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Abstract We consider the guaranteed a posteriori estimates for the inverse parabolic
operators with homogeneous initial-boundary conditions. Our estimation technique
uses a full-discrete numerical scheme, which is based on the Galerkin method with
an interpolation in time by using the fundamental solution for semidiscretization in
space. In our technique, the constructive a priori error estimates for a full discretiza-
tion of solutions for the heat equation play an essential role. Combining these esti-
mates with an argument for the discretized inverse operator and a contraction prop-
erty of the Newton-type formulation, we derive an a posteriori estimate of the norm
for the infinite-dimensional operator. In numerical examples, we show that the pro-
posed method should be more efficient than the existing method. Moreover, as an
application, we give some prototype results for numerical verification of solutions of
nonlinear parabolic problems, which confirm the actual usefulness of our technique.

Keywords Parabolic PDEs - Galerkin methods - A posteriori estimates - Numerical
verification methods

Mathematics Subject Classification (2000) 35K20 - 65M15 - 65M60

1 Introduction

Setting .7} := % —VA+b-V+c, for f € L?(J;L%(Q)), consider the following linear
parabolic partial differential equations (PDEs) with homogeneous initial and bound-
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ary conditions:

Lu=f, inQ xJ, (1a)
u(x,t) =0, ondQ xJ, (1b)
u(x,0)=0, inQ, (1¢)

where Q C R?, (d € {1,2,3}) is a bounded polygonal or polyhedral domain, J :=
(0,T) CR, (T < ) isabounded interval, v is a positive constant, b € L™ (J;L“(Q))d,
and ¢ € L*(J;L=(R)). As is well known, for any f € L?(J;L*(Q)), there exists
a unique weak solution u € L?(J;H}(£2)) to the problem (1). Denoting the solu-
tion operator of (1) by ., it is a bounded linear operator from L?(J;L*(2)) to
L*(J:Hy (Q)).

The main aim of this paper is to obtain the concrete value C;»;» 12y > 0 satisfying
the following estimates:

-1
1< "z(L2(J;L2(Q)),L2(J;H(;(Q))) = Cpar2 12p)- (2)

The constant C;2;» ;24 " plays an important role in the verification of solutions for the
initial-boundary-value problems for the nonlinear parabolic PDEs, and we usually
need to estimate it as small as possible. The concrete value C;2;2 ;2 H > 0 satisfying

(2) can be calculated by the Gronwall inequality or other theoretical considerations
(e.g., [16]), which we call the “a priori estimates.”” However, in general, C;2;2 ;2 H)

obtained by such a priori estimates is exponentially dependent on the length of the
time interval J unless the corresponding elliptic part of the operator .Z; is coercive [4,
5]. Thus a priori estimates often lead to an overestimate for the norm of .i”f', which
yields worse results for some purposes.

In order to overcome this difficulty, we proposed a method to calculate C;2; ;- H]

by numerical computation with guaranteed accuracy in [10], which we called “a pos-
teriori estimates.” The method is based on combining the a priori error estimates for
a semidiscretization with the a priori estimates for the ordinary differential equations
(ODEj) in time. It has proven to be more efficient than the existing a priori method;
some numerical examples show that this a posteriori method can remove the expo-
nential dependency on the time interval J. However, it has a very large computational
cost, because the semidiscretization of (1) causes stiff ODEs that require a very small
step size. Also, it is not clear what time-space ratio to use in the discretization process.

In this paper, we propose a new a posteriori method with a fully discretized
Newton-type operator, which uses the Galerkin approximation in the space direction
and the Lagrange-type interpolation in the time direction. In the case of the simple
heat equations, some fundamental properties (e.g., the stability and a priori error es-
timates) for this full-discretization scheme have already been obtained in [11]. In
the desired estimation of the inverse operator norm ||.>2”f1 H 2(L2(12(2)) L2UHL (@)
the matrix norm estimates corresponding to the discretized inverse operator and the
constructive error analysis for the simple heat equations are important and essential.
By constructive analysis, we can also guess an appropriate time-space ratio prior to
the actual computation. Moreover, by using numerical examples, we will show that
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the proposed method succeeds in obtaining a posteriori estimates with less computa-
tional cost than the previous method in [10]. This means that the present method is
very robust compared with the previous one.

The contents of this paper are as follows: In section 2, we introduce some function
spaces, operators, and other notation. In section 3, we introduce the results of stabil-
ity and a priori error estimates for the full-discretization scheme for the simple heat
equations, which were obtained in [11]. In section 4, we consider the approximate
quasi-Newton operator that corresponds to the full-discretization scheme for prob-
lem (1). In section 5, we derive the new a posteriori estimates of (2) by combining
the results in section 3 with the property of the approximate quasi-Newton operator
defined in the previous section. In section 6, we compare the computed values for
Crap2 2 H) by three methods, namely, the a priori method, the a posteriori estimates
in [10], and the new a posteriori method obtained in section 5. In this section we also
show some prototype results of the numerical enclosure of solutions for nonlinear
parabolic problems as an application of our method.

2 Notation

In this section, we introduce some function spaces, operators, and other notation. Let
L*(2) and H'(Q) be the usual Lebesgue and Sobolev spaces on £, respectively,
and define the natural inner product of u, v in L*>(Q) by (u,v) 12(0) = Jo u(x)v(x)dx.
Also, let H} () be a Sobolev space defined by H} () :={u € H'(2) ; u=00ndQ}
with inner product (u,v) Hi(Q) = (Vu,Vv) 2(gya. We will sometimes refer to the fol-
lowing Sobolev inequality on H(} (). Namely, for a suitable constant p > 1, which
is dependent on the dimension of Q, there exists a constant Cy , > 0 such that

lull o) < Cop lull gy o), Vo € Ho (). 3)

When p =2, (3) is called the Poincaré inequality.

Let A: L?(Q) — L?(Q) be the Laplace operator that is self-adjoint on the domain
D(A):={ucH}(RQ); AuecL*(Q)}.Let V!(J) be a subspace of H'(J) defined by
V(J):={ueH"(J); u(0) =0}. Then, V!(J) is a Hilbert space with inner product
(u,v)y1(y) == (V) 2(;)- The time-dependent Lebesgue space L*(J;L%(Q)) is de-
fined as a space of square-integrable L> (£)-valued functions on J. Then, L? (J L2 (Q ))
is a Hilbert space with inner product (u,v)2(;.12(q)) = [y Jo u(x,1)v(x,1) dxdt. We
denote the function space L?(J;L*(2)) as L*L?, for short. Let L*(J;H}(2)) be a
subspace of L?L? defined by

LZ(J;H(%(.Q)) = {u eL’L*; Vu ELz(J;LZ(.Q))d, u(-,t)=00ndQ, a.e.teJ}.

Then, L?H} = L*(J;H} (L)) is a Hilbert space with inner product (u,v) 2H) =
(Viu, Vv) 12120- Let V! (J;17(£2)) be a subspace of L>L? defined by

du

VI (ILA(Q)) = {u €L (1L7(Q)) ; ot

€ L*(J;L4(Q)), u(-,0) =01in Lz(Q)}.
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Then, V!L? =V (J;L?(R2)) is a Hilbert space with inner product (u,v)y1,2 := (%; %)Lsz-

We define the Hilbert space V := V! L2NL2H} with inner product (u,v)y := (u,v)y1,2 +

(u,v)LzH& = (%, %)LZLZ + (Vu,Vv)(1212)a. Moreover, we define the partial differ-

ential operator A\, : L2L> — L*L* by /\; := % — v A on the domain D(A,) :=V'L>N
L*(J;D(A\)). Then, the inverse of A, exists (e.g., [3]), and we denote it by Nle
Z(I*L?). Notably, the range of A, ! satisfies R(A; ') = D(/\,). From the compact-
ness of the embedding I, : D(/\;) < LZHOI, the bounded linear operator I, A, ! €
ZL(L*L?,[*H]}) is also compact.

Let S,(£2) be a finite-dimensional subspace of H](£) dependent on the dis-
cretization parameter h. For example, S;,(2) is considered to be a finite element
space with mesh size h. Let n be the number of degrees of freedom of Sj(£2), and
let {¢;}"_, C H} () be the basis functions of Sj,(£2). Moreover, we denote a vector
of the basis functions of S;,(2) by ¢ := (¢1,...,0,)". We also assume the inverse
estimates on Sy (£2) like as follows:

Assumption 2.1 There exists a positive constant Ciy, (h) satisfying
||"‘h||H6(Q) < CinV(h) ||”h||L2(_Q) ; Yuy, € Sh(-Q)- 4

For example, if Q2 is a bounded open interval in R, and S;(€2) is the P1 finite ele-

ment space, then Assumption 2.1 is realized with Gy, (h) = % where i, is the
minimum mesh size in the division of Q2 (see e.g., [15, Theorem 1.5]).

Let P! : H}(22) — S,(£2) be an H}-projection. Namely, for an arbitrary element
u€ H} (), Plu € S)(Q) satisfies the following variational equation:

(V(u—Phlu),Vvh)Lz(Q)d =0, Vv, €S5(R). (5)

We need the following assumptions as the a priori error estimates for Phl.
Assumption 2.2 There exists a positive constant Cq (h) satisfying

||”_Phl”HH(}(Q)SCQ(h)HA“”LZ(Q)a Vu e D(A), (6)
= Pyull 2y < Calh) [ju—Pyul| gy, Y € Ho(R). ©)

For example, if 2 is a bounded open interval in R, and S,(2) is the P1 finite element
space, then Assumption 2.2 is realized as Cq (h) = %, where £ is the mesh size (see
e.g., [1,7]).

Let V! (J) be a finite-dimensional subspace of V! (/) dependent on the discretiza-
tion parameter k. For example, Vk1 (J) is considered to be a finite element space with
mesh size (time step size) k. Let m be the number of degrees of freedom for V! (J),
and let {y;}, C V!(J) be the basis functions of V}! (/). Moreover, we denote a vec-
tor of the basis functions of V! (J) by y:= (y1,..., )T

We assume that IT; : V! (J) — V;! (J) is a Lagrange interpolation operator. Namely,
if the mesh points on J are taken as 0 =ty <t} < --- <t, =T, for any element
ueVI(J), Mu e V! (J) satisfies

u(l‘,') = (Hku) (l‘,’), Vi e {1,.. . ,m}. (8)

We need the following assumption as the a priori error estimate for II.
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Assumption 2.3 There exists a positive constant Cy(k) satisfying
o~ ) < o) ). Ve V') ©

For example, if ;! (J) is the P1 finite element space, then Assumption 2.3 is realized
by Cy(k) = % (see e.g., [15, Theorem 2.4]).

Let V! (7;8,(22)) and V! (J;S4(£2)) be the semidiscretization and the full-discretization
subspaces of V, respectively. We now define the semidiscretization operator P, : V —
V1(J;54,(£2)) by the following weak form for any u € V

d
<at(u—Phu)(t),vh) . +v(V(u—Phu)(tLVvh)Lz(Q)d:O,
L2(Q)
Vv, € Sp(2), ae. t€J. (10)

Then the full-discretization operator P, : V — Vk1 (J ;Sh(_Q)) is defined as the com-
position of P, and I, that is, by By, i := I} P,.

3 Constructive a priori error estimates

In this section, we introduce some results for the stability of, and a priori error es-
timates for, the full-discretization operator Py k. Since the results of this section are
given in [11], we omit the proofs.

Theorem 3.1 ([11, Lemma 5.3 & Theorem 5.4]) Under Assumption 2.1 and Assump-
tion 2.3, the following constructive a priori estimate holds,

[P . VueD(A).
1212
(11)

Moreover, if Vkl (J) is the P1 finite element space then we have the following estimates:

CS,Z du
L2<J‘H5<Q)> = ( \% +C’”V(h)cf(k)> Hat —vAu

@vau

5, . YueD(L,). (12)

IPusslys ) <2]
; 1% (J,L (.Q)) 12 (J;LZ(Q))
Since the full-discretization scheme proposed in [6,9] has no V! L? stability, we can
say that the present full-discretized approximation has better properties, in an analyt-
ical and practical sense.
Finally, we introduce the constructive a priori error estimates for B x.

Theorem 3.2 ([11, Theorem 5.5 & Theorem 5.6]) Under the assumptions 2.1- 2.3,
we have the following constructive a priori error estimates:

u

=Pt (g1 ) < € (h,k)‘ 3 gy EDEN D
u

Hu_Ph*kuHLz(J;LZ(Q)) SCO(h’k)‘ ot —vAu LZ(J;LZ(.Q))’ vueD(A), (19

where Cy(h,k) := 2Cq (h) + Cin (h)Cy (k) and Cy(h,k) = £Cq (h)* +C; (k).
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4 Discretized quasi-Newton scheme

In this section, we consider a full-discretized approximation scheme for solutions of
(1) by using a quasi-Newton operator. Since the full-discretization scheme in this
paper uses interpolation in time, its computational method is somewhat complicated.
However, it enables us to get an efficient and accurate estimation of the inverse opera-
tor norm in (2), as well as the verified computation of solutions to nonlinear problems.

We first describe an easy, but an important operation of matrix-vector multiplica-
tion.

Definition 4.1 Let M be an m;-by-my matrix. Then, we define the mymy vector vec (M)
as follows:

T
VeC(M) = (MI.I7MI,27"'?M],mz)MZ,]a"'7Mml,mz) N (15)
We call this transformation a “row-major matrix-vector transformation”.

Definition 4.2 Let M be an m-by-my matrix. Then, we define the block diagonal
matrix (I, ® M) as follows:

M- 0
LoM):=|: . |. (16)

n

Here, I, is the n-by-n identity matrix, and the operator ® denotes the Kronecker
product.

From these definitions, we have the following lemma.

Lemma 4.3 For an arbitrary n-by-m matrix M and m-dimensional vector x, the fol-
lowing equality holds:

Mx = (I, ®x" ) vec(M). (17
Proof. —— The elements of Mx are calculated by
My - My X1 My xy+ -+ My X
My=| oo ] = :
Mn.l Mn,m Xm Mn.lxl +"'+Mn,mxm

On the other hand, the elements of (I, ®x”) vec (M) are calculated by

... 0 M, My xi+- -+ My
(o )veeon=| i || |- 5
0 ---xI Mn,m Mn71X1+"'+Mn,mxm

Therefore, the corresponding components coincide with each other. O
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Next, we consider the quasi-Newton operator of (1) and its full-discretization.
Let A be an integral operator defined by A := —L.A; ' (b-V +¢) : L*(J;H} (Q)) —
L*(J;H}(£2)). Since the domain of A\, is D(/\;), denoting the range of A by R(A),
it holds that R(A) C D(/\;) = VIL>NL*D(/\). Then, the differential operator of the
left-hand side of (1a) can be represented as .4 = A;(I — A), where I denotes the
identity operator on D(/\;). We define the quasi-Newton operator as the inverse of
I-A,ie, (I-A)"":I’H} — L*H].

We now define the symmetric and positive definite matrices Ly and Dy € R"™*"
by

Lyij:=(9;9)12(0)s Doij:=(V9j;VPi)pqp, Vije{l,....n}.

Let Lé/ % and D‘lp/ ? be the Cholesky factors of Ly and Dy, respectively, i.e., the follow-

ing equalities hold
Ly=Ly’Ly?, Dy =Dy’D}?,

where L;j/ 2 and D;,/ 2 are lower triangular matrices, and Lg/ 2 and DdT,/ 2 are those matri-

ces transposed. Let Ly, € R™ ™ be the symmetric and positive-definite matrix whose
elements are defined by Ly j := (W), Vi) 2(;)- We define Zy € L™(J)"*" as the matrix
function on J whose elements are defined by

Zpij = ((b-V)9;+c0;,01)1200), Vij€{l,...,n}.

Forany i € {1,...,m}, we define the matrices G(i)w € R™™ and Gy, € R by

¢,
A(1)
~() ti 5 G¢‘V
Gq;,u/ ::/0 exp ((sft,-)qule(p) L$1Z¢ () (L@y(s)) ds, Gyy:= (} )
Cow
(18)

Moreover, we define Gy y € R"™ "™ as Gy y := Ly — Gy
We obtain the Theorem 4.4 as a full-discretization scheme of the quasi-Newton
operator.

Theorem 4.4 Let Vk1 (J) be a finite element space constituted by the Lagrange ele-
ments. For a function fj € Vk1 (J;S;,(Q)), let upy € Vk1 (J; Sh(Q)) be a solution of
the following equation

upk — P xAup i = fii. (19)

Then, the unique existence of a solution uy, ;. of (19) is equivalent to the nonsingularity
Of G¢7w.
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Proof. First, we consider P, jAuy, . For an arbitrary u;x € V! (J;Sk(£2)), there
exists a matrix U € R such that uy, ; (x,1) = ¢ (x)"Uy(t). Let wy, := P,Auy, .. Sim-
ilarly, from wy, € V! (J ;Sh(Q)) , there exists a vector function ro € V!(J)" such that

n

wa(x,1) = (1) (1) = ) ¢ix)roi(r).

i=1

For each v;, € S;,(2), and almost everywhere ¢ € J, from the definition of P, and the
operator A, we have

3 (t),Vh>L2(Q) +vVv (VAthc(t), Vvh)LZ(Q)d ,

= ((b(l) . V)uh,k(t) +c(t)uh)k(t),vh)1‘2(_o> . (20)

From the arbitrariness of v, € S;,(€), the variational equation (20) is equivalent to
the following system of first-order linear ODEs with homogeneous initial conditions

d
(L¢clt+VD¢) w=2ZyUy. 21

Since (21) is an initial-value problem for an ODE system with constant coefficients,
by using its fundamental matrix, tv can be presented as

w(r) = /0, exp ((s—t)qu;ID¢) L,'Zy(s)Up(s)ds (22)

— </Otexp ((sft)VqulD(p)L;lZ(b(s) (In®1I/(S)T) ds> vee (U), 23)

where we have used (17) to make the deformation from (22) to (23). And, from (18),
we have

w (1) = Gy vec (U) €R", Vie {l,...,m}. (24)

Thus, from (23), we obtain the following relation between U and tv:
T ~
(w()",...,0(tm)")" =Gy yvec(U).

Now, we prove that if (19) is solvable for each f,; € Vk1 (] ; Sh(.Q)), then Gy
is nonsingular. For an fj ; € Vk1 (J;Sh(Q)), we denote the solution of (19) as uj,x €
Vi (J;841(£2)). From the fact that f;x € V,'S), there exists an F € R™*" such that
Juk(x,1) = ¢(x)T Fy(t). Note that, for any nodal points #;, we have (P, xAuy i) (x,1;) =
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(IGiwy) (x,2;) = ¢ (x)Tro(;) by the definition of IT;. Therefore, from (19) and (24), we
have

wh i (X,1) = frp(x,t:) = (PosAuni) (x,2), VxeQ,Vie{l,....,m},
= (kah)(xati)a
which implies
o) (U —-F)y(t;) = ¢(x) 1o (n;)

=0()" Gy

oypvee(U). (25)

Since we assume that Vk1 (J) is the finite element space constituted by the Lagrange
elements, y;(t;) = §;,; is satisfied, where 6; ; denotes the Kronecker delta. Therefore,
we get

Uig—F,g - Upn—Fn v () Ui—F,

(U—-F)y(n) = : : : = :
Un,l *Fn,l Unm*Fn,m Wm(ti) Un,i*Fn,i

s

From the arbitrariness of x and i, the variational equation (25) is equivalent to the
following simultaneous linear equations:

vec (U —F) = Gy yvec(U).
Namely, we have
(L — Gg,y) vec (U) = vec(F).

Therefore, from the arbitrariness of fj , the nonsingularity of 7, — G‘M’ follows.
The converse of this proposition is easily obtained by reversing the discussion. O
When we apply the proposed a posteriori estimates, it is necessary to confirm
that Gy y is nonsingular, which will be able to verify by validated computations such
as [14]. Therefore, in what follows, we always assume the nonsingularity of Gy .
Moreover, we define the linear operator [I —AJ, ; : V! (/;S4(2)) — V! (J;51(2)) by
the solution of (19). We call this operator a “fully discretized quasi-Newton operator”.

5 A posteriori estimates

In this section, we derive a new a posteriori estimate to obtain Cp2;> ;2 HY» which
satisfies (2) by using the fully discretized quasi-Newton operator.

First, we describe a method to calculate the norm of the elements in the full-
discretization space. Let K y be a matrix in R""*"" defined by

Dy11Ly -+ Dy 1Ly

Koy =Dy ®Ly = ST : (26)
Dy niLy -+ Do nnly
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From the symmetric positive definiteness of Dy and Ly, it is readily seen that Ky y is
also symmetric positive definite. Therefore, Ky y is Cholesky decomposable such that

Ky y= K(]])/VZIK(])/]; Similarly, we define the matrix Ly y in R™*""" as Ly y := Ly @ Ly,.

Lemma 5.1 For an element up, € Vk1 (J; Sh(.Q)), taking U € R™"™ such that uj, =
0T Uy, then the following equalities hold

ol 12(0) = ‘LT/ 2vec (U, 27)
H”thLz FHL(@ ‘KT/ vec ( (28)
where | - | denotes the Euclidean norm of a vector.

Proof. Since the proofs of (27) and (28) are almost the same, we will prove only
(27). From (17), we have

||uhk||L2 JI2(Q // ‘l/ UT ¢(X)TUV/(1‘)dxdt
—// vee (U)" (Lo w(r)" ¢(x)o(x)T (L@ w(t)") vec (U) dxdt

— vec (U) /, @ y(t) Ly (I, w(t)T) drvee (U)
Loiw(Oy(@)" - Lo iay(0)w(n)"
= vee(U)" | : : dr vec (U)
"\LowtwOWOT - LonavOw()'
Ly11Ly -+ Ly 1Ly
= vec (U)" vec (U)
LoniLy -+ Ly nnly

= (15 2vee )" (Lh2vee(w)).

which proves equation (27). O

Let My y (h, k) be a nonnegative constant defined by My v (h,k) := H K1/

/)2

>

vGovKow |,

where || - ||, denotes the matrix two-norm. The following theorem for M(M, holds.

Theorem 5.2 It holds that

H[I—A];Zlifh,k <My y ||fh,k||Lz(J;Hd(_Q)) . ik € Vi Sh. (29)

12(r:H}(Q))

Proof. —— For any fj,x € V' Sy, we set uy i := [I — A, } fux € V! Sp. Since f and
uy ;. are the elements of Vk1 (J ; Sh(Q)), there exist matrices F and U in R"™" such
that fix = ¢7 Fy and uy, . = ¢7 Uy, respectively. Moreover, from the proof of The-
orem 4.4, it follows that vec(U) = Gq;lwvec (F). Therefore, we have the following
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estimates

||I/th.,k||iz (rH(@) = vec (U)TK¢7l,,vec (U)

( g/wvec(U)) ( T/ZGM, ‘;5/2) (Kg/jvec(F))
< il ) (K G 11kl )

This completes the proof. O
Let %) and %] be the nonnegative constants defined by

C
Cg() = MlP-,W ( ‘s/’z

respectively. Moreover, we define the constant Ky y as follows:

[16]] o1 (1 + C061)C1 (h, k) + €061 Co(h, k) ||C||L°°L°°

inv(h)CJ(k)) = bl o el

o= T Colh ) el o
provided that 1 — Co(h,k) ||c| ;=7 7 O.
Theorem 5.3 Assume that
0<Kxpy<l1. 31

Then under the same assumptions as in Theorem 3.2, we have the following construc-
tive a posteriori estimates

1 %o—l—(l —‘r(fo(fl)Cl(h,k)

1
<
Hf(LZU;LZ(Q)),LZ(J;HJ<9>)) “1—kpy 1—Co(hk)[c]j=p- (32)

[E7a

Proof. For any f € L*(J;L*(Q)), we set u := 71 f € D(A,). Then we make
the following decomposition of (1) into two parts, e.g., the finite- and infinite-dimensional
parts, using the projection P, x. Namely, in the space L? (J; Hj (€)), using the follow-
ing equivalency

%—v&u+(b-V)u+cu:f
= u=LA " (—(b-Vu—cu+f), (33)
we have the decomposition:
Pyt = Pyl N7 (= (b V)u—cu+ f), (34a)
{ (I =Pou=(I—Py) 257 (=(b-V)u—cu+f). (34b)

We set u| := u— P, ju for short. From (34a), using the definition of the operator A,
we have

Pyt = P (A(Ppgu+uy ) + LA f),
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by the definition of the operator [1 —A],Z}(, which implies
Phju= [ = Al Pus(Aup + LA f).
Therefore, from (29) and (11), we have the following estimates,

1Pt gy < Moy (1Pl oy + 1 Buades; £l )

Cs.2
<My (24 DG ®)) (16 o + 1)
From the definition of %, we have

||Ph,ku||LzH(§ <Gl (b-VIuy +cuy |22+ 60| fll 212

<0 [1bllpp sl 2y +Collellpop Nunllzore +Collf N 22+ (35)
By calculating the L2L? norm of (34b) using (14), we have
il 22 < Colhsk) |~ (b V)u— cut £l
< Co(h, k) (1B == N1l gy + el o= Null 222 + 1 F 1l 222)
which yields
(1= ol el mp) 22
< Co(h, k) (16| == Nlall gy + el opoe || Pl 22 + 1f 1l p212) -
From (31), 1 — Cy(h,k) ||c|| ;- > O is satisfied. Therefore, we obtain

CO(hak)
lluy llp202 <
L= 1—Co(hk) | | oo

(||bHL°°L°° ||Ph,ku+ui||L2Hol

+Coallellg [Psall oy + 1711222 )

CO(hak)
S T=Colb ) [l

(%1 || Posell oggy + 118l ope oy + 1 Fll222)-
(36)

Thus (35) is estimated as

[1Prstell gy < Collbllpor= llurllzpy + %0 1202

Coll ) el
= Co(h, ) cllr

+%o (Cgl HPh,kMHLsz + 18] = ”“LHLZHO' + ||fHL2L2)'

37
Setting nonnegative constants Ry 1, Ry 7, and by as follows:
Co(h,k) [lc|lpope
1= Co(hk) |le|lpp
)
b] = s
1= Co(h.k) el =1

%0 (16 g

Ri1:=1-%6,%
11 061 1—Co(h,k)||c|| oo

Ry =
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(37) is rewritten as
R171 H[Jh!kuHLZ (J;H(; (Q)) - R172 ||ul HL2 (‘/;H(% (.Q)) S bl ||fHL2 (./;LZ(Q)) N (38)
On the other hand, by considering the LZH(} norm of (34b), from (13) we have
ot ll2ggy < il k) (b — cut fll o2

< Ci(h,k) <||b||L°°L°° ||Ph,k”+ui||L2H(} + ||C||L°°L°° |Ph.,k”+'4LHL2L2 + ||f||L2L2)

< Ci(h,k) <(51 ||Ph,k”HL2HOI + 16| oo = ||”LHL2H5 +llell g Nl [l 22 + ||f||L2L2) .
From (36), we obtain
el 20y < Crl )G |[Prgal| 2+ Cr (R 1Bl oo N2t 21y +Co G e) [l 212

Co(h, k) llcl] =1~

+C1 (hvk)
1=Co(h, k) lel| oy

(G0 (| Puscte]| 2y + 1Bl ope Nl 2y + 151l 2202) -
(39)

We set nonnegative constants Ry 1, R, and by as follows:

PR 1) R/ P10
2,1:= ) 22 = )
1 —Co(h,k) ||c|| o 1 —Co(h,k) ||c]| o p»
Cl (hak)
b2 =

1—=Co(h, k) [[e| g
where we note that the positivity of R; > follows by the condition (31). Thus (39) can
be rewritten as

—Raa ||Ph=’<”||Lz(/;Hé(Q)) R MLl o gy @) B2 M2 (i@ - GO

From (38) and (40), we have the following simultaneous inequalities,

( R RLZ) 1Pricllys (1) | <b1> ol
—R R —\b 12(5;L2(Q))
21 Rap ||MLHL2(J;H6(Q)) 2 (r22(@)

By assumption (31), we obtain
Riy —Rip\ _ .,
det <—R27] R2,2 > — 1 Kq)“‘/ > O.
Therefore, the simultaneous inequalities can be solved as follows:

sl
’ HY(9Q)) < (Rz,z R1,2> <b1> 41
leille gy |~ 1= Kow \R2x Rit) \b2 Wl (o) - @D

Finally, from (41), we have

[laall < ||Ph,kMH A flur ||

2(ra)(@)) 2(ra)(@)) 12(r:H) (@)
< Rosb1 +R12b2+ Ry 161+ Ry 102

1 _ K_¢7W ||fHL2 (J;Lz(Q)) 9

which proves the desired estimates. O]
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6 Numerical examples

In this section, we show several rigorous numerical results for Cp2;2 2y ! satisfy-
ing (2) for test problems by three kinds of methods, namely, a priori estimates (the
Gronwall inequality), a posteriori estimates proposed in [10], and the new method in
Theorem 5.3. Moreover, we also show several rigorous error bounds of the numerical
solutions for the nonlinear parabolic equations as an application of the estimates of
2).

We considered the norm estimates for an inverse operator of the following .%;:

2]

% = E—VA—ZL/;” (42)
thatis,b=0and ¢ = —214;; in (2). Here, uﬁ is assumed to be an approximate solution
of the following nonlinear parabolic problem:

(91/[ 2 .

E—vAu:u +f, in QxJ, (43a)
u(x,t) =0, on dQ x J, (43b)
u(x,0) =0, in Q. (43c)

Therefore, (42) becomes a linearized operator of (43) at uﬁ. We only considered one-
space-dimensional case (d = 1) with Q = (0, 1). Furthermore, the function f was
chosen so that the problem (43) had the following exact solutions:

u(x,t) = 0.5¢sin(mx), v = 0.1, (Example 1.1);
u(x,t) = 0.5¢sin(mx), v = 1.0, (Example 1.2);
u(x,t) = sin(me) sin(mx), v = 0.1, (Example 2.1);
u(x,t) = sin(mt) sin(nx), v = 1.0, (Example 2.2).

Note that Example 1.1 and Example 2.1 are studied in [10]. In each example, the
function uﬁj was computed as an approximation of the corresponding u# by using a
piecewise-cubic Hermite interpolation in the space direction with a piecewise-linear
interpolation in the time direction. Therefore, u} belongs to V! (J;H} () NH?*(2)).

We used the finite-dimensional spaces S;(€2) and V;!(J), spanned by piecewise
linear functions with uniform mesh size & and k, respectively, so that they satisfied
k = h2. Then, it was seen that the constants in previous sections could be taken as
Ca(h) = h/m, Ciny(h) = /12/h, C;(k) = k/m = h? /m, and Cy» = 1/, respectively.
Moreover, we had

x T (Example 1.1 and 1.2)
<
L (J;L“(Q)) ~ |2 (Example 2.1 and 2.2).

2uh

lell .. (1L=(@))

6.1 A posteriori estimates of the inverse parabolic operator

We now present the results computed for C;»;5 ;> H, by using three kinds of method.
Here, we used the following a priori estimate, which comes from the Gronwall in-
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equality

C
-1 5,2 . _
147 2 (e 2uman) SPOTS 1= maX{Zu}}( C)’O}‘

In this subsection, we will refer to the a posteriori estimates studied in [10] and our
present estimates (32) as “a posteriori estimate I’ and “a posteriori estimate IL” re-
spectively. To compute a posteriori estimate I, we used the same parameters as in
[10], i.e., (n,m) = (5,700 - T?) for Example 1.1, (n,m) = (5,100 -4") for Example
2.1, where we note that z = 1/(n+ 1) and k = 1/m. For a posteriori estimate II, we
used 4 = 1/8 and h = 1/16, with k = h?.

Example 1.1 and 1.2: uf(x,t) ~ —t sin(7x)
Figures 1-2 show the values of ;2,2 ;25 ! for Example 1.1-1.2, plotted out on log-
linear coordinates. For T > 1, the values of the proposed estimates are smaller than

5.0E+1 x

-® A priori estimate - A priori estimate

=% A posteriori estimate [ 15840 —#4— A posteriori estimate II, h=1/8 N
—#4— A posteriori estimate II, h=1/8 =8 A posteriori estimate II, h=1/16 /

—8— A posteriori estimate II, h=1/16 g i

25E+1 7 " A i /
I 3 N

7 9.7E-1 i s
o 15E+1 W 3 ° ! /
I

LH
~
R 3

g o T
. 4 & ] i /
o Y & o, !
y ol ] E

o H
8.3E+0 . 1
/’:/ 4 ‘

K B> .

/ 5.0E-11 gaq®

X i

_

2
(g
<
%
C
>
&
T

A5EH0 |- s . ‘
2 !
- % g
30E+0[ % 3se-11-4
0 05 1 15 2 25 0 1 2 3 4 5 6
T T
Fig.1 v=0.1 Fig.2 v=1

the other estimates. The two kinds of a posteriori estimates require the validated upper
bound for the matrix two-norm of the corresponding unsymmetric dense matrices
(e.g., My y), and most of the computational costs is due to this task. In Example
1.1, for T = 2, a posteriori estimate I a matrix of size 14000, but in a posteriori
estimate I, we can attain our purpose with a matrix of size 896 for h = 1/8, and 7680
for h = 1/16. This fact shows, in the case of a posteriori estimate II, that it is not
necessary to take special account of the stiff property of the ODEs coming from the
semidiscretization.

Example 2.1 and 2.2: uf (x,t) ~ —2sin(nt) sin(7x)
Figures 3-4 show the values of C;2;2 ;2 H) for Example 2.1-2.2 (log-linear coordi-

nates). For T > 1/2, the values of the proposed estimates with A = 1/16 are smaller
than the other estimates. In Example 2.1, for T = 2, a posteriori estimate I requires
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3.0E+1
=B A priori estimate 1.3E40 -®= A priori estimate
=% A posteriori estimate [ ' ~#4- A posteriori estimate II, h=1/8
2.2E+1{ —#~ A posteriori estimate II, h=1/8 =~ A posteriori estimate I, h=1/16
=% A posteriori estimate II, h=1/16 1.1E+0 i
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a matrix of size 8000, but a posteriori estimate II requires only one of size 896 for
h =1/8 and size 7680 for h = 1/16. It is notable that the results of the proposed
estimates show no exponential dependency for 7. On the other hand, due to the stift-
ness of the corresponding ODEs, we were not successful in computing the inverse
operator of a posteriori estimate I, except for the case where T was very small.

6.2 Verification results for solutions of nonlinear parabolic equations

Applying the estimates (2), we implemented a numerical verification method to prove
the existence of solutions for the nonlinear parabolic problems. As a prototype appli-
cation, we considered the nonlinear parabolic initial-boundary-value problems of the
form (43). In a similar way as in [8] for the elliptic case, we defined the fixed-point
equation for a compact operator, which is equivalent to (43) with the Newton-type
residual form, and derived a verification condition by applying the Schauder fixed-
point theorem.
First, we considered the following residual equation for (43):

ow

5 VAW —2ubw =g(w), in QxJ, (44a)
w(x,1) =0, on 00 x J, (44b)
w(x,0) =0 in Q, (44c)

where
k

0
g(w):w2+8, Sz(ul,‘,)erff %—v&uz

Note that if the approximate solution uﬁ is close to the exact solution of (43), then
w=0, € ~0, and g(w) ~ 0. Thus (44) can be rewritten as the following fixed-point

equation of the compact map F':

w=2"1g(w)=:F(w). (45)
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Next, for any positive constants & and f3, we define the candidate set Wy, g as

Wap = {WGV;

wliapy < @ w2 <BJ.

From the Schauder fixed-point theorem, noting that the continuity of the map F in
the space L>H|}, if the set W p satisfies

F<Wa,ﬁ) C Wa,[% (46)

then a fixed point of (45) exists in the set W, g, where W, g stands for the closure of
the set Wy, g in LZH(}.

Now, by some simple calculations using the Sobolev embedding theorem and
the Poincaré inequality, it is easily seen that the following inequalities hold for any
we Wyp:

POy < Con o (0B E + el ).
2 T
IFW)llyi2 < ;CLsz,LZH(} Lope +1 O‘ﬁ\/;"‘ lellzzr2 ) -
From these inequalities, we have the following sufficient condition for (46):
CL2L2,L2H(; (aB\/?+ ||8|L2L2> <a,
2 T
=Cop o ]| . +1) (@B + el ) <B.

Thus, we obtain the verification condition for the existence of the solutions of (44).
Since it holds that w = u — u’,ﬁ, by solving the above simultaneous algebraic inequali-
ties in o and B, we have error bounds of the form ||u — “];z||L2H' <a.

0

t

t

We now present the verification results for the solutions of (44), namely, c, 3,
and the residual norm, ||€||;2;2. In Figure 5, we chose the function f so that (43) has
the exact solution u(x,#) = 0.5¢ sin(7x), with v = 0.1 and v = 1.0, which correspond
to Example 1.1 and Example 1.2, respectively, in the previous subsection. We show
more results in Figure 6, in which the function f is chosen so that (43) has the exact
solution u(x,#) = sin(7xt)sin(zwx), with v = 0.1 and v = 1.0, which correspond to
Example 2.1 and Example 2.2, respectively.

From these figures, it is seen that the error bounds increase in proportion to
the residual norms. This property should be expected in our verification conditions.
Namely, the validated accuracy of the present method is essentially dependent on the
residual norm of the approximate solutions.

We see in the left side of Figure 6, for the case v = 0.1, that our verification
method failed for T > 0.5 with 7 = 1/8. On the other hand, since Cq (%) and the
residual norm ||€||;2;2 for the mesh size & = 1/16 are smaller than in case of h = 1/8,
we succeeded in verification up to T < 1.25. This fact shows that a smaller /4 yields
better verification, which should also be quite expected.
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Fig. 5 Verification results: Exact solution for u(x,#) = 0.5¢ sin(7x), with v = 0.1(left), v = 1.0(right)
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Fig. 6 Verification results: Exact solution for u(x,) = sin(7t) sin(7x), with v = 0.1(left), v = 1.0(right)
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Remark 6.1 (Computer environment) All computations were carried out on a Dell
Precision T7500 (Intel Xeon x5680, 72 GB of memory) with MATLAB R2010b. The
computation errors have been taken into account by using INTLAB 6.0, a toolbox for
self-validating algorithms, developed by Rump [14].

7 Conclusions

We propose a method to compute constructive a posteriori estimates of the inverse
operators for parabolic initial-boundary-value problems. This method is based on the
full-discretization quasi-Newton operator, as well as the constructive a priori error es-
timates for the Galerkin method, with an interpolation in time by effectively using the
fundamental solution for the spatial semidiscretization. Our proposed new estimates
(32) seem to be better and more robust than the previous estimates [10], as illustrated
in the test problems. Moreover, by applying the method to some prototype examples,
we illustrated that our method can be used to enclose solutions for nonlinear parabolic
problems.
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