Y% MU)}UGV!IOn, {(XU N MU)}UGVarc)

— where V¥ = (V@ {II,}yevmon, {X, }oevare) is a panalocal Galois-theater; for each
v e Vrer (I, ~ M,) is a(n) [strictly speaking, “orbi-”|MLF-Galois T-pair with
Galois group given by II,; for each v € V*¢ (X, A M,) is a(n) [strictly speaking,
“orbi-"|Aut-holomorphic T-pair with structure-orbispace given by X,,. A morphism
of panalocal T-pairs

¢ = (VEA((M)w, ~ (M1))} A(K 1), S (M1),)})
= (V5 A((M2) oy ~ (M2) )} {(X2) s (Ma)0,)})

is defined to consist of a morphism of panalocal Galois-theaters ¢yx : VE —
VQ’I*, together with compatible T-isomorphisms of [orbi-] MLF-Galois T-pairs ¢, :
((M1)e, ~ (Mi)y,) = ((H2)e, ~ (Mz)y,) [where VI 5 vy — vy € V5] and
[orbi-]Aut-holomorphic T-pairs ¢y, : (X1)v, +> (M1)y,) — ((X2)u, & (Ma)y,)
[where V¢ 3 v; — vy € V§€]. Write ThE (respectively, ThE) for the category
of global (respectively, panalocal) T-pairs and morphisms of global (respectively,
panalocal) T-pairs. Thus, it follows immediately from the definitions that we ob-
tain a natural “panalocalization functor”

Thy — ThE

— lying over the functor TH® — THX of (iv) — which is essentially surjective.
Moreover, we have compatible natural functors TH® — EA®, ‘Zb% — EA®, as well
as natural functors

Th% - Th%m Th%\/ﬂ - ‘Ehﬂ@LG; ‘EU%F - Th?m; ‘EU%M - Th%ur}

[cf. Definition 3.1, (iii); Definition 4.1, (iii)].

Remark 5.1.1. Note that the reference morphism 1)y of Definition 5.1, (iii), is
uniquely determined by the conditions stated. Indeed, for nonarchimedean elements,
this follows by considering the stabilizers in IT of elements of v, together with the
well-known fact that a nonarchimedean prime of F' [cf. the notation of Definition
5.1, (ii)] is uniquely determined by any open subgroup of its decomposition group
in Gp [cf., e.g., [NSW], Corollary 12.1.3]; for archimedean elements, this follows
by considering the topology induced on kg (II) by ZXT, via “kg” for v € V.
Moreover, for 7 € V', the isomorphism s of Definition 5.1, (iii), is uniquely
determined by the condition of compatibility with de 5., , dw. Indeed, by Corollary
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2.3, (i) [cf. also [Mzk14]|, Lemma 1.3, (iii)], this follows from the well-known fact
that any automorphism of an hyperbolic orbicurve that induces the identity outer
automorphism of the profinite fundamental group of the orbicurve is itself the
identity automorphism. Similar uniqueness statements [with similar proofs] hold
for the morphisms ¢y-, ¢ of Definition 5.1, (iii).

Corollary 5.2. (First Properties of Galois-theaters and Pairs) Let T €
{TF, TM}. We shall apply a subscript “TM” to [global or local] arithmetic data of
“T-pairs” to denote the result of applying the natural functor whose codomain is
the corresponding category of “TM-pairs” [i.e., the identity functor if T = TM —
c¢f. Proposition 3.2]; we shall also use the subscript “TLG” in a similar way.

(i) Write An®[TH®] for the category whose objects are data of the form

def _
VOII) = (T ~ VO(II), { g }mevmymen, { (XL, D), iz, kel w) foev(ma)

[cf. the notation of Definition 5.1, (i)] for Il € Ob(EA®) and whose morphisms are
the morphisms induced by morphisms of EA®. Then we have natural functors

EA® — An®[TH®] — TH® — EA®

— where the first arrow is the functor obtained by assigning Ob(EA®) > II
VO(II); the second arrow is the functor obtained by forgetting the way in which
the global Galois-theater data V®(I1) arose from I1; the third arrow is the natural
functor of Definition 5.1, (vi) — all of which are equivalences of categories.
Moreover, the composite EA® — EA® of these arrows is naturally isomorphic to
the identity functor.

(ii) Let

(VO M2, (oo gerr 1Tl o M) s, (06 A Mg

be a global T-pair [as in Definition 5.1, (v)]. Then there is a unique [hence, in par-
ticular, there exists a functorial — relative to Th% — algorithm for constructing
the] isomorphism

po (M) = ps(IT)

[cf.  Theorem 1.9, (b); Remark 1.10.1, (ii)] of II-modules that is compatible

— relative to the restriction morphisms {py}gcgmon — with the isomorphisms

1z ((Mz)Tm) = ps(Ilg), for v e V™" obtained by composing the isomorphisms of
Corollary 1.10, (c¢); Remark 3.2.1.

(iii) In the notation of (ii), there exists a functorial f[i.e., relative to THY]
algorithm for constructing the Kummer map

MT©M — (M’]I@M)gp = M’H@LG - hTH} Hl(J, NZ(MT©M>) = hTH} Hl(J, HZ(H))
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— where “J” ranges over the open subgroups of IL. In particular, the reference
isomorphisms ¢®, {1} of Definition 5.1, (v), are uniquely determined by the
conditions stated in Definition 5.1, (v); in a similar vein, the isomorphisms ¢,
{¢w} that appear in the definition of a “morphism ¢ of global T-pairs” in Definition
5.1, (v), are uniquely determined by ¢yoe .

(iv) Write An® [Qh%] for the category whose objects are data of the form

M (1) & (VO (I1), Mye (I0), {oo(ID) }ev (),

{(Ig ~ Mr(IL0)) brey(mpen, {(X(ILD) A Mr(1L0)) brey(mer)

[cf. the notation of Definition 5.1, (v)] for II € Ob(EA®) and whose morphisms are
the morphisms induced by morphisms of EA®. Then we have natural functors

EA® — 2An®[THY] — THY — EA®

— where the first arrow s the functor obtained by assigning Ob(EA%) 5 II —
ME(IT); the second arrow is the functor obtained by forgetting the way in which
the global T-pair data M%(H) arose from 11; the third arrow is the natural functor
of Definition 5.1, (vi) — all of which are equivalences of categories. Moreover,
the composite EA® — EA® of these arrows is naturally isomorphic to the identity
functor. Finally, these functors are [1-]compatible [in the evident sense] with the
functors of (i).

(v) Write An®[TH™] for the category whose objects are data of the form
V(1) = (I, (Ve ()}

— where VO (II) is as in (i); we use the notation “{—}*” to denote the data obtained
by applying the panalocalization functor ThH® — ‘Zh% of Definition 5.1, (iv) —
for II € Ob(EA®) and whose morphisms are the morphisms induced by morphisms
of EA®. Then we have natural functors

EA® — An®[Th*] — Tp™

— where the first arrow is the functor obtained by assigning Ob(EA®) > II —
VE(ID); the second arrow is the functor obtained by forgetting the way in which
the panalocal Galois-theater data {VO(I1)}¥ arose from I1. Here, the first arrow
EA® — 2An®[Th] is an equivalence of categories.

(vi) Write An® [Th%] for the category whose objects are data of the form
def
ME (1) = (I {MR (I)}F)

— where MP(I1) is as in (iv); we use the notation “{—}*” to denote the data
obtained by applying the panalocalization functor TH® — ‘Ih% of Definition
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5.1, (vi) — for I € Ob(EA®) and whose morphisms are the morphisms induced by
morphisms of EA®. Then we have natural functors

EA® — 2An®[ThE] — Thy

— where the first arrow is the functor obtained by assigning Ob(EA®) > II
ME(I); the second arrow is the functor obtained by forgetting the way in which
the panalocal T-pair data {MS (I1)}* arose from I1. Here, the first arrow EA® —

An® [i{h%4 ] is an equivalence of categories.

(vii) By replacing, in the definition of the objects of TH™, the data in Orb(TG)
(respectively, Orb(EA)) labeled by a(n) nonarchimedean (respectively, archime-
dean) valuation by [the result of applying (—)r to] the data that constitutes the cor-
responding object of Orb(nab) [cf. Definition 3.1, (vi)] (respectively, Orb(Lin$ol)
[¢f. Definition 4.1, (v)]), we obtain a category

An™ [Ty

— i.e., whose morphisms are the morphisms induced by morphisms of ‘Zh% —
together with natural functors

TH™ — An™[THF] — THT — TH™

— where the first arrow is the functor arising from the definition of An™ [Qh%]; the
second arrow is the “forgetful functor” [cf. the “forgetful functors” of assertion
(ii) of Corollaries 3.6, 4.5]; the third arrow is the natural functor [cf. Definition
5.1, (vi)] — all of which are equivalences of categories. Moreover, the composite
Th% — ‘Ih% of these arrows is naturally isomorphic to the identity functor.

Proof. In light of Remark 5.1.1, assertion (i) is immediate from the definitions
and the results of §1, §2 [cf., especially, Theorem 1.9; Corollaries 1.10, 2.8] quoted
in these definitions. Assertion (ii) follows, for instance, by comparing the given
global T-pair with the global T-pair data M (II) of assertion (iv) via the reference
isomorphisms that appear in Definition 5.1, (v). In light of assertion (ii), assertion
(iii) is immediate from the definitions [cf. also Proposition 3.2, (ii), (iv), at the

. _ K .
nonarchimedean v; “k3”, the Kummer structure of “(Xz v Mz)” at archimedean

v]. In light of assertion (iii), assertion (iv) is immediate from the definitions and the
results of §1, §2 [cf., especially, Theorem 1.9; Corollaries 1.10, 2.8] quoted in these
definitions. In a similar vein, assertions (v), (vi), and (vii) are immediate from the
definitions and the results quoted in these definitions [cf. also Proposition 3.2, (ii),
(iv), at the nonarchimedean T; “k3”, the Kummer structure of “(Xg & Mg)” at
archimedean v]. ()

Remark 5.2.1. Note that neither of the composite functors EA® — Th* EA® —
THE of Corollary 5.2, (v), (vi) is an equivalence of categories! Put another way,
there is no natural, functorial way to “glue together” the various local data of
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a panalocal Galois-theater/T-pair so as so obtain a “global profinite group” that
determines an object of EA®.

Remark 5.2.2. By applying the equivalence EA® = Th© of Corollary 5.2, (i),
one may obtain a factorization

EA® — TH® — An®[THT]

of the functor EA® — 2An®[The] of Corollary 5.2, (iv). Thus, we obtain equivalences
of categories TH® — An®[THY] — TH®; the functor TH® — An®[TH?] may be
thought of as a “global analogue” of the panalocal functor THF — AnT[THE] of
Corollary 5.2, (vii).

Remark 5.2.3. A similar result to Corollary 5.2, (i) [hence also similar re-
sults to Corollary 5.2, (iii), (iv)], may be obtained when T = TLG, by using the
archimedean primes, which are “immune” to the {+1}-indeterminacy of Proposi-
tion 3.3, (i). Indeed, in the notation of Definition 5.1, (iii), (v), if 5 € V', then
by combining “Kei 5,,” with the isomorphism “i%” arising from the reference mor-
phism of the global Galois-theater under consideration yields an inclusion of fields
knp(Il) — Axn13,,) — Axs. On the other hand, by applying Corollary 1.10, (c);
Remark 1.10.3, (ii), at any of the nonarchimedean elements of V, it follows that
pz(II) may be related to the roots of unity of knw(II), while the restriction mor-
phism at T of the global T-pair under consideration, together with the Kummer
structure at U, allow one to relate pz(M®) to the roots of unity of Ax_. Thus,
we obtain a functorial algorithm [albeit somewhat more complicated than the al-
gorithm discussed in Corollary 5.2, (ii)] for constructing the natural isomorphism

pz(M®) = pg(I1).

Definition 5.3. Let T € {TF,TM, TLG}. We shall apply a subscript “TLG”
(respectively, “TCG”) to arithmetic data of “T-pairs” to denote the result of ap-
plying the natural functor whose codomain is the corresponding category of “TILG-
(respectively, TCG) pairs” [cf. Proposition 3.2; Corollary 5.2]. In the following, the

symbols
X, H

are to be understood as shorthand for the terms “multiplicative” and “additive”,
respectively. Let

def K
M@= (VO, MO {prtyer: { Ty ~ My) yopmon, {(Xg A M) Fyepore)

be a global T-pair [where V® is as in Definition 5.1, (iii)]. Thus, M® is equipped
with a natural Out(II)-action [cf. Corollary 5.2, (iv); Remark 5.2.3]. In the follow-
ing, we shall use a superscript profinite group to denote the sub-object of invariants

with respect to that profinite group; if v € V &t V' /Aut(II), then we shall write M,
for the arithmetic datum of the [orbi-]MLF-Galois/Aut-holomorphic T-pair indexed
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by v of the panalocal T-pair determined by M®, and II,, for the [orbi-]decomposition
group of v.

(i) Suppose that T = TLG. Then a K-line bundle L% on M® is defined to be
a collection of data

(£¥e);  {rl] € LYW]rv}vev)

— where £¥[@)] is an (M ®)"-torsor equipped with an Out(IT)-action that is com-
patible with the natural Out(II)-action on (M ®)! and, moreover, factors through
the quotient Out(IT) — Im(Out(IT) — Out(Il/A)); for each v € V,

7[v] € L%v] 1y
is a trivialization of the torsor L®[v]ry over (M1v)ry L M /(MM e deter-
mined by the MM -torsor £L¥[v] obtained from £¥[®)] via pg, for T € V lying over v
— such that any element of £%[®)] determines [by restriction] the element of £L¥[v]rv
given by 7[v], for all but finitely many v € V. [Here, we note that the “[topologicall
value group” (MM )ry is equipped with a natural ordering [which may be used to
define its topology| and is 2 Z if v € V"™ and = R if v € V', moreover the nat-

ural ordering on (M!*)ry determines a natural ordering on £L¥[v]rv.] A morphism
of K-line bundles on M®
Ci LY — L3

is defined be an Out(IT)-equivariant isomorphism ¢[®)] : L[] = LX[®] between
the respective (M ©)!"-torsors such that each v € V induces an isomorphism ([v]ry :
LY )y = L8]y that maps 71 [v] to an element of LX [v]ry that is < To[v]. Write

ThHeX MO

for the category of X-line bundles on M® and morphisms of X-line bundles on M®.
If ¢ : MY — MY is a morphism of global T-pairs, then there is a natural pull-

back functor ¢* : The MIMP] — ‘Zb%g[/\/l?]. In particular, the various categories
THe g[/\/l@] “slue together” to form a fibered category

THO® — Th©

over TH®, whose fibers are the categories ‘Eh% &[M@]. Finally, we observe that one
may generalize these definitions to the case of arbitrary T € {TF,TM, TLG} by
applying the subscript “TILG”, where necessary.

(ii) Suppose that T = TF. Write Oyse for the ring of integers of the field M©.
Then an B-line bundle L= on M® is defined to be a collection of data

(L0 {l ~ |zmp}oevar)

— where £L3[@)] is a rank one projective O'L -module equipped with an Out(II)-
action that is compatible with the natural Out(IT)-action on (M ©)! and, moreover,
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factors through the quotient Out(II) — Im(Out(II) — Out(II/A)); for each v €
Varc’
‘ - |LEE[1)]

is a Hermitian metric on the M,-vector space LZ[v] obtained from £F[0] @ (M@)!
via pg, for ¥ € V lying over v. [Here, we recall that M, is an [orbi-]complex
archimedean field.) In this situation, we shall also write £L®[v] for the M -vector
space obtained from LB[©] @ (M®)! via py, for T € V lying over v € V", In
particular, the O%@-module (9?4@, equipped with its usual Hermitian metrics at

elements of V2, determines an H-line bundle which we shall refer to as the trivial
B-line bundle. A morphism of B-line bundles on M®

¢: LF - T

is defined be a nonzero Out(Il)-equivariant morphism of (9]1\]/[@ -modules ([®] :
LP[e] — LF[®] such that for each v € V¥ the induced isomorphism ([v] :
LBw] = £B[v] is compatible with | — |£§a[v], | — |/:§'3 ] Write

THYF MO

for the category of B-line bundles on M® and morphisms of B-line bundles on M®.
If ¢ : MY — MY is a morphism of global T-pairs, then there is a natural pull-
back functor ¢* : ‘Zh%E[Mg] — ‘Zb%aa[/\/l?]. In particular, the various categories
The B M®] “glue together” to form a fibered category

THEE — Th©

over Th®, whose fibers are the categories The Eﬂ[./\/l@]. Finally, the assignment [in
the notation of the above discussion]

LEe] — (the (M -)"-torsor of nonzero sections of LBe] @ (M@)H>
determines [in an evident fashion| an equivalence of categories
THE® = Thg™

over TH®, i.e., an “equivalence of K- and B-line bundles”.

(iii) Let [0 € {X, B}; if [ = B, then assume that T = TF. Then observe that
the automorphism group of any object of Tb%m[./\/l@] is naturally isomorphic to
the finite abelian group pg,z(M®)A"*D. To avoid various problems arising from
these automorphisms, it is often useful to work with “coarsified versions” of the
categories introduced in (i), (ii), as follows. Write

T M)
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for the [small, id-rigid!] category whose objects are isomorphism classes of objects
of TH2¥[M®] and whose morphisms are g 2(M@)AID _orbits of morphisms of
The B[M®]. Thus, by allowing “M®” to vary, we obtain a fibered category

gh%“m _ ‘Zf)©

over TH®, whose fibers are the categories ‘Zb% = [M®@]. Finally, the equivalence of

categories of (ii) determines an equivalence of categories ‘Ih%'aﬂ = ‘Ihﬂ@@‘.

Remark 5.3.1. In the notation of Definition 5.3, (iii), one may define — in the
style of Corollary 5.2, (iv) — a category An®[ThY, |E|] whose objects are data of
the form

M) € (M2 ), TP me )

for IT € Ob(EA®) and whose morphisms are the morphisms induced by morphisms

of EA®. Here, we think of the datum “Th> = [ME@III]]” as an object of the category
whose objects are small categories with trivial automorphism groups and whose
morphisms are contravariant functors. Then, just as in Corollary 5.2, (iv), one
obtains a sequence of natural functors

EA® — An®[ThT, 0| — An®[THT] — THY — EA®

— where the first arrow is the functor obtained by assigning Ob(EAY) > II ~

M%'m(ﬂ) — all of which are equivalences of categories.

Definition 5.4. Let T € {TF,TM}, o € {®,"X}.

(i) If Z is an elliptically admissible hyperbolic orbicurve over an algebraic clo-
sure of Q, then we shall refer to a hyperbolic orbicurve X as in Definition 5.1, (ii),
as geometrically isomorphic to Z if [in the notation of loc. cit.] there exists an
isomorphism of schemes X+ = Z. Write

EA®[Z] C EA®

for the full subcategory determined by the profinite groups isomorphic to Ilx for
some X as in Definition 5.1, (i), that is geometrically isomorphic to Z. This full
subcategory determines, in an evident fashion, full subcategories

Th*[Z] € TH*; Thr[Z] € Thy

— as well as full subcategories of the “An®[—]” versions of these categories discussed
in Corollary 5.2 and the ‘X-, B-line bundle versions” discussed in Remark 5.3.1
[cf. also the “measure-theoretic versions” discussed in Remark 5.9.1 below].

(ii) By applying the functors “logy 1" of Proposition 3.2, (v); Proposition 4.2,
(ii), to the various local data of a panalocal T-pair, we obtain a panalocal log-
Frobenius functor

loghy : THE — THY
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which is naturally isomorphic to the identity functor, hence, in particular, an equiv-
alence of categories. Note that the construction underlying this functor leaves the
underlying panalocal Galois-theater unchanged, i.e., [og%’ T “lies over” ‘Ih%. Now
suppose that
def K
MO = (V©7 M®, {,OF}EGV7 {(Iz ~ MU)}EGV“‘”‘? {(Xz A MU>}EEVMC>

is a global T-pair [where V@ is as in Definition 5.1, (iii)]. Note that the various
restriction morphisms py determine a Il-equivariant embedding

M — T Mz
vev

of M@ into a certain product of local data. Thus, by applying the functors “logr 1"
of Proposition 3.2, (v); Proposition 4.2, (ii), to the various local data of M® [i.e.,
more precisely: the data, other than the {py}, that is indered by v € V], we obtain
a “local log-Frobenius functor loggm” on the portion of a global T-pair constituted
by this local data such which is naturally isomorphic to the identity functor. More-
over, by composing this natural isomorphism to the identity functor with the above
embedding of M®, we obtain a new II-equivariant embedding

T ©
M® — H [UQ’H‘,T(MET )
TEV

of M® into the product [as above| that arises from the output “[og%’T(MgGD)” of
[og%,T. In particular, by taking the image of this new embedding to be the global
data € Ob(T®) [i.e., the “Mg”] of a new global T-pair whose local data is given by
applying [og%T to the local data of M®, we obtain a global log-Frobenius functor

logﬂ@m : The — ThY

which is naturally isomorphic to the identity functor, hence, in particular, an equiv-
alence of categories. Moreover, the construction underlying this functor leaves the
underlying global Galois-theater unchanged, i.e., [ogﬂ@m “lies over” TH®. In the fol-
lowing discussion, we shall often denote [by abuse of notation| the restriction of
logy 1 to the categories “(—)[Z]” by logy . Note that if one restricts to the cat-
egories “(—)[Z]”, then the set “V /Aut(II)” has a meaning which is independent
of the choice of a particular object of one of these categories [cf. the discussion of

Definition 5.1, (ii)]. In the following, let us fira v € V o V /Aut(10).

(iii) Consider, in the notation of Definition 3.1, (iv), the commutative diagram
of natural maps

Og N EX N E ...space-link
lshell l
id —X

post-log... S B S (k‘ )pf
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— a diagram which determines an oriented graph FL"OQH [i.e., whose vertices and
oriented edges correspond, respectlvely, to the objects and arrows of the above
diagram]; write r'x (respectively, ' ) for the oriented subgraph of ['°8 obtained

non non non

by removing the upper right-hand arrow “— k” (respectively, the lower left-hand

arrow “k~ - —") and Fffon for the intersection of T% ., T  Let us refer to the

lower left-hand vertex of T'°8 [i.e., the first “k™~”] as the post-log vertex and to the

non

other vertices of I‘I[{’Ogn as pre-log vertices; also we shall refer to the upper right-hand

vertex of T1°8 [i.e., “k”] as the space-link vertex. Here, we wish to think of the pre-

log copy of “k™~” as an object [i.e., “(Og)pf”] formed from k" and of the post-log

copy of “k™~” as the “new field” — i.e., the new copy of the space-link vertex “k” —
obtained by applying the log-Frobenius functor. Observe that the entire diagram
I‘L"Ogn may be considered as a diagram in the category TS, whereas the diagram

Fﬁon may be considered either as a diagram in the category TS or as a diagram in

the category TSH [i.e., relative to the additive topological group structure of the
field k~]. Write py, for the residue characteristic of k; set pj def pr if pr is odd and

Dy def p3 if pr, = 2. Then since [as is well-known] the py-adic logarithm determines

a bijection 1 + p}, - O = pj, - Og, it follows that

O CT Y (1)L T* C k™

— where we write Z* for the image of the left-hand vertical arrow of the above
diagram, i.e., in essence, the “ind-compactum” constituted by the pre- log shell dis-
cussed in Definition 3.1, (iv). We shall refer to Z as the log-shell of T and to
the left-hand vertical arrow of the above diagram as the shell-arrow. In fact, if k
is absolutely unramified and py is odd, then taking Gy -invariants yields an equality
O% = TG [cf. Remark 5.4.2 below].

(iv) Next, let us suppose that v € V"°"; recall the categories C%IBJHF'SB, CMLE-sB

of Definition 3.1, (iii). Thus, we have natural functors CXg % — C}{MB — TG.

Let us write

def s ° def sB °
NE = Orb(CHEP) Xorb(1g).0 TH[Z]; Ny = Orb(CRE" ™) X oub(ra).0 TH'[Z]

— where the “;v” in the fibered product is to be understood as referring to the

natural functor TH*[Z] — Orb(TG) given by the assignment “V* +— II,” [cf. Defi-
nition 5.1, (iv), (b)]. Thus, we have natural functors N® — N, — Th*[Z]. Next,

def F[ag FX d_efrx l—w>< d_efrx Fx d_efl—‘xl

. . _’[Ug
in the notation of (iii), let us set I') g ons N on .

Then for each vertex v of I'X, by assigning to “k” or “OE 7 [i.e., depending on
the choice of T € {TF, TM}] the object at the vertex v of the diagram of (iii), we
obtain a natural functor CMLF-sB C%IH’HF'SB, hence by considering the portion of
the panalocal or global T-pair under consideration that is indexed by v or v € V.
lying over v, a natural functor A2, : Th3[Z] — NE. In a similar vein, if v is either
the space-link or the post-log vertex of fL”g, then by assigning to “k” or “OE 7 the
underlying additive topological group of the field “k” [cf. the functorial algorithms
of Corollary 1.10, as applied in Proposition 3.2, (iii)], we obtain a natural functor



TOPICS IN ABSOLUTE ANABELIAN GEOMETRY III 135
CMLE-sB C%IH’HF'SB, hence by considering the portion oi the panalocal or global
T-pair under consideration that is indexed by v or v € V' lying over v, a natural
functor AB, - Th}[Z] — NE. Thus, in summary, we obtain natural functors

AT, TZ] = N A s THRZ] — N,

— where the latter functor is obtained by composing the former functor with the
natural functor NF — A, — that “lie over” Th*[Z], for each verter v of T'°8,

(v) Consider, in the notation of Definition 4.1, (iv), the commutative diagram
of natural maps

post-log... k™~ id k™~ shell EX <k ...space-link

— a diagram which determines an oriented graph f;‘}% [i.e., whose vertices and
oriented edges correspond, respectively, to the objects and arrows of the above
diagram]; write I'% . (respectively, I'2%.) for the oriented subgraph of I''°% obtained

arc arc arc
by removing the arrow “— k” on the right (respectively, the arrow “k™~——" on

the left) and T'X for the intersection of T%_, T2 . Let us refer to the vertex of
I''°¢ given by the first “k™~” as the post-log vertex and to the other vertices of I''°8

as pre-log vertices; also we shall refer to the vertex of I'®8 given by “k” as the

space-link vertex. Here, we wish to think of the pre-log copy of “k~” as an object
formed from k£* and of the post-log copy of “k™” as the “new field” — i.e., the
new copy of the space-link vertex “k” — obtained by applying the log-Frobenius
functor. Observe that the entire diagram [leg may be considered as a diagram in

arc
the category TH, whereas the diagram I'}S, may be considered either as a diagram
in the category TH or as a diagram in THH [i.e., relative to the additive topological
group structure of the field £~]. Note that it follows from well-known properties of

the [complex] logarithm that

1 e
Opn=— ITCTY
2

Ope "I C k™

— where we we write Z* [well-defined up to multiplication by +1] for the “line
segment” [i.e., more precisely: closure of a connected pre-compact open subset of a
one-parameter subgroup| of k£~ from 0 to a generator of Ker(k™~ — k*). Thus, Z*
maps bijectively, except for the endpoints of the line segment, to the pre-log-shell
discussed in Definition 4.1, (iv). We shall refer to Z as the log-shell of [ and to
the arrow k™~ — k* as the shell-arrow. Also, we observe that Z may be constructed
as the closure of the union of the images of Z* via the finite order automorphisms of
the Aut-holomorphic group £7; in particular, the formation of T from IT* depends
only on the structure of k™~ as an object of THH.

vi) Next, let us suppose that v € V2°; recall the categories ChoL. Chal of
pp g THE> “TH

Definition 4.1, (iii). Thus, we have natural functors Chy — Chl — EA. Let us

write

NE COrb () X orpen)o TH1Z] Ny 2 Orb(CE) X orp(Ea).0 TH'[Z]

v
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— where the “;v” in the fibered product is to be understood as referring to the nat-
ural functor $H*[Z] — Orb(EA) given by the assignment “V* — X,” [cf. Definition

5.1, (iv), (c)]. Thus, we have natural functors N& — N, — TH*[Z]. Next, in the

notation of (v), let us set ['109 L [log T o r'x T Lo r'x T o [ . Then for
each vertex v of fi, by assigning to “k” or “Or” [i.e., depending on the choice of
T € {TF, TM}] the object at the vertex v of the diagram of (v), we obtain a natural
functor CRol — 61}1‘11(})111537 hence by considering the portion of the panalocal or global
or T-pair under consideration that is indexed by v or T € V lying over v, a natural

functor /\5371, : TH[Z] — NB. In a similar vein, if v is either the space-link or the

post-log vertex of ﬁ[}"g, then by assigning to “k” or “OF” the underlying additive
topological group of the field “k” [cf. the functorial algorithms of Corollary 2.7, as
applied in Proposition 4.2, (ii)], we obtain a natural functor Ck! — Cls. hence by
considering the portion of the panalocal or global T-pair under consideration that
is indexed by v or ¥ € V lying over v, a natural functor )\537,/ L TH2[Z] — NE. Thus,
in summary, we obtain natural functors

A igna[Z] - NB AL ThNZ] - N,

— where the latter functor is obtained by composing the former functor with the
natural functor NF — A, — that “lie over” Th*[Z], for each verter v of T'°8,

(vii) Finally, in the notation of (iv) (respectively, (vi)) for v € V™" (respec-
tively, v € V3©): For each edge € of I'** (respectively, I''°?) running from a vertex
v1 to a vertex vo, the arrow in the diagram of (iii) (respectively, (v)) corresponding
to € determines a natural transformation

L?ie : /\?}371,1 oA, — /\3371,2 (respectively, ty.e @ Ay, 0 Ay, — Ayuy)
— where, for each pre-log vertex v of fL”g, we take A, to be the identity functor on
Thy[Z]; for the post-log vertex v of I''?%, we take A, to be the log-Frobenius functor

logy 1 : Thr[Z] — Th[Z].

Remark 5.4.1. Note that the diagrams of Definition 5.4, (iii), (v), [hence also
the natural transformations of Definition 5.4, (vii)] cannot be extended to global
number fields! Indeed, this observation is, in essence, a reflection of the fact that
the various logarithms that may be defined at the various completions of a number
field do not induce maps from, say, the group of units of the number field to the
number field!

Remark 5.4.2. Note that in the context of Definition 5.4, (iii), when k is not
absolutely unramified, the “gap” between Ogﬁ and Z¢ may be bounded in terms of
the ramification index of k over Qp, . We leave the routine details to the interested
reader.

Remark 5.4.3.  The inclusions “Op~ C Z” of Definition 5.4, (iii), (v), may
be thought of as inclusions, within the log-shell Z, of the various localizations of
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the trivial B-line bundle of Definition 5.3, (ii) — a H-line bundle whose structure is
determined by the global ring of integers [i.e., “Ojre” in the notation of of Definition
5.3, (ii)], equipped its natural metrics at the archimedean primes. That is to say,
the definition of the trivial H-line bundle involves, in an essential way, not just the
additive [i.e., “B”] structure of the global ring of integers, but also the multiplicative
[i.e., “K”] structure of the global ring of integers.

Next, we consider the following global/panalocal analogue of Corollaries 3.6,
4.5.

Corollary 5.5. (Global and Panalocal Mono-anabelian Log-Frobenius
Compatibility) Let Z be an elliptically admissible hyperbolic orbicurve over

an algebraic closure of Q, with field of moduli F™° [cf. Definition 5.1, (ii)];
T € {TF,TM}; o € {@F}. Set X & Tp%[2], &* ¥ Th°[Z]. Consider the
diagram of categories D*

log log

X — X — X
dyyr N\ lidv /idy 1
X

o l‘“l*? NN M

NE NB NE
Nv’ Nv Nv//
N /
(C/’.

An®[X]

g.

— where we use the notation “log” for the evident restriction of the arrows “(og{mr ”
of Definition 5.4, (ii); for positive integers n < 7, we shall denote by D2 the
subdiagram of categories of D* determined by the first n [of the seven] rows
of D*; we write L for the countably ordered set determined by the infinite linear
oriented graph f%)°<1 [cf. §0] — so the elements of L correspond to vertices of

the first row of D* — and

L v
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for the ordered set obtained by appending to L a formal symbol [ — which we
think of as corresponding to the unique vertex of the second row of D®* — such
that J < Y, for all Y € L; idy denotes the identity functor at the vertexr Y € L; the
vertices of the third and fourth rows of D® are indexed by the elements v',v,v", ...
of the set of valuations V(EF™°d) of Fm°d; the arrows from the second row to the
category Nﬁﬂ in the third row are given by the collection of functors )\53 def {)\f'jy},,
of Definition 5.4, (iv), (vi), where v ranges over the pre-log vertices of fL“g [or,
alternatively, over all the vertices of 1:1[)"9, subject to the proviso that we identify
the functors associated to the space-link and post-log vertices/; the arrows from
the third to fourth and from the fourth to fifth rows are the natural functors
NE — N, — E° of Definition 5.4, (iv), (vi); the arrows from the fifth to sixth
and from the sixth to seventh rows are the natural equivalences of categories
E* 5 An®[X] = E° — the first of which we shall denote by kene — of Corollary
5.2, (1), (v), (vii) [cf. also Remark 5.2.2], restricted to “{Z]”; we shall apply “{—]”
to the names of arrows appearing in D® to denote the path of length 1 associated
to the arrow. Also, let us write

o An[X] = X

for the equivalence of categories given by the “forgetful functor” of Corollary
5.2, (iv), (vii), restricted to “Z]7, wyne : X — UAn®[X] for the quasi-inverse for
Oane given by the composite of the natural projection functor X — £® with Kege :
E* — An®[X], and none : Pans © Tane — idxy for the isomorphism that exhibits
Gone, Tome aS quasi-inverses to one another. Then:

(i) For n =5,6,7, D2, admits a natural structure of core on D%, . That is
to say, loosely speaking, £®, An®[X]| “form cores” of the functors in D. If, moreover,

e = (©, then one obtains a natural structure of core on D® by appending to the final
row of D* the natural arrow £* — EA®[Z].

(ii) The “forgetful functor” ¢gye gives rise to a telecore structure Toe
on D5, whose underlying diagram of categories we denote by Dane, by appending
to D% telecore edges

An®[X]
¢v+1/ lm \¢Y—1
X e,y g X
An®[X] #a,

from the core An®[X] to the various copies of X in D%, given by copies of Pane,
which we denote by ¢, , for A € LT. That is to say,iloosely speaking, ¢psgme de-
termines a telecore structure on D%. Finally, for each A € LT, let us write [39]
for the path on fp%, of length 0 at A and [3%] for some [cf. the coricity of
(1)!] path on l:pgl“, of length € {5,6} [i.e., depending on whether or not A = ]
that starts from A, descends via some path of length € {4,5} to the core vertexr
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Un®[X]7, and returns to A via the telecore edge ¢, . Then the collection of natural
transformations

{nDYanJUnJ_\l}YGL,AELT

— where we write noy for the identity natural transformation from the arrow ¢ :
An®[X] — X to the composite arrow idy o ¢y : An®[X] — X and

i : (Dame) g1 = (Datne)(59]

for the isomorphism arising from nyye — generate a contact structure Hyone on
the telecore Topne .

(iii) The natural transformations [cf. Definition 5.4, (vii)]

L?’E : )\E%Vl oA, — )\?VQ (respectively, ty e Ay, © Nyy — Ay uy)
— where v € V(F™9);: ¢ is an edge of T (respectively, T'°9) running from a
vertexr v1 to a vertex vo; if 11 is a pre-log vertex, then we interpret the domain
and codomain of L?Ee (respectively, i, ) as the arrows associated to the paths of
length 1 (respectively, 2) from the second to third (respectively, fourth) rows of D*
determined by v and vy, vo; if V1 is a post-log vertex, then we interpret the domain
of L?ie (respectively, i, ¢ ) as the arrow associated to the path of length 3 (respectively,
4) from the first to the third (respectively, fourth) rows of D® determined by v, vy,
and the condition that the initial length 2 portion of the path be a path of the form
[idy] o [tog] [for Y € L], and we interpret the codomain of L?Ee (respectively, iy )
as the arrow associated to the path of length 2 (respectively, 3) from the first to
the third (respectively, fourth) rows of D* determined by v, vo, and the condition
that the initial length 1 portion of the path be a path of the form [idy 1] [for the
same Y € L] — belong to a family of homotopies on D2, (respectively, D2 ,)
that determines on the portion of D, (respectively, D% ,) indexed by v a structure
of observable &,y (respectively, GilogEE) on D%, (respectively, the portion of D2,
indezed by v). Moreover, the families of homotopies that constitute Giog and 6[0;53
are compatible with one another as well as with the families of homotopies that
constitute the core and telecore structures of (i), (ii).

(iv) The diagram of categories D%, does not admit a structure of core on D%,
which [i.e., whose constituent family of homotopies/ is compatible with [the con-
stituent family of homotopies of| the observables & o4, &,qm of (iii). Moreover,
the telecore structure Ty, of (ii), the contact structure Hyne of (i), and the
observables S,4, &(,qm of (i) are not simultaneously compatible.

(v) The unique vertex O of the second row of D® is a nexus of 1:{) More-
over, D* is totally U-rigid, and the natural action of Z on the infinite linear
oriented graph fp;l extends to an action of Z on D® by nexus-classes of self-
equivalences of D*. Finally, the self-equivalences in these nexus-classes are com-
patible with the families of homotopies that constitute the cores and observ-
ables of (i), (iii); these self-equivalences also extend naturally [cf. the technique of
extension applied in Definition 3.5, (vi)] to the diagram of categories [cf. Definition
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3.5, (iv), (a)] that constitutes the telecore of (ii), in a fashion that is compatible
with both the family of homotopies that constitutes this telecore structure [cf.
Definition 3.5, (iv), (b)] and the contact structure Hoye of (ii).

(vi) There is a natural panalocalization morphism of diagrams of categories
D® — DX
[cf.  the panalocalization functors of Definition 5.1, (i), (vi)] that lies over the

evident isomorphism of oriented graphs f% = 1:;1; and is compatible with
the cores of (i), the telecore and contact structures of (ii), the observables
of (iti), and the Z-actions of (v).

Proof. Assertions (i), (ii) are immediate from the definitions — cf. also the proofs
of Corollary 3.6, (i), (ii); Corollary 4.5, (i), (ii). Next, we consider assertion (iii).

The data arising from applying the collection of functors A, def {A\v,v}v to the data
arising from idy, as Y ranges over the elements of L, yields a diagram of copies of
I''°¢ indexed by elements of L

[ O IS ISR S € k) IR R O ) IV |

— where the symbol “I’ denotes the result of gluing (I'°®) 4 onto (%), by
identifying the space-link vertex of (F'99)y 1 with the post-log vertex of (T1°9),.
Now the existence of a family of homotopies as asserted follows, in a routine fashion,
from the fact that the above diagram is commutative [i.e., one does not obtain any
pairs of distinct maps by traveling along distinct co-verticial pairs of paths of the

diagram| — cf. the relationship of the diagrams
X

- —X £ —X =X\ of

— kv+1 - (kv+1)p = ky — (k)P <

— kX “« =~ — k¥ « k= «—
Y+1 Y+1 Y Y

of Remarks 3.6.1, (i); 4.5.1, (i), to the proofs of assertion (iii) of Corollaries 3.6,
4.5; we leave the routine details [which are entirely similar to the proofs of assertion
(iii) of Corollaries 3.6, 4.5] to the reader. Finally, the compatibility of the resulting
family of homotopies with the families of homotopies that constitute the core and
telecore structures of (i), (ii) is immediate from the definitions. This completes the
proof of assertion (iii).

Next, we consider assertion (iv). Recall that the proofs of the incompatibil-
ity assertions of assertion (iv) of Corollaries 3.6, 4.5 amount, in essence, to the
incompatibility of the introduction of a single model that maps isomorphically to
various copies of the model indexed by elements of L in the diagrams of Remarks
3.6.1, (i); 4.5.1, (i). In the present situation, the incompatibility assertions of as-
sertion (iv) of the present Corollaries 5.5 amount, in an entirely similar fashion, to
the incompatibility of the introduction of a single model (I'°%)g of T'°8 that maps
1somorphically
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to each copy (fq[fg)y that appears in the diagram that was used in the proof of
assertion (iii). We leave the routine details [which are entirely similar to the proofs
of assertion (iv) of Corollaries 3.6, 4.5] to the reader. This completes the proof of
assertion (iv).

Next, we consider assertion (v). The fact that O is a nezus of f’D is immediate
from the definitions. When e = ©, the total -rigidity of D* follows immediately
from the equivalence of categories ‘Ih% = EA® of Corollary 5.2, (iv), together with
the slimness of the profinite groups that appear as objects of EA® [cf., e.g., [Mzk20],
Proposition 2.3, (ii)]. When e = ¥, the total O-rigidity of D* follows, in light of
the “Kummer theory” of Propositions 3.2, (iv); 4.2, (i), from the fact that the
orbi-objects that appear in the definition of a panalocal Galois-theater are defined in
such a way as to eliminate all the automorphisms [cf. Definition 5.1, (iv), (b), (c)].
The remainder of assertion (v) is immediate from the definitions and constructions
made thus far. This completes the proof of assertion (v). Finally, we observe that
assertion (vi) is immediate from the definitions and constructions made thus far.

O

Remark 5.5.1. The “general formal content” of the remarks following Corollaries
3.6, 3.7 applies to the situation discussed in Corollary 5.5, as well. We leave the
routine details of translating these remarks into the language of the situation of
Corollary 5.5 to the interested reader.

Remark 5.5.2. Note that it does not appear realistic to attempt to construct
a theory of “geometric panalocalization” with respect to the various closed points
of the hyperbolic orbicurve over an MLF under consideration [cf. the discussion of
Remarks 1.11.5; 3.7.7, (ii)]. Indeed, the decomposition groups of such closed points
[which are either isomorphic to the absolute Galois group of an MLF or an extension
of such an absolute Galois group by a copy of Z(l)] do not satisfy an appropriate
analogue of the crucial mono-anabelian result Corollary 1.10 [hence, in particular,
do not lead to a situation in which both of the two combinatorial dimensions of the

absolute Galois group of an MLF under consideration are rigidified — cf. Remark
1.9.4].

Definition 5.6.
(i) Write
TG™ C TG

for the subcategory given by the profinite groups isomorphic to the absolute Galois
group of an MLF and open immersions of profinite groups, and

TG® C Orb(TG)

for the full subcategory determined by the [ “coarsified”] objects of Orb(TG) obtained
by considering an object G € Ob(TG) up to its group of automorphisms Autyrg(G).
Write

T™"
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for the category whose objects (C, 5)) consist of a topological monoid C' isomorphic

to OF and a topological submonoid c C C [necessarily isomorphic to R>¢] such
that the natural inclusions C* < C' [where C*, which is necessarily isomorphic to
S!, denotes the topological submonoid of invertible elements), C < C determine
an isomorphism .

C*xC =S C
. . . H H .
of topological monoids, and whose morphisms (Cy, C'1) — (C3, C3) are isomor-
~ "
phisms of topological monoids C; — C5 that induce isomorphisms C; — Co. If

G € Ob(TG), then let us write
Lie(G)

for the associated group germ — i.e., the associated group pro-object of TS de-
termined by the neighborhoods of the identity element — and, when G is abelian,
Lie™(G) for the orbi-group germ obtained by working with £ie(G) up to “{£1}".
Write

TBH

for the category whose objects (B, B’, B”, 3) consist of a two-dimensional connected
topological Lie group B equipped with two one-parameter subgroups B’, B” C B
that determine an isomorphism

~

B'xB" 5 B
of topological groups, together with an isomorphism § : Lie®(B') = gieT(B"),
and whose morphisms (By, By, B}, 1) — (Bs, B}, By, 35) are the surjective homo-

/

morphisms B; — By of topological groups that are compatible with the B;, B!, (3;

7
for i = 1,2. Write TB for the category of orientable topological surfaces and local

isomorphisms between such surfaces. Thus, we obtain natural “forgetful functors”
TM™ — TM; TBH — TB

determined by the assignments (C, 6) — C, (B, B, B", ) — B, as well as natural
“decomposition functors”

decry 1 TMT — TG x TG®;  decrpm : TBH — TG x TG

determined by the assignments (C, 6) — (C*, (6)gp)cs), (B,B',B",3) — (B, (B")*)

[where “gp” denotes the groupification of a monoid; “cs” denotes the result of con-
sidering a topological group up to its group of automorphisms].

(ii) We shall refer to as a mono-analytic Galois-theater any collection of data

WE (WO (G, T) uwewnon, {(Gus Koo) Fuvcwwe)

— where W@ is a set that admits a decomposition as a disjoint union W® =

{ow} U wWrer ywae O W Lt pymon Jweare, for each w € W™, G, €

Ob(Orb(TG")), and I, is an isomorphism class of pro-objects of the category
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TG; for each w € W2, G, € Ob(Orb(TM")), and X,, is an isomorphism class of
[EA — such that there exists a panalocal Galois-theater

def
V’E — (V©’ {HU}Uevnon, {X,U}Ue‘/arc)
[cf. the notation of Definition 5.1, (iv)] and an isomorphism of sets
77/JW . V@ :> W@

— which we shall refer to as a reference [isoJmorphism for W= — that satisfies
the following conditions: (a) 1y maps @y +— @y, Vion = Jynen jarc I jjrarc,
(b) for each v € V"™ mapping to w € W"" G, is isomorphic to the [group-
theoretically characterizable — cf. Remark 1.9.2] quotient II, — G, determined
by the absolute Galois group of the base field, and the class II,, contains the pro-
object of TG determined by the projective system of open subgroups of 11, arising
from open subgroups of G,; (c) for each v € V™" mapping to w € W2 X,
belongs to the class X,,, and G, is isomorphic to the object of TM" determined by

(O%X ,O%X NR~o). A morphism of mono-analytic Galois-theaters

¢+ (W2 {((G1)wy s (M1)wy) ey ewmon, {((G1)wy s (X1)wy ) s eware)
— (W5 {((G2)ws > (M2)wy) busewrnons {((G2)ws s (X2)ws) fuwgeware)

is defined to consist of a bijection of sets ¢y : Wi = W, that induces bijections
Wpen I pynon jyarc I YA that are compatible with the isomorphism classes
(T1)ap;, (Xi)w, [for i = 1,2], together with open immersions of [orbi-]profinite
groups (G1)w, — (G2)w, [where W™ 35 w; +— we € WH"], and isomorphisms
(GD)w, = (G2)w, [where W2 5 wy — wy € W], Write Th"™ for the category
of mono-analytic Galois-theaters and morphisms of mono-analytic Galois-theaters.
Thus, if Z is an elliptically admissible hyperbolic orbicurve over an algebraic clo-
sure of Q, then we have a full subcategory TH"[Z] C Th", together with natural
“mono-analyticization functors”

™ - T TH¥(Z] - T [Z]
— which are essentially surjective.
(iii) Next, let us fir a mono-analytic Galois-theater W' as in (ii), together with

a w € Wnon, Recall the categories C%géaw, MLEE of Definition 3.1, (iii). Thus, we
have a [1-Jcommutative diagram of natural functors

C’%/élﬁﬂF-SB SN Cill\‘/éIEIJEIF-SB SN TGSB
C%%F'_ %/éLFI— TG"
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— in which the vertical arrows are “mono-analyticization functors” [cf. the mono-
analyticization functors of (ii)]; the arrows CMEFB — TG, CMY" — TG" are

the natural projection functors. Let us write
def
NEE = Orb(CE) X o) Th"[Z]
Ny € Orb(CM™™) X oprgr), T (2]

« 7

— where the “;w” in the fibered product is to be understood as referring to the
natural functor $h"[Z] — Orb(TG") given by the assignment “W= — G,,” [cf.
(ii)]. Thus, we have natural functors No® — N — Th7[Z].

(iv) Next, let us fiz a mono-analytic Galois-theater W' as in (ii), together with
a w € W2, Recall the categories Chog, Chol of Definition 4.1, (iii). Write

hol
C’]TIBEEI

for the category whose objects are triples (G, M, kps), where G € Ob(TMF), M e
Ob(TBH), and ks : decppm(M) — decpp- (G) — which we shall refer to as the
Kummer structure of the object — is a pair of surjective homomorphisms of TG,
TG®, and whose morphisms ¢ : (G1, M1, kn,) — (G2, Ma, kpg,) consist of an
isomorphism ¢¢g : G1 = Go of TM" and a morphism ¢ps : My — My of TBH that
are compatible with Ky, , Kar,; write CholF LYTM" x TB. Next:

Suppose that (Xen +\ M) € Ob(Choky) [cf. Definition 4.1, (i)]. Recall
that the Kummer structure of (Xen AM 1) consists of an Aut-holomorphic
homomorphism from M)}, to an isomorph of “C* (=2 S! x R+q)”; observe
that the Aut-holomorphic automorphisms of £ie(C*) of order 4 determine
an isomorphism £ie® (S* x {1}) 5 Lie® ({1} xRsg). Thus, by pulling back
to My, via the Kummer structure of (Xen A M k), the two one-parameter
subgroups “S' x {1}, {1} x Ryg € C*”, we obtain, in a natural way, an
object of C%%EE.

In particular, we obtain a [1-Jcommutative diagram of natural functors

Choly — Chl — EA

l ! l

lei‘l[%l@'li Choll— TMF

— in which the vertical arrows are “mono-analyticization functors” [cf. the mono-
analyticization functors of (ii)]; the arrows Chol — EA, CholF — TM'™ are the natural
projection functors. Let us write

def
NGB = Orb(CRRE) X om(rur),w TH [Z]
def
Nl_ Or b(c']mg> X Orb(TM" ), w (Zh [Z]
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— where the “;w” in the fibered product is to be understood as referring to the
natural functor Th7[Z] — Orb(TM") given by the assignment “W" — G.,,” [cf.
(ii)]. Thus, we have natural functors NTB — NI — Th7[Z].

Remark 5.6.1.

(i) Observe that a monoid M may be thought of as a [1-/category Cps consisting
of a single object whose monoid of endomorphisms is given by M. In a similar vein,
a ring R, whose underlying additive group we denote by Rm, may be thought of
as a 2-category consisting of the single 1-category Cg,, together with the functors
Cry — Crg arising from left multiplication by elements of R.

(ii) The constructions of (i) suggest that whereas a monoid may be thought
of as a mathematical object with “one combinatorial dimension”, a ring should be
thought of as a mathematical object with “two combinatorial dimensions”. More-
over, in the case of an MLF k, these two combinatorial dimensions may be thought
of as corresponding to the two cohomological dimensions of the absolute Galois
group of k, while in the case of a CAF k, these two combinatorial dimensions may
be thought of as corresponding to the two real or topological dimensions of k. Thus,
from this point of view, it is natural to think of ring structures as corresponding
to holomorphic structures — i.e., both ring and holomorphic structures are based
on a certain complicated ‘intertwining of the underlying two combinatorial
dimensions”. So far, in the theory of §1, §2, §3, and §4 of the present paper, the
emphasis has been on “holomorphic structures”, i.e., of restricting ourselves to sit-
uations in which this “complicated intertwining” is rigid. By contrast, the various
ideas introduced in Definition 5.6 relate to the issue of disabling this rigidity
— i.e., of “passing from one holomorphic to two combinatorial/topological dimen-
stons” — an operation which, as was discussed in Remarks 1.9.4, 2.7.3, has the
effect of leaving only one of the two combinatorial dimensions rigid. Put another
way, this corresponds to the operation of “passing from rings to monoids”; this is
the principal motivation for the term “mono-analyticization”.

The following result is elementary and well-known.

Proposition 5.7. (Local Volumes) Let k be either a mixed-characteristic
nonarchimedean local field or a complex archimedean field.

(i) Suppose that k is nonarchimedean [cf. Definition 3.1, (i)]. Write my C
Ok for the mazimal ideal of Ok and M(k) for the set of compact open subsets
of k. Then:

(a) There exists a unique map
f s M(k) — Ry

that satisfies the following properties: (1) additivity, i.e., ux(AJB) =
pr(A) 4+ pk(B), for A, B € M(k) such that A( B = 0; (2) B-translation
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invariance, i.e., ui(A+z) = pp(A), for A € M(k), = € k; (3) normal-
ization, i.e., ui(Ok) = 1. We shall refer to pi(—) as the volume on k.

Also, we shall write u}:g(—) def log(puk(—)) [where log denotes the natural

logarithm R~ — R/ and refer to u}:g(—) as the log-volume on k. If the
residue field of k is of cardinality p*, where p is a prime number and f

a positive integer, then, for n € 7Z, u}fg(m};) = —f-n-log(p).

(b) Let x € k*; set fix(x) et pr(x - O), ,ufg(a:) o log(px(x)). Then for

A € M(k), we have u}cog(x-A) = u}cog(A)—I—,tlfg(ac); in particular, if x € O},
then u}:g(m CA) = ,ufg(A).

(¢) Write log,, : O — k for the [p-adic] logarithm on k. Let A C O be

an open subset such that log, induces a bijection A = log,(A). Then
lo lo
f °(A) = 1% (logy (A)).

(ii) Suppose that k is archimedean [cf. Definition 4.1, (i)]; thus, we have a
natural decomposition k% = O x Rsq, where O = S, and we note that the

projection k™ — Rsq extends to a continuous map k — R. Write

for the set of nonempty compact subsets A C k (respectively, A C k> ) such that
A projects to a [compact] subset of R (respectively, O} ) which is the closure of its

Y

M(k) (respectively, M(k))

interior in R (respectively, O ). Then:

(a) The standard R-valued absolute value on k determines a Riemannian

metric [as well as a Kdihler metric] on k that restricts to Riemannian met-
rics on O = O x {1} — k* and Rsg = {1} x Ryg < k*. Integrating
these metrics over the projection of A € M(k) (respectively, A € M(k))
to R (respectively, O} ) [i.e., “computing the length of A relative to these
metrics”] yields a map

v

pr : M(k) — Rsq (respectively, fi : M(k) — R<q)

that satisfies the following properties: (1) additivity, i.e., ux(AJB) =
i (A) + px(B) (respectively, ju(AUB) = ix(A) + ju(B)), for A, B €
M(k) (respectively, A, B € M(k)) such that A(\B = 0; (2) normaliza-
tion, i.e., pui(Ok) = 1 (respectively, i,(O;) = 2mw). We shall refer to
pr(—) (respectively, fir(—)) as the radial volume (respectively, angular

volume) on k. Also, we shall write uiﬁog(—) def log(uk(—)) (respectively,

ﬁ}:g(_) df log(fix(—))) and refer to ,ufg(—) (respectively, ﬁ}fg(—)) as the
radial log-volume (respectively, angular log-volume) on k.

(b) Let x € k*; set fix(x) et pr(x - O), ,ufg(a:) o log(px(x)). Then for

A € M(k) (respectively, A € M(k)), we have u}cog(x-A) = u}cog(A)—i—,u}fg(ac)
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(respectively, /i}fog(:l; FA) = ﬂ}cog(A)); in particular, if v € O}, then u}:g(:l;-
A) = 1B (A).

(¢) Write exp : k — k* for the exponential map on k. Let A € M(k)
be such that expx(A) C OF, and, moreover, expy induces a bijection

A 5 expr(A). Then p8(A) = 1,8 (expi(A)).

Proof. First, we consider assertion (i). Part (a) follows immediately from well-
known properties of the Haar measure on the locally compact [additive] group k.
Part (b) follows immediately from the uniqueness portion of part (a). To verify part
(c) for arbitrary A, it suffices [by the additivity property of . (—)] to verify part (c)
for A of the form z+mj for n a sufficiently large positive integer, z € O;. But then
log, determines a bijection z +m} = m?, so the equality 1,"%(A) = p ¢ (log,.(A))
follows from the H-translation invariance of ,ufg(—). This completes the proof of
assertion (i). Assertion (ii) follows immediately from well-known properties of the
geometry of the complex plane. ()

Remark 5.7.1. The “log-compatibility” [i.e., part (c)] of Proposition 5.7, (i), (ii),
may be regarded as a sort of “integrated version” of the fact that the derivative of
the formal power series log(l1 + X) = X 4+ ... at X = 0 is equal to 1. Moreover,
the opposite directions of the “arrows involved” [i.e., logarithm versus exponential]

in the nonarchimedean and archimedean cases is reminiscent of the discussion of
Remark 4.5.2.

Proposition 5.8. (Mono-analytic Reconstruction of Log-shells)

(i) Let Gy be the absolute Galois group of an MLF k. Then there exists a
functorial [i.e., relative to TG | “group-theoretic” algorithm for constructing
the images of the embeddings OF — sz, k> — sz of local class field theory
[ef. [Mzk9], Proposition 1.2.1, (iii), (iv)]. Here, the asserted “functoriality” is con-
travariant and induced by the Verlagerung, or transfer, map on abelianizations.
In particular, we obtain a functorial “group-theoretic” algorithm for reconstructing
the residue characteristic p [cf. [Mzk9], Proposition 1.2.1, (i)], the invariant
p* [i.e., p if p is odd; p? if p is even — cf. Definition 5.4, ()], the cardinality
p/ of the residue field of k [i.e., by considering the prime-to-p torsion of kX,
the absolute degree [k : Q] f[i.e., as the dimension of O; ® Q, over Q,], the
absolute ramification index e = [k : Q,]/f, and the order m of the subgroup of
p-th power roots of unity of k.

(ii) The algorithms of (i) yield a functorial [i.e., relative to TG ] “group-
theoretic” algorithm “Ob(TG") 3 G — I'X,(G)” for constructing from G the
L', -diagram in CAE™" [cf. §0]

0X(G) — K (G)

! l

K(G) = (BTG



148 SHINICHI MOCHIZUKI

determined by the diagram of Definition 5.4, (iii), hence also the log-shell Z(G) C
k™ (G) of Thon(G).

(iii) The algorithms of (i) yield a functorial [i.e., relative to TG ] “group-
theoretic” algorithm “Ob(TG") 3 G — Ruon(G)” for constructing from G the
topological group [which is isomorphic to R]

Ruon(G) € (K (G)/0X(G)"

— where “N\” stands for the completion with respect to the order structure deter-
mined by the nonnegative elements, i.e., the image of (9% (G)/O%(G) — equipped
with a distinguished element, namely, the “Frobenius element” F(G) € Ry, (G)
[ef. [Mzk9], Proposition 1.2.1, (iv)], which we think of as corresponding to the el-
ement fao -log(pa) € R, where pg, fa are the invariants “p”, “f” of (i). Finally,
these algorithms also yield a functorial, “group-theoretic” algorithm for constructing
the log-volume map

W(G) : M(k™(G)F) = Ruon(G)

— where “M(—)" is as in Proposition 5.7, (i); the superscript “G” denotes the

submodule of G-invariants; if we write mq, eq, pg for the invariants “m”, “e”,
“p*” of (i), then one may think of p'°8(G) as being normalized via the formula

PG Z(G)Y) = {1/mg + e - log(pg) /log(pa)} - F(G)

— determined by composing the map MEOE(G)G of Proposition 5.7, (i), (a), with the
isomorphism R = Ryon(G) given by fg -log(pg) — F(G).

(iv) Let G = (C, 6)) € Ob(TM"); write C~ — C* for the [pointed] universal
covering of C* [cf. the definition of “k™ — k*” in Definition 4.1, (i)]; thus, we
regard C™ as a topological group [isomorphic to R]. Then the evident isomorphism
LieT(C™) 22 Lied(C) allows one to regard k™(G) Lo~ xe~, k> (G) Lrox o~
as objects of TBH. Write Seg(G) for the equivalence classes of compact line
segments on C~ [i.e., compact subsets which are either equal to the closure of a
connected open set or are of cardinality one/, relative to the equivalence relation
determined by translation on C~. Then forming the union of two compact line
segments whose intersection is of cardinality one determines a monoid structure
on Seg(G) with respect to which Seg(G) = Rxq. In particular, this monoid structure
determines a structure of topological monoid on Seg(G).

(v) The constructions of (w) yield a functorial fi.e., relative to TM" | algo-
rithm “Ob(TM") 3 G — TX,
Cras [cf. §0)

(G)” for constructing from G the T -diagram in

EY(G) = C~xC~ — kEX(G) = C* xC”™
determined by the diagram of Definition 5.4, (v), hence also the log-shell Z(G) C
E~(GQ) of TX(G).

arc
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(vi) The constructions of (iv) yield a functorial fi.e., relative to TM" ] al-
gorithm “Ob(TM") 3 G — Ruw(G)” for constructing from G the topological
group [which is isomorphic to R/

Rare(G) = Seg(G)#°
equipped with a distinguished element, namely, the “Frobenius element” F(G) €
Seg(G) C Ruc(G) determined by a compact line segment that maps bijectively,
except for its endpoints, to C*; we shall think of F(G) as corresponding to 2w €

R. Finally, these algorithms also yield a functorial, algorithm for constructing the
radial and angular log-volume maps

HOB(G) MK (@) = Rare(G); - i°(G) : M(K™(G)) = Rare(G)

— where “M(=)”, “M(=)” are as in Proposition 5.7, (ii); if we write 01 (G) C
k*(G) for the closure of the subgroup of elements of finite order, then one may
think of 1'°8(Q), ji'°8(G) as being normalized via the formulas

WE(G)(Z(G)) = ¥ (G)(O5 (G)) = F(G)

— determined by composing the maps ,u}fof(G), /2}:5(6,) of Proposition 5.7, (ii), (a),
with the isomorphism R = Ra.(G) given by 2w — F(G).

(vii) Let Z be an elliptically admissible hyperbolic orbicurve over an alge-
braic closure of Q; V¥ € Ob(TH™[Z]) [¢f. the notation of Definition 5.1, (iv)];
W € Ob(%h7[Z]) the mono-analyticization of V¥ [cf. the notation of Defini-
tion 5.6, (ii)]; w € W™ (respectively, w € W™ ). Write

An" NG

for the category whose objects consist of an object of ‘IhF[Z], together with the
object of Orb(CYMET[TX 1) (respectively, Orb(CEG[T%.])) given by applying the

algorithm “G — T% _(G)” of (ii) (respectively, “G — T'X_(G)” of (v)) to the object

of Orb(TG") (respectively, Orb(TM")) obtained by projecting [at w — cf. Defini-
tion 5.6, (ii)] the given object of TH" [Z], and whose morphisms are the morphisms

induced by ‘ZhF[Z]. Thus we obtain a natural equivalence of categories
TH" (2] = A" (N,
together with a “forgetful functor”
v @ AN - VLE

[¢f. Definition 5.6, (iii), (iv)] for each vertex v of T'X Lef ix (respectively,

non

=y def = .
r'x =TX.), and a natural transformation

- = -
Lgne H :¢ﬂn H _)Qlen H

w,ljl w7l/2
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for each edge € of fﬁ running from a vertex vy to a vertex vo. Finally, we shall
omit the symbol “H” from the above notation to denote the result of composing
the functors and natural transformations discussed above with the natural functor
/\/'ufEE — N ; also, we shall replace the symbol “Qn" by the symbol “-” in
the superscripts of the above notation to denote the result of restricting the functors
and natural transformations discussed above to ‘ZbF[Z].

Proof. The various assertions of Proposition 5.8 are immediate from the definitions
and the references quoted in these definitions. ()

Remark 5.8.1.

(i) One way to summarize the archimedean portion of Proposition 5.8 is as
follows: Suppose that one starts with the [Aut-/holomorphic monoid given by an
isomorph of OF [i.e., where one thinks of the [Aut-Jholomorphic structure on OF as
consisting of a(n) [Aut-Jholomorphic structure on (OF )8° = C*] arising as the OEX
for some X € Ob(EA). The operation of mono-analyticization consists of “forgetting
the rigidification of the [Aut-Jholomorphic structure furnished by X” [cf. Remark
2.7.3]. Thus, applying the operation of mono-analyticization to an isomorph of OF
yields the object of TM™ consisting of an isomorph of the topological monoid Og
equipped with the submonoid corresponding to Og |JRsq, which is non-rigid, in
the sense that it is subject to dilations [cf. Remark 2.7.3]. On the other hand:

From the point of view of the theory of log-shells, one wishes to per-
form the operation of mono-analyticization — i.e., of “forgetting the [Aut-
Jholomorphic structure” — in such a way that one does not obliterate the
metric rigidity [i.e., the “applicability” of the theory of Proposition 5.7]
of the log-shells involved.

This is precisely what is achieved by the use of the category TBH — cf., especially,
the construction of the natural functor Cily — Cholb in Definition 5.6, (iv); the
constructions of Proposition 5.8, (iv), (v), (vi). That is to say, the “metric rigidity”
of log-shells is preserved even after mono-analyticization by thinking of the “metric
rigidity” of the original [Aut-Jholomorphic OF as being constituted by

“the metric rigidity of S* = OF, together with the rotation automor-
phisms of £ie(C*) of order 4” [cf. Definition 5.6, (iv)].

That is to say, this approach to describing “[Aut-|holomorphic metric rigidity” has
the advantange of being “/lmmune to mono-analyticization” — cf. the construction
of k~(G) as “C~ x C™~” in Proposition 5.8, (iv). On the other hand, it has the
disadvantage that it is not compatible [as one might expect from any sort of mono-
analyticization operation!] with preserving the complex archimedean field structure
of “k~”. That is to say, the two factors of C'"~ appearing in the product “C~ x C™~”
— which should correspond to the imaginary and real portions of such a complex
archimedean field structure — may only be related to one another up to a {£1}
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indeterminacy, an indeterminacy that serves to obliterate the ring/field structure
involved.

(ii) It is interesting to note that the discussion of the archimedean situation
of (i) is strongly reminiscent of the nonarchimedean portion of Proposition 5.8,
which allows one to construct metrically rigid log-shells which are immune to
mono-analyticization, but only at the expense of sacrificing the ring/field
structures involved.

Definition 5.9.

(i) By pulling back the various functorial algorithms of Proposition 5.8 defined
on TG", TM" via the mono-analyticization functors TG*® — TG"™, EA — TM", we
obtain functorial algorithms defined on TG®®, EA. In particular, if, in the notation
of Definition 5.1, (iii) (respectively, Definition 5.1, (iv); Definition 5.6, (ii)), V®
(respectively, VE W) is a global (respectively, panalocal; mono-analytic) Galois-

theater, then for each v € V def V /Aut(I) (respectively, v € V; v € W), we obtain
— i.e., by applying the functorial algorithms “Rpon(—)", “Rarc(—)” of Proposition

5.8, (iii), (vi) — [orbi-Jtopological groups [isomorphic to R]
R,

equipped with distinguished Frobenius elements F,, € R,. Moreover, if we write @y

for the unique global element of V'© def 37 JAut(Il) (respectively, V©; W®), then

we obtain a(n) [orbi-Jtopological group [isomorphic to R]
Re, € [] R

— where the product ranges over v € V' (respectively, v € V; v € W) — obtained
as the “graph” of the correspondences between the R,’s that relate the F,/(f, -
log(py)) [where “f,”, “p,” are the invariants “fg”, “pg” of Proposition 5.8, (iii)]
for nonarchimedean v to the F,, /27 for archimedean v. Thus, Rg,, is equipped with
a distinguished element Fg,, € Rg,, [which we think of as corresponding to 1 € R],
and we have natural isomorphisms of [orbi-]topological groups Re,, = R, that map
Fo, — Fy/(fy, - log(py)) for nonarchimedean v and Fg,, — F, /27 for archimedean
.

(ii) In the notation of Definition 5.1, (v) (respectively, Definition 5.1, (vi)),
let M@ (respectively, M™®) be a global (respectively, panalocal) T-pair, for T €

{TF,TM}. In the non-resp’d case, write V© Lf e /Aut(II). Then the various
log-volumes defined in Proposition 5.7, (i), (ii), determine maps

{M}Uog : M(M':l)_lv> - RU}’UEV; {ﬁi}og : M(M’ZIJ_IU) - RU}UEVMC

— where we write M(M™), [when v € V<] M(MM = M,) for the set of sub-
sets determined [via the reference isomorphisms “i5” of Definition 5.1, (v); the
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“forgetful functors” of Corollary 5.2, (iv), (vii)] by intersecting with MT(H o) C
knr(I1, D)7 the corresponding collection of subsets of M(knp (I, 9)'7), [when v €

vare] M(kNF(Ha U) 7).

(iii) In the non-resp’d [i.e., global] case of (ii), suppose further that T = TTF.
Then for any B-line bundle £ on M@, one verifies immediately that there exist
morphisms of H-line bundles on M®

LB LB ¢ LB [P

such that L is isomorphic to the trivial B-line bundle. Thus, for each v €
V, we obtain isomorphisms of M -vector spaces ([v] : LPw] 5 LB[v], ¢o[v] -
LBw] = LB[v]. Moreover, by applying these isomorphisms, we obtain subsets
S, C LE[v] for each v € V as follows: If v € V"°" then we take S, to be the subset
determined by the closure of the image [via the various py, for ¥ € V lying over v]
of LB[®]. If v € V¥, then we take S, to be the subset determined by the set of

elements of £L®[v] for which | — | B < 1. Now set
o def o mo o mo
HSPLR)Z D0 RSO A Y pE(9,) Ay € Ro,
veVare veVmon

— where d™°9 is as in Definition 5.1, (ii), for v € V = V(F™°9); the superscript
“©” denotes the result of applying the natural isomorphisms Reg),, 5 R, of (i); we
note that the sum is finite, since u'°8(S,) = 0 for all but finitely many v € V. As
is well-known [or easily verified!] from elementary number theory — i.e., the so-
called “product formula” — it follows immediately that [as the notation suggests|
“ log(EEE)” depends only on the isomorphism class of £L® and, in particular, is
independent of the choice of (, (p. Finally, by applying the equivalences of categories
of Definition 5.3, (ii), (iii), it follows immediately that we may extend the Rg),, -
valued function [on isomorphism classes of B-line bundles on M©]

ot (—)

to a function that is also defined on isomorphism classes of X-line bundles on M@,
for arbitrary T € {TF, TM, TLG}.

Remark 5.9.1. Just as in Remark 5.3.1, one may define — in the style of
Corollary 5.2 — a category An®[ThY., u], where o € {©®,"}, whose objects are data
of the form

M) (M (ID),
{(Ry, 1l5(TL,) (<)) boevnon, {(Ry, t95(X, ) (=), 1%(X,) (<)) Foevare)

— where the “(IL,)’s”, “(X,)’s” preceding the “(—)’s” are to be understood as
denoting the log-volumes associated, as in Definition 5.9, (ii), to the various con-
stituent data of M$(IT) — for II € Ob(EA®), and whose morphisms are the mor-
phisms induced by morphisms of EA®. In a similar vein, by combining the data
that constitutes an object of An[THE] with the data

{(Ro, 12 () (=) boev, {(Ro, 1y (X0) (=), 5 (Xo) () Joevare
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— where the “(IL,)’s”, “(X,)’s” preceding the “(—)’s” are to be understood as
denoting the log-volumes associated, as in Definition 5.9, (ii), to the various con-
stituent data of the original object of AnT[THE] — and considering the mor-
phisms induced by morphisms of ‘Zh%, we obtain a category An™ [‘Zb%, p).  Fi-
nally, by combining the constructions of Definitions 5.3, 5.9, we obtain a category
An®[The, |D|, u] whose objects are data of the form

def

M) = (M), R

{1 () (=) pevmon, {3 () (=), 18 (1) (=) @ Yoevare, ngt(ID)(-))

— where the “(II)’s” preceding the “(—)’s” are to be understood as denoting the
log-volumes associated, as in Definition 5.9, (ii), (iii), to the various constituent
data of M ‘D‘(H) — for IT € Ob(EA®), and whose morphisms are the morphisms

induced by morphisms of EA®. Then, just as in Corollary 5.2, Remark 5.3.1, one
obtains sequences of natural functors

EA® — An®[Thy, u] — An®[THY] — Thy — Th*
TH™ — A [THF, 4] — AT [THF] — THT — TH™
EA® — 2n®[Th2, O], u] — An®[THY, |D|] — THY — EA®

— where the first arrows, which are equivalences of categomes are the functors
arising from the definitions of the categories “An®[—, u]”, “Un=[—, u”.

Remark 5.9.2. The significance of measuring [log-]volumes in units that belong
to the copies of R determined by “Rpon(—)", “Rare(—)” lies in the fact that such
measurements may compared on both sides of the “log-wall”, as well as in a fashion
compatible with the operation of mono-analyticization [cf. the discussion of Remark
3.7.7; Corollary 5.10, (ii), (iv), below].

We are now ready to state the main result of the present §5 [and, indeed, of
the present paper!].

Corollary 5.10. (Fundamental Properties of Log-shells) In the notation
of Corollary 5.5; Proposition 5.8, (vii), write

R R | IR

veV(Fmod)

— where the product is a fibered product of categories over EF = ‘Ih'_[Z]. Consider
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the diagram of categories D"
+H +H (g=2]
N N, N

| | l

N N N,

v//

(c/‘l—

— where we regard the rows of D" as being indexed by the integers 3,4,5,6,7 [rel-
ative to which we shall use the notation “DY, 7 — cf. Corollary 5.5]; the arrows
of D are those discussed in Definition 5.6, (iii), (iv); the arrows of the rows
numbered 5,6,7 of D" are the equivalence of categories of Proposition 5.8, (vii).
Note, moreover, that we have a natural mono-analyticization morphism [con-
sisting of arrows between corresponding vertices belonging to rows indexed by the
same integer!] of diagrams of categories

.>3—>DF

[cf. the discussion, involving mono-analyticization functors, of Definition 5.6, (ii),
(iii), (iv)] — where the subscript “> 37 refers to the portion involving the rows
numbered 3, 4, 5, 6, 7, and we take the arrow An®[X]| — An" INTE] to be the arrow
induced, via the equivalence of categories kgne of Corollary 5.5 and the equivalence
of categories of Proposition 5.8, (vii), by the mono-analyticization functor £* — E";
write

Dol—

for the diagram of categories obtain by gluing D*, D~ wia this mono-analyticization
morphism. We shall refer to the various isomorphisms between composites of func-
tors inherent in the definition of the mono-analyticization morphism D%, — D"
[e.g., the natural isomorphisms between the functors associated to the two length 2
paths NE — NTE - N NE - N, — NI Jwhere v € V(F™°)] in the third and
fourth rows of D*" ] as mono-analyticization homotopies. We shall refer to the

natural transformation “LE%E” of Corollary 5.5, (iii), as a shell-homotopy [at v/
if € is a shell-arrow [cf. Definition 5.4, (iii), (v)]; we shall refer to “L?je” as a log-

homotopy [at v/ if the initial vertex of € is a post-log verter. If v € V(Fmod)non
(respectively, v € V(F™4)a ) then we shall refer to as a e-shell-container struc-
ture on an object S € Ob(NP) the datum of an object S' € Ob(X) together with

an isomorphism S = )\EHJ,(S'), where v is the terminal (respectively, initial) vertex



TOPICS IN ABSOLUTE ANABELIAN GEOMETRY III 155

of a shell-arrow of fi ; an object 0]”/\/5Ia equipped with a e-shell-container structure
will be referred to as a e-shell-container. Note that the shell-homotopies deter-
mine e-log-shells “Z” [cf. Definition 5.4, (iii), (v)] inside the underlying object of
TSH (respectively, THE) determined by each e-shell-container. If v € V(Fmod)non
(respectively, v € V(F™°4)2 ) and S is an object of NP or NJE, then we shall
write S for the topological submodule of Galois-invariants of (respectively, the
topological submodule constituted by) the underlying object of TSH (respectively,
THE or TBH) determined by S.

(i) (Finite Log-volume) Let v € V(F™ed)non (respectively, v € V(Fmed)are ),
For each e-shell-container S € Ob(]\/fa), SGal s equipped with a well-defined log-
volume (respectively, well-defined radial and angular log-volumes) [cf. Defi-
nition 5.9, (ii)] that depend(s) only on the e-shell-container structure of S. More-
over, [relative to these log-volumes] the intersection of the e-log-shell with the
Gal-superscripted module is of finite log-volume (respectively, finite radial log-
volume).

(i) (Log-Frobenius Compatibility of Log-volumes) For v, S as in (1),
the log-volume (respectively, radial log-volume ), computed “at Y € L”, is com-
patible [cf. part (c) of Proposition 5.7, (i), (ii)], relative to the relevant log-
homotopy, with the log-volume (respectively, angular log-volume), computed
“at Y +1e€ L”.

(iii) (Panalocalization) The log-volumes of (i), as well as the construction
of the e-log-shells from the various shell-homotopies, are compatible with the
panalocalization morphism D® — D of Corollary 5.5, (vi).

(iv) (Mono-analyticization) Ifv € V(F™med)non (regpectively, v € V(Fmod)arc)
then we shall refer to as a e--shell-container structure on an object S € Ob(NFF)
the datum of an object S € Ob(X) together with an isomorphism from S to the
image in N-® of /\5371,( "), where v is the terminal (respectively, initial) vertez of a
shell-arrow ofif ; an object of./\f;EB equipped with a eF-shell-container structure will
be referred to as a el--shell-container. Note that the shell-homotopies determine
et-log-shells “Z” [cf. Definition 5.4, (iii), (v)] inside each et-shell-container, as
well as a well-defined log-volume (respectively, well-defined radial and angular
log-volumes) on the Gal-superscripted module associated to a et-shell-container.
These o=-log-shells and log-volumes depend only on the mono-analyticized data
fi.e., roughly speaking, the data contained in D" ], in the following sense [cf., espe-
cially, (d)]:

(a) (Mono-analytic Cores) Forn = 5,6,7, D¥. admits a natural structure

of core on the subdiagram of categories of D*" determined by the union
D;Z_l UD;n — i.e., loosely speaking, E™, An" INTB] “form cores” of the
functors in D"

(b) (Mono-analytic Telecores) Asv ranges over the elements of V(F™°9)
and v over the elements of I')¢, the restrictions

o2 8 g NVTE] o A
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to QLnF[J\/’PEE] of the “forgetful functors” 1/13‘7‘,}FE of Proposition 5.8,
(vii), give rise to a telecore structure Ty, on DY, (JDL4, whose
underlying diagram of categories we denote by Dy,r, by appending to

. (=
D;% telecore edges corresponding to the arrows ¢%‘; B from the core

An" [N'_EE] to the vertices of the row of D" indexed by the integer 3. More-
over, the respective family of homotopies of Ty, and the observables Goq,
Siogm of Corollary 5.5, (i), are compatible.

(¢) (Mono-analytic Contact Structures) For v € V(F™°d) , e I'X,

there is an isomorphism 771':71, from the composite functor determined by
the path ~y, , [of length 6]

2
AUIJ

X = NE N, — £

|

E- — An"NTE]

-
An" B
d)v,u

(la=!
Ny

on fpgln% — where the first three arrows lie in Dy, the fourth arrow
arises from the mono-analyticization morphism D% ; — D", and the
fifth arrow lies in D™ — to the composite functor determined by the path

Yo [of length 2] B
x lonE L, B

on f@g{nk. Moreover, the resulting homotopies 77571,, (77:7y)_1, together

with the mono-analyticization homotopies and the homotopies on

Dy~ arising from the 4 2An" 8 » [¢f.  Proposition 5.8, (vii)], generate a

v,€
contact structure Hy,- on Ty, + that is compatible with the telecore
and contact structures Tone, Hane of Corollary 5.5, (ii), as well as with

the homotopies of the observables Gioq, Siogm of Corollary 5.5, (iii), that

arise from the “LE%E”, “Uo.c” indezed by e € T} [not Tl09J].

(d) (Mono-analytic Log-shells) If v € V(Fmed)non (respectively, v €

V(Fmedyare)  then we shall refer to as a --shell-container structure
on an object S € Ob(NF®) the datum of an object S’ € Ob(An" [NTE]),

together with an isomorphism from S = %:;FE(S’), where v s the ter-

minal (respectively, initial) vertex of a shell-arrow of l:ff ; an object of
NY B equipped with a \-shell-container structure will be referred to as a
F-shell-container. Note that the portion of the data that constitutes an
object of An" [./\/UFEB] determined by the shell-arrows gives rise to a F-log-
shell “Z” inside each \--shell-container, as well as to a log-volume on the
Gal-superscripted module associated to at--shell-container [cf. Proposition
5.8, (ii), (iii), (v), (vi)]. Moreover, the isomorphisms 0, of (c) deter-
mine a natural equivalence between -shell-container and el--shell-
container structures on an object of NUFEB that is compatible with the
F-, el--log-shells, as well as with the various log-volumes, determined,
respectively, by these -, e-shell-container structures.



TOPICS IN ABSOLUTE ANABELIAN GEOMETRY III 157

Proof. The various assertions of Corollary 5.10 are immediate from the definitions,
together with the references quoted in the statement of Corollary 5.10. Here, we
note that in the nonarchimedean portion of part (c) of assertion (iv), in order to
construct the isomorphisms 77:’1,, it is necessary to relate the construction of the
base field as a subset of various abelianizations of the Galois group [cf. Proposition
5.8, (i)] to the Kummer-theoretic construction of the base field as performed in The-
orem 1.9, (e). This may be achieved by applying the group-theoretic construction
algorithms of Corollary 1.10 — i.e., more precisely, by combining the “fundamen-
tal class” natural isomorphism of Corollary 1.10, (a), with the cyclotomic natural
isomorphism of Corollary 1.10, (c¢) [cf. Remark 1.10.3, (ii)]. Put another way,
this series of algorithms may be summarized as a “group-theoretic algorithm for
constructing the reciprocity map of local class field theory’. ()

Remark 5.10.1.

(i) Note that, in the notation of Corollary 5.10, (iv), (c), by pre-composing
77;,/ with the telecore arrow ¢ : An®[X] — X of Corollary 5.5, (ii), and applying
the coricity of Corollary 5.5, (i), together with an appropriate mono-analyticization
homotopy, we obtain that one may think of 77;,/ as yielding a homotopy from the
path gant

An®[X] — An"[NTE] NFE

— which is somewhat simpler [hence perhaps easier to grasp intuitively] than the
domain path of the original homotopy n:W — to the path
o0 Aﬁv
An’(X] 2 X X ONE - AE

v
[i.e., obtained by simply pre-composing 7)) , with ¢p].

(ii) Note that the isomorphism of (i) between the two composites of functors
An®[X] — NFE depends only on “Galois-theoretic/Aut-holomorphic data”. In
particular, one may construct — in the style of Remarks 5.3.1, 5.9.1 — a category
“UAn®[X,n"]” whose objects consist of the data of objects of An®[X], together with
the algorithms used to construct the various homotopies of (i) arising from nj ,

[i.e., associated to the various v € V(F™d), 1 € ['¥], and whose morphisms are the
morphisms induced by morphisms of An®[X]. That is to say, objects of An®[X, "]
consist of objects of An®[X], together with “group-theoretic algorithms encoding
the reciprocity law of local class field theory at the nonarchimedean primes and the
archimedean analogue of these algorithms at the archimedean primes”. Moreover,
the “forgetful functor”

An®[X, 7] = An®[X]

determines a natural equivalence of categories. Finally, one verifies immediately
that one may replace “2n®[X]” by “An®[X,n"]” in Corollaries 5.5 and 5.10 with-
out affecting the validity of their content — e.g., without affecting the coricity of
Corollary 5.5, (i). We leave the routine details to the interested reader.
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Remark 5.10.2. The significance of the theory of log-shells as summarized in
Corollary 5.10 — and, more generally, of the entire theory of the present paper —
may be understood in more intuitive terms as follows.

(i) One important aspect of the classical theory of line bundles on a proper
curve [over a field] is that although such line bundles exhibit a certain rigidity arising
from the properness of the curve, this rigidity is obliterated by Zariski localization on
the curve. Put another way, to work with line bundles up to isomorphism amounts
to allowing oneself to “multiply the line bundle by a rational function”, i.e., to work
up to rational equivalence. Although rational equivalence does not obliterate the
global degree of a line bundle over the entire proper curve, if one thinks of a line
bundle as a collection of integral structures at the various primes of the curve, then
rational equivalence has the effect of “rearranging these integral structures” at the
various primes.

0J
OJ O OJ
U 0 rational U 0 0
0o o 0o O equivalence 0 0o o 0O
O O O ~ O OJ OJ
U 0o o o o o 0J
vy V2 U3 Uy Vs vy V2 U3 Uy Vs
U 0J panalocalized | |
U U log-shells | |
U 0J ~ | |
U 0J | |
vl V2 Vs Uy Vs vy U2 Vs Vg Vs

If one restricts oneself to working globally on the proper curve, then such “rear-
rangements” are coordinated with one another in such a way as to preserve, for
instance, the global degree; on the other hand, if one further imposes the condition
of compatibility with Zariski localization, then such “coordination of integral struc-
ture” mechanisms are obliterated. By contrast, the “MFY -objects” of [Falt] satisfy
a certain “extraordinary rigidity” with respect to Zariski localization that reflects
the fact that they form a category that is equivalent to a certain category of Galois
representations. From the point of view of thinking of line bundles as collections
of integral structures at the various primes, the rigidity of MJFY-objects may be
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thought of as a sort of “freezing of the integral structures” at the various
primes in a fashion that is immune to the gluing indeterminacies that occur for line
bundles upon execution of Zariski localization operations. Put another way, this
rigidity may be thought of as a sort of “immunity to social isolation” from
other primes. In the context of Corollary 5.10, this property corresponds to the
panalocalizability [i.e., Corollary 5.10, (iii)] of [the integral structures constituted
by] log-shells.

(ii) At this point, it is useful to observe that, at least from an a priori point
of view, there exist other ways in which one might attempt to “freeze the local
integral structures”. For instance, instead of working strictly with line bundles,
one could consider the ring structure of the global ring of integers of a number
field [which gives rise to the trivial line bundle — cf. Definition 5.3, (ii)]; that is
to say, by considering ring structures, one obtains a “rigid integral structure” that
is compatible with Zariski localization — i.e., by considering the ring structure
“O7” of the local rings of integers [cf. Remark 5.4.3]. Indeed, log-shells may be
thought of — and, moreover, were originally intended by the author — as a sort of
approximation of these local integral structures “O” [cf. Remark 5.4.2].

arith.
hol.
str. A

mono-analytic

arith. hol. str. B core arith. hol. str. C ‘

arith.
hol.
str. D

On the other hand, this sort of rigidification of local integral structures that makes
essential use of the ring structure is no longer compatible with the operation of
mono-analyticization [cf. Remark 5.6.1], i.e., of forgetting one of the two combina-
torial dimensions “H”, “K” that constitute the ring structure. Thus, another crucial
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property of log-shells is their compatibility with mono-analyticization, as docu-
mented in Corollary 5.10, (iv) [cf. also Remarks 5.8.1, 5.9.2], i.e., their “immunity
to social isolation” from the given ring structures. From the point of view
of the theory of §1, §2, §3, §4, such ring structures may be thought of as “arithmetic
holomorphic structures” [i.e., outer Galois actions at nonarchimedean primes and
Aut-holomorphic structures at archimedean primes| — cf. Remark 5.6.1. Thus, if
one thinks of the result of forgetting such “arithmetic holomorphic structures” as
being like a sort of “arithmetic real analytic core” on which various “arithmetic
holomorphic structures” may be imposed — i.e., a sort of arithmetic analogue of
the underlying real analytic surface of a Riemann surface, on which various holo-
morphic structures may be imposed [cf. Remark 5.10.3 below] — then the theory
of mono-analyticization of log-shells guarantees that log-shells remain meaningful
even as one travels back and forth between various “zones of arithmetic holo-
morphy” joined — in a fashion reminiscent of spokes emanating from a core —
by a single “mono-analytic core”.

(iii) Another approach to constructing “mono-analytic rigid local integral struc-
tures” is to work with the local monoids “O%” [i.e., as opposed to “log(O0*)”, as
was done in the case of log-shells]. Here, “O%” may be thought of as a [possibly
twisted] product of “O*” with some “valuation monoid” that consists of a sub-
monoid of R>¢. For instance, in the [complex] archimedean case, OF = Of X Rsg.
On the other hand [cf. Remark 5.6.1], the dimension constituted by the “valua-
tion monoid” R~ fails to retain its rigidity when subjected to the operation of
mono-analyticization. The resulting “dilations” of Rsq [i.e., by raising to the A-
th power, for A\ € R-(| may be thought of as being like Teichmdiller dilations of
the mono-analytic core discussed in (ii) above [cf. also the discussion of Remark
5.10.3 below]. If, moreover, one is to retain a coherent theory of global degrees
of arithmetic line bundles in the presence of such “arithmetic Teichmiiller dila-
tions”, then [in order to preserve the “product formula” of elementary number
theory] it is necessary to subject the valuation monoids at nonarchimedean primes
to “arithmetic Teichmiiller dilations” which are “synchronized” with the dilations
that occur at the archimedean primes. From the point of the theory of Frobenioids
of [Mzk16], [Mzk17], such “arithmetic Teichmiiller dilations” at nonarchimedean
primes are given by the unit-linear Frobenius functor studied in [Mzk16], Proposi-
tion 2.5. Thus, in summary:

In order to guarantee the rigidity of the local integral structures under
consideration when subject to mono-analyticization, one must abandon
the “valuation monoid” portion of “O%”, i.e., one is obliged to restrict
one’s attention to the “O*” portion of “O™”.

On the other hand, within each zone of arithmetic holomorphy [cf. (ii)], one wishes
to consider various diverse modifications of integral structure on the “rigid standard
integral structures” that one constructs. Since this is not possible if one restricts
oneself to “O*” regarded multiplicatively, one is thus led to working with “log(O*)”
— i.e., in effect with the log-shells discussed in Corollary 5.10. Thus, within each
zone of arithmetic holomorphy, one wishes to convert the “X” operation of “O*”
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into a “H” operation, i.e., by applying the logarithm. On the other hand, when
one leaves that zone of arithmetic holomorphy, one wishes to return again to work-
ing with “O*” multiplicatively, so as to achieve compatibility with the operation of
mono-analyticization. Here, we note that X-line bundles — i.e., in other words, line
bundles regarded from an idélic point of view — have the virtue of being defined
using only the multiplicative structure of the rings involved [cf. the theory of Frobe-
nioids of [Mzk16], [Mzk17]], hence of being compatible with mono-analyticization.
[We remark here that the detailed specification of precisely which monoids we wish
to use when we apply the theory of Frobenioids is beyond the scope of the present
paper.] By contrast, although E-line bundles — i.e., line bundes regarded as mod-
ules of a certain type — are not compatible with mono-analyticization, they have
the virtue of allowing us to relate, within each zone of arithmetic holomorphy, the
additive module “log(O*)” to the theory of X-line bundles [which is compatible
with mono-analyticization]. Thus, in summary:

This state of affairs obliges one to work in a “framework” in which one
may pass freely, within each zone of arithmetic holomorphy, back and
forth between “BH” and “X” via application of the logarithm at the various
nonarchimedean and archimedean primes.

On the other hand, since the logarithm is not a ring homomorphism, it is not
at all clear, a priori, how to establish a framework in which one may apply the
logarithm at will [within each zone of arithmetic holomorphy]|, without obliterating
the foundations [e.g., scheme-theoretic!] underlying the mathematical objects
that one works with, and, moreover, [a related issue — cf. Remark 5.4.1] without
obliterating the crucial global structure of the number fields involved [which is
necessary to make sense of global arithmetic line bundles!].

H « KX
log /‘ \ log
X &
core:
some fixed
arithmetic holomorphic
H structure X
log AN / log

A solution to this problem of finding an appropriate “framework” as dis-
cussed above is precisely what is provided by “Galois theory” [cf. also
the “log-invariant log-volumes” of Corollary 5.10, (i), (ii)] — which is both
global and “log-invariant”; the sufficiency of this “framework” [from the
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point of view of carrying out various arithmetic operations involving line
bundles, as discussed above] is precisely what is guaranteed by the mono-
anabelian theory of Corollaries 3.6, 4.5, 5.5.

At a more philosophical level, the “log-invariant core” furnished by “Galois theory”
[cf. the remarks concerning telecores following Corollaries 3.6, 3.7] and supported,
in content, by “mono-anabelian geometry” may be thought of as a “geometry over
F1” [i.e., over the fictitious field of absolute constants in Z] with respect to which
the logarithm is ‘Fy-linear”.

(iv) Note that in order to work with H-line bundles [cf. the discussion of (iii)],
it is necessary [unlike the case with K-line bundles] to work with all the primes of
a number field [cf. Remark 3.7.6, (i), (iv)].

(v) The importance of the process of mono-analyticization in the discussion of
(ii), (iii) is reminiscent of the discussion in [Mzk18], Remark 1.10.4, concerning the
topic of “restricting oneself to working only with multiplicative structures’ in the
context of the theory of the étale theta function.

(vi) Finally, we recall that from the point of view of the discussion of telecores
in the remarks concerning following Corollaries 3.6, 3.7, the various “forgetful func-
tors” of assertion (ii) of Corollaries 3.6, 4.5, 5.5 may be thought of as being analo-
gous to passing to the “underlying vector bundle plus Hodge filtration” of an MFY -
object [cf. Remark 3.7.2]. From this point of view:

Log-shells may be thought of, in the context of this analogy with MFV-
objects, as corresponding to the section of a [projective| nilpotent ad-
missible indigenous bundle in positive characteristic determined by the
p-curvature [i.e., in other words, the Frobenius conjugate of the Hodge
filtration)].

Remark 5.10.3. From the point of the view of the analogy of the theory of mono-
anabelian log-compatibility [cf. §3, §4] with the theory of uniformizing MFY -objects
[cf. Remark 3.7.2], the global/panalocal/mono-analytic theory of log-shells presented
in the present §5 may be understood as follows.

(i) The mathematical apparatus on a number field arising from the global/pana-
local mono-anabelian log-compatibility of Corollary 5.5 may be thought of as being
analogous to the [mod p] MFY-object constituted by a nilpotent indigenous bundle
on a hyperbolic curve in positive characteristic [cf. the theory of [Mzk1], [Mzk4]].
Note that this mathematical apparatus on a number field arises, essentially, from
the outer Galois representation determined by a once-punctured elliptic curve over
the number field. That is to say, roughly speaking, we have correspondences as
follows:

number field F «—— hyperbolic curve C' in pos. char.

once-punctured ell. curve X over F' «——  nilp. indig. bundle P over C.
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Here, we note that the correspondence between number fields and curves over finite
fields is quite classical; the correspondence between families of elliptic curves and
indigenous bundles is natural in the sense that the most fundamental example of an
indigenous bundle is given by the projectivization of the first de Rham cohomology
module of the tautological family of elliptic curves over the moduli stack of elliptic
curves. Note, moreover, that:

Just as in the case of indigenous bundles, the fact that the Kodaira-Spencer
morphism is an isomorphism may be interpreted as asserting that the
base curve “entrusts its local moduli to the indigenous bundle”, in the
mono-anabelian theory of the present paper, the various localizations of
a number field “entrust their ring structures to the mono-anabelian
data determined by the once-punctured elliptic curve” [cf. Remarks 1.9.4,
2.7.3, 5.6.1; Remark 5.10.2, (iii)].

Relative to this analogy, we observe that panalocalizability corresponds to the local
rigidity of MFY -objects [cf. Remark 5.10.2, (i)]. Moreover, the operation of mono-
analyticization — i.e., “forgetting the once-punctured elliptic curve” — corresponds
to forgetting the indigenous bundle, hence to relinquishing control of the local moduli
of the base curve C; thus, just as this led to “Teichmdiller dilations” in the discussion
of Remark 5.10.2, (ii), (iii), in the theory of indigenous bundles, forgetting the
indigenous bundle means, in particular, loss of control of the deformation moduli
of the base curve C. Another noteworthy aspect of this analogy may be seen in the
fact that:

Just as the log-Frobenius operation only ezists for local fields [cf. Re-
mark 5.4.1], in the theory of indigenous bundles, Frobenius liftings only
exist Zariski locally on the base curve C.

On the other hand, unlike the “linear algebra-theoretic” nature of the theory of
indigenous bundles [which may be thought of as sly-bundles], the outer Galois
representations that appear in the theory of the present paper are fundamentally
“anabelian” in nature — i.e., their “non-abelian nature” is not limited to a rela-
tively weak “linear algebra-theoretic” departure from abelianity, but rather on a
par with that of [profinite| free groups. In particular, unlike the linear algebra-
theoretic [i.e., “slo-theoretic”] nature of the intertwining of the two dimensions of
an indigenous vector bundle, the two combinatorial dimensions involved [cf. Re-
mark 5.6.1] are intertwined in an essentially anabelian fashion [i.e., constitute a
sort of “noncommutative plane”).

(ii) Once one has the “rigid standard integral structures” constituted by log-
shells [cf. Remark 5.10.2, (iii)], it is natural to consider modifying these integral
structures by means of the “Gaussian zeroes” [i.e., the inverse of the “Gaussian
poles”] that appear in the Hodge-Arakelov theory of elliptic curves [cf., e.g.,
[Mzk6], §1.1]. From the point of view of this theory, this amounts, in effect, to
considering the “crystalline theta object” [cf. [Mzk7], §2]. That is to say, the
mathematical apparatus developed in the present §5 may be thought of as a sort of
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preparatory step to considering a “global MFY -object-type version of the crystalline
theta object”. This point of view is in line with the point of view of the Introduction
to [Mzk18] [cf. also [Mzk18], Remark 5.10.2], together with the fact that the theory
of the étale theta function given in [Mzk18], §1, involves, in an essential way, the
theory of elliptic cuspidalizations [cf. Remark 2.7.2]. Moreover, this point of view is
reminiscent of the discussion in [Mzk7], §2, of the relation of crystalline theta objects
to MFV-objects — that is to say, the crystalline theta object has many properties
that are similar to those of an MFY-object, with the notable exception constituted
by the vanishing of the higher p-curvatures despite the fact that the Kodaira-Spencer
morphism is an isomorphism [cf. [Mzk7], Remark 2.11]. This vanishing of higher
p-curvatures, when viewed from the point of view of the theory of “VF-patterns”
of indigenous bundles in [Mzk4|, seems to suggest that, whereas the indigenous
bundles considered in the p-adic uniformization theory of [Mzk4] are of “finite
Frobenius period” [in the sense that they are fixed, up to isomorphism, by some
finite number of applications of Frobenius|, the crystalline theta object may only be
equipped with an “MFY-object structure” if one allows for infinite Frobenius
periods. On the other hand, by comparison to the Frobenius morphisms that
appear in the theory of [Mzk4|, the log-Frobenius operation log certainly has the
feel of an operation of “infinite order”. Moreover, as discussed in Remark 3.6.5,
the telecoricity of the mathematical apparatus of Corollary 5.5 may be regarded as
being analogous to nilpotent, but non-vanishing p-curvature. That is to say:

By considering the crystalline theta object not in the scheme-theoretic
framework of [scheme-theoretic!] Hodge-Arakelov theory, but rather in
the mono-anabelian framework of the present paper, one obtains a theory
in which the “contradiction” [from the point of view of the classical
theory of MFY-objects] of “vanishing higher p-curvatures in the presence
of a Kodaira-Spencer isomorphism” is naturally resolved.

The above discussion suggests that one may refine the correspondence between
“once-punctured elliptic curves” and “indigenous bundles” discussed in (i) as fol-
lows:

the scheme-theoretic
PRI aspects of

indigenous bundles
[cf. [Mzkl], Chapter I]

crystalline theta objects
in scheme-theoretic
Hodge-Arakelov theory

the positive characteristic
the theory of mono-anabelian Frobenius-theoretic aspects
log-Frobenius compatibility — of indigenous bundles
of the present paper — i.e., in — e.g., the Verschiebung
essence, Belyi cuspidalization on ind. buns.
[cf. [Mzk1], Chapter II]

Note that the mono-anabelian theory of the present paper depends, in an essential
way, on the technique of Belyi cuspidalization [cf. §1]. Since the technique of elliptic
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cuspidalization [cf., e.g., the theory of [Mzk18|, §1!] may be thought of as a sort
of simplified, linearized [cf. (v) below] version of the technique of Belyi cuspidal-
ization, and the Frobenius action on square differentials in the theory of [Mzkl],
Chapter I, may be identified with the derivative [i.e., a sort of “simplified, linearized
version”] of the Verschiebung on indigenous bundles, it is natural to supplement
the correspondences given above with the following further correspondence:

the theory of the étale the Frobenius action on the
theta function given in [Mzk18] — linear space of
— i.e., in essence, elliptic square differentials
cuspidalization [cf. [Mzk1], Chapter II]

These analogies with the theory of [Mzk1], Chapter II, suggest the following further
possible correspondences:

hyp. orbicurves of strictly Belyi type MR nilp. admissible ind. buns.

elliptically admissible hyp. orbicurves AN nilp. ordinary ind. buns.

[i.e., where all of the hyperbolic orbicurves involved are defined over number fields
— cf. Remark 2.8.3]. At any rate, the correspondence with the theory of Chapters
I, 1T of [Mzkl1] suggests strongly the existence of a theory of canonical liftings
for number fields equipped with a once-punctured elliptic curve that is
analogous to the theory of Chapter III of [Mzkl]. The author hopes to develop
such a theory in a future paper.

(iii) Relative to the discussion of “umits” versus “valuation monoids” in Re-
mark 5.10.2, (iii), the fact that the logarithm [i.e., log-Frobenius| has the effect of
converting [a certain portion of] the “units” into a “new log-generation valuation
monoid” is very much in line with the “positive slope” — i.e., “telecore-theoretic”
— nature of a uniformizing MFY-object [cf. the discussion of (i), (ii)]. Indeed,
from the point of view of uniformizations of a Tate curve [cf. the discussion of
Remark 2.7.2; the discussion of the Introduction of [Mzk18]] the valuation monoid
portion of an MLF corresponds precisely to “slope zero”, whereas the units of an
MLF correspond to “positive slope”; a similar such correspondence also appears in
classical formulations of local class field theory.

(iv) One important aspect of the theory of the present paper is that it is
only applicable to elliptically admissible hyperbolic orbicurves, i.e., hyperbolic or-
bicurves that are closely related to a once-punctured elliptic curve. In light of the
“entrusting of local moduli/ring structure” aspect of the theory of the present paper
discussed in (i) above, it seems reasonable to suspect that this special nature of
once-punctured elliptic curves [i.e., relative to the theory of the present pa-
per| may be closely related to the fact that, unlike arbitrary hyperbolic orbicurves,
the moduli stack of once-punctured elliptic curves has precisely one [holomorphic]
dimension [i.e., corresponding to the “one holomorphic dimension” of a number
field]. This “special nature of once-punctured elliptic curves” is also reminiscent
of the observation made in [Mzk6], §1.5.2, to the effect that it does not appear
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possible [at least in any immediate way| to generalize the scheme-theoretic Hodge-
Arakelov theory of elliptic curves either to higher-dimensional abelian varieties or
to higher genus curves. Moreover, it is reminiscent of the parallelogram-theoretic
reconstruction algorithms of Corollary 2.7, which, from the point of view of the the-
ory of [Mzk14], §2, may only be performed canonically once one chooses some fized
“one-dimensional space of square differentials” — a choice which is not necessary
in the elliptically admissible case, precisely because of the one-dimensionality of the
moduli of once-punctured elliptic curves.

(v) Observe that the “arithmetic Teichmdiller dilations” discussed in Remark
5.10.2, (iii) — which deform the “arithmetic holomorphic structure” — are linear in
nature [cf., e.g., the “unit-linear Frobenius functor”]. On the other hand, the log-
Frobenius operation within each “zone of arithmetic holomorphy” is “non-linear”,
with respect to both the additive and multiplicative structures of the rings involved.
Indeed, as discussed extensively in the remarks following Corollaries 3.6, 3.7 [cf. also
the discussion in the latter half of Remark 5.10.2, (iii)], the essential reason for the
introduction of mono-anabelian geometry in the present paper is precisely the need
to deal with this non-linearity. In the classical theory of Teichmiiller deformations
of Riemann surfaces, the deformations of holomorphic structure are linear [cf. the
approach to this theory given in [Mzk14], §2]. On the other hand, non-linearity
may be witnessed in classical Teichmiiller theory in the quadratic nature of the
square differentials. Typically, non-linearity is related to some sort of “bounded
domain”. In the complex theory, the bounded nature of the upper half-plane, as
well as of Teichmiiller space itself, constitute examples of this phenomenon — cf.
the discussion of “Frobenius-invariant integral structures” in [Mzk4], Introduction,
§0.4. In the case of elliptic curves, the quadratic nature of the square differentials
corresponds precisely to the quadratic nature of the erponent that appears in the
classical series representation of the theta function; moreover, this quadratic cor-
respondence “Z > n — n? € Z” is [unlike the linear correspondence n +— c - n,
for ¢ € Z] bounded from below. Returning to the theory of log-shells, let us recall
that the non-linear log-Frobenius operation is used precisely to achieve the cru-
cial boundedness [i.e., “compactness”] property of log-shells [cf. the discussion of
Remark 5.10.2!]. Also, relative to the discussion of (ii) above, let us recall that
the goal of constructing a comparison isomorphism between non-linear compact
domains of function spaces formed one of the key motivations for the development
of the Hodge-Arakelov theory of elliptic curves [cf. [Mzk6], §1.3.2, §1.3.3].

(vi) Relative to the analogy between “once-punctured elliptic curves over num-
ber fields” and “nilpotent indigenous bundles” [cf. (i)], it is interesting to note that
if one thinks of the number fields involved as “log number fields” — i.e., number
fields equipped with a finite set of primes at which the elliptic curve is allowed to
have bad [but multiplicative!] reduction — then Siegel’s classical finiteness theorem
[which implies the finiteness of the set of isomorphism classes of elliptic curves over
a given “log number field”] may be regarded as the analogue of the finiteness of the
Verschiebung on indigenous bundles given in [Mzkl]|, Theorem 2.3 [which implies
the finiteness of the set of isomorphism classes of nilpotent indigenous bundles over
a given hyperbolic curve in positive characteristic].
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Remark 5.10.4. The analogy with Frobenius liftings that appears in the discus-
sion of Remark 5.10.3 is interesting from the point of view of the theory of [Mzk21],
§2 [cf., especially [Mzk21], Remark 2.9.1]. Indeed, [Mzk21], §2, may be thought
of as a theory concerning the issue of passing from decomposition groups to ring
[i-e., additive!] structures in a p-adic setting [cf. [Mzk21], Corollary 2.9], hence
may be thought of as a sort of p-adic analogue of the lemma of Uchida reviewed in
Proposition 1.3.
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