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THE STATE SUM INVARIANT OF 3-MANIFOLDS
CONSTRUCTED FROM THE E; LINEAR SKEIN

KENTA OKAZAKI

ABSTRACT. The Fjg state sum invariant is a topological invariant of closed 3-
manifolds constructed by using the 6j-symbols of the Eg subfactor. In this paper,
we introduce the Ejg linear skein as a certain vector space motivated by Eg subfactor
planar algebra, and develop its linear skein theory by showing many relations in
it. By using this linear skein, we give an elementary self-contained construction of
the Eg state sum invariant.

1. INTRODUCTION

In [TV], Turaev and Viro constructed a state sum invariant of 3-manifolds based
on their triangulations, by using the 6j-symbols of representations of the quantum
group U, (sly). Further, Ocneanu [O] (see also [EK, KS]) generalized the construction
to the case of other types of 6j-symbols, say, the 6j-symbols of subfactors. In the
construction, we consider colorings (called states, historically) of edges and faces
of a triangulation of a 3-manifold, and associate colored tetrahedra to values of
the 6j-symbols. A state sum invariant is defined by a sum of the product of such
values of tetrahedra, where the sum runs over all admissible colorings. When the
6j-symbols can be obtained from representations of a quantum group, it is known
(see [T]) that the state sum invariant is equal to the square of the absolute value
of the Reshetikhin-Turaev invariant, and the calculation of the state sum invariant
is reduced to the calculation of the Reshetikhin-Turaev invariant. However, in the
case of the 6j-symbols of the Eg subfactor, such Reshetikhin-Turaev invariant can
not be defined, and it is necessary to calculate the state sum invariant directly. For
some calculations of the Fg state sum invariant, see [SuW, W], where they construct
the Fjg state sum invariant directly from concrete values of the 6j-symbols of the Fjg
subfactor given in [I].

We briefly recall the Fg subfactor; see, for example, [EK] for details. A subfactor A/
is a certain subalgebra of a certain C*-algebra M. A principal graph of a subfactor
is (roughly speaking) a graph whose vertices are irreducible N~ bimodules and
irreducible N'-M bimodules, and an irreducible N-N bimodule X is connected to
an irreducible N-M bimodule Y by an edge when Y appears in the irreducible
decomposition of X % M. The Ejg subfactor is the subfactor whose principal graph

is of the following form,
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where circled vertices are N'-A bimodules and the other vertices are A'-M bimodules.
The 67-symbols are coefficients of a transformation between bases of

(1.2) Hom(V;, (V;®@V;) ® Vi) and Hom(V;, V; ® (V; ® V4)),

though it is difficult in general to calculate their concrete values directly from the
subfactor, since these bimodules are infinite dimensional.

We briefly recall the sly linear skein; see [KL, L] for details. It is known that the
Jones polynomial of links can be defined by using the Kauffman bracket, which is de-
fined by a recursive relation among link diagrams. Lickorish introduced the sl linear
skein, which is the vector space spanned by link diagrams subject to the recursive
relation of the Kauffman bracket. It is a key point that we can calculate the value of
any link diagram by graphical calculation using the defining relations of the linear
skein recursively. Further, he introduced the Jones-Wenzl idempotents as elements
of the sl linear skein (white boxes defined in (2.5)), corresponding to irreducible
representations of the quantum group U, (sl2). By using these Jones-Wenzl idempo-
tents, he gave an elementary self-contained construction of the Reshetikhin-Turaev
invariant; in fact, this construction is quite useful when calculating the Reshetikhin-
Turaev invariant of concrete 3-manifolds; see [KL]. Moreover, it is known [KL, L]
that we can describe the 6j-symbols of representations of U, (sly) in terms of the sly
linear skein, as coefficients of a transformation between the following two graphs,

o NN

which describes the transformation of (1.2) graphically.

As a graphical approach to subfactors, Jones [J] introduced planar algebras, which

are a kind of algebras given graphically in the plane. As the Kuperberg program
says (see [MPS]), it is a problem to
(i) give a presentation by generators and relations for each planar algebra, and
(ii) show basic properties of the planar algebra based on such a presentation.
For the Dy, planar algebra, (i) and (ii) have been done in [MPS]. For the Eg and
Es planar algebras, Bigelow [B] has done (i), and has partially done (ii) by using
the existence of the subfactor planar algebra, though idempotents corresponding to
N-N bimodules are not given in the Fg planar algebra in [B].

In this paper, we introduce the Ejg linear skein, motivated by Bigelow’s generators
and relations of the Fj planar algebra. We define the Fjg linear skein S(R?) of R? to be
the vector space spanned by certain 6-valent graphs (which we call planar diagrams)
subject to certain relations (Definition 2.1). Our relations are a modification of
Bigelow’s relations; we show that they are equivalent in Section 6.1. We show that
S(R?) is 1-dimensional (Proposition 2.2), which means the key point that we can
calculate the value of any planar diagram by graphical calculation using the defining
relations of the linear skein recursively. That is, in order to prove Proposition 2.2,
we show that
(1) any planar diagram is equal to a scalar multiple of the empty diagram in S(R?),
and
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(2) such a scalar is uniquely determined for any planar diagram.

We give a self-contained combinatorial proof of them. To show them, it is important
to give an efficient algorithm to reduce any planar diagram to the empty diagram.
Such a reduction is done by decreasing the number of 6-valent vertices of a planar
diagram. To do this, we use the relation (2.4) (one of our relations), which can reduce
two vertices connected by two parallel edges, while the corresponding relation (6.1)
(one of Bigelow’s relations) reduces two vertices connected by three parallel edges.
In fact, to reduce planar diagrams, our relations are more efficient than Bigelow’s
relations, and this is a reason why we define the Ejg linear skein by our relations,
instead of Bigelow’s relations. We show (1) by decreasing the number of vertices of
any planar diagram by using (2.4). To show (2), we show that the resulting value
does not depend on the choice of a process of decreasing the number of vertices; we
consider all such processes and show the independence on them concretely.

Further, we introduce idempotents (gray boxes in Section 3) in our linear skein,
corresponding to the irreducible N-N bimodules Vp, V5, V; in (1.1). It is known, see
[1], that the fusion rule algebra of the Eg subfactor is given by the product shown in
the following table, and the quantum dimensions of V;, V4, Vj are equal to 1, 14++/3,
1 respectively.

Vo Va Vi
Vo | Vo Vs Vi
Vo | Voo Vot+2Wh+Vy Vs
Vi | V4 Va Vo

In particular, V; is the N-A bimodule N, which gives the unit of the fusion rule
algebra. Corresponding to Vy, we define the gray box over 0 strand to be the empty
diagram. Further, V5 is an irreducible N-N bimodule in the irreducible decompo-
sition of M ?3 M. Corresponding to Vs, we define the gray box over 2 strands to

be the Jones-Wenzl idempotent over 2 strands. Furthermore, V; is an irreducible
N-N bimodule in the irreducible decomposition of M ® M % M & M. Correspond-
M M

ing to Vj, we define the gray box over 4 strands to be a certain idempotent over
4 strands. We show that the values of the closures of these gray boxes are equal
to the quantum dimensions of Vg, V3, V, (Lemma 3.2). By using these gray boxes,
we introduce colored planar trivalent graphs, whose edges are colored by these gray
boxes, where we define admissible trivalent vertices in (3.5) corresponding to the
above mentioned fusion rule algebra. In particular, we note that we consider two
kinds of trivalent vertices when the adjacent three edges are colored by 2, 2, 2, since
the summand V5 in V5,®V5 has multiplicity 2. Moreover, we consider the linear skein
H(iy,i9,- -+ ,i,) spanned by planar diagrams on a disk bounded by the gray boxes
over ¢y strands, 75 strands, ---, i, strands, corresponding to the intertwiner space
Hom(Vp, V;,®V,,®---®V; ). We show that a basis of this space is given by colored
trivalent trees (Proposition 4.9). In particular, when n = 4, we can describe the 6;-
symbols in terms of colored planar trivalent graphs as coefficients of a transformation
between bases of the forms in (1.3).
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By using these 6j-symbols, we give a construction of our state sum invariant in
terms of colored planar trivalent graphs (Definition 5.1). It is known as a general
procedure that the topological invariance of such a state sum invariant is shown
from the defining relation of the 6j-symbols. We review this procedure in terms
of our Ej linear skein (the proof of Theorem 5.2). In particular, in the proof, we
show a pentagon relation of the 6j-symbols by using a basis of H (i, i, -+ ,i5) given
in Proposition 4.9. We show that our state sum invariant is equal to the Fjg state
sum invariant (Proposition 6.2), since our 6j-symbols can be transformed into the
6j-symbols of the Eg subfactor given in [I].

We comment on a topological aspect of our construction; see [KL] for this aspect.
A triangulation of a 3-manifold is locally described by a triangulation of a 3-ball.
When a 3-ball has a triangulation, it induces a triangulation of the boundary 2-
sphere, and we consider its dual planar trivalent graph. In this correspondence,
“gluing a tetrahedron on a 3-ball” corresponds to a fusion of the dual trivalent
graph, which is described by 6j-symbols.

A triangulation of S? The dual graph

S8 P

Gluing a tetrahedron

<—> 6j-symbol

g > ¢

From this viewpoint, we calculate our state sum invariant for some concrete 3-
manifolds in Section 7. It is expected that, when we study topological aspects of the
invariant, it is useful to construct a state sum invariant in terms of the linear skein.

N

The paper is organized as follows. In Section 2, we introduce the Fjg linear skein
S(R?) of R?, and show that S(R?) is 1-dimensional. Further, we show that S(R?)
is spherical, that is, we can regard planar diagrams in R? as in S? = R?2U {oo}. In
Section 3, we introduce gray boxes and colored planar trivalent graphs. In Section 4,
we introduce the space H (1,19, - ,i,), and give a basis of this space. By using this
basis, we define the 6j-symbols. In Section 5, we construct our state sum invariant
by using these 6j-symbols. In Section 6, we show that the defining relations of our
Ejg linear skein are equivalent to Bigelow’s relations. Further, we show that our state
sum invariant is equal to the Fg state sum invariant. In Section 7, we calculate our
state sum invariant for the lens spaces L(4,1), L(5,2) and L(5,1) in terms of the
E¢ linear skein. In Appendix A, we present the concrete values of the weights. In
Appendix B, we show that our 6j-symbols can be transformed into the 6j-symbols
of the Eg subfactor.
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Notation. Throughout the paper, the scalar field for every vector space is the
complex field C. We put ¢ = exp(mv/—1/12), [n] = (¢" — ¢ ™) /(¢ — ¢~*), and
w = exp(4my/—1/3). Further, dy = 1, dy = [3], dy = 1 (by Lemma 3.2), and we put
w=d2+d3+d? =2+ [3]> =6+ 2v/3. We note that

(1.4) [Q]IMv 3] =V2[2] =1+53, [4}=\/§[2]:w,

[5]:[2]232+\/§, 6] =22 =vV2+V6, [12—n]=[n].

2. THE Fg LINEAR SKEIN

In this section, we introduce the Fg linear skein of R? and show that it is 1-
dimensional in Section 2.1. Further, we introduce the Fj linear skein of a disk and
show some properties in the Fj linear skein in Section 2.2.

2.1. The FEj linear skein of R2. In this section, we introduce the Fg linear skein
S(R?) of R? as a vector space spanned by certain planar graphs in Definition 2.1,
and show that S(R?) is a 1-dimensional vector space spanned by the empty diagram
in Proposition 2.2.

We define a planar diagram to be a 6-valent graph (possibly containing closed
curves) embedded in R? such that each vertex is depicted by a disk whose boundary
has a base point, as shown in the following picture.

We regard isotopic planar diagrams as equivalent planar diagrams. A planar diagram
is said to be connected if it is connected as a graph. A cap of a planar diagram is
an edge bounding a region of the shape of a disk as shown in (CE . A digon of a
planar graph is a region of the shape of a disk bounded by two edges and two vertices

as shown in

Definition 2.1. We define the Eg linear skein of R?, denoted by S(IR?), to be the
vector space spanned by planar diagrams subject to the following relations,

(2.1) D U (a closed curve) = [2] D for any planar diagram D,
(2.2) (A planar diagram containing a cap) = 0,

(2.3) X0 =w B,
(2.4) a = 4] ﬁ + (314 'HﬂFf' |
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Here, in each of (2.3) and (2.4), pictures in the formula mean planar diagrams, which
are identical except for a disk, where they differ as shown in the pictures. The white

boxes, called the Jones-Wenzl idempotents, are inductively defined by HF = ‘ )
and
n-1 1

-1
M”Q for 2 <n <11,
[n] n-1 1

-1
(2‘5) [ Inl = |n|
In [n-1

where a thick strand attached with an integer n means n parallel strands.

It is known, see for example [L], that the Jones-Wenzl idempotents satisfy the
following properties in the linear skein,

n n
s - b
(2.7) “.J_—lﬂl;l_h."‘ —0 (i=1,....,n—1),
n-1 n-1 [n + 1] n-1
1 =1 =
(2.8) n-1 : @ n-1 [n] n-1
for 1 <n <11.

The aim of this section is to show the following proposition, which implies that
S(R?) is 1-dimensional.

Proposition 2.2. There exists an isomorphism () : S(R?*) — C which takes the
empty diagram () to 1.

Proof. We show that S(R?) is spanned by the empty diagram (), i.e., at most 1-
dimensional, as follows. Let D be a planar diagram. We show that D is equal to a
scalar multiple of () in S(R?). By considering an innermost connected component of
D, we can reduce the proof to the case where D is connected. If D has no vertices,
then D is the empty diagram or a closed curve. Thus, by (2.1), D is equal to ()
or [2]). If D has just one vertex, then D must have a cap, and thus D = 0 by
(2.2). Hence, we can assume that D is a connected planar diagram with at least two
vertices and no caps. Then, by Lemma 2.3 below, D has a digon. By using (2.3), we
move the base points of the vertices of this digon as shown in the left-hand side of
(2.4). Further, by applying the left-hand side of (2.4) to this digon, D is presented
by a linear sum of planar diagrams with fewer vertices. By repeating this argument,
D can be presented by a scalar multiple of () in S(R?). Hence, S(R?) is spanned by
the empty diagram 0.

We show the proposition by improving the above argument. Let S~k(R2) be the
vector space freely spanned by planar diagrams with at most k& vertices. We will
inductively define the linear map () : Sp(R?) — C for k = 0,1,2,-- -, extending
()k_1, satisfying that (#)r = 1 and

(2.9) (DU (a closed curve)) = [2] (D) for any planar diagram D,
(2.10) ((A planar diagram containing a cap)>k =0,
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(2.11) <*>k — ;§I>k
e (R cw( ), e (),

If such linear maps exist, we obtain a non-trivial linear map () : S(R?) — C as the
inductive limit of them, and such a linear map () must be isomorphic, since S(R?)
is at most 1-dimensional as shown above. In the following of this proof, we define
()i for k=0,1,--- by induction on k showing (2.9)-(2.12).

When k = 0, we define ( )o, as follows. Let D be a planar diagram with no vertices.
Then, D is a union of closed curves. We define (D) = [2]™, where m is the number
of closed curves of D. We can verify (2.9) for £ = 0 by definition, and the conditions
(2.10)—(2.12) are trivial in this case.

When k = 1, we define ( )y, as follows. For a planar diagram D with no vertices,
we put (D); = (D). For a planar diagram D with just one vertex, we put (D); = 0,
noting that D must have a cap. We can verify (2.9)—(2.11) for £ = 1 by definition,
and the condition (2.12) is trivial in this case.

When k > 2, assuming that there exists a linear map ();_; : Sp_1(R?) — C
satisfying (2.9)—(2.12) for k£ — 1, we define a map (), as follows. For a planar
diagram D with at most k — 1 vertices, we put (D), = (D)x_1. For a planar diagram
D with just k vertices, we define (D), as follows. When D is disconnected, we put
(D), to be the product of (connected component of D). If D contains a cap, we
put (D), = 0. Hence, it is sufficient to define (D), for a connected planar diagram D
with no caps. By Lemma 2.3 below, such a planar diagram has a digon. By applying
the left-hand side of the following formula to this digon, we define (D) by

e () e EE ), o (),

where the integer n is defined by the position of the base points of the diagram in
the left-hand side, as follows. We move each of the base points around the vertices

clockwisely until the diagram become % \\), and 7 is the number of times the base

points pass the edges. For example, if the diagram in the left-hand side is g \\,‘; then

n=5+2 = 7. We note that the planar diagram in the left-hand side has k vertices,
and the planar diagrams in the right-hand side have £ — 1 and k — 2 vertices. We
also note that the definition (2.13) is well defined independently of the 7-rotation of
this substitution, since the right-hand side of (2.13) is invariant under the 7-rotation
by the k—1 case of Lemma 2.5 below. Further, in order to complete the proof, we
must show that (D), does not depend on the choice of a digon, and that this ()
satisfies (2.9)—(2.12).

We show that (D), does not depend on the choice of a digon, as follows. For a
planar diagram D with a digon R, we put Dy to be the linear sum of planar diagrams

obtained from D by substituting w"<[4] ﬁ + [3][4] % ) into % \\,7 of this
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digon. We define J* by

Let D be a planar diagram with two digons Ry and Rs. Then, we have the following
three cases of the mutual positions of R; and Rs; see Figure 1.

(a) The vertices of Ry and Ry are distinct.

(b) R; and R, have one common vertex.

(c) The vertices of Ry and Ry are equal.

We assume that the base points of vertices of R; and R, are as shown in Figure 1,
since the other cases are reduced to this case from the definition of . It is sufficient
to show that (Dg,)x—1 = (Dg,)k—1 in each of Cases (a)—(c).

(0=s,t=2)

FI1GURE 1. Possible positions of two digons Ry and Rs.

Case (a). (Dg,)k-1 = (Dg,)r-1, since they are equal to < Il (/\)>k—1 by
(2.12) for k — 1, completing this case. o o
Case (b). The equation (Dg,)r—1 = (Dg,)k—1 is rewritten as

and we show this formula in Lemma 2.10 below, completing this case.

Case (c). When R; and R, have one common edge, it is enough to show that

and this follows from (2.8) and Lemma 2.4 below. When the edges of Ry and R, are
distinct, it is enough to show that

with s + ¢ being even, and we show this formula in Lemma 2.8 below, completing
this case.

Therefore, we showed that (D) does not dgpend on the choice of a digon, and hence,
we obtain a well-defined linear map (), : Sp(R?) — C.
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Finally, we show that () satisfies (2.9)—(2.12), as follows. We recall that () is
defined by

[[{connected component of D), if D is disconnected,
(D) =10 if D is a connected planar diagram with a cap,
(Dr)k—1 if D is a connected planar diagram with no cap.

For any planar diagram D with k£ vertices, we have that
(D U (a closed curve)>k = (D)x{(a closed Culrve)>lC = [2|(D)y,

from the definition of (), for disconnected planar diagrams, and hence, we obtain
(2.9). From the definition of (), we obtain (2.10). From the definition of () and
(2.11) for k—1, we obtain (2.11). The remaining case is to show (2.12). Let D be the
planar diagram in the left-hand side of (2.12). It is sufficient to show (2.12) when D
is connected. If D does not have a cap, (2.12) is obtained from (2.13). We assume
that D has a cap. If the cap is on a vertex outside the picture of the left-hand side
of (2.12), both sides of (2.12) are 0 by definition. Otherwise, the cap is on a vertex
in the picture of the left-hand side of (2.12). In this case, the left-hand side of (2.12)
is 0 by definition, and the right-hand side of (2.12) is also 0 by (2.7). Hence, we
obtain (2.12). Therefore, we showed that () satisfies (2.9)—(2.12), completing the
proof. O

In the proof of Proposition 2.2, we used Lemmas 2.3, 2.4, 2.5, 2.8 and 2.10 below.
We show them in the following of this section.

Lemma 2.3. A connected planar diagram with at least two vertices and no caps has
a digon.

Proof. Let D be a planar diagram with no caps. In this proof, we regard D as on
R?U {0} = S2. Tt is sufficient to show that D has at least two digons in S2.

Let v, e, and f be the numbers of vertices, edges, and faces of D respectively.
Let C, be the number of n-gons of D. By definition, f = >,.,Cy. Further,
6v = 2e = >_,., kC}, since D is 6-valent. From these equations and Euler’s formula
v—e+ f =2, we obtain 6 = Cy — Y wsalk —3)C, < Cs. Hence, D has at least two
digons in S2, as required. - O

Lemma 2.4. For an integer k > 2, let ()i be a linear map Sk(Rz) — C satisfying
(2.9)-(2.11). Then,

(), - C(ED, - H ),

Proof. By calculating the Jones-Wenzl idempotent concretely by definition, we have
that
|

10 e ==l o)+ @Gl + o +al o) -,
‘_(% \\)*% ‘H[](nn*m)*[?{]gg‘
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By using the above formula, we have that

e 8- 41-BOR ) HOUK) - - X)

Hence,
f RCEE IR DA 18 X
(B, s (R~ WD
which imply the required formula of the lemma. 0

Lemma 2.5. For an integer k > 2, let (), be a linear map Sp(R%) — C satisfying
(2.9)(2.12). Then,

Proof. We put D = ﬁ and D' = ﬁ \:}, i.e., D and D’ are planar diagrams

which are identical except for a disk, where they differ as shown in these pictures.
Let I' be a planar graph obtained from D by replacing the disk with an 8-valent
vertex. If I" has a cap on a 6-valent vertex, then both (D), and (D) are equal to 0
by (2.10). Hence, we assume that there are no caps on 6-valent vertices of I'.

If I" has at least three 6-valent vertices, then, by Lemma 2.6 below, I" has a digon
whose vertices are 6-valent. By applying (2.12) to this digon, we can decrease the
number of vertices of D and D', keeping the required formula unchanged. Hence,
repeating this argument, we can reduce the proof of the lemma to the case where I'
has at most two vertices.

If T has no 6-valent vertex, then both (D), and (D’); are equal to 0 by (2.10),
since any planar diagram with just one vertex must have a cap. Hence, the lemma
holds in this case.

If " has one 6-valent vertex, then I" must have a cap on the 8-valent vertex. Hence,
by (2.7) and Lemma 2.4, we have that (D), = (D’);. Therefore, the lemma holds in
this case.

If I' has two 6-valent vertices, then we show the lemma, as follows. If I" has a cap
on the 8-valent vertex, we obtain the lemma as shown above. Hence, we assume that
I has no cap on the 8-valent vertex. Then, I' must be either

3 3
Ii oo (0<i<2) or Toy =G0 (0<i<4),
-7 4-i
where we depict the 8-valent vertex by © . Among them, I';; for ¢ # 1 and I'y;
for any ¢ have a digon, and we can show the lemma as shown above in this case.
The remaining case is I'; 1. In this case, the outer region of D and D’ is depicted by
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(0 < j <4), and hence, D and D’ are isotopic. Therefore, the lemma

holds in this case. O

Lemma 2.6. Let I be a connected planar graph with no caps, whose vertices are
one 8-valent vertex and at least three 6-valent vertices. Then, I' has a digon whose
vertices are 6-valent.

Proof. In this proof, we regard I' as on R? U {oc} = S2. We put v, e, f and C,
(n =2,3,...) of I" in the same way as in the proof of Lemma 2.3. Let C} be the
number of digons of I" whose vertices are 6-valent, and let C?/ be the number of digons
of I which have the 8-valent vertex. By definition, Cy = C, + CY. It is sufficient to
show that C%) > 2.

Let m be the number of the vertices adjacent to the 8-valent vertex. We can verify
that m > 2 and C < 8 —m. In a similar way as in the proof of Lemma 2.3, we have
that 6(v —1)+8 =2e = >, ., kCj and f = >, ., Ck. From these equations and
Euler’s formula v — e + f = 2, we have that -

Ch—> (k=3)Cp =T-Cf >m—1.
k>4
If m > 3 or I' has a k-gon with k£ > 4, we have that C, > 2, as required. Hence,
we assume that m = 2, and that each face of I' is a digon or a 3-gon. Then, the
1

neighborhood of the 8-valent vertex must be Q@Q . Since I' has at least three

6-valent vertices, this contradicts to the connectivity of I". Hence, we obtain the
lemma. Il

In order to show Lemma 2.8 and 2.10, we show Lemma 2.7 below, which says that
an edge can “pass-over” a vertex. It is known, see for example [L], that a tangle
diagram is regarded as in the linear skein by putting

X =) (e X

with A = /—1¢"/? = /=T exp(my/—1/24), noting that [2] = —A? — A~2. Further,
it is known, see [L], that the value of a tangle diagram in the linear skein is invariant
under Reidemeister moves II and III.

Lemma 2.7. For an integer k > 2, let (), be a linear map Sp(R%) — C satisfying

(2.9)~(2.12). Then, .
35), - (%),

Proof. Since () of the right-hand side of the following formula is equal to 0 by
Lemma 2.5,

(218) = :iﬁ?—iﬁ?
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it is sufficient to show the above formula. In the following of this proof, we show
that each side of (2.18) is equal to

7
chDj,

where we put ( = exp(—7my/—1/4) and

b= 3 b= M= Mo e

We show that the left-hand side of (2.18) is equal to >.7 i—0 ¢’ Dj, as follows. By
expanding all crossings of the left-hand side of the following formula and by moving
the base point, we have that

;‘@; :A6>7>,// +wtA™ >><< +w 2AT % +A6%
—ZW*JHAQJ *D; = =Y {D; = ﬁz/< ZCJD

Jj=1 j=1
Hence, the left-hand side of (2.18) is equal to ijo ¢D;.

We show that the right-hand side of (2.18) is equal to 237‘:0 (?D;, as follows. By
(2.17), we have that

= —E w™? w E w w™t —i
iﬁ? = Dy [4]( Dy + D7)+[4]( Dy 4+ w™" Dg) [4](D3+D5)-

By considering its mirror image, we have that

= —@w w™ Ew_l w —i
iﬁ? = Dy [4]( Dy +w™ Ds) + 4]( Dy + wDg) [4](D1+D7)'

Hence, the right-hand side of (2.18) is equal to

1— [3w™? 2 (w —wt 3w —1
DO—D4+%(D1—D5)+M(D2—D6)+ 3 (D3 — Dr)
[4] [4] [4]
Further, we can verify that
1—[3w™! 2l(w — w™t 3lw—1
B, Be-wh)_, Be-l_,
[4] [4] [4]
by direct calculation. Therefore, the right-hand side of (2.18) is equal to 237':0 ¢'D;,
as required. O

It is known, see for example [L], that

(219) Ao, = (-1mare I X = (—yrae o q < <),

Lemma 2.8. The formula (2.15) holds for s,t € {0,1,2} with s+t being even.
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Proof. When s # t, that is, (s,t) = (2,0) or (0,2), the both sides of (2.15) are equal
to 0 from Lemma 2.9 below. Hence, we may assume s = ¢t. By Lemma 2.7, the
left-hand side of (2. 15) is equal to

where the ﬁrst equality is obtained by expandlng the crossings, the second one is
obtained by Lemma 2.4 and (2.8). In the same way, we can verify that the right-
hand side of (2.15) is equal to

where the first equahty is obtained by Lemma 2.7, the second one is obtained by
(2.19) and by expanding the crossings. Therefore, we obtain (2.15), as required. [J

Lemma 2.9. For an znteger k> 2, let () be a linear map S(R?) — C satisfying

(2.9)-(2.12). Then, < { >k =0 form € {1,2,4,5}.

Proof. We have that

< J > :< > :< J > :A—4m(m+1)<§ J >
=L e Lk R GRS ey 5

where the second equality is obtained by Lemma 2.7 and the third one is obtained
by (2.19). Since A~4"H1) = exp(—27my/—1 - ™) £ 1 we obtain the required
formula. O

Lemma 2.10. The formula (2.14) holds for s =0, 1.
Proof. We first show (2.14) for s = 0, that is,

(2.20) { Do =)

By using (2.16), we have that

(e, = <ﬂﬁﬂf>kl ), e

- (), o A ), +%<4@@oﬁ>m

- gk ), - <ﬂa—9> sl A ), - By, |
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Therefore, the left-hand side of (2.20) is equal to

() (),
= [4]2< 4 j 13 4 >k_1 + [3][4]2< ! 131 ) >k_1+ [2]< io-‘iéji >k—1'

By using Lemma 2.5, we can verify that the right-hand side of (2.20) is also equal to
the above formula. Hence, we obtain (2.20).
We next show (2.14) for s = 1, that is,

1 l:;
(221) < % b 1 707 >k—1 = W< 4.2 F 4 >k—1 .
We have
B, - (o). )
<46124 k-1 ;?07 k-1 Az 124 k-1

where the first equality is obtained by Lemma 2.7 and the second one is obtained by
expanding the crossings. By applying (2.20), this is equal to

1 1 1
—A® z|—J:7r.. 5 > :_6<7O-3 > :—8<> :
4 < 5 14 k—1 4 ’ 14 k—1 A 1 E—1

Since —A® = w, we obtain (2.21). O

2.2. Some properties in the Fj linear skein. In this section, we introduce the
FEg linear skein of a disk and show some properties in the Fg linear skein.

For an integer m > 0, let (D?,2m) denote a disk D? with fixed distinct 2m points
on its boundary. We define a planar diagram in (D* 2m) to be a graph (possibly
containing closed curves) embedded in D? whose vertices are 2m univalent vertices
on the fixed points of the boundary of D? and 6-valent vertices, such that each 6-
valent vertex is depicted by a disk whose boundary has a base point, as shown in the
following picture.

We regard isotopic planar diagrams as equivalent planar diagrams. In the following
of this paper, we omit to draw the disk D? of a planar diagram. For an integer m > 0,
we define the Fg linear skein of (D? 2m), denoted by S(D? 2m), to be the vector
space spanned by planar diagrams in (D?,2m) subject to the relations (2.1)—(2.4).

Lemma 2.11. For any planar diagram T in (D?2),

-0

in S(R?).
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Proof. From (2.4), we have that

g ~u 3T - b
g -1 T§ - i

in §(D?,8). Comparing these equations, we have that

in S(D?,8). Hence, in the same way as in the proof of Lemma 2.7, we obtain

(2.22) S -

A
in S(D?,8). Therefore, we have that

where the first equality is obtained by (2.22) and the second one is obtained by
(2.19). Hence, we obtain the required formula. U

By this lemma, we can regard planar diagrams in R? as in S? = R? U {oo}.

3. COLORED PLANAR TRIVALENT GRAPHS

In this section, we introduce gray boxes as certain idempotents in the Fg linear
skein, and introduce colored planar trivalent graphs as planar trivalent graphs whose
edges are colored by such gray boxes. Further, we calculate the values of some simple
colored planar trivalent graphs.

We define gray boxes -|% € S(D? 2n) for n =0,2,4 by

too -k -t g

We note that, by definition, these gray boxes are symmetric with respect to 7 ro-
tation, like the white boxes of the Jones-Wenzl idempotents. We show some basic
properties of the gray boxes in the following lemma.

Lemma 3.1.

(1) k=0 fori=01,2
o Bt i d
® I -84 - Tr.

(4) = -I% forn =0,2,4.



16 KENTA OKAZAKI

Proof. We obtain (1) from the definition of gray boxes and (2.2) and (2.7).
We show (2), as follows. In the same way as in the proof of Lemma 2.4, we have
that

(3.1) ﬁ] :ﬁ ﬁ

Applying this formula and (2.8) to (2. 4) we have that

52) 0= f eeew &
Hence,
1 5 - 13 i
0 - 10 -5 % -2 W g W
-

[3] = 1, we obtain

where we obtain the second equality by (2.8) and (3.2). Since [5

(2).
We show (3), as follows. From (2.4) and the definition of the gray box, we have
that

# R4 1)

Hence, we have that

- (8- D) (8- B
_ ( ++_$):— L

where the first equahty is obtained by (3.3), the second one is obtained by (2.16)
and the third one is obtained by (2.2), (2.7), (2.16) and (3.2). Hence, we obtain the
first equality of (3). We can obtain the second equality of (3) in a similar way.
We show (4), as follows. When n = 0 or 2, the required formula is obtained by
definition. When n = 4, we have that
4
zgl
1
3

ottt

where the second equality is obtained by (3) and the third one is obtained by (2.16)
and (1). Hence, we obtain (4), completing the proof. O

We define d,, for n € {0,2,4} by

dn = ().

We recall (see, for example, [L]) that

(3.4) ( E)n ) =[n+1],

which can be obtained by using (2.8) repeatedly.
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Lemma 3.2. The values of d,, are given by

L ifn=0,4,
"TBl=1+V3  ifn=2.

In particular, these values are positive real numbers.

Proof. When n = 0, the required formula is trivial.

When n = 2, we obtain the required formula from the definition of the gray box
and (3.4).

When n = 4, we show the required formula, as follows. By Lemma 3.1 (2), we

have that ) 1
d4:m<c® >‘m<@ ) =1,

where we obtain the second equality by (3.4) and (2.2). Hence, we obtain the required
formula. O

A planar trivalent graph is a trivalent graph embedded in R2. We consider two
kinds of vertices; one is depicted by e, and the other is depicted by a disk © whose
boundary has a base point. A coloring of a planar trivalent graph I' is a map from
the set of edges of I to {0,2,4} and a map from the set of vertices of I' to {e,0}. A
coloring of a planar trivalent graph I is said to be admissible if the neighborhood of
each vertex of I is colored as shown in either of the following pictures.

We define a colored planar trivalent graph to be a planar trivalent graph with an
admissible coloring, for example, as shown in the following picture.

@

yﬁ
- ’
We regard a colored planar trivalent graph as in the Ej linear skein, by substituting

-|7-Ti into each of the edges colored by n, and substituting the following diagrams

into vertices,

= ¢\ (i,7,k €{0,2,4}), = 2
> &

where we put

—i+j+k i—j+k i+j—k

t6=— b=—— ¢c=—.
2 2 2

We remark that, abusing the notation, the symbol |n denotes n parallel edges in
a planar diagram, while it denotes an edge colored by n in a colored planar trivalent
graph. Further, the symbol @ denotes a 6-valent vertex in a planar diagram, while
it denotes a kind of a trivalent vertex in a colored planar trivalent graph.
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We put 0(i, j, k,e) = <k> and 0(2,2,2,0) = <@2> for a triple ¢, ],k €

{0,2,4} such that ik is one of the pictures in (3.5) up to rotation.

Lemma 3.3. The values of 0(-) are given by
Wﬂh):W%%%
0(0,n,n,e) =

@22)[HVM =6,

0(2,2,2,0) = [2][3][4] = 12v2 + 7V,
0(2,2,4,0) = 1.

In particular, these values are positive real numbers.

Proof. We obtain the first formula of the lemma by Lemma 2.11.

We obtain the second formula of the lemma from the definition of 6(i, j, k) and
Lemma 3.1 (4).

We obtain the third formula of the lemma, since

0(2,2,2,0) = (G5>) = (L5>) - é<@>

(B 1 (B-DB B
(@) B-g¥-"p e

We obtain the fourth formula of the lemma, since
02,2,2,0) = ( 4}) = 4 ZL)s) + B4 =5))
= [3][4][5] = [2]*(3][4],

where the third equality is obtained by (3.4).
We obtain the last formula of the lemma, since

0(2,2,4, 0) = <-@> = (G =dy =1,

where the second equality is obtained by Lemma 3.1 (1). O

4. 67-SYMBOLS IN THE Fjg LINEAR SKEIN

In this section, we consider the vector space H (i1, - - ,1,) spanned by planar dia-
grams whose ends are gray boxes colored by 71, --- ,,, and give a basis of this vector
space in Propositions 4.2 and 4.9. Further, we introduce 6j-symbols of the Fj linear
skein as coefficients of a transformation between certain bases of H(i,j, k, 1) as we
show in Proposition 4.10.

For iy, ..., i, € {0,2,4} (n > 2), we define the vector space H(iy,...,i,) to be the

subspace of S(D?,i; + - - - +1,) spanned by planar diagrams of the form

with T being a planar diagram in (D? iy + -+ + 4,,).
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In order to prove Proposition 4.2, we show the following lemma.

Lemma 4.1. For an integer m < 4, let T be a planar diagram in (D?,2m). Then,
T can be presented by a linear sum of planar diagrams in (D?,2m) with at most one
vertex.

Proof. By (2.1), we may assume that 7" has no closed curves. If T" has at most one
vertex, the assertion of the lemma is trivial. If 7" has at least two vertices, we show
the lemma, as follows.

Let I" be a planar graph on S? obtained from T by regarding the outer region of the
unit disk of T" as a 2m-valent vertex. We call this 2m-valent vertex oco. Similarly as
the proof of Lemma 2.5, it is enough to show that I' has a digon whose vertices does
not contain oo. If I' is disconnected, then, by considering an innermost connected
component which does not contain oo, we see that 7" has a digon from Lemma 2.3.
Hence, we may assume that I' is connected.

When m = 4, we obtain the lemma in a similar way as the proof of Lemma 2.6.

When m < 3, we show the lemma, as follows. In a similar way as the proof of
Lemma 2.3, we can verify that there exists at least m + 3 digons. The number of
digons which contain oo is at most 2m — 1, because oo is 2m-valent. Thus, I' has at
least m + 3 — (2m — 1) = 4 — m digons whose vertices does not contain co. Since
4 —m > 1, we obtain the assertion of the lemma. O

In the following proposition, we give a basis of H (i, 7).

Proposition 4.2. For anyi,j € {0,2,4} and T € S(D?,i + j),

i J 1 i i i
e o () Sk

where §;; =1 if i = j, and O otherwise. As a consequence, we have that

i j .
H(i,j) = { spanc{ s i } 0=
0 i # 7.
Proof. By Lemma 4.1, we may assume that 7" has at most one vertex.

If T has just one vertex, then we can verify that there exists a cap, or parallel
three edges connecting the vertex and -Ié . Hence, by (2.2) and Lemma 3.1 (3), we
can reduce the proof of the proposition to the case where T has no vertices.

If T has no vertices, we show the proposition, as follows. When ¢ # j, the left-hand
side of the first formula of the proposition is equal to 0, by Lemma 3.1 (1). When
i = 7, the left-hand side is equal to a scalar multiple of the identity diagram by (2.1)
and Lemma 3.1 (1). Hence, we can put

for some v € C. By closing the diagrams of both sides, using Lemma 3.1 (4) and

1 7
taking the bracket, we obtain o = < >/di, noting that d; # 0 by Lemma 3.2.

Therefore, we obtain the first formula of the proposition.
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The second formula of the proposition is obtained from the first formula, noting
that ; is non-zero in S(D?,2i), since the value d; of its closure is non-zero
by Lemma 3.2. O

In order to prove Proposition 4.9, we need Lemmas 4.7 and 4.8 below. In order to
show Lemma 4.7, we show the following four lemmas.

Lemma 4.3. Forn € {1,2,4,5} and T € S(D?,2n), we suppose that _2 =0
1 1 n-1-.

foranyi=0,1,...,2n—2. Then, T =0 in S(D?,2n).

Proof. In the same way as the proof of Lemma 2.9 using (2.22), we obtain that

in S(D?,2n). Further, we have that

- -

in the linear skein, which can be shown by induction on m from the definition of the
Jones-Wenzl idempotents. Hence, by the assumption of the lemma putting m = 2n,
we obtain that T = 0. U

Lemma 4.4. In S(D?,10),
4
o

Proof. By Lemma 4.3, it is sufficient to show that

(4.1) - ,

m i mi2
+ (a linear sum of planar diagrams of the form { )
T[m

1

\ :[2]%

1

5 5
(4.2) LHS) = ,
il Y3 il Y|

i| ALY 3-i il A3
5 5

for any : =0,1,---,3.
We show (4.1), as follows. (4.1) is rewritten as

and this is shown by Lemma 3.1 (4).



STATE SUM INVARIANT OF 3-MANIFOLDS FROM Es LINEAR SKEIN 21

We show (4.2), as follows. When i = 0, 1,2, this is shown by Lemma 3.1 (1).
When i = 3, (4.2) is rewritten as

&, =12 .Té

By Lemma 3.1 (2), we have that

[2]54#.5%@([2}@1 f)-EB B -

where the second equality is obtained by Lemma 3.1 (1) and (3). Therefore, we
obtain (4.2).
We can verify (4.3) in a similar way as above. d

Lemma 4.5. In §(D? 12),
2
2
K
2
Proof. We have that
o B P

where the second equality is obtained by Lemma 3.1 (4), and the last one is obtained
by Lemma 4.4. Hence,

~

Ik - (i o) ]

B2 _ B[22+ _ 8]
T erm = @ mrE - o Ve obtain that

2
3 2
2 2
2
Further, the right-hand side is calculated as
34 : 21 — i . 1 21 == i z
Il "o TY @8

where we obtain the first equality by Lemma 4.4. Therefore, we obtain the required
formula of the lemma. [l

Bl

Since i
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4 4 NV
4 4 4/'\4
4
4 4 N
g 2
4 4 4| 3

where the first equality is obtained by Lemma 3.1 ( and , and the second one is
obtained by Lemma 4.5. As the 7/2 rotation of thls formula we have that

Lemma 4.6. In S(D? 16),

Proof. We have that

— 3 1ZT:
s AN 2
a4
From the above two formulas, we obtain the required formula. O

For A € {e,0}, we denote

, 2/& if A=,
ﬁ -

b wase
Lemma 4.7. For any i,j € {0,2,4},

i i dy, NI
+4 Tt

in S(D*2(i + 7)), where k € {0,2,4} and A € {e,Q} of the sum run over all
admissible colorings of the colored planar trivalent graph in the summand.

Proof. Since the gray boxes are symmetric with respect to 7 rotation, we may assume
that ¢ > j without loss of generality.
When j = 0, the required formula is rewritten as

to-me k- F

and this is obtained by Lemma 3.1 (
When (i,7) = (2,2), the required formula is rewritten as

++ ];0;4922/% I+m%
:[;]\u/ % e

From the definition of the gray box thls is rewritten as

b4 %Jf
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We can verify the above formula by direct calculation, using (2.16).
When (i, j) = (4, 2), the required formula is rewritten as

++ 422)4222[3]2 g

and this is obtained by Lemma 4.5.
When (i, j) = (4,4), the required formula is rewritten as

_F_F_ dy ™A NV
T T 0(4,4,0,0) sas AN

and this is obtained by Lemma 4.6.
Therefore, the proof of the lemma is completed. O

Lemma 4.8. For A, A’ € {e,0},

7y
< Ce > — 540 0(2,2,2, A) .
Proof. When A = A’) we obtain the lemma from the definition of 6(-).
When A £ A, G

2 is presented by a linear sum of planar diagrams with just

@
one vertex. Since any planar diagram with just one vertex has a cap, the left-hand
side of the lemma is equal to 0. Hence, we obtain the required formula. U
In the following proposition, we give a basis of H (i1, ...,1i,) for n > 3.

Proposition 4.9. For iy,...,i, € {0,2,4} (n > 3), the vector space H (i, ..., i)
has a basis

i iy fis o fin [in
(4.5) { O -+ i) } 7
N0 e

(J1serdn—3,A1,..,An_2)
where Ji, ..., jn-3 € {0,2,4} and Ay, ..., Ap—2 € {0,0} run over all admissible col-
0TINgs.

Proof. We first show that H(iy,...,4,) is spanned by the planar diagrams in (4.5)
by induction on n, as follows.
When n = 3, we have that

Z i @ (5 Z 13> Z.l' lﬁ 'is
0 7’17127 @@ " 0 2177/2723 o/

for any T € S(D?, iy + 15 + i3), where the first equality is obtained by Lemma 4.7,
and the second one is obtained by Proposition 4.2. Hence, H (i1, i, 43) is spanned by
the planar diagrams in (4.5).

When n > 4, we show that H(iy,...,i,) is spanned by the planar diagrams in
(4.5), assuming the case of n — 1, as follows. In a similar way as above, we have that

kA
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for any T € S(D?,i; + -+ + i,,). By the assumption of the induction, this can be
presented by a linear sum of planar diagrams in (4.5). Therefore, H(iy,...,1,) is
spanned by the planar diagrams in (4.5).

We next show that the planar diagrams in (4.5) are linearly independent, as follows.
We denote the index set of (4.5) by J. We assume that

1: 7 741 77777
Z j I8 7.7
. , , 1 n—3
(Jl:"'7]n_37A17 7An Q)EJ

1 7An 2

for some scalars aﬁ € (C For any (j1,...,Jn-3, 41,...,An_2) € J, by gluing

10 ’Jn 3

Jz ]n
the planar diagram ? y to the above formula and taking the
12 7’3 Tn-1 Iln

bracket, we have that

(4.6) >

(jiv“’j;/f?,:Alv ’A{n 2)6‘]

By Proposition 4.2, we have that

6]1.71 6A1A/ 9<Zl7 12, jlu Al)
d.:

J1

= T (i1, 92, 71, A1) 0(J1, 13, Ja, A2) =+ - O(Jn—1, in—1, in, An_2)
= H 0 gy H 0,47 djdj, - dj, ’

where we obtain the second equality by Lemma 4.8, and obtain the last line by
repeating this procedure. Hence, from (4.6), we obtain that

A,y An—2 0(i17 7:27]'1; Al) e(jla i3;j27 AQ) e Q(jn—la Z'n—la Z'na An—?)
Oéjlv---vjn73 ) d d N d
J1-"72

jnfl

= 0.

Since all of §(-) in the above formula are non-zero by Lemma 3.3, we obtain that
ﬁf_’_‘_‘;}ff;z =0 for any (ji,...,Jn-3, A1,...,A,_2) € J. Hence, the planar diagrams
in (4.5) are linearly independent, as required. O

We consider the values

dj4 Js o Js
0(j37j4a j57 A3) 8(j27j47 j67 A4)
& s X
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for j1,72,...,76 € {0,2,4} and Ay, As, A3, Ay € {®,0} with the colored planar triva-
lent graph in the above formula being admissible. These values satisty the formula
of the following proposition, which is the defining relation of the 6j-symbols. In this
sense, the above values give the 6j-symbols of the Eg linear skein.

Proposition 4.10 (the defining relation of the 6j-symbols). Fori, j, k,1,m € {0,2,4}
i J
and A, B € {o,0} with m being admissible,

7 m J B dn l

where n € {0,2,4} and C, D € {8,0} of the sum run over all admissible colorings of
the colored planar trivalent graph in ().

Proof. In the proof, indices of a sum run over all admissible colorings of the colored
planar trivalent graphs in the summand.
By using Lemma 4.7 twice, the left-hand side of the required formula is equal to

Z dyd,y
O(k,l,n,C)0(i,j,n', D)

n,n',C,D

By Proposition 4.2, this is equal to

i_AD) i
dy S
2 L0V om 2l RS, ")

[

From Lemma 2.11, this is equal to the right-hand side of the required formula. [

5. A STATE SUM INVARIANT OF 3 MANIFOLDS

It is known, see [EK, KS]|, that a state sum invariant of 3-manifolds can be con-
structed from a set of 6j-symbols, and the topological invariance of the invariant is
shown by using the orthogonal relation and the pentagon relation of the 6j-symbols,
which are naturally obtained from the defining relation of the 6j-symbols. See also
[T, TV] for similar procedures of such constructions, and see [W] for a construction
of the Fjs state sum invariant. In this section, along such a general procedure, we
construct a state sum invariant of 3-manifolds based on our Eg linear skein in Def-
inition 5.1, and show its topological invariance in Theorem 5.2. The outline of the
proof of the topological invariance is the known procedure, and we check it concretely
based on our Ej linear skein in this section.
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We relate an oriented tetrahedron to a planar trivalent graph, as follows, where,
in the left picture below, we regard gray characters as on faces of the hidden side.

SN

isotopy ‘
on 52 e e

dual
decomposition

For a given tetrahedron (the left picture), we consider the triangulation of the bound-
ary of the tetrahedron, and consider its dual decomposition on S? (the middle pic-
ture). Further, by isotopy on S?, we obtain a planar trivalent graph (the right
picture). Here, we fix an orientation of the plane of the trivalent graph, and we
make the above correspondence in such a way that the induced orientation of the
boundary of the tetrahedron coincides with the orientation of the plane under this
correspondence.

We consider colorings of a tetrahedron corresponding to colorings of a planar
trivalent graph, as follows. A coloring of a tetrahedron T is a map from the set of
faces of T to {e,0} and a map from the set of edges of T' to {0,2,4}. A coloring of a
tetrahedron 7' is said to be admissible if each face of T is colored as shown in either
of the following pictures, noting that these are dual to the pictures of (3.5).

Here, when a face is colored by @, we consider a marking such as i;; at a vertex

of a triangle of the face corresponding to the base point of ©. For A € {e,Q}, we
denote

2

2 VAT
k=t
N ifae

Let M be a closed oriented 3-manifold, and let 7 be a triangulation of M. A
coloring of T is a map from the set of faces of 7 to {e,Q} and a map from the set
of edges of T to {0,2,4}. A coloring of T is said to be admissible if the coloring
of each tetrahedron of 7 is admissible. When a face is colored by @, we consider a

marking such as v at a vertex of a triangle of the face. We define a weight | - |
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()

~ 00, 5,m,A) 00, k1, B) 0, m,n,C) 0(i, k,m, D)

of a colored oriented tetrahedron by

where the colored planar trivalent graph in the right-hand side is obtained from the
tetrahedron as mentioned above. We note that the values of §(-) are positive real
numbers by Lemma 3.3. We also note that, by Lemma 2.11, the colored planar
trivalent graph in the right-hand side can be regarded as in S?, which guarantees
that its value is well determined from a colored oriented tetrahedron. When the
marking of the tetrahedron is given in other ways, we define its weight similarly. We
denote by v the number of vertices of 7. We put w = d3 + d3 + di = 2 + [3]%.

Definition 5.1. We define the Ejg state sum of a closed oriented 3-manifold M with
a triangulation 7 by

ZE(M, T) = w™ Z Hd,\(E) H|(T,)\)

where the sum of A runs over all admissible colorings of 7T, the product of E runs
over all edges of 7, and the product of T runs all tetrahedra of T .

Y

We note that ZF6(M,T) does not depend on a choice of markings of faces, because,
when we change a marking of a face, the changes of the weights of the adjacent
tetrahedra cancel together. Further, we show that Z%¢(M,T) does not depend on a
choice of a triangulation 7 in the following theorem.

Theorem 5.2. Z% (M, T) is a topological invariant of a closed oriented S-manifold
M, independently of a choice of a triangulation T .

We will show a proof of the theorem later in this section. In order to show the
theorem, we recall the Pachner moves. Let M and M’ be closed 3-manifolds with tri-
angulations 7 and T respectively. It is known [P] that M and M’ are homeomorphic
if and only if 7 and 7' are related by a finite sequence of simplicial isomorphisms
and the Pachner moves P, 4 and P 3 shown below,

where the pictures consist of one tetrahedron, four tetrahedra, two tetrahedra and
three tetrahedra, respectively. Hence, in order to show Theorem 5.2, it is sufficient
to show that Z¥6(M,T) is invariant under the Pachner moves Py 4 and P, 3.
Further, it is known [TV] that the P, 4 move can be simplified by using the Ps 3
move, as follows. We consider singular triangulations, extending the usual triangu-
lations. By applying the P, 3 move to the upper three tetrahedra of the right-hand
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side of the P, 4 move, the right-hand side of the P, 4 move is rewritten as

the union obtained by gluing along P, Q), R

<

Hence, by using the P, 3 move, the P4 move can be replaced with the following
move.

(5.1)
the union
( obtained by gluing ‘ along P, Q, R) +— <

Further, we will show later in the proof of Theorem 5.2 that invariance under this
move can be reduced to invariance under the following move [TV],

DD

where the left-hand side consists of two (singular) tetrahedra, and the right-hand
side consists of two triangles (with no tetrahedra). Hence, in order to show Theorem
5.2, it is sufficient to show that Z% (M, T) is invariant under the move (5.2) and the
P, 5 move.

Furthermore, it is known as general procedures (see [EK, KS, T, TV]) that in-
variance under the move (5.2) and the P, 3 move are obtained from the orthogonal
relation and the pentagon relation of the 6j-symbols, which are naturally obtained
from the defining relation of the 6j-symbols (Proposition 4.10). We show them in
the following two lemmas.

Lemma 5.3 (the orthogonal relation).

= 5mm’ 5AA’ 5BB’ .

Proof. In the proof, indices of a sum run over all admissible colorings of the colored

trivalent graph in the summand, and we denote 0(i, j, k, A) = 01‘%
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From the definition of the weights, the required formula is rewritten as

©) (BN
NT QBdm@A/ Y R;Je),gf—ggl < @ &

ilm” kjm~ilm’” jkm ”@ @”@

v/ in the above formula is equal to 63, 65~ when m = m’, A = A’ and B = B'.

idm” kjm
Thus, it is sufficient to show that
RN
[

(5.3) HAdZB > gch.D <

im7kjm , o p " kin”ijn @”@ @”@

By using Proposition 4.10 twice, we have that

()
LA (R

Hence, by Proposition 4.9 for n = 4, we obtain (5.3), as required. O

> = 5mm/6AA’5BB/-

> = 6mm’5AA’6BB/-

) Yot

o Z dm” dn
B 04" 08" 60 b

m''n jkm!" Y kln"ijn
A// B//7 C”D

Lemma 5.4 (the pentagon relation).

:Zdl

1,C1,02,C3

Proof. In the proof, indices of a sum run over all admissible colorings of the colored
planar trivalent graphs in the summand, and we denote 9;‘},6 =0(i,j,k, A). From the
definition of the weights, the required formula is rewritten as

(R ()

111213

(54) > QCL



30 KENTA OKAZAKI

b AON,
= 2 §C: egi 0C: aé%

1,01.C2,Cs Uikl okt ksl @”@

We show the above formula by calculating a certain colored planar trivalent graph
in two ways, as follows. By using Proposition 4.10 twice, we have that

A . L
i5,A5,C" zgk1k2 111215 @$@

A @ 12
e e (N
QAg HBé eBé QCI

bt VibkaksVingtga” it iniah @”@
Al,Bh,B4,C
On the other hand, by using Proposition 4.10 three times, we have that

 ACN,
:Z#<

l’,Cé,Cé Jokal’” jaksl’

_ djr dy 2
= Z 0B gOr 40 0% @

V.44, i2j1g3 g1kl gakal’” jsksl! @”@

B},C1,C4,CY
ks AONG,

o8

A/ Bl B/ C/ C/ Cl

3 2 3 1 2 3
) /l’,{i,igy o QigklkzHigjijgeiéjijgjSkll’ejzkgl’ejgkigl’
AL, B, BL,C},CL,C
37273010203

From these formulae and Proposition 4.9 for n = 5, we obtain (5.4), as required. [J

We now show a proof of Theorem 5.2.

Proof of Theorem 5.2. As mentioned before, it is sufficient to show that Z¥s(M,T)
is invariant under the P53 move and the move (5.1).

We obtain the invariance under the P, 3 move by Lemma 5.4.

We show the invariance under the move (5.1), as follows. In the following of
this proof, indices of a sum run over all admissible colorings of tetrahedra in the
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summand. By Lemma 5.3, we have that

di3 Z dj3

Jj3,B1,B2

= Oizit,049A; 085 B,

for any 41,142, j1,j2 € {0,2,4} and Ay, Ay, B3, B € {e,0} such that the colored tri-

angles /AN 7 B L 4 ¢ and Jl are admissible. By putting i3 = 7,
B; = B, by multiplying d,;ldjldjz by both sides and by summing over ji, j2, B3, we
have that

Z djl djz djs

j17j27j37
Bi1,B2,B3

— g1 —
= dig Z dj1dj2'(5AoA6 = wdAOAB,

J1,J2,A3

where the last equality is obtained by Lemma 5.5 below. This means the invariance
under the move (5.1), as required. O

In the proof of Theorem 5.2, we used the following lemma.

Lemma 5.5. For any k € {0,2,4},

A" did; = w,

i, A

where i,7 € {0,2,4} and A € {8,Q} in the sum run over all admissible colorings of
a triangle /AN |
k
Proof. When k = 0, we obtain the required formula from the definition of admissible
colorings and the definition of w.

When k = 2, @ is admissible for (i, 7, A) = (0,2,e), (2,0,0), (2,2,0), (2,2,0),
(2,4,e), (4,2,0). Hence, the left-hand side of the lemma is equal to
dy' - 2(dods + d3 + dody) = 4+ 2[3] = 6 + 2V3 = w,
as required.
When k = 4, lfA is admissible for (i, j, A) = (0,4, ), (4,0,e), (2,2, e). Hence,
the left-hand side of the lemma is equal to
d,; (2dody + d3) =2 + [3]* = w,

as required. O
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6. EQUALITY TO THE Eg STATE SUM INVARIANT

In this section, we show our defining relations of the Ejg linear skein are equivalent
to Bigelow’s relations of the Fg subfactor planar algebra in Section 6.1. Further, we
show our state sum invariant is equal to the Ejg state sum invariant in Section 6.2.

6.1. Equivalence to Bigelow’s relations of the Fs subfactor planar algebra.
Bigelow [B] defined a planar algebra {S’(D?,2n)},—0.1.... (in his paper this is denoted
by P) by giving generators and relations, and proved that its principal graph is the
E¢ Dynkin diagram. However, his proof relies on the existence of the Fg subfactor
planar algebra and some of its known properties. In this section, we show that
S(D?,2n) is isomorphic to &’(D?,2n) for any n > 0. We note that an S-labeled
disc of [B] corresponds to a vertex @ of this paper. As a consequence of this section,
{8(D?,2n)}p—01,.. forms a subfactor planar algebra.

As in [B], for an integer n > 0, we define S'(D?,2n) to be the vector space spanned
by planar diagrams in (D? 2n) subject to the relations (2.1)—(2.3) and (6.1), (6.2)
below,

(6.1 % - ']]# +[212[3]%,

(6.2) @ _ 0.

We recall that S(D?,2n) is the vector space spanned by planar diagrams in (D?,2n)
subject to the relations (2.1)—(2.4).

goee

Proposition 6.1. For any n > 0, S(D?,2n) is isomorphic to S'(D?,2n).

Proof. We assume (2.1)—(2.3) in this proof. It is enough to show that (2.4) is equiv-
alent to (6.1) and (6.2).

Assuming (2.4), we show (6.1) and (6.2), as follows. We obtain (6.1) from (3.2).
Further, we obtain (6.2) in the similar way as the proof of Lemma 2.9 in the case
m = 4, using (2.22).

Assuming (6.1) and (6.2), we show (2.4), as follows. From the Ejg version of
the proof of [B, Lemma 3.1], an edge can pass-over a vertex. Hence, the formula of
Lemma 4.3 holds in 8’(D?,2m) in the similar way as the proof of Lemma 2.9. Hence,
it is sufficient to show that

(6.3)

(6.4)
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for any i = 0,1,2,3. We obtain (6.3) by (2.8), (3.1) and (6.1), and we obtain (6.4)
and (6.5) by (2.2) and (2.7), noting that the relations (2.1)—(2.3) implies (2.7), (2.8)
and (3.1). Therefore, we obtain (2.4), as required. O

6.2. Equality of our state sum invariant to the F; state sum invariant. The
Eg state sum invariant of 3-manifolds is the state sum invariant defined from the
67-symbols of the Fy subfactor. The Fjy state sum invariant is concretely formulated
and calculated in [SuW, W]. In this section, we show that our state sum invariant
defined in Section 5 is equal to the Eg state sum invariant in Proposition 6.2.

We briefly review the formulation of the Fjy state sum invariant; for details, see
[SuW, W]. Similarly as our formulation, edges are colored by 0, 2, 4 (they are denoted
by “id”, “p”, “a” in [SuW, W]). Admissible colorings are defined similarly as our
formulatlon. A face whose edges are colored by ¢, 7, k is colored by e unless i = j =
k = 2, and is colored by S3 and S, if i = 7 = k = 2, while a face whose edges
are colored by 2,2,2 is colored by e and @ in our formulation. (To be precise, their
faces are colored by Si, 55, 53,5, though the color is uniquely determined unless
i = j =k = 2, and we denote it by e here.) Unlike our formulation, a total order
of the vertices is given, and edges are oriented by using this order. The weight of a
tetrahedron

is given by the 6j-symbols of the Eg subfactor; we review their concrete values in
Appendix B.

Proposition 6.2. Our state sum invariant of a closed oriented 3-manifold M defined
in Section 5 is equal to the Fg state sum invariant of M.

Proof. We note that basic parts of their formulation are similar to our formulation.
The differences are that their edges are oriented, and that a face whose edges are
colored by 2,2, 2 is colored by S5 and S, while such a face is colored by e and @ in
our formulation.

We transfer the colors of faces by putting

AR AT AR
VA SRV ASEF O SN A ANV

unless i = j =k = 2,
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with some unitary matrix (Z?’ 23) By the unitarity of this matrix, we have that
4 U4
PN N
2
AR RIS
2

which justifies that the substitution of S5, S; can be transformed into the substitution
of e, @ in the definition of the state sum invariant.

It is shown, see Lemma B.1 (due to T. Ohtsuki), that our 6j-symbols can be
transformed into the 6j-symbols of the Eg subfactor by such a transformation as
above. Hence, our state sum invariant is equal to the Eg state sum invariant. Il

b2y

&»%

7. PROPERTIES AND EXAMPLES OF OUR STATE SUM INVARIANT

The values of the Eg state-sum invariant have been calculated for the lens space
L(p,q) for ¢ = 1,2,3 in [SuW], and for some other 3-manifolds in [SaW]. In this
section, we calculate the values of the Fy state-sum invariant for the lens spaces
L(4,1), L(5,2) and L(5,1) in terms of our Fg linear skein in Examples 7.5, 7.6 and
7.7. Further, we review some property of the Ejg state sum invariant in Proposition
7.1.

The following proposition is a well-known basic property of the Fjy state sum
invariant.

Proposition 7.1. For any closed oriented 3-manifold M,
Z25() = Z5(0),
where M denotes M with the opposite orientation.

Proof. We review the proof based on our construction of the state sum invariant.
When we change the orientation of M, the colored planar trivalent graph corre-
sponding to a tetrahedron becomes its mirror image. Hence, the value of Z¥6(M)
becomes its complex conjugate. U

In order to calculate our state sum invariant later, we show some properties of
colored planar trivalent graphs in the following three lemmas.

Lemma 7.2.
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ON 22 2l
() 224 -+ ke

Proof. We obtain (1), since

N - @%;@
@

2 3—2 2 2 2

We obtain (2), since

A A

We show (3), as follows. By Proposition 4.9, H(2,2,2) is spanned by 2/2‘\2 and

2 . . . . . .
% . Further, since the left-hand side of the required formula is symmetric with

respect to %71’ rotation, we can put

2
™ PR
20 2

with some scalar c. By closing one strand at the bottom, we have that

2 2
(7.2) /2&2& =c /@\
3

By expanding white boxes, we calculate the diagram of the right-hand side as

2 —
Btk bk

Further, by (3.2), the left-hand side of (7.2) is calculated as

Aﬁ 0
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We can verify that the second summand of the right-hand side is equal to 0 by
expanding the white box. Hence, by using (3.2) again, we can show that

2
2/°\2 :[2]2[4]51—4{.

Therefore, fro m m (7.1), we obtain (3) of the lemma.
We bt ain (

AM&

Lemma 7.3. The value <> ¢ given, as follows.

A

>:5A39< ik A) fori gk €{0,2,4) and A, B € {»,0}.

9}

(s D)
_ 2 2[4)
? " Y T
(3) —0.
(4) — @220 =234

—~
D
N~—
I
e}

—

-~

N—
=

—
oo

~—

L

o
ol o o~ o~ o~ o~~~
~—— S~ T " Y~ T~ T~ >~
I
S
<
=

—~
=)
~—
I
S
w

%%%%%%%%%

—
—_
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N

S
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Proof. We obtain (1) by Lemma 3.1 (4) and Lemma 4.8.

We obtain (2) by applying Lemma 7.2 (1) to a triangle of a diagram of the required
formula.

We obtain (3), since any planar diagram with just one vertex must have a cap and
such a diagram is equal to 0 in the linear skein.

We obtain (4) by applying Lemma 7.2 (2) to a triangle of a diagram of the required
formula.

We obtain (5) and (6) by applying Lemma 7.2 (3) to a triangle of a diagram of
the required formulas and by using Lemma 4.8.

We obtain (7) by applying Lemma 7.2 (4) to a triangle of a diagram of the required
formula and by using Lemma 4.8.

We obtain (8), since

<>:<@>:<@>=—W4:—[3},

where the third equality is obtained by Lemma 3.1 (3).
We obtain (9), since

<>:<@>:<@>‘mim<

£4)

_ A 2 8
- i D ) = 220 -

where the third equality is obtained by (2.16) and (6) of the lemma.
We obtain (10), since

< > - <@> - <@> - [215[4]<@>

where the fourth equality is obtained by (9) of the lemma. O

- A+

= 2P 5 AL

Lemma 7.4.

2
o
2 5 2

4
0
2 5 2



38 KENTA OKAZAKI

Proof. We show (1), as follows. Since the space H(2,2,2) is spanned by 2/2k and

2
> o by Proposition 4.9, we can put

2
2 2
= }& - g e
2050

2
with some scalars ¢; and cy. By closing the diagrams of (7.3) with 2/k , we have
that

< > = ¢1-0(2,2,2,0)

by Lemma 4.8. Further, by Lemmas 3.3 and 7.3,

—[213][4] = -

2
Hence, ¢; = —[2]?. By closing the diagrams of (7.3) with Z/i\z , we have that

< > = ¢ -0(2,2,2,0)

9)
by Lemma 4.8. Further, by Lemmas 3.3 and 7.3,
2]7[3][4] = ez~ [2]*[3][4].

Hence, ¢co = 1. Therefore, from (7.3), we obtain (1) of the lemma.
4
We show (2), as follows. Since the space H(4,2,2) is spanned by 2/& by

Proposition 4.9, we can put

4 4
(7.4) 2/\ = ¢ Z/Q
20502

4
with some scalars ¢. By closing the diagrams of (7.4) with 2/& , we have that

< > = c-0(2,2,4,0).

Further, by Lemmas 3.3 and 7.3,
2] = c.
Hence, from (7.4), we obtain (2) of the lemma. d
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We briefly review the construction of the state sum invariant based on spines of
3-manifolds; see [T, TV] for details. A spine of a closed oriented 3-manifold is a
2-polyhedron obtained from M — (3-balls) by collapsing all 3-cells in such a way that
each point of the resulting 2-polyhedron has a neighborhood of either of the following
forms.

Thus, a spine consists of vertices (the right picture), edges (the middle picture) and
faces (the left picture). A typical spine of a 3-manifold M is the 2-skeleton of the
dual decomposition of a triangulation of M. A coloring of a spine X is a map from
the set of edges of X to {e,Q} and a map from the set of edges of X to {0,2,4}. We
can define an admissible coloring of a spine in an appropriate way, corresponding to
an admissible coloring of a triangulation. We can define a weight of a colored vertex
of a spine corresponding to the weight of a colored tetrahedron, by using a colored
planar trivalent graph obtained as the intersection of the spine and the boundary of
a neighborhood of the vertex. It is known, see [T, TV], that the state sum invariant
of a 3-manifold M with a spine X is presented by

ZE (M) = w™" Z Hd,\(p) H (the weight of V' colored by ),
A F v

where the sum of A runs over all admissible colorings of X, the product of F' runs
over all faces of X, the product of V' runs all vertices of X, and v denotes the number
of 3-balls when we make X from M.

Example 7.5 ([SuW]). The value of the Eg state sum invariant of the lens space

L(4,1) is given by
7Ee (L(4, 1)) - 3+T "_3

Proof. In this proof, we calculate the required value based on our construction of the
state sum invariant.
A spine of L(4,1) is given as follows,

PrLINY
Vs Y

along L1, 7x47y) U

dashed ==~

line

PETg
~——"

(7.5) 2-polyhedron
' obtained by gluing

where the resulting 2-polyhedron obtained from the left picture by gluing the edges
labeled by x1,--- , x4,y has a boundary of a dashed line, and we consider the union
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of this resulting 2-polyhedron and a disk along this dashed line. This spine has one
vertex. This vertex corresponds to the fusion of the left picture below.

The fusion of the left picture corresponds to the tetrahedron of the middle picture;
the upper graph of the fusion is dual to the faces of the front side of the tetrahedron,
and the lower graph is dual to the faces of the hidden side of the tetrahedron. The
tetrahedron of the middle picture corresponds to the planar graph of the right picture;
we note that this planar graph is the union of the upper graph of the fusion and the
mirror image of the lower graph of the fusion, which is equal to the boundary of the
left picture of (7.5).
Hence, we calculate the value of Z¥6(L(4,1)), as follows,

Z%(L(4,1) = w' Y did,

1,j€{0,2,4}
A,BE{.,O}

d;d; /
(7.6) —wt ) <
e 0(i,i,7,A)0(i,1,j,B)
A,Be{e,Q}

When j = 0, the sum of (7.6) is equal to

ez,cf,atl)o <>: > 2_523’

i€{0,2,4} i€{0,2,4} ¢

by Lemmas 3.3 and 7.3. When j = 4, the sum of (7.6) is equal to

o (G) - - - 0
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by Lemmas 3.3 and 7.3. When j = 2, the sum of (7.6) is equal to

s O2)) szl £9)

,0)0(2,2,2,0) \ {55
2 2 O
+ 0(2,2,2,-?2(2,2,2,o)< g‘?i >+9(2 2d2 )2 < e%i >
B 3] 2[4] , 3]
" @R B

_2[2]  2[2)Bw

[4] 4

by Lemmas 3.3 and 7.3. Hence

2 ) = wi(3 14 220 2RI

by (1.4), as required.

Example 7.6 ([SuW]). The value of the Eg state sum invariant of the lens space
L(5,2) is given by

Z"(L(5,2)) = 3+‘/§.

Proof. In this proof, we calculate the required value based on our construction of the
state sum invariant.

A spine of L(5,2) is given as follows.

2-polyhedron
obtained by gluing

- oy
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This spine has one vertex. This vertex corresponds to the fusion of the first picture
below.

The second picture shows a part of the first picture, removing the identical part. The
fusion of the second picture corresponds to the third and fourth pictures, similarly
as in the case of L(4,1).

Hence, we calculate the value of Z¥6(L(5,2)), as follows,

ZE6<L(5,2)) = w_l Z dld]
1,j€{0,2,4}
A,BE{.,O}

did; '
(7.7) —wt Yy <
ey 0(.3. A)0(i, j, j, B)
A,Be{e,0}

This colored planar trivalent graph has admissible colorings only if (¢, j) = (0,0), (2, 2).
When (7, j) = (0,0), the sum of (7.7) is equal to

e<o,+go,->z<>:1'

When (i,7) = (2,2), the sum of (7.7) is equal to

W< @ >+ e<2,2,2,->di<2,2,2,o>< @ >
+e<2,2,2,->d2<27272,o>< @;51 >+m< ?‘:;Q >

3P 2
(Bl4/212)° |

(= [21[B3][4]) (* + w™?)
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202] 23w’ +w™?)
[4] [4] ’
by Lemmas 3.3 and 7.3. Hence,

Eo R 2[2]
Z2%(L(5,2)) = w1+ i q

by (1.4), as required. O

Example 7.7 ([SuW]). The value of the Fg state sum invariant of the lens space
L(5,1) is given by
3+3

12

Proof. In this proof, we calculate the required value based on our construction of the
state sum invariant.
A spine of L(5,1) is given as follows.

Z%(L(5,1)) =

~——"

2-polyhedron
(7.8) ( obtained by gluing

[
[}
alongxl,---,xg),y,z) || \ ;

dashed ===

line

This spine has two vertices. These vertices correspond to the fusions of the first
picture below.
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The second column shows parts of the fusions, removing the identical parts. The
fusions of the second column correspond to the pictures of the third and fourth
columns, similarly as in the cases of L(4,1) and L(5, 2).

Hence, we calculate the value of ZFs(L(5,1)), as follows,

Z%(L(5, 1) = w' Y dididy

i,5,k€{0,2,4}
A7B7C,D€{.,O}

(7.10)

! Z d;d;dp,
0(ii,5,A) 0(i,5,k,B) 0(4,i,k,C) 0(3,5,k,D)
i,7,k€{0,2,4}
A,B,C7DE{.7O}

In order to calculate this sum, we consider a relation between the upper left graph

Proposition 4.9, we can put

(7.11) i = Z

j/7kle{07274}
Al B ,C'e{e,Q}

with some scalars CDi;/k jB,C,. Further, by Proposition 4.10, we have that

Zﬁzzk’C’e(Z],k/ )<

k' €{0,2,4}
C’,.De{e,Q}

i d"
@ @ 6%4}9 (i,,7', A’ 9(2,j’,k’,B’)<
A’ ,B'c{e,Q}

Hence, by comparing the above two formulas to (7.11), we have that
dj/dk‘/

J'K _
¢A/BlC/ o Z 0(i7i’j/’A/) e(i’j/’k/’B/) H(i’i’k/’C,) 9(i3j7k,7D)
De{e,Q}

Further, by closing the diagrams of (7.11) with a certain diagram, we have that

DEOSE RS OSOSNAY
< O@@ - Z, el g B ))
A B C'e{e,Q}
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0(ii, 5, A)0(i, j, k, B)0(i,i,k,C)
- d.d (I)ABC7
g Uk

where we obtain the second equality in a similar way as in the proof of Proposition
4.9. Therefore, by presenting <I>f4kBC from the above two formulas in two ways, we
have that

<‘> Y e

Def{e,Q}

By substituting this formula to (7.10), we have that

(7.12)

Z%(L(5,1)) =w™ Y o 'A)e(‘didj}fdkB)e(' — C)< 9'@'9. >
i\jke{0,2,4) 1,7, 1, ], R, 1,1, R, e@@
A,B,Cc{e,Q}

We note that the diagram of this formula is the union the upper left graph of (7.9)
and the mirror image of the lower left graph of (7.9), which is equal to the boundary
of the left picture of (7.8).

The coloring of the colored planar trivalent graph in (7.12) is admissible only if
(i,7,k) = (0,0,0),(2,0,2),(2,2,0),(2,2,2),(2,2,4), (2,4,2). We note that this graph

is symmetric with respect to 7 rotation of . Hence, it is sufficient

to calculate the cases where (i, 7, k) = (0,0,0),(2,0,2),(2,2,2),(2,2,4).
When (i, j,k) = (0,0,0), the sum of (7.12) is equal to

dg 0,0, ¢ _
0(0,0,0, )3 0 o) 9 ) = L

When (i, 7, k) = (2,0,2), the sum of (7.12) is equal to the sum of the following two
formulas,

dOdg 0.2 2
0(0,2,2,0)20(2,2,2, ) < @ 22 2 >
docl2 &
- 9(2,2,2,0) = —— 2 _ 4
0(0,2,2,0)20(2,2,2, o) (2.2,2,9) 0(0,2,2,0)2 ’
dod% 0 22 2 )
0(0,2,2,)20(2,2,2,0)2 \ 10
2 2
_ d0d2 -w_29(2,2,2,0) — # w_Q = w,

0(0,2,2,)20(2,2,2,0) 6(0,2,2,0)%

by using Lemma 3.3.
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When (4, j, k) = (2,2, 2), by the above mentioned symmetry, it is sufficient to calcu-
late the cases where ( B,C) = (e,0,0) (0,0.0),(e.0,0) (¢,0,0),(0,,0),(0,0,0).
When (A, B,C) = (e, o) the sum of (7.12) is equal to

s 2.2 5 3] 3 2 2 2
e LB ) = G mat ’& )
_ (2R 2 2l apr
- () mE = T mar

by Lemmas 7.2, 3.3 and 7.3. When (A, B,C) = (e, ,0), the sum of (7.12) is equal
to

[\

d3 2. 252
0(2,2,2,0)260(2,2,2,0) 2

~ (BlA)/RP ][i]s' 2173][4] [22ﬁ;]< >

B E 2wt B 2w [2]2
by Lemmas 7.2, 3.3 and 7.3. When (A, B,C) = (e,Q,e), the sum of (7.12) is equal

to

0(2,2,2,0)20(2,2,2,0) .>

(HH/H[?)) 2] <
w[2]°[3]
7R

P8l

.—.
_,
EI

o

[4]3 <_ _)(_[2][3”4]) = ]

by Lemmas 7.2, 3.3 and 7.3. When (A, B,C) = (¢,0,9), the sum of (7.12) is equal

to
9(2,2,2,.)d;(2 2,2,0)? < Q@@ >

N <[3J[41/[21253-]?;[212[3][4])2(—§)< > - 0,

by Lemmas 7.2, 3.3 and 7.3. When (A, B,C) = (0, e,9), the sum of (7.12) is equal

to
9(2,2,2,.)d9§(2 22,00 < g.@ >
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- e e (P P ) e BA))

R S o g O PR w3
= e (~ 2T R e RPEIM) = T+ T

by Lemmas 7.4, 3.3 and 7.3. When (A, B,C) = (9,0,0), the sum of (7.12) is equal

to
e QQQ 212[[3]J[])3'“2[2]4<>

L o o w3
= —- 2|7 - 12]713]|4] =
DIGTIEN 2] - [2]7[3][4] P
by Lemmas 7.4, 3.3 and 7.3. Hence, the sum of (7.12) for (i, j, k) = (2,2,2) is equal
to

—

1R 2wlP | wlf w2 wl), | wl
BaF 2 @ o ap “ wr T P
CARP awpP PP 2w

S e o

When (i, 7, k) = (2,2,4), the sum of (7.12) is equal to the sum of the following two
formulas,

0(2,2,2,-0?5?2,2,4, o) < Qz 42 Al > 5[]22]2) (- ﬁ) < >

P, 1y, 1, _ [

g e T
d2d, 2,4, 2 [3)° o3/ YN
e<2,2,2,o>0<2,2,4,->2< %) 0 > = e Y P < AA >

3] L

S P T

by Lemmas 7.2, 7.4, 3.3 and 7.3.
Therefore, from (7.12), we obtain that

Z"%(L(5,1))

1P 4wl RPB) 2w 2 wp
s p o o) A )
oy AR RPB 2R 2w o

=0 (34 g~ e ot e (4 2R - )
oy AR RPE 2, 20y _ 3+V3

-3+ BIEE W T e 0) :

- w’l(l +2(1+w) + (
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by (1.4), as required. O

We note that the graph in (7.12) is dual to the following (singular) triangulation
of the 2-sphere,

and we obtain L(5, 1) from a 3-ball by gluing faces of this triangulation to each other.
Further, like (7.12), the value of our state sum invariant for any lens space can be
presented by using such a graph.

In general, any closed oriented 3-manifold M can be obtained from a triangulated
3-ball by gluing faces of the boundary 2-sphere to each other. The value of our state
sum invariant of M can be presented by using the dual graph of such a triangulation
of the 2-sphere; see [KL] for a similar statement for the Turaev—Viro invariant.
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APPENDIX A. THE VALUES OF THE WEIGHTS
From Lemmas 3.3 and 7.3, we obtain the following table of the weights.

Proposition A.1. The weights of colored tetrahedra are given as follows, where we
omit to draw the face color e.

—_

(iuj?k € {07274}7 AvB € {.70})7

:5AB-

2]

[BI14]"

[4]’

o~ &) &)
nf | 0 I
(S Q N N
[ISANY (¥ )
Il
E‘
p—
o~ Nv &) . SQ'
™ Ny ™ :
S
(S} Q o (S}
[NV N (S
Il
=
&) &) &)
) o , >
o (S Q (S
[\ ) S
I
|
ﬁ‘ﬁ
=

APPENDIX B. EQUIVALENCE TO THE Fjg 6j-SYMBOLS

In this section, we review the values of the 6j-symbols of the Fg subfactor given
in [SuW, W|. Further, we review that our 6j-symbols can be transformed into the
6j-symbols of the Eg subfactor in Lemma B.1 (due to T. Ohtsuki).

Similarly as in Section 5, we relate an oriented tetrahedron with oriented edges to
a planar trivalent graph, as follows.

(D)
~ g

.
dual isotopy ;
decomposition on S2 J @

We review the values of the 6j-symbols of the Fg subfactor given in [SuW, W], as
the weight of the tetrahedron, in terms of the above planar graph. When none of
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1,7, k,l,m,n is equal to 2,

When one or two of 4, 7, k, [, m,n are equal to 2, there are no admissible colorings of
the tetrahedron. When three of i, j, k, [, m,n are equal to 2,

When four of ¢, 7, k, [, m,n are equal to 2,

1
(D) 3] if the remaining two are equal to 4,
ge -1 ]1
7 TA) _E otherwise.

When five of 4, j, k, [, m,n are equal to 2,

(€ i =
(B.1) =3 () =
% 3 f (a,0) = (4,4),
[0 if (a,b) = (3,4), (4,3),
(1 . B
B2) ¢@ _ E if (a,c) =(3,3), (4,4),
28 L0 if (a,¢) =(3,4), (4,3),
S (L i (wd) = (3.3), (4.4),
. g teo=63.6
28 L0 if (a,d) = (3,4), (4,3),
( q7 . B
72 if (b,c) = (3,3), (4,3),
2 (S = _9 1 c) =
q . _
\ —\/_2—[3] if (b,c) = (3,4),
¢ 1 '
) g tea=e3 6,
2 L0 i (b,d) =(3,4), (4,3),
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if (c,d) = (3,3), (3,4), (4,3),

(B.6) f
\/_ if (¢,d) = (4,4),
(0 if (a,b) = (3,3), (4,4),
2 q_3 if (a,b) =
(B.7) @5‘;? g febd=69
26, e

L if (a,0) = (4,3),

— if (a,c) = (3,3),

3]
(B.8) 4 -1 if (a,c) =
g i (@)=,

0 if (a,c) = (3,4), (4,3),
S Lt (ad) = (3,4), (4,3),
(B.9) ‘ = 3]
2 0 if (a,d) = (3,3), (4,4),
q if (b,¢) = (3,3),

V23]
(B.10) || = _\/%[3] if (b,c) = (4,3),
q

—— L (be) = (3,4), (4,4),

\

L it (bd) = (3,4),

G 3]
2 6
(B.11) Sy = _%] if (b,d) = (4,3),

0 if (b,d) = (3,3), (4,4),

—— if (¢,d) =(3,3), (4,3), (4,4),
\/_
(12 |
if (¢,d) = (3,4),

N\
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When all of 7, j, k, [, m,n are equal to 2,

(
1
&P if (a,b,c,d)=(3,3,3,3), (3,4,3,4),
7
if (a7 b, c, d) - <3a 3,4, 3)7
V23]
7
— if (a,b,c,d) = (3,4,4,4),
35 v2[3
(B.13) @'@ ~ ! q if (a,b,c,d) = (4,3,3,4), (4,4,3,3),
2789 V23]
-6
?3_2 1f (CL, b7 C7 d) = (47 37 47 4);
¢
W if (a> b, ¢, d) = (47 4,4, 3);
0 otherwise.

\

We rewrite the list of Proposition A.1, in terms of the dual planar graph, as follows,

:6AB.

2

B
I

(B.14)

|
=-

I
2o

I
2=

2
[
NN

We review a proof of the following lemma, which was shown by T. Ohtsuki.

Lemma B.1 (T. Ohtsuki). The 6j-symbols given in Section 5 can be transformed
into the 65-symbols of the Eg subfactor.

Proof. We put

3— \/§ 3+x/§

= —exp

57r\/ /3 + o m/ \/3
Vg = eXp Vg = eXp

Uz = exp
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Then,
3—v3 3+43 g
Ususz = UgUy = UsV3 = ——
3U3 6 ) 4 U4 6 ) 303 \/67
343 33 _ q'
V33 = V4Uy = UpVy = ——F—=
303 6 ’ 4U4 6 ) 4U4 67

U3U_3+U4U_4: 17 vgv_3+v4v_4: ]_, U3’U_3+U4’U_4: 0.

us U3\ . . .
Hence, 5 Bisa unitary matrix.
Uy Uy

By putting

i j i fi k k
= , = _ unless i = j =k = 2,
k k i J ) J
2 2 N\ /2 2 p) 2 2 2
= U + v = U, + U,
2 a 2 a 2 ) 2 2 a2 2 CL2 27

we calculate

(D)
4 L10)

by using (B.14), and verify that it is equal to the above mentioned value. When all
vertices are colored by e, it is easy to check the proof. Hence, we consider the case
where there are vertices colored by Ss, Sy, i.e., we verify the values of (B.1)—(B.13)
in the following of this proof.

As for (
oy

‘ -

Hence, we can verify (B.1) by concrete calculation for each (a,b).

As for (B.2),

%@ = Uglc
2 @ O
Hence, we can verify (B.2) for each (a, ), since

2
+ VaUp w? §
KN

= — (uaub + VoV wg).

3]

= i (uau_c + Uav_c) .

3]

+ Vo Ve

Usliz + 0303 = 1, wqlig + 0401 = 1,  usts + v301 = 0,

which can be checked concretely.
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9)
and we can verify (B.3) in the same way as the case of (B.2).

As for (B.3),

1
Bk

2

+ 0, Tg Uglg + VaTa) ;

= ULUg

As for (B.4),
‘@ = Uyl + VpUe W = [—;(Ubu_c—l—vbv_ccﬂ).

Hence, we can Verify (B.4) by concrete calculation for each (b, c).

As for
&

and we Can Verlfy (B.5) in the same way as the case of (B.2).

As for (
@

l = Uty

Hence, We can verify (B.6) by concrete calculation for each (c, d).

As for (B.7),

+ VpVq

= E (Ubu_d + Ubv_d),

1

+ U0 w? = B (woug + vvgw?).

= UgUyp + (vatp w* + uqvy) + Va0 w?
_ B e B e
= e g e ) g e

Hence, we can verify (B.7) by concrete calculation for each (a,b).

As for (B.8),

4 = Uyl + (Vallcw ™ + uals w?) T
s L e ) +
B T T T (Valle w™? + U w?) + i V.Ts

[
Hence, we can verify (B.8) by concrete calculation for each (a,c).
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As for (B.9),

2 — u,lg + (Valla + o) + 0aTa
I I D R
= T T g ) g

Hence, we can verify (B.9) by concrete calculation for each (a, d).

As for (B.10),

2] 1 2] 2

= g e g (e wiee ) 4

— =2 — =2 — 2
—I—(vbucw + UpV W ) + VpUe W

Hence, we can verify (B.10) by concrete calculation for each (b, c).
As for (B.11),

@ 2 2 2 2 2 2
‘ — iy ’Q + (wigw? + uTzw ™) ’a + 0T ’Q
P a G 9)
S . (wtaw® + wTgw™?) + 2
[3][4] [4] [3][4]
Hence, we can verify (B.11) by concrete calculation for each (b, d).
As for (B.12),
@ 2 2 2 2 2 2
%@ = T ’Q + (vetiq + uva?) ’Q + T ’Q
P & G 0

2] N
= R Uty — ] (Vettg + Tevgw?) +

Hence, we can verify (B.12) by concrete calculation for each (c, d).
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—_—, 2 E—
+ (Uavbucud W F VaUpUelg + Vo UpUUyg

As for (B.13),

2 @ o
‘@ = UqUplclq

X —_— 2 2
+ UaUpVclld w2 + UgUpUeUq + UgUpUeUg w2> ’Q

+ <vavbvcud w? + Vg UplUeUyg w4+ Vo UpUeUyg w2+ U VpUUg w2>

1
[2][4]

2]

[3]14]

Ug Up Uy

2 —
(Uavbucud W* + VUVl + Vo UpUcUg

+ UgUyTaliq W2 4 UgUpTiaTg + Uy Talg W )

1
+ BIn) (Uavbvcud W + VUG W2 + Vg UpT g W2 + UgUyTalg w2>.
Hence, we can verify (B.13) by concrete calculation for each (a,b,c,d), completing
the proof. -
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